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Abstract

The star k-edge-coloring of graph G is a proper edge coloring using k
colors such that no path or cycle of length four is bichromatic. The mini-
mum number k for which G admits a star k-edge-coloring is called the star
chromatic index of G, denoted by x.,(G). Let GCD(n,k) be the greatest
common divisor of n and k. In this paper, we give a necessary and suffi-
cient condition of x.(P(n,k)) = 4 for a generalized Petersen graph P(n, k)
and show that “almost all” generalized Petersen graphs have a star 5-edge-
colorings. Furthermore, for any two integers k and n (> 2k + 1) such that
GCD(n, k) > 3, P(n, k) has a star 5-edge-coloring, with the exception of the
case that GCD(n, k) = 3, k # GCD(n,k) and 5 =1 (mod 3).

Keywords: star edge-coloring, star chromatic index, generalized Petersen
graph.
2010 Mathematics Subject Classification: 05C15.

1. INTRODUCTION

All graphs considered in this paper are simple, finite and undirected; for the
terminologies and notations not defined here, we follow [3]. For any graph G, we
denote by V(G) and E(G) the vertex set and the edge set of G, respectively. For
any vertex v in G, a vertex u € V(G) is said to be a neighbor of v if uv € E(G).
We use Ng(v) to denote the set of neighbors of v. For positive integers n and k,
let GCD(n, k) be the greatest common divisor of n and k.
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A star k-edge-coloring of a graph G is a proper edge-coloring using k colors
such that at least three distinct colors are assigned to the edges of every path
and cycle of length four. The minimum number k for which G admits a star
k-edge-coloring is called the star chromatic index of G and is denoted by X (G).

The star edge-coloring was motivated by the vertex version [1,4,5,7], which
was first studied by Liu and Deng [8], who gave an upper bound on the star
chromatic index of graph with maximum degree at least 7. Dvoidk et al. [6]
provided some upper and lower bounds for complete graphs. They also considered
cubic graphs and showed that the star chromatic index of such graphs lies between
4 and 7.

Since there exist many cubic graphs with a star chromatic index equal to 6,
e.g., K33 or the Heawood graph, and no example of a subcubic graph with star
chromatic index 7 is known, Dvoidk et al. proposed the following conjecture.

Conjecture 1.1 [6]. If G is a subcubic graph, then x,(G) < 6.

Recently, Bezegova et al. [2] established tight upper bounds for trees and
subcubic outerplanar graphs; they derived upper bounds for outerplanar graphs.
In this paper, we obtain a necessary and sufficient condition of x(P(n,k)) = 4,
and present a construction of a star 5-edge-colorings of P(n, k) for “almost all”
values of n and k. Furthermore, we find that the generalized Petersen graph
P(n,k) with n = 3, k = 1 is the only graph with a star chromatic index of 6
among the investigated graphs. Based on these results, we conjecture that P(3,1)
is the unique generalized Petersen graph that admits no star 5-edge-coloring.

2. A NECESSARY AND SUFFICIENT CONDITION OF X.(P(n,k)) =4

Let n and k be positive integers, n > 2k +1 and n > 3. The generalized Petersen
graph P(n, k), which was introduced in [9], is a cubic graph with 2n vertices, de-
noted by {ug,u1,...,Up—1, Vo, V1,...,Vn—1}, and all edges are of the form w;u;41,
u;v;, ViV for 0 < i < n — 1. In the absence of a special claim, all subscripts of
vertices of P(n, k) are taken modulo n in the following.

Lemma 1 [6]. If G is a simple cubic graph, then x.(G) = 4 if and only if G
covers the graph of the 3-cube Q3 (as shown in Figure 1), where a graph H is

said to be covered by G if there is a locally bijective graph homomorphism from
G to H.

Theorem 2. \.(P(n,k)) =4 if and only if n is a multiple of 4 and k is an odd
number.

Proof. Consider an arbitrary generalized Petersen graph P(n,k) with n = 0
(mod 4) and k=1 (mod 2). We then prove that P(n,k) covers Q3. Define a
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Figure 1. Cube Q3 with a star 4-edge-coloring.

surjection ¢ : V/(P(n,k)) — V(Q3) as follows: let ¢(u;) = ¥; (mod 4) and ¢(v;) =
Yi (mod 4), ¢ =10,1,...,mn—1.

