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Abstract

Let G be either a complete graph of odd order or a complete bipartite
graph in which each vertex partition has an even number of vertices. In this
paper, we determine the set of triples (p,q,r), with p, ¢, » > 0, for which
there exists a decomposition of G into p paths, ¢ stars, and r cycles, each of
which has 4 edges.
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1. INTRODUCTION

All graphs considered here are finite and undirected, unless otherwise noted.
Let G, H, Hy, ..., H, be graphs for some integer r. A decomposition of G
is a set, of edge-disjoint subgraphs of G whose union is G. An H-decomposition
of G is a decomposition of G into copies of H. If G has an H-decomposition,
we say that G is H-decomposable. An {Hj,..., H,}-decomposition of G is a
decomposition of G into copies of Hi,..., H, containing at least one copy of
each H;, for each i = 1,...,r. If G has an {Hy,..., H, }-decomposition, we say
that G is {Hy, ..., H,}-decomposable. Moreover, if there is a decomposition of
G containing precisely «; elements isomorphic to H;, then we say that G has
an {H1°',..., H,%" }-decomposition or G is {H1*', ..., H.“" }-decomposable. Let
CD(G; Hy, ..., H,) denote the set of all r-tuples (aq,...,a,) of positive integers
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such that G is {H1*,..., H.“ }-decomposable. Obviously, if we can find an
r-tuple in CD(G; Hy, ..., H,), then G is {H, ..., H, }-decomposable.

As usual, K, denotes the complete graph on n vertices, and K,,, denotes
the complete bipartite graph with vertex partitions of sizes m and n. A k-path,
denoted by Py, is a path with k edges; a k-star, denoted by S, is the complete
bipartite graph K x; a k-cycle, denoted by Cy, is a cycle of length k.

Decompositions of graphs into isomorphic paths has attracted considerable
attention (see [8,12-14,17-19, 28,40, 42]). Besides, decompositions of graphs
into k-stars have also attracted a fair share of interest (see [9,25,39,41,43,44]).
Moreover, decompositions of graphs into k-cycles have been a popular topic of
research in graph theory (see [10,27] for surveys of this topic).

The study of the {G, H }-decomposition was introduced by Abueida and
Daven in [1]. In [2,4], they investigated, respectively, the problem of { K}, Si}-
decomposition of the complete graph K, and the problem of the {Cy, F3}-decom-
position of several graph products, where E5 is a matching of size 2. Abueida
and O’Neil [3] settled the existence problem for {Cy, Sk_1}-decomposition of
the complete multigraph A\K,, for k € {3,4,5}. Priyadharsini and Muthusamy
[29,30] gave necessary and sufficient conditions for the existence of {G(n), H(n)}-
decompositions of AK,, and AK,, ,,, where G(n), H(n) € {Cp, Pp—1, Sn—1}-

Recently, Lee and Lin [20,21,23,24] established necessary and sufficient con-
ditions for the existence of {C}, Sk}-decompositions of the complete bipartite
graphs, the complete bipartite multigraphs, the complete bipartite graphs with a
1-factor removed, and the multicrowns, respectively. Besides, Abueida, Lian [5],
and Beggas et al. [7] investigated the problems of {Cy, Sk }-decompositions of
the complete graph K, and AK,, respectively, giving some necessary or sufficient
conditions for such decompositions to exist. In [22], Lee and Chu established nec-
essary and sufficient conditions for the existence of { Py, Sk }-decompositions of the
balanced complete bipartite graphs. In 2016, Lin and Jou [26] established neces-
sary and sufficient conditions for the existence of { Py, Cf, Sk }-decompositions of
the balanced complete bipartite graphs.

For the {GP, H?}-decompositions of a graph, Jeevadoss and Muthusamy [15,
16] determined the set of ordered pairs (p, q) of positive integers for which there
exists a {PyP, Cp?}-decomposition of MK, , when A = 1 and £ = 0 (mod 4);
A =2and k =0 (mod 2); for some positive integers A\, m, n, and k. Jeevadoss
and Muthusamy [15] also determined the set of ordered pairs (p,q) of positive
integers for which there exists a { P?, Cj?}-decomposition of K, when k is even
and n is odd with n > 4k. Fu et al. [11] determined the set of ordered pairs (p, q)
of positive integers for which there exists a {C3P, S3?}-decomposition of K,,. The
author also determined the set of ordered pairs (p, q) of positive integers for which
there exists a { PP, Si?}-decompositon of K,, when n > 4k [36]; there exists a
{PxP, Cy?}-decomposition of K, when k is even, n is odd, and n > 5k [33]; there
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exists a {Cy?, Si?}-decomposition of K, for some k and n [35]; there exists a
{PyP, Sk?}-decomposition of K,,, when m > k and n > 3k [36]. In [37], the
author also investigated the {HP, K7}-decomposition of the complete bipartite
digraphs and the complete digraphs, where H and K are, respectively, directed
paths and directed cycles with k edges each.

In this paper, we determine the set of triples (p, ¢, r) of positive integers for
which there exists a { P4?, S47, C4" }-decomposition of K,, and K,,; when n is odd,
and both m and [ are even.

2. PRELIMINARIES

In this section we collect some needed terminologies and notations, and present
some results which are useful for our discussions.

Let |V(G)| and e(G) denote, respectively, the order of a graph G and the
number of edges in G; and let us call a graph even if all its vertex degrees are
even. Let G; and G35 be graphs. The union G1 U Go of G and G is the graph
with vertex set V(G1) UV (G2) and edge set E(G1) U E(G2).

The following theorem gives necessary conditions for the existence of a de-
composition of an even graph into specified numbers of paths, cycles, and stars
with same number of edges each.

Theorem 1. Let G be an even graph and let k, p, q, and r be positive integers
with k > 3. If G can be decomposed into p copies of Py, q copies of Sk, and r
copies of Cy, then |V (G)| > k+1; k(p+q+71) = e(G) and p > %] when ¢ = 1.