To show that ¢ is a covering map, we need to prove that for each w €
V(P(n, k)), the three neighbors of w in P(n, k) map by ¢ to the three neighbors
of ¢(w) in Q3. First, for each u;, its three neighbors in P(n, k) are w1, ui—1, vj.
By the structure of @3, the three neighbors of ¢(u;) (: T (mod 4)) in Q3 are
Li+1 (mod 4)> Li—1 (mod 4) and y; (mod 4)- Therefore, NQB (¢(ul)) = {d)(ui-l-l)? ¢(ui—1)7
¢(v;)}. Now, we consider a vertex v; in P(n,k). The three neighbors of v; in
P(n, k) are u;, vik, vi—, and the three neighbors of ¢(v;) (= i (mod 4)) in Q3 are
T (mod 4)> Yi+1 (mod 4)» Yi—1(mod 4)- Observe that k is an odd number, which im-
plies that i+ k& (mod 4) #i—k (mod 4), and i+k (mod 2) =i—k (mod 2) # i
(mod 2). Therefore, {¢(vitr), d(vi—k)} = {¥ir1 (mod 4)s Yi—1 (mod 4)}, that is,
N, (o(vi)) ={o(u;), p(vitr), p(vi—k)}. Hence, P(n, k) covers Q3, and x,(P(n, k))
=4 by Lemma 1.

For the inverse implication, suppose that P(n, k) has a star 4-edge-coloring
f. For any vertex w € V(P(n,k)), define a (vertex) 4-coloring f" of P(n,k) by
letting f/(w) be the unique color that is missing on edges incident with w under
f. Then, the three neighbors of any vertex are assigned to different colors under
f'. Otherwise, assume that there exist some vertex w and its two neighbors
wy,we in P(n, k) satisfying f'(w) = c1, f/(w1) = f'(w2) = c2, f(ww1) = ¢3 and
f(wws) = ¢4, where {c1, ca,c3,c4} = {1,2,3,4}. Then color ¢4 appears on an edge
incident with w;, and c3 appears on an edge incident with wy. This creates a
bichromatic path or cycle of length 4. Thus, if f/(w) = ¢1, the incident edges and
adjacent vertices of w are co, c3, ¢4 under f and f’, respectively. There are exactly
two possibilities as follows: either the edges incident with w colored cs, c3, ¢4 lead
to corresponding vertices (w’s neighbors) colored cs, ¢4, ca, respectively, or to
corresponding vertices colored c4, c2, c3. These two possibilities are called the local
color pattern at w. Then, f and f’ induce a covering map ®: V(P(n,k)) — V(Q3)
such that for each w € V(P(n, k)), f'(w) = f/(®(w)) (we use f’ also for the vertex
coloring of @3 shown in Figure 1), and w and ®(w) have the same local color
pattern.
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Let X; and Y; denote the set of vertices of P(n, k) that are mapped to z; and
i, respectively, under ®, i = 0,1,2,3. Thus, under f’ vertices in Xy and Y5 are
colored with 1, in X; and Y3 vertices are colored with 2, in X5 and Yy vertices
are colored with 3, and in X3 and Y; vertices are colored with 4.

Claim. |X;| = |Yj| = 2 fori,j € {0,1,2,3}.

Proof. Observe that by the definition of ®, for every vertex w € X, there is
exactly one neighbor of w that belongs to Yp; for every vertex w’' € Yj, there
is exactly one neighbor of w’ that belongs to X(. This implies that there is a
bijection between Xy and Yy. Therefore, |Xo| = |Yp|. Analogously, we have
[ Xo| = [Xa1] = [Xs], [X1] = [Xo| = V1], [Xo| = [X3| = [Y2], and |X3| = [Y3].
Therefore, |X;| = |Yj|, and |V(P(n,k))| = 2n = 8|X;|, which indicates that
n = 4]/X;|, and the claim holds. O

Clearly, n is a multiple of 4 by the above claim. In what follows, we show k
is an odd number.

From the definition of covering projections, we see that every cycle of length
¢ in P(n,k) is mapped to a cycle of length ¢ in Q3 such that £ = m¢' for some
nonnegative integer m. Therefore, the cycle C' = uguq - - - up—1ug is mapped to a
cycle C’ of length 4 or 8. Note that Q)3 is a bipartite graph that does not contain
any cycle with odd number of vertices. In addition, if C’ is a 6-cycle, then with a
similar analysis as below, the subgraph of (03 induced by vertices corresponding
to vg, V1, .. .,Un—1 consists of two paths with length 1 and a contraction.

If " is a cycle of length 4, without loss of generality, it is assumed that C’ =
ToT1Y1YoTo, and then any 4 consecutive vertices on C' are mapped to xg, 1, ¥1, Yo
in one order of (xg,x1,y1,%0), (%1, Y1, Y0, Z0), (Y1, Y0, Z0, 1) Or (Yo, Zo,Z1,%1). In
this way, we can assume the following without the loss of generality

20,1 =0 (mod 4),

V) 71,1 =1 (mod 4),

(ui) = Y1, =2 (mod 4),

Yo,7 =3 (mod 4).

Then,

x3,1 =0 (mod 4),

V) w2,i=1 (mod 4),

(vi) = y2,1 =2 (mod 4),

Y3, =3 (mod 4),

x3y2 ¢ E(Qs) and xoys ¢ E(Q3), so the vertex mapped to x3 (or z2) is not
adjacent to the vertex mapped to y, or x3 (or ys or x2) in P(n, k). Therefore, k
is an odd number in this case.
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If ¢’ is a cycle of length 8, then n is a multiple of 8, and C’ is a Hamilton
cycle such as C' = xgz12973Y3Yy2y1y0xo. Clearly, any 8 consecutive vertices on C
are mapped to g, x1, T2, T3, Y3, Y2, Y1, Yo, preserving the adjacent relation in C”.
Without loss of generality, we assume

x0,i =0 (mod 8),

z1,i =1 (mod 8),

22,7 =2 (mod 8),

4 x3,7 =3 (mod 8),
(ui) = Y3, =4 (mod 8),
y2,4 =5 (mod 8),

y1,7 =6 (mod 8),

Yo, =7 (mod 8).

Then, it follows that

23,1 =0 (mod 8),

y1,7 =1 (mod 8),

y2,1 =2 (mod 8),

‘ xo,7 =3 (mod 8),
Pwi) =9 =4 (mod 8),
22,4 =5 (mod 8),

x1,7 =6 (mod 8),

y3,7 =7 (mod 8)

Since in @3, x3 is not adjacent to ys, 4o, x1 or xg itself, it follows that the vertex
mapped to z3 is not adjacent to the vertex mapped to y2, yo, 1 or x3, in P(n, k).
Therefore, k is an odd number, which completes the proof. [ |

3. CONSTRUCTION OF STAR 5-EDGE-COLORINGS FOR P(n, k)

A list L of a graph G is a mapping from a finite set of colors (positive integers)
to each vertex of G. For any V' C V(G), L(V') denotes the set of colors that
are assigned to the vertices of V', i.e., L(V') = {L(v)|v € V'}. A proper edge-
coloring f of G is called an irlist-edge-coloring if f(e) ¢ L(u)U L(v) for any edge
e(=uv) € E(G). An edge-coloring of G is strong if any two edges within distance
two apart receive different colors.

Let C = vyve...v,v1 be a cycle of length m, m > 3. We call C a listed-
cycle if C has a list L and refer to the colors in L(V (C)) as listed-colors of C. In
particular, if there are exactly two consecutive vertices v;, v;y;1 satisfying L(v;)
(respectively, L(vit1)) # L(v;) and L(vj)=L(vy) for all j,7" € {1,2,...,m} \
{i,7 + 1}, then we say C' is quaint and v; and v;11 are the quaint vertices of C,
where V41 = U
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Lemma 3. Let C' = vivg -+ -vpv1 be a cycle, m > 3 and m # 5. Then, C has
a star 3-edge-coloring. Particularly, when m =0 (mod 3), C' has a strong edge-
coloring using three colors.