Proof. Conditions |V (G)| > k+1 and k(p+q+7r) = e(G) are trivial. Assume D
is an arbitrary decomposition of G into p copies of Py, one copy of Sk, and r copies
of Cy. Let H be the only S, and CV, ..., C") denote those r copies of Cy, in D.
Then, there are 2 {%W vertices with odd degree in G — FE (H uc®uy...u C(T)).
Since G — FE (H ucHuy...u C'(T)) has to decompose into p copies of Pk, and
there are exactly two vertices with odd degree in a path, p > {%1 [

Let D(G; Py, Sk, Cy) denote the set of all triples (m,n,l) of non-negative
integers such that a decomposition of a graph G into m copies of Py, n copies of
Sk, and [ copies of C}, exists. Note that (m,n,0) € D(G; Py, Sk, Ck) if (m,n) €
CD(G; Py, Sk); (m,0,1) € D(G; Py, Sk, Ck) if (m,l) € CD(G; Py, Cy); (0,n,l) €
D(Gs Py, Sk, Cy) if (n, 1) € CD(G; Sk, O (482,0,0), (0,4€2,0), (0,0,42) €
D(G; Py, Sk, Ck) if G can be decomposed into @ copies of Py (Sk, Ck).

Let G be an even graph, and let k, p, ¢, and r be positive integers with k > 3,
V(G)| > k+1,and k(p+q+7) = e(G). If k = 4, by Theorem 1, p > [£] =2
if ¢ = 1, and hence CD(G; Py, S4,Cy) C {(p,q,r) :p,q,r >0, p+qg+r= 6(46),
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(p,q) # (1, 1)} Note that both CD(G; Py, Sy, Cy) and {(p,q,7) : p,q, 7 > 0, p+
q+r = e(f), (p,q) # (1,1)} are empty if e(G) is not divisible by 4. If we can prove
that CD(G; P1, 54,C1) D {(p,a,7) i pyayr > 0,p+ g+ 7 = %2 (pq) # (1,1)},
then CD(G; Py, S4,Cs) = {(p.q¢,7) 1 p,q,7 >0, p+q+1r = 6(40), (p,q) # (1,1)},
and hence we determine the set of triples (p, ¢, r) of positive integers for which
there exists a {P4?, S49, C4" }-decomposition of G.

If Xq,..., X, are n sets of triples of non-negative integers, then X;+---+ X,

denotes the set {(p1,q1,71) + -+ (Pns @nsTn) = (P1,q1,71) € X1,y (P @nyTn) €
Xp}. The following two lemmas will be used for proving the main theorems.

Lemma 2. Let n, [, and s be positive integers, and let X and Y be sets of triples
of non-negative integers such that X O {(p,q,r) : p,q,r > 0, p+q+71 = s,
(p,q) # (L, 1)} and Y D {(al,bl,cl) : a,b,c > 0, a+b+c=n}. Ifl > 2 and
s> 3l, then X +Y D {(p,q,7) :p,q,7 >0, p+q+7r=s+nl, (p,q # (1,1)}.

Proof. Let (p*,q¢*,r*) be a triple of positive integers such that p* 4+ ¢* + r* =
s+nl and (p*,q¢*) # (1,1). Clearly, (p*,q*,r*) = (ad + ', Bl + ¢, 7l + 7") with
1 <p,¢, 7 <land a,B,7 > 0. It is not difficult to check that s = s’ + n'l
where s = p ' +¢ +r' <3l <sandn’ > 0. Let (el + 9,8l + ¢ Al +7") =
(@l+p, Bl+q" v T+r") + ((a—a)l, (8B, (v —+)1), where o’ = min{a, n'},
B =min{B,n'—a’}, and v’ = n'—a/—f'. Clearly, (a/l4+p")+(B'l+¢)+(1+r") =
s and ((a—a')l, (B =B (v =) €Y.

It is left to show that (o/l +p/, 81+ ¢') # (1,1). Assume for a contradiction
that o/l+p" = f'l+q = 1. Tt follows that p’ = ¢’ = 1 and o/ = ' = 0. Therefore,
either n’ =0ora=pF=0.If n/ =0, then s =s" =2+ <2+1 <2+ 5, hence
s < 3 which is a contradiction since s > 6. If « = 8 = 0, then (p*,¢*) = (¢/,¢) =
(1,1) which contradicts our assumption. Hence (/I 4+ p/, 8’1+ ¢') # (1,1), thus
(p*,q*,r*) e X +Y. ]

Lemma 3. Let 51 and so be positive integers with si,s2 > 9 and let X7 and Xa
be sets of triples of non-negative integers such that X1 D {(a,b,c) : a,b,c > 0,
a+b+c=s1, (a,b,¢) # (1,1,¢),(1,0,¢),(0,1,¢) when ¢ > 1} and X2 D {(p,q,7) :
piq;m >0, p+q+r=s (p,q) # (1,1)}. Then X1+ X5 D {(p,q,7) : p,q,7 >0,
pHq+r=s+s2, (p,q) #(1,1)}.

Proof. Let (p*,q*,r*) be a triple of positive integers such that p* 4+ ¢* + r* =
s1+ s2 and (p*,q*) # (1,1). We consider three cases as follows.
*
>

Case 1. p*,q 3. If r* > sy — 3, then let (p*,¢*,r*) = (p* — 1,¢" —
2,r* — (s2 —3)) + (1,2,s9 — 3). Clearly, (p* —1,¢* — 2,7* — (s2 — 3)) € X; and
(1,2,89 — 3) € Xo. If r* < 59 — 4, then p* + ¢* > s1 + 4. Since p*,¢* > 3 with
p* + q* > s1 + 4, there exist positive integers pj, p5, ¢f and ¢ with p] > 1,
p3 > 2,q] > 2,and g5 > 1 such that p* = pj +p35, ¢" = ¢ + ¢35, p] +q¢f = s1, and
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Py + g5 +1° = s2. Let (p*,¢",7*) = (p7,47,0) + (p5,q5,7*). It is easy to check
that (p],q;,0) € X1 and (p3, ¢5,r*) € Xo. Hence (p*, ¢*,r*) € X1 + Xo.

Case 2. p*,q* < 2. Let (p*,q¢",r*) = (0,0,s1) + (p*,¢*,7* — s1). In this
case, r* > s1 + so — 4 and (p*,¢*) # (1,1). It implies that (0,0,s1) € X; and
(p*,¢*,r* — s1) € Xo. Hence (p*, ¢*,7*) € X; + Xo.

Case 3. Either p* <2 ¢* > 3 or p* > 3, ¢* < 2. Assume p* < 2 and ¢* > 3.
If ¢* < s9 — 3, then p* + ¢* < sp — 1, and hence r* > s; + 1. Let (p*,¢*,r*) =
(0,0,s1) + (p*, q*,r* — s1). Clearly, (0,0,s1) € X7 and (p*,¢*,r* — s1) € Xo.