Proof. We construct our desired colorings as follows. When m = 0 (mod 3),
we color edges vivg, vovs, ..., Unv1 With three colors 1,2, 3, repeatedly. When
m = 1 (mod 3), we color edges vivg, vovs, ..., Upn_10, with three colors 1,2, 3,
repeatedly, and v, v; with color 2. When m =2 (mod 3), it follows that m > 8.
We color edges v1vs, v2Us3, . .., Um_5Um—_4 With three colors 1,2, 3, repeatedly, and
color Uy 4Vm—3, Vm—3Vm—2,Um—_9Um—_1, Um—1Um and v,vy with 1, 2, 1, 3 and 2,
respectively. [ |

Lemma 4. Let C = vive - o1, m > 3, be a quaint listed-cycle with list L

such that |L(v)| = 2 for every v € V(C). Suppose that vy,—1 and vy, are the two

quaint vertices of C. If L(v;) € (L(vm—1)U L(vy,)) fori € {1,2,...,m—2}, then

(1) when m =1 (mod 3), C has a strong irlist-edge-coloring using at most two
non-listed-colors;

(2) when m =2 (mod 3), C' has an irlist-edge-coloring using at most two non-
list-colors, for which any three consecutive edges receive different colors ex-
cept Vim—_oUm—1, Um—1Um and Um,v1.

Proof. Let L(v;)) = {c1,c)}, i € {1,2,...,m — 2}, and L(vy,—1) = {co2, b},
L(vy,) = {e3,¢5}. Since L(v;) € (L(vm—1) U L(vy,)), there exist three colors, say
c1,c2 and c3, such that ¢; € L(v;) and ¢1 ¢ L(vim—1) U L(vy), 2 € L(vp-1)
and co ¢ {c1,c}}, and ¢3 € L(vy,) and ¢z ¢ {c1,¢)}. Let ¢4, ¢} be two distinct
non-listed-colors. We construct the desired irlist-edge-colorings f of C' by the
following four rules.

For (1), m — 1 = 0 (mod 3). If co € {c3,c4} and ¢3 € {ca, ¢4}, let f be
the following: f(vpm—1vm) = c1, f(vmv1) = ¢4, and for ¢ = 1,2,...,m — 2,
f(vivig1) = c2 when ¢ = 1 (mod 3), f(viviy1) = ¢4 when i = 2 (mod 3) and
f(vivig1) = ¢4 when i =0 (mod 3) (Rule (x1)). Clearly, under f, any two edges
within distance two receive distinct colors. Note that ¢; ¢ L(vp—1) U L(vp)
and {ca,cq,dy} N{c1,¢4} = 0. Therefore, f is a strong irlist-edge-coloring of
C using two non-listed-colors cq,cy. If co ¢ {c3,¢5} (or ez ¢ {c2,¢h}), then
¢y # c3. Let f be the following: f(vm—1vm) = c1, f(vmv1) = c2 (or ¢4), and for
i=1,2,...,m—2, f(vjvig1) = c3 (or c3) when i = 1 (mod 3), f(viviy1) = ¢4
(or cg) when i =2 (mod 3) and f(v;vi+1) = ¢2 (or ¢4) when ¢ =0 (mod 3) (Rule
(%2)). Additionally, under f, any two edges within distance two receive distinct
colors. Since {eg,c3} N{ec1,¢)} =0 and ¢; ¢ L(vym—1) U L(vy,), it holds that f is
a strong irlist-edge-coloring of C' using one non-listed-color c4.

For (2), m—2=0 (mod 3). If ca = ¢3, let f be f(vm—1vm) = c1, f(vmv1) =
cg, and for i =1,2,....m—2, f(vvi41) = ca when i =1 (mod 3), f(viviy1) = ¢
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when i =2 (mod 3) and f(v;vi41) = ¢4 when i =0 (mod 3) (Rule (%3)). By the
definition of f, it has that f(e) # f(€') for any e, e’ € (E(C)\ {vm—2Vm—1,0mv1})
such that the distance between them is at most two. Additionally, ¢; & L(vy,—1)U
L(vy,) and {cg, ¢4, ¢y }N{c1, ) } = 0. Therefore, f is the desired irlist-edge-coloring
of C' using two non-listed-colors ¢y, .

If ca # c3, let f be the following: f(vm—1vm) = c1, f(vmv1) = ¢4, and for

i=1,2,...,m— 2, f(vjvig1) = c2 when i = 1 (mod 3), f(v;viy1) = c3 when
i =2 (mod 3) and f(v;vi+1) = ¢4 when i =0 (mod 3) (Rule (x4)). Analogously,
f is the desired irlist-edge-coloring of C' using one non-listed-colors c4. [ |

Theorem 5. Let ¢ be the greatest common divisor of n and k. When { > 3,
with the exception of £ = 3, k # £, and § = 1 (mod 3), P(n,k) has a star
5-edge-coloring.

Proof. Let ij =i+ (j — 1)k for j = 1,2,...,p = %. Then, by the definition,
the subgraph of P(n,k) induced by {wvg,v1,...,v,—1} is the union of ¢ vertex-
disjoint p-cycles, denoted by C; = v;; vy, - v, vy, @ = 0,1,...,£ —1. Let C =
uouUl * ** Up—-1UQ.

We first partition C into five edge-disjoint paths as follows.

Path-A. uguius, ..., Up_9k_1Up_2k.

Path-B. u, optun ok r1Un—2k12 " Un—2k40—1Un—2k+4-

Path-C. u, ok oUun—2k1041Un—2k1042 " Up—f—1Un—k-

Path-D. w, pun—gr1Un—g+2 " Un—gt0-1Un—kte-

Path-E. un_pioUn—kto41Un—k+042° * Un—1Uo-

Note that the length of each path defined above is a multiple of £. Both Path-B
and Path-D contain exactly ¢ edges, and when k = £, Path-C and Path-E are
empty.

We now color edges of C' by coloring edges of Paths-A, C, E, B and D,
respectively, according to the coloring rules indicated in Table 1. We distin-
guish 11 cases (each row denotes one case) based on values of p and ¢. Each
column contains 11 coloring rules of the corresponding paths (for example, the
second column corresponds to Path-A, Path-C and Path-E). Each rule is a cyclic
coloring of ¢ colors. When we use the rule to color the edges of the corre-
sponding path, say P = uzUgi1--- Ugptm, we first partition the path into ¢
small paths of length ¢(> 3), Pi, P,..., P, where P = ugUgi1 - Upys, Po =
Up+-0+1Up4-0+42 *° * Ug 420415 -« -5 Pq = Ugtm— Uz tm—e+1 " Uz+m; then, for each P,
we color it from the first edge to the last edge one by one consecutively, according
to the rule. For example, in the case of p = 1 (mod 3) and ¢ = 1 (mod 3), if
P € {Path-A, Path-C, Path-E}, then we color P; (P; is a subgraph of P) with 1,
2, 3,1, 2,3, and 4 when |E(F;)| = 7 and with 1, 2, 3, and 4 when |E(F;)| = 4;



E. ZHU AND Z. SHAO

434

e EEN]

mnmrﬁrﬂFNnHuﬂ$Nh...nHuﬂﬁN \AO—

sjuawale j

%:uwwﬁwgwp nmuﬂbmhmnﬂ FMLNBH Co o :mLNnH %ﬁ

(¢ powr) g = pue (¢ powr) g =d

sjuawWale

wnmumﬁthnm“Nr...nmnm“N \mﬁ—

sjuawale j

%Mﬂu@&ﬁ@ﬁw@h JNFMLNJ »MﬂN hH ... umﬁNhH %Q

d

(¢ pow) 1= pue (¢ pow) g

sjuawWale
— |
Mrm,ﬂn...smnmnﬂ %Q

sjuawala j
—_—
A[poyeador ‘¢ ‘g T e 'g T 4q

(¢ powr) 0 =) pue (¢ powr) g =d

e'T'eY'T 4q £'e'P'e'T Aq

—_—N—
Apogeadar ‘¢ ‘p g ‘g ‘T 4q

¢=7 ()
(¢ pow) g =7 ‘(¢ pow) 1=d

e ETEN]

thJNFMWFHJNFN$mh...quNﬁm. \AD—

sjuawWwale j

\A:uwwﬁwﬁwp nmuﬂbmhmnﬂ :mFNhH Cov “MLNBH %m—

8<7 (1)
(¢ pow) g =7 ‘(¢ powr) T=d

sjuowiale j

anumnmhﬂnmuﬂn...hﬂnm“m %.O—

sjuowale g

%:uwuﬁ@mmwp stm FN hH »m ﬁN FH ... "mﬁN hH \An—

(¢ powr) T = pue (¢ powr) [ =d

sjuawWale

MJN“NFMBH"MN$..."M“HF% \Aﬂ

squawale g
—
\ﬁﬁﬂv@@\mwgwh anmnﬂa...hmnmuﬁ \ﬁﬂ

9 <y puey £y ()
(¢ powr) g = pue (¢ powr) [ =d

sqUWID squwWale  j

mnmnﬂ»,..“mrmnw%ﬁ— M»‘H“ﬂh...nmu‘m$ﬂ\mﬁ—

sjuawWwale j
—
%:VQQEQQQ.H Fm ,N J [ hm ,N J %O—

4=7 (1)
(¢ powr) 0 = pue (¢ powr) [ =d

e EN]