If ¢* > s9—2 and r* > 6, then let (p*, ¢*,7*) = (0, s1—(r*—5), r*—=5)+(p*, sa—
(p*+5),5). Since 1 < p* <2, 81 +52—2 < g"+7r* <51+ 82— 1. Moreover, since
q* > s2—2,r* < s+ 1, and hence s; — (r* —5) > 4. Besides, sy — (p* +5) > 2
since so > 9 and p* < 2. It implies that (0,7 — (r* — 5),7* — 5) € X; and
((p*,s2 — (p* +5),5) € Xa.

If ¢* > so—2 and r* < 5, then let (p*, ¢*,r*) = (0, s1,0)+(p*, so—(p*+1*),7%).
Since s9 > 9, p* < 2, and r* < 5, s9 — (p* + r*) > 2. Clearly, (0,s1,0) € X; and
(p*,s2 — (p* +r*),r*) € Xa. Hence (p*, ¢*,r") € X1 + Xo.

The case where p* > 3 and ¢* < 2 is similar to the case p* < 2 and ¢* > 3,
therefore we omit its proof. [

3. {P", 549, C4"}-DECOMPOSITION OF Ky,

In this section we study the {P4?, 549, C4" }-decomposition of K, , when both m
and n are even. In particular, we prove that CD(K,, n; Pa, S1,Cs) = {(p,q,7) :
p,q¢,m >0, m+n > 6; 4p+qg+r) = mn; (p,q) # (1,1); ¢ is even when
m = 2; (p,q,7) # (1,2,1) when m = n = 4}. We first recall three results on
Pr-decomposition, Si-decomposition, and Cj-decomposition of K, 5, as follows.

Theorem 4 (Parker [28]). Let k, m, and n be positive integers. There ezists a
Py-decomposition of Ky, if and only if mn = 0 (mod k) and one of cases in
Table 1 occurs.

Theorem 5 (Yamamoto et al. [44]). Let k, m, and n be positive integers with
m < n. There exists an Sy-decomposition of K, if and only if one of the
following conditions holds.

(1) m >k and mn =0 (mod k);
(2) m<k<mnandn =0 (mod k).
Theorem 6 (Sotteau [38]). Let k, m, and n be positive integers. Ky, has a

Coi-decomposition if and only if m and n are even, k > 2, m > k, n > k, and
mn =0 (mod 2k).
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Case k m n Characterization
1. even | even | even | k < 2m, k < 2n, not both equalities
2. even | even | odd | k<2m —2,k <2n
3. even | odd | even | k <2m,k <2n—2
4, odd | even | even | k<2m —1,k<2n—1
5. odd |even | odd | k<2m -1,k <n
6. odd | odd | even | k<m,k<2n-—1
7. odd | odd | odd | k<m,k<n

Table 1. Necessary and Sufficient Conditions for P-Decomposition of K, ..

Before going into more detail, we need the following lemma.

Lemma 7 ([36, Theorem 2.10]). Let p and q be non-negative integers, and let
k, m, and s be positive integers such that k is even and m < k. There exists
a decomposition of K into p copies of Py and q copies of Sy if and only if
k(p+q) = e(Kypm), and there ist € {0,...,s} such that [%£] <p < tm.

Let (z1,...,zk) and (z1,..., 2, 1) denote, respectively, the k-path and the
k-cycle through vertices 1, ...,z in order, and let (y;z1,...,x) denote the k-
star with center y and leafs x1,..., 2. An internal vertex of a path is a vertex
of degree 2. In the following lemma, we determine the set of ordered pairs (p, q)
of positive integers for which there exists a { P4, S4?}-decomposition of K3 2y,.

Lemma 8. Let n, p, and q be positive integers. (p,q) € CD(Ka2pn; Py, Sa) if and
only if n > 2; p+q=mn and q is even.

Proof. Let n, p, and ¢ be positive integers. Assume that (p,q) € CD(K22n;
Py, Sy). It is easily seen that n > 2 and p+ ¢ = n.

Let D be an arbitrary decomposition of Ks 2, into p copies of P, and ¢
copies Sy. Let (A, B) be the bipartition of K39, where A = {ap,a1} and B =
{bo,b1,...,ban—1}. It is easily seen that each Sy in D has to center at either ag
or ay, and each P4 in D has to contain both ag and a; as its internal vertices. It
implies that the number of copies of Sy centered in ag in D is the same as the
number of copies of Sy centered in a; in D, and hence q is even.

Conversely, assume that n > 2; p4+ ¢ = n and ¢ is even. If 2n = 4s for
some integer s, by Lemma 7, then (p,n — p) € CD(K22y; Py, Ss) for each p €
{2,4,...,2s} (ie.,, g =n—p € {2,4,...,2s}). Assume 2n = 4s + 2 for some
integer s. For each g € {2,4,...,2(s — 1)}, the graph Ky 4542 is the edge-disjoint
union of a copy HY of K39, and a copy HY of Ko 45_2412. By Theorem 5, H{ is
Sy-decomposable, and by Theorem 4, Hf is Ps-decomposable. If ¢ = 2s, then let
K3 4542 decompose into K 4,4 and K. As mentioned above, K3 454 can be
decomposed into 2s — 2 copies of S4. Besides, K26 can be decomposed into one
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copy of Py and two copies of Sy as follows: (b, a1, bs,ag,bs), (ao; bo,b1,ba,bs),
(al; b17b21b3>b4)- n

In the following lemma, we determine the set of triples (p,q,r) of positive
integers for which there exists a { P4, S47, Cy4" }-decomposition of K3 oy,.

Lemma 9. Letn, p, q, and r be positive integers withn > 3. (p,q,r) € CD(K2 2n;
Py, S4,Cy) if and only if p+ q+1r =n and q is even.

Proof. Let n, p, q, and r be positive integers with n > 3. Assume that (p,q,7) €
CD(K32n; Py, S4,Cy). It is easily seen that p+ g +r = n.

Let D be an arbitrary decomposition of K32, into p copies of Py, g copies
of Sy, and r copies of Cy, and let C), ... C() denote the r copies of Cy in D.
It is easily seen that Kpo, — F (C(l) u---u C’(T)) = Kj(n—r)- It implies that
K3 5(n—r) can be decomposed into p copies of Py and g copies of S4, and hence ¢
is even by Lemma 8.

Conversely, assume that p + ¢+ 7 = n and ¢ is even. Let (A4, B) be the
bipartition of Ky 9, where A = {ag,a1} and B = {bg,b1,...,bap—1}, and let
cl) = (bgi_g,ao,bgi_l,al,bgi_g) for each i € {1,...,r}. It clear that C ig
a Cy and Koo, — F (C(l) u---uU C(T)) = Koo(n—r)- By Lemma 8, Kjo(;,,—p) is
{P4?, S47}-decomposable. |

In the following lemma, we determine the set of triples (p,q,r) of positive
integers for which there exists a {P4, S47, C4" }-decomposition of Ky 2y,.