mnw»mumrﬂnmuﬁiﬂh...nmuNﬁH \mﬁ—

sjuawale j

Apereadar ‘ez T ‘T T ‘e‘T T 4q

(¢ powr) g = pue (¢ powr) 0 =d

sjuawWale

wnmuNr‘_ﬂnmnNTﬁn...nmrNT—H \mﬁ—

sjuawale j

\m:uwgﬁwgmh Ju:mFN,ﬂ »M“N hﬂ ... umﬁNhH %Q

d

(¢ pow) 1 = pue (¢ pour) o

sjuawWale
—— |
.mrNTHN..LM.,NT_” %Q

sjuawala j
—_—
Arpoyeador ‘¢ ‘g T e'g T 4q

(¢ powr) g =) pue (¢ powr) 0 =d

a-yred g-ured

H-Ured ‘D-ured ‘V-ured

7 pue d jo senjea

"0 Jo s98pa Jo so[ni Surio(o)) "1 9[qe],




ON THE STAR CHROMATIC INDEX OF GENERALIZED PETERSEN GRAPHS 435

if P € {Path-B, Path-D}, then we color P; with 2, 3, 1, 2, 3, 5, and 4 when
|E(P;)| = 7 and with 2, 3, 5, and 4 when |E(F;)| = 4.

The resulting coloring of C' is denoted by f. One can readily check that f is
a strong edge-coloring. We now assign list L to C; for ¢ =0,1,...,¢£ — 1. Let

L(vi) = { f(uswiy1), f(uwui—1)}, i =0,1,...,n— 1.
Then, we obtain ¢ listed-cycles C; of length p = 7,7 =0,1,...,¢— 1.

Case 1. When p =0 (mod 3), then |L(V(C;))| = 2 (since k is a multiple of
) for each i € {0,1,...,¢ —1}. Observe that |V (C;)| = p =0 (mod 3). Hence,
by Lemma 3, C; has a strong irlist-edge-coloring with {1,2,3,4,5}\ {z, y}, where
x,y are the two listed-colors of C;.

Case 2. When p = 1 (mod 3), we further consider the following three sub-
cases.

Case 2.1. £ = 0 (mod 3). First, £ = k. Then, C; is a listed-cycle such
that (1) L(vi;) = {1,3} and L(v;,_,) = L(vi,) = {3,4}; or (2) L(v;;) = {1,2}
and L(vi,_,) = {1,4},L(vi,) = {4,5}; or (3) L(vi;) = {2,3} and L( L) =
{1,3},L(v;,) = {3,5}, where j € {1,2,...,p—2}.

Second, ¢ # k and £ > 6. Then, C; is a listed-cycle satisfying one of
the following conditions. For j € {1,2,...,p — 2}, (1) L(v;;) = {1,3} and

L(vi,_,) = L(vi,) = {3,4}; (2) L(v;;) = {1,2} and L(vi,_,) = L(vs,) = {1,4};

(3) (vz]) = {2,3} and L(vz 1) = L(vip) = {1,3}; (4) L(vi].) = {1,3} and
L(vi,_,) = L(vi,) ={2,3}; (5) L(v;;) = {1,2} and L(vi,_,) = L(vs,) = {2,4};
(6) L(vi;) ={2,3} and L(v;,_,) = (vlp) {3,4}.

Case 2.2. £ =1 (mod 3). Then, for j € {1,2,...,p — 2}, it follows that
(1) L(vi,) = {1,4} and L(vi,_,)=L(vi,)={2,4}; or (2) L(v;;) = {1,2} and
L(vi,_,) = L(vi,) = {2,3}; or 3) L(v;;) = {2,3} and L(vi,_,) = L(v;,) =
{1,3}; or (4) L(vi;) = {1,3} and L(v;,_,) = L(v;,) = {1,2}; or (5) L(vi;) =
{2,3} and L(vi,_,) = L(vi,) = {3,5}; or (6) L(vi,) = {3,4} and L(v;,_,) =

L(vi,) = {4,5}.

Case 2.3. £ =2 (mod 3). First, when ¢ > 8, it has that for j € {1,2,...,p—
2}, (1) L(vi;) = {1,5} and L(vi,_,) = L(vs,) = {3,5}; or (2) L(vi;) = {1,2}
and L(v;,_,) = L(vi,) = {2,3}; or (3) L(v;;) = {2,3} and L(v, 1) L(vzp) =
{2,4}; or (4) L(v;;) = {1,3} and L(vi,_,) = L(v;,) = {3,4}; or L(v;,) =
{1,3} and L(vs, ,) = L(vi,) = {1,4}; or (6) L(v;;) = {1,2} and L(vlp ) =
L(vi,) = {1,3}; or (7) L(v;;) = {2,3} and L(vzpfl) = L(v;,) = {3,4}; or (8)
L(vi,) = {3,4} and L(v;,_,) = L(vi,) = {2,4}; or (9) L(v;;) = {4,5} and
L(Uip,1> = L(’Uz‘p) = {2, 5}

Second, when ¢ = 5, C; is a listed-cycle such that (1) L(v;;) = {1,5} for
je{1,2,....p}\{j, 7/ +1}, and L(vij,) = L(’UZ-],/H) = {1, 3}, where j/,j'+1 are
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read model p; or (2) L(v;;) = {1,2} and L(v;,_,) = {1,3}, L(vs,) = {1,4}; or
(3) L(vi;) ={2,3} and L(vi,_,) = {3,4}, L(v,) = {4,5}; or (4) L(vy;) = {3,4}
and L(v;, ,) = {4,5},L(v;,) = {2,5}; or (5) L(vi;) = {4,5} and L(v;,_,) =
{3,5}, L(v;,) = {2,3}, where j € {1,2,...,p— 2} in (2)-(5).

Obviously, in each of the above subcases, C; is a quaint listed-cycle satisfying
the condition of Lemma 4(1). Therefore, C; has a strong irlist-edge-coloring using
some colors in {1,2,3,4,5} by Rules (x1) and (x2).

Case 3. When p = 2 (mod 3), there are also three subcases that need to
dealt with.

Case 3.1. = 0 (mod 3). Then, one of the following holds. For j €
{1,2,...,p— 2} 1) L ( vy, ) ={1,3} and L(vZ 1) = L(vip) ={3,4}; (2) L(vi].) =
{1,2} and L(vzp 1) = (vzp) {4,5}; (3) (vij) = {2,3} and L(vip_l) =

L(v;,) = {3,5}.

Case 3.2. ¢ =1 (mod 3). Then, for j € {1,2,...,p — 2}, it has that (1)
L(vi,) = {1,4} and L(v;,_,) = L(vi,) = {2,4}; or (2) L(v;;) = {1,2} and
L(vi,_,) = L(vi,) = {2,3}; or 3) L(v;;) = {2,3} and L(vi,_,) = L(v;,) =
{3,5}; or (4) L(vi;) = {1,3} and L(v;,_,) = L(v;,) = {2,5}; or (5) L(v;;) =
{3,4} and L(v;,_,) = L(v;,) = {4,5}.

Case 3.3. £ = 2 (mod 3). Then, for j € {1,2,...,p — 2}, one of the fol-
lowing situations holds. (1) L(vi;) = {1,5} and L(v;,_,) = L(v;,) = {2,5};
(2) L(vi;) = {1,2} and L(vi,_,) = L(vi,) = {2,4}; (3) L(v;;) = {2,3} and
L(vi,_,) = L(vi,) = {1,4}; (4) L(v;;) = {1,3} and L(vlp ) = L(vi,) = {1,2};
5) L(vi;) = {3,4} and L(v;,_,) = L(vi,) = {1,3}; (6) L(v;;) = {4,5} and
L(vip—l) = (U’p) {3

One can readily check that in Cases 3.1-3.3, C; is also a quaint listed-cycle.
Therefore, C; has a strong irlist-edge-coloring using colors 1, 2, 3, 4, and 5 by
Rules (x3) and (*4) in Lemma 4(2).