Lemma 10. Let n, p, q, and r be positive integers with n > 2. (p,q,r) €
CD(Kuz2n; Pa, S1,C4) if and only if p+q+r =2n and (p,q) # (1,1); (p,q,7) #
(1,2,1).

Proof. (Necessity) By Theorem 1, condition p + ¢ +r = 2n and (p,q) # (1,1)
holds.

On the contrary, suppose (1,2,1) €CD(K4.4; P4, S4,Cy). Let D be an arbitra-
ry decomposition of K4 4 into one copy of Py, two copies of Sy, and one copy of Cy;
and let S, S and C denote, respectively, the two copies of Sy and the copy of
Cyin D. It is easily seen that K474—E(S(1)US(2)) = Kogqand Ko 4—E(C) = Ko .
It follows that K44 — E(S(l) usS@y () is not Py-decomposable, a contradiction.

(Sufficiency) By assumption, CD(K4 2n; Py, S4,Cys) C {(p,q,7) : pyg,7 > 0,
p+aq+r=2n,(pqg # (1,1); (p,gr) # (1,2,1)}, and hence CD(Kyy4; Py, Sy,
Cy) C {(2,1,1)}. Let (A, B) be the bipartition of K44 where A = {ag, a1, a2,a3}
and B = {bg,b1,b2,b3}. K44 can be decomposed into two copies of Py, one
copy of Sy, and one copy of Cy as follows: (bg,ag,b1,a1,b2), (b1,as,bs,ag,bs),
(a3; bo, b1,b2,b3), (bo, a1,bs, az, bo).
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Assume n = 3. We show that CD(Ky¢; Py, S4,C4) D {(p,q,7) : p,g,7 > 0,
p+q+r =6, (p7 Q) # (17 1)} = {(17 2, 3)7 (1’ 3, 2)7 (17 4, 1)a (27 L, 3)7 (27 2, 2)7 (27 3, 1)>
(3,1,2),(3,2,1), (4,1, 1)}.

We decompose K4 ¢ into one copy of K4 4 and one copy of K4 2. By Theorems
4, 5, and 6, K49 is Ps;-decomposable, Sj-decomposable, and C4-decomposable,
respectively. Since (2,1,1) € CD(K44; Py, S4,C4), {(2,1,1) +(2,0,0),(2,1,1) +
(0,2,0),(2,1,1) + (0,0,2)} = {(4,1,1),(2,3,1),(2,1,3)} C CD(K4¢; Py, Ss,Cy).
Besides, it is easy to check that Ky 4 is {Py%, C4*}-decomposable, {P,3,Cy'}-
decomposable, and {P43, 541}—decomposable, respectively. Thus {(2,0,2)+ (0,2,
0),(3,0,1)+(0,2,0),(3,1,0)+(0,0,2)} = {(2,2,2),(3,2,1),(3,1,2)} C CD(Kug;
Py, S4,Cy). We now turn our attention to the case (1,2,3). The graph Kyg
is the edge-disjoint union of two copies of Ky6. By Lemma 8 and Theorem
6, Kog is {P4}, S42}-decomposable and Cjy-decomposable, respectively. Thus
(1,2,3) € CD(K4p; P1, S4,Cy). Let (A, B) be the bipartition of K46 where A =
{ap, a1, as,a3} and B = {bg, by, b2, b3, bg, b5 }. We now show that (1,4,1),(1,3,2) €
CD(K476; P4, 54, 04) as follows: (bo, as, b4, ago, b5), (ao; b(), bl, bg, bg), (al; bl, bg, b3,
by), (az;by,b2,b3,bs), (az; by, b2, b3,b5), (bo,a1,bs,az,bo); (bo, a1, b1, as,bs), (ag; bo,
b1, b2,03), (a1; b2, b3, by, bs), (az; b1,bs3, by, bs), (ag, ba,as, bs,ag), (bo, az, bz, as, by).

Assume n > 4. We decompose Ky 2, into one copy of K¢ and one copy
of Ky(n—3), and then we decompose Ky 5(,—3) into (n — 3) copies of Ky2. By
Theorems 4, 5 and 6, {(2,0,0),(0,2,0),(0,0,2)} C D(K42; Py, Ss,C4), and thus
D(Ky2(n—3); Pa, S1,Cs) D {(2a,2b,2c) : a,b,c > 0, a+b+c=n—3)}. Moreover,
since CD(K46; P1,S1,Ca) ={(p,q,7) :p,q,7 >0, p+q+r =6, (p,q) # (1,1)},
CD(Kaon; Py, S4,C1) D {(p,;q,7) : p,q,7 > 0, p+q+7 =2n, (p,q) # (1,1)} by
Lemma 2, and hence CD(K42p; Py, S4,Cs) = {(p,q,7) : p,q,7 >0, p+q+71 =
2n, (p,q) # (1,1)}. u

In the following lemma, we determine the set of triples (p,q,r) of positive
integers for which there exists a { P4, S47, C4" }-decomposition of Kg 2y,.

Lemma 11. Let n, p, q, and r be positive integers with n > 3. (p,q,r) €
CD(Ke2n; Pa, S1,Ca) if and only if p+ g+ 7= 3n and (p,q) # (1,1).

Proof. (Necessity) By Theorem 1, condition p 4+ g+ = 3n and (p,q) # (1,1)
holds.

(Sufficiency) Assume n = 3. It is easily seen that Kgg can be decomposed
into one copy of Ky and one copy of Ka¢. By Lemma 10, CD(K4¢; Py, Sa, Cy)
={(p,q¢,7) :p,q,7 >0, p+q+7r=6,(p,q) # (1,1)}. By Theorem 4, 6 and Lem-
ma 8, {(3,0,0),(0,0,3),((1,2,0)} C D(Kag; Py, S4,Cs). Besides, Ko — E(Cy)
= Koy, hence {(2,0,1),(0,2,1)} C D(Kag; Py, Ss,Cs) by Theorems 4, 5. We
show that CD(Kﬁ,G;P4754704) ) {(p,q,?“) p,q, T > Oa ptq+rT = 97 (p7 Q) 7é
(1,1)} as follows.
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Suppose ¢ = 1 or 2. If p > r, then let (p,q,r) = (p — 3,q,7) + (3,0,0),
and if p < r then let (p,q,7) = (p,q¢,7 — 3) + (0,0,3). Since {(p — 3,q,7),
(p,q,7 —3)} C CD(Kye; Py, S4,Cq) and {(3,0,0), (0,0,3)} C D(K26; P, S4,Ca),
(p,q,7) € CD(Ks,6; Pu, S, Cy).

Suppose ¢ = 3, 4, or 5. If r > 4, then let (p,q,7) = (p,q,7 — 3) + (0,0, 3);
if 2 < r < 3, then let (p,q,7) = (p,q — 2,7 — 1) + (0,2,1) (note that p > 3 if
q=3);if r =1, then let (p,q,7) = (p— 1,9 —2,7) + (1,2,0) (note that p > 3).
Since {(p,q,7 —3),(p,q — 2,7 —1),(p —1,q — 2,7)} C CD(K4p; Py, S4,C4) and
{(0, 0, 3), (0, 2, 1), (1, 2, 0)} C ’D(Kgﬁ; P4, S4, 04), (p, q, T) S CD(K&G; P4, 54, 04)

Suppose ¢ = 6. In this case p+r = 3. If r = 2, then let (1,6,2) = (1,4,1) +
(0,2,1), and if » = 1, then let (2,6,1) = (1,4,1) + (1,2,0). Since (1,4,1) €
CD(K4,6; Py, S4, 04) and (O, 2, 1), (1, 2, O) S 'D(K276; Py, 54, 04), (1, 6, 2), (2, 6, 1)
(S CD(K(;’G; P4, 54, 04).

Suppose ¢ = 7. Let (A, B) be the bipartition of K¢ ¢ where A = {ay, a1, a2, a3,
as,as} and B = {bg, b1, bz, b3, bs, bs}. We show that (1,7,1) € CD(Ke 6; Py, S4,C4)
below: (bo, as, bQ, as, bg), (a(); bo, bl, bg, bg), (al; bg, bl, bg, b3), (ag; bo, bl, bQ, bg),
(as; bo,b1,b4,b5), (as; bo, b2, bs,bs), (ba; ao,a1,a2,as), (bs; ao,a1,az,as), (b1,as,
bg, as, bl).

Assume n > 4. If n is even, then write n = 2k for some integer k with
k > 2. We decompose Kg 45 into one copy of K¢ 4 and one copy of K¢ 4(;—1), and
then we decompose Kg 4(;—1) into 3(k — 1) copies of K3 4. By Theorems 4, 5 and
6, {(2, 0, O), (0, 2, 0), (0, 0, 2)} C 'D(K472; Py, Sy, 04), and thus D<K6,4(k—1); Py, Sy,
C4) D {(2a,2b,2¢) : a,b,c >0, a+b+c=3(k—1)}. By Lemma 10, CD(Ks 4; P,
S1,C4) D {(pyq,7) : p,q,m > 0, p+q+7r = 6, (p,q) # (1,1)}, and hence
CD(Ke 2n; Ps; S4,Cs) D {(p,q,7) : p,q,7 >0, p+q+7=3n, (p,q) # (1,1)} by
Lemma 2.

If n is odd, then write n = 2k 4+ 1 for some integer k£ with k£ > 2, and thus
2n =4k +2 = 4(k — 1) + 6. We decompose K¢ 4142 into one copy of Kg g and
one copy of Kg4(;—1), and then we decompose Kg 4(;—1) into 3(k — 1) copies of
K34. As mentioned above, D(Kg 4(1—1y; Pi,S4,Cs) D {(2a,2b,2¢) : a,b,c > 0,
a+b+c = 3(k—1)}. Since CD(K¢ge; P1,51,Cs) = {(p,q,7) : p,g,7 > 0,
ptqg+r = 97 (p7 q) 7£ (17 1)}7 CD(KG,ZH;Péla S4;C4) ) {(pv q, T) tpg, T > 07
p+q+7r=23n,(pq) # (1,1)}, by Lemma 2. ]

In the following lemma, we determine the set of triples (p,q,r) of positive
integers for which there exists a { P4, 549, C4" }-decomposition of K, ,, when both
m and n are positive even integers with n > m > 8.

Lemma 12. Let p, q, and v be positive integers, and let m and n be positive
even integers with n > m > 8. (p,q,r) € CD(Kp,n; Py, S4,Cy) if and only if
Alp+q+r)=mn and (p,q) # (1,1).
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Proof. (Necessity) By Theorem 1, condition 4(p+q-+7) = mn and (p,q) # (1,1)
holds.

(Sufficiency) We divided the proof into two cases as follows.

Case 1. m = 0 (mod 4). Write m = 4k for some integer k with k& >
2. We decompose Ky, into one copy of Ky, and one copy of Kyy_1),, and
then we decompose Ky(,_1), into 5(k — 1) copies of Ky2. By Theorems 4, 5
and 6, {(27070)7 (07270)7(07072)} - D(K4,2;P4754704)7 and thus D(K4(k71),n;
Py, S4,Cy) D {(2a,2b,2¢) : a,b,c > 0, a+b+c= 5(k—1)}. By Lemma 10,
CD(Kapn; Py, S, Cy) = {(p,q,7) : p,q,7 > 0, p+q+71=n, (p,q) # (1,1)}, and
hence CD(Kmn; Ps, Sa,Ca) D {(pq,7) : p,q,7 > 0, p+q+7r =kn, (p,q) # (1,1)}
by Lemma 2.

Case 2. m = 2 (mod 4). Write m = 4k + 2 = 4(k — 1) + 6 for some
integer k£ with & > 2. We decompose Ky12, into one copy of Kg, and one
copy of Kyp—1),, and then we decompose Ky_1), into 5(k — 1) copies of
Ky2. As mentioned above, D(Ky;—1)n; Ps,S1,Cs) D {(2a,2b,2c) : a,b,c > 0,
a+b+c= 5(k—1)}. By Lemma 11, CD(Ks 5; Py, S4,Cy) = {(p,q,7) : p,q,7 > 0,
p+aqg+r="5, (pq) # (1,1)}, and hence CD(Kypy2n; Pa, S1,Ca) D {(p,q,7) :

par >0, p+gq+r =" (5 g) £ (1,1)} by Lemma 2. u

Now, we are ready for the main result of this section. It is obtained by
combining Theorem 1 and Lemmas 9, 10, 11, and 12.

Theorem 13. Let m, n, p, q, and r be positive integers such that both m and n
are even, and m < n. (p,q,r) € CD(Kp, n; Py, S4,C4) if and only if m +n > 6;
4(p+q+r)=mn; (p,q) # (1,1); q is even when m = 2; (p,q,7) # (1,2,1) when
m=n=4.