Until now, we have colored edges of C;, ¢ = 0,1,...,¢ — 1. We denote the
resulting coloring of C; by f’. Obviously, for each i € {0,1,...,n—1}, it has that
H{f (wiviy1), f(uiui—1), f (vivig1), f/(vivie1) }| = 4. We then color each u;v; with
the unique color {1,2,3,4, 5} \ {f(uiuit1), f(uiui—1), f'(viviz1), f'(vivi—1)}. This
completes the edge-coloring of P(n, k). We now show that such the coloring is a
star 5-edge-coloring.

If not, let P be a bichromatic 4-path. Since f is a strong edge-coloring of C,
and {f(usuir1), f(uiui—1) 0 f (viviz1), f(vivi—1)} =0 for any ¢ € {0,1,...,n—
1}, P does not contain any edges of C'. In addition, by Lemma 4, any three edges
of C; receive different colors under f/, except Vip_5Vip_15 Vip_1 Vip, Vi Vip - Lherefore,
P = Vip_5Vip_ 4 ViyViy Uiy OT P = Wi, 5 Viy_ 5 Vip_ 4 Viy Vi - However, by Lemma 4 Rule
(x3) and (x4), f'(vi,_,v;,) is a listed-color not in L(v;,_,) U L(v;,). Then, by
the coloring rule of w;v;, ¢ = 0,1,...,n — 1, it has that f’(vipflvip) #* f(viluil)

—
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and f’ (vl-pflvip) # f(ui,_,vi,_,). Therefore, P is not bichromatic, and it is a
contradiction. [ ]

Lemma 6. Let P(n, k) be a generalized Petersen graph such that GCD(n, k) =1,
n =0 (mod 2) and k =1 (mod 2). Then, P(n,k) has a star 5-edge-coloring.

Proof. 1t is sufficient to construct a star 5-edge-coloring for P(n,k) in this
case. Let C' = uguy - - - up—1ug be the cycle induced by {ug,u1,...,u,—1}. Since
GCD(n, k) =1, i.e., n, k are coprime, the subgraph induced by {vg,v1,...,vp-1}
is also a cycle, denoted by C’. Since n = 0 (mod 2), it follows that n # 5 and
by Lemma 3 both C and C’ have a star 3-edge-coloring. Let f; and fo be the
two star edge-colorings of C' and C’, respectively, using colors 1, 2, and 3. Then,
we color w;v; with 4 when ¢ = 0 (mod 2) and with 5 when ¢ = 1 (mod 2), for
1=0,1,...,n— 1. Denote by f3 the resulting coloring, and let f = f1 U fo U f3.
We now show that f is a star edge-coloring. On the contrary, we assume there
is a bichromatic 4-path P. Let c¢; and c3 be the two colors appearing on the
edges of P. By f1 and fs, it is by no means that {c1,co} C {1,2,3}. In addition,
since (n,k) =1, n =0 (mod 2) and k =1 (mod 2), f3(u;v;) # f3(ui+1v;+1) and
f3(uiv;) # f3(uisrpvisr). Therefore, together with f3, {c1,co}N{4,5} = (). Hence,
P is not bichromatic and is a contradiction. [

Theorem 7. P(n,1), n > 5, has a star 5-edge-coloring.

Proof. By Lemma 6, we only need to consider the case n = 1 (mod 2). In
this case, we can also obtain a star 5-edge-coloring by a slight change of the
coloring in Lemma 6. Let P, = up_1uouy -« Up—o and Po» = vouy---v,—1 be
two paths. We now define a star 3-edge-coloring f; of P; as follows. First, let
fi(un—1uo) = 2, fi(uou1) = fi(up—3up—2) = 3. Then, color edges of sub-path
ujug - - - up—3 as follows: when n = 5, let f1(ujuz) = 1; when n > 7, color edges
UTUL, UQUS, - . ., Up—4Un—3 Dy 1, 3, and 2, repeatedly, if n — 4 = 0 (mod 3); by
1,3,2,...,1,3,2, 1if n —4 = 1 (mod 3); and by 1,3,2,...,1,3,2, 1 and 2 if

n—>5 edges nfthges
n —4 = 2 (mod 3). Obviously, P, also has a star 3-edge-coloring, say fs. By
color permutation, we can assume fo (Un_31)n_2) = 3, and fo (’Un