4. {P4,54,C4"}-DECOMPOSITION OF K,

In this section, we study the { P4, S4?, C4" }-decomposition of K,, when n is odd.
In particular, we prove that CD(K,; Py, S4,C4) = {(p,q,7) : p,q,r > 0, 4(p +
g+7)=(5), (p,g) # (1,1)}. Let us begin with three well-known results on
Pr-decomposition, Si-decomposition, and Cg-decomposition of K, respectively.

Theorem 14 (Tarsi [40]). Let k and n be positive integers. There exists a Pj-
decomposition of K, if and only if k+1 <n and n(n —1) =0 (mod 2k).

Theorem 15 (Tarsi [39] and Yamamoto et al. [44]). Let k and n be positive
integers. There exists an Sy-decomposition of K, if and only if 2k < n and
n(n—1) =0 (mod 2k).
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Theorem 16 (Alspach, Gavlas [6] and Sajna [31]). Let n and k be positive
integers. K, has a Cy-decomposition if and only if n is odd, 3 < k < n, and
n(n—1) =0 (mod 2k).

In the following, we will introduce three known results on {P,?,C4"}-
decomposition, {549, C4" }-decomposition, and {P4”, S4?}-decomposition of K,
respectively.

Theorem 17 [33]. Let p and r be positive integers, and let n be a positive odd
integer. (p,r) € CD(Ky; Py, Cy) if and only if 4(p + q) = e(K,,) and p # 1.

Theorem 18 [35]. Let g and r be positive integers, and let n be a positive odd
integer. (q,r) € CD(Ky;Sa,Cy) if and only if 4(p+ q) = e(K,,) and g # 1.

Theorem 19 [36]. Let p, q, and n be positive integers with n > 16. (p,q) €
CD(Ko; Py, S4) if and only if 4(p -+ g) = e(K).

Theorem 19 determined the set of ordered pairs (p,q) of positive integers
for which there exists a {P4?, S49}-decomposition of K, when n > 16. In the
following lemma, we determine the set of ordered pairs (p, q) of positive integers
for which there exists a {P4, S4?}-decomposition of K, when n < 16 and n is
odd, thus we determine the set of ordered pairs (p, ¢) of positive integers for which
there exists a {P4P, S4?}-decomposition of K, when n is odd.

Theorem 20. Let p and q be positive integers, and let n be a positive odd integer.
(P, q) € CD(Ky; Py, Sy) if and only if 4(p + q) = e(Kn).

Proof. (Necessity) Condition 4(p + q) = e(K,,) is trivial.

(Sufficiency) Observe that 4 | w implies 8| (n — 1). It follows that n =
8m + 1 for some positive integer m. By Theorem 19, we need only consider the
casen = 9. Assume V(Ko) = {1,...,9}. We show that CD(Kyo; Py, Ss) D {(p,q) :
p,q>0,p+q=9}.

Assume (p,q) = (8,1). Ky can be decomposed into 8 copies of Py and
one copy of Sy as follows: (3,1,9,2,4), (7,5,9,6,8), (4,3,2,1,5), (5,2,6,1,4),
(5,4,6,3,7), (7,4,8,3,5), (1,7,2,8,5), (5,6,7,8,1), (9;3,4,7,8).

Assume (p,q) = (7,2). It is easily seen that Ky is the edge-disjoint union of
a copy H{ of Kg and a copy Hi of Ss. By Theorem 14, H{ is Py-decomposable,
and Hi can be decomposed into two copies of Sy. Hence the assertion follows.

Assume (p, q) = (6,3). K9 can be decomposed into 6 copies of P, and 3 copies
of Sy as follows: (5,1,3,2,6), (6,3,4,2,5), (3,7,4,5,6), (6,4,8,5,3), (6,9,5,7,1),
(1,8,2,7,6), (1;2,4,6,9), (83,6,7,9), (9:2,3,4,7).

Assume (p, q) = (5,4). Kg can be decomposed into 5 copies of Py and 4 copies
of Sy as follows: (2,4,3,6,5), (5,8,4,6,7), (7,5,9,6,2), (2,3,1,5,4), (4,7,3,5,2),
(1;4,6,7,8), (2;1,7,8,9), (8;3,6,7,9), (9;1,3,4,7).
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Assume (p,q) = (4,5). Ko can be decomposed into 4 copies of Py and 5 copies

of Sy as follows: (5,1,3,2,6), (6,3,4,2,5), (7,3,5,4,8), (8,5,6,4,7), (1:4,6,8,9),
(2:1,7.8,9), (7:1,5,6,9), (8;3,6,7,9), (9:3,4,5,6).

Assume (p, q) = (3,6). Kg can be decomposed into 3 copies of Py and 6 copies
of Sy as follows: (4,1,2,3,9), (9,4,3,8,7), (7,6,5,8,4), (1;3,5,7,9), (2;4,6,7,9),
(5;2,3,4,9), (6,1,3 4,9), (7,3 4,5,9), (8;1,2,6,9).

Assume (p, q) = (2 7). Ky can be decomposed into 2 copies of P, and 7 copies
of Sy as follows: (1,2,3,4,5), (5,6,7,8,9), (1;3,4,8,9), (2;4,5,8,9), (3;6,7,8,9),

1,2,8,9), (7:1,2,5,9).

5)

(4:6,7,8,9), (5:1,3,8,9), (6:
Assume (p,q) = (1,8). Ko can be decomposed into one copy of P; and

8 copies of Sy as follows: (4,5,6,7,8), (1;2,3,4,5), (2;3,4,5,6), (3;4,6,7,8),
(5;3,7,8,9), (6;1,4,8,9), (7;1,2,4,9), (8;1,2,4,9). (9;1,2,3,4). n

The following lemma gives sufficient conditions for decomposing an edge-
disjoint union of cycles of length k into copies of Pj. In fact, the proof of the
following lemma is essentially given in [33, Lemma 3.8]. We present it here for
completeness.

Lemma 21. Let k and n be integers such that k > 3 and n > 2. For each i €
{1,2,...,n}, let C(i) denote the cycle of length k, (:L‘(i71),$(i72), .. ,:U(i7k),l‘(i71)).
If vy = w21) = = (1), Ta-1,2) ¢ V(C(i)) for each i € {2,3,...,n}, and
T(no) & V(C(1)), then Ui, C(i) can be decomposed into n paths of length k.

Proof. By assumptions, |J;—; C(i) can be decomposed into n paths of length k as
follows: (2(2,2), T(2,3): - +» T(2,): T(21): £1.2) (3,20 T3.3)2 -+ 2 T30 T3,1): T(2,2));
s \Tm,2) (n,3)0 -+ s L(nyk)r L(n,1)s T (n—1,2) )5 (T(1,2)) L(1,3)s -+ - s T(1,k)s L(1,1)s L(m,2) ) -
|

In the following lemma, we determine the set of triples (p,q,r) of positive

integers for which there exists a { P4, S4?, C4" }-decomposition of Kj.

Lemma 22. Let p, q, and r be positive integers. (p,q,r) € CD(Kg; Py, S4,Cy) if
and only if p+q+1r=9 and (p,q) # (1,1).

Proof. (Necessity) The assertion follows immediately from Theorem 1.

(Sufficiency) Let V(Ko) = {1,...,9}. We split the proof into 7 cases accord-
ing to the value of q.

Assume ¢ = 1 (note that p > 2 in this case). Kg can be decomposed into
two copies of Py, one copy of Sy, and 6 copies of Cy as follows: (3,1,9,2,4),
(7,5,9,6,8), (9;3,4,7,8), C(1) = (1,4,3,2,1), C(2) = (1,5,2,6,1), C(3) = (3,5,
4,6,3), C(4) = (3,7,4,8,3), C(5) = (8,1,7 2,8), C(6) = (8,5,6,7,8). Since
1€ V(C)NV(C(2), 5 ¢ V(C(1), and 4 ¢ (C(2)), C(1) U C(2) can be
decomposed into two copies of P4, by Lemma 21. By the same argument,
C(3) U C(4) and C(5) U C(6) can also be decomposed into two copies of Pj.
Hence CD(Kg; Py, S4,C4) D {(p,1,8 —p) : 2 < p < 7 and p is even}.
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On the other hand, Kg can be decomposed into three copies of P4, one
copy of Sy, and 5 copies of Cy as follows: (3,1,9,2,4), (9,5,8,6,7), (9,8,7,5,6),
(9;3,4,6,7), C(1) = (1,4,3,2,1), C(2) = (1,5,2,6,1), C(3) = (1,7,2,8,1),
Cc4) = (3,5,4,6,3), C(5) = (3,7,4,8,3). By the same argument mentioned
above, C'(1) U C(2) and C(4) U C(5) can be decomposed into two copies of Pj.
Thus CD(Ky; Py, S4,Cy) D {(p,1,8 —p) : 2 <p <7 and pisodd }.

Assume ¢ = 2. Kg can be decomposed into two copies of Sy, and 7 copies of
Cy as follows: (1;3,4,8,9), (2;3,4,8,9),C(1) = (3,7,1,6,3), C(2) = (3,5,6,4,3),
C(3) = (3,8,4,9,3), C(4) = (2,7,5,1,2), C(5) = (2,6,9,5,2), C(6) = (7,6,8,
9,7), C(7) = (7,4,5,8,7), Since 3 € V(C(1))nV(C(2)nV(C(3)), 8 ¢ V(C(1)),
7¢V(C(2)),and 5 ¢ V(C(3)), C(1)uC(2)UC(3) can be decomposed into three
copies of Py, by Lemma 21. By the same argument, C'(1) U C(2), C(4) U C(5),
and C'(6)UC(7) can also be decomposed into two copies of P;. Hence CD(Kg; Py,
S4,C4) D {(p,2,7—p) :p=2,...,6}. Besides, Kg can also be decomposed into
one copy of Py, two copies of Sy, and 6 copies of Cy as follows: (4,1,7,3,6), (1;
3,6,8,9), (2:3,4,8,9), (3,5,6,4,3), (3,8,4,9,3), (2,7,5,1,2), (2,6,9,5,2), (7,6,8,
9,7), (7,4,5,8,7), Thus (1,2,6) € CD(Kg; Py, S4,Cl4).

Assume ¢ = 3. Ky can be decomposed into three copies of Sy, and 6 copies
of Cy as follows: (1:2,4,6,9), (83,6,7,9), (9:2,3,4,7), C(1) = (2,5,1,3,2),
c(2) = (2,6,3,4,2), C(3) = (4,7,3,5,4), C(4) = (4,8,5,6,4), C(5) = (7,6,9,
5,7), C(6) = (7,1,8,2,7). By Lemma 21, both C(1) U C(2) and C(3) U C(4)
can be decomposed into two copies of Py. Hence CD(Ky; Py, S4,Cy) D {(p,3,
6 —p) : p =24} Besides, Ky can also be decomposed into one copy of Py,
three copies of Sy, and 5 copies of Cy as follows: (8,2,7,1,4), (1;2,6,8,9),
(8:3,6,7,9), (9:2,3,4,7), C(1) = (3,1,5,2,3), C(2) = (3,6,2,4,3), C(3) =
(3,7,4,5,3), C(4) = (5,8,4,6,5), C(5) = (5,9,6,7,5). By Lemma 21 again, both
C(1)UC(2) and C(4) U C(5) can be decomposed into two copies of P;. Hence
C'D(Kg;P4,S4,C4) D) {(p, 3,6 —p) p= 1,3,5}.

Assume ¢ = 4. Ky can be decomposed into 4 copies of Sy, and 5 copies
of Cy as follows: (1;4,6,7,8), (2;1,7,8,9), (8;3,6,7,9), (9;1,3,4,7), C(1) =
(3,1,5,2,3), C(2) = (3,6,2,4,3), C(3) = (3,7,4,5,3), C(4) = (5,8,4,6,5),
C(5) = (5,9,6,7,5). By Lemma 21, both C(1) U C(2) and C(4) U C(5) can be
decomposed into two copies of Py, and C(1) U C(2) U C(3) can be decomposed
into three copies of Py. Hence CD(Kg; Py, S4,C4) D {(p,4,5 —p) : p = 2,3,4}.
Besides, Kg can also be decomposed into one copy of P4, 4 copies of Sy, and
4 copies of Cy as follows: (3,2,5,1,4), (1;3,6,7,8), (2;1,7,8,9), (8;3,6,7,9),
(9:1,3,4,7), (2,6,3,4,2), (3,7,4,5,3), (4,8,5,6,4), (5,9,6,7,5). Hence (1,4,4) €
CD(KQ;P4,S4,C4).

Assume ¢ = 5. Ky can be decomposed into 5 copies of Sy, and 4 copies of
Cy as follows: (1;4,6,8,9), (2:1,7,8,9), (7:1,5,6,9), (8;3,6,7,9), (9;3,4,5,6),
c) = (3,4,2,6,3), C(2) = (3,1,5,2,3), C(3) = (3,7,4,5,3), C(4) = (4,8,5,
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6,4). By Lemma 21, C(1) U C(2) can be decomposed into two copies of Py,
and C(1) U C(2) U C(3) can be decomposed into three copies of P;. Hence
CD(Ky; Py, S4,C4) D {(p,5,4—p) : p = 2,3}. Besides, Ky can also be decomposed
into one copy of Py, 5 copies of Sy, and three copies of Cy as follows: (4,6,5,8,3),
(1;4,6,8,9), (2;1,7,8,9), (7;1,5,6,9), (8;4,6,7,9), (9;3,4,5,6), (1,5,2,3,1), (2,
6,3,4,2), (3,7,4,5,3). Hence (1,5,3) € CD(Kg; Py, Sy, Cy).

Assume ¢ = 6. Kg can be decomposed into two copies of P, 6 copies
of Sy, and one copy of Cy as follows: (4,9,3,8,7), (7,6,5,8,4), (1;3,5,7,9),
(2;4,6,7,9), (5;2,3,4,9), (6;1,3,4,9), (7;3,4,5,9), (8 1,2,6,9), (1,2,3,4,1). Be-
sides, K9 can also be decomposed into one copy of Py, 6 copies of Sy, and
two copies of Cy as follows: (1,8,5,6,7), (1;3,5,7,9), (2;4,6,7,9), (5;2,3,4,9),
(6;1,3,4,9), (7;3,4,5,9), (8;2,6,7,9), (1,2,3,4,1), (3,9,4,8,3). Thus CD(Ky;
Py, Sy, 04) D {(2, 6, 1), (1,6, 2)}

Assume ¢ = 7. Kg can be decomposed into one copy of Py, 7 copies of Sy,
and one copy of Cy as follows: (2,8,3,9,4), (1;3,7,8,9), (2;5,6,7,9), (4;2,5,6,7),
(5;1,3,8,9), (6;1,3,5,9), (7;3,5,6,9), (8;4,6,7,9), (1,2,3,4,1). Thus CD(Ky; Py,
S4,Cy) D{(1,7,1)}. [

Now, we prove the main result of this section.

Theorem 23. Let p, q, and r be positive integers, and let n be a positive odd
integer. (p,q,r) € CD(Ky; Py, S1,Cy) if and only if 4(p +q + 1) = (5) and
(p,q) # (1,1).

Proof. (Necessity) The assertion follows immediately from Theorem 1.

(Sufficiency) Observe that 4 | @ implies 8| (n — 1). It follows that n =
8m + 1 for some positive integer m. The proof is by induction on m. By Lemma
22, the assertion holds for m = 1. Assume m > 2. When m is even, write
m = 2k for some integer k. It is easily seen that Kigpyr1 can be decomposed
into two copies of Kgr11 and a copy of Kgigi. By the induction hypotheses,
CD(Kgry1; Pa, S4,C4) D {(p,q,7) : p,q,7 > 0, ptg+r = k(8k+1), (p,q) # (1,1)}.
By Theorems 14, 15, 16, 17, 18, and 20, D(Kgi11; Py, S1,Cys) D {(a,b,c) : a,b,c >
0 with at least one of a,b,cis 0, a +b+c=k(8k + 1), (a,b,c) # (1,0,¢),(0,1,¢)
when ¢ > 1}. Therefore, D(Kggy1; Py, S4,C4) D {(a,b,c) : a,b,c > 0, a+ b+
¢ = k(8k+1), (a,b,¢) # (1,1,¢),(1,0,¢),(0,1,¢) when ¢ > 1}. By Lemma 3,
CD(K8k+1 U K8k+1; P47 547 04) ) {(pa Cb’r) ‘pq,r > 07 ptq+r= 2k(8k + 1)7
(p,q) # (1,1)}. Besides, Kg g can be decomposed into 8k? copies of Ks 4, and
by Theorems 4, 5, and 6, {(2,0,0), (0,2,0),(0,0,2)} C D(K2.4; P4, Ss,Cy). Hence
D(Ksk.sk; Pi, S1,Ca) D {(2a,2b,2¢) : a,b,c > 0, a+ b+ ¢ = 8k*}. By Lemma 2,
CD(K8k+1 @) thgk U Kgrt1; Py, Sa, 04) D) {(p, C_[,’I”) :p,q,r > 0, 4(p +q + ’I”) =
(16’;+1)’ (p7 Q) 7é (1? 1)}7 that iS, CD(KBTnJrl; P4,S4,C4) ) {(pa q, ’I") 'p,g,r > 07
4p+g+r)= ("), (pa) # (1,1}
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When m is odd, write m = 2k + 1 for some integer k. It is easily seen that
Ki6k+9 can be decomposed into one copy of Kgi1, one copy of Kgy, g(x+1), and
one copy of Kgig. Besides, Kgy g(r+1) can be decomposed into 8k(k + 1) copies
of K9 4. The case where m = 2k + 1 is similar to the case m = 2k, therefore we
omit its proof. [

Remark. As mentioned on page 3, D(Ky; Py, Sy, Cy) denote the set of all triples
(a, b, c) of non-negative integers such that a decomposition of K, into a copies of
Py, b copies of Sy, and ¢ copies of Cy4 exists. In fact, when n is odd, all triples in
D(Ky; Py, S4,Cy) can be determined by combining Theorems 14, 15, 16, 17, 18,
20 and 23.

For the set D(K, n; Pa, Sa,C4), we can also determine all triples in D(Kp, ;
Py, S4,C4) when both m and n are even. Let p, g, and r be positive integers, and
let m and n be positive even integers with m < n. Jeevadoss and Muthusamy [15]
showed that CD(K, n; Py, Cs) = {(p,7) : m > 2 and n > 4; 4(p +r) = mn and
p # 1}. Besides, we proved that CD (K, n; S4,Cs) = {(¢,7) : m > 2 and n > 4;
4(q 4+ r) = mn and ¢ # 1; ¢ is even when m = 2; r # 1 when m = 4} and
CD(Kpmn; P1,S1) = {(p,q) : m > 2 and n > 4; 4(p + q) = mn; q is even when
m = 2; p # 1 when m = 4}. Because the proofs are rather lengthy and the
arguments are similar to the proofs of Lemmas 8, 9, 10, 11, and 12, we omit
the proofs here. Thus all triples in D(K,, n; Py, S1,C4) can be determined by
combining Theorems 4, 5, 6, and 13, CD (K, n; P, S1), CD(Kpn; Py, Cy), and
CD(Kpn; Sa, Cy).
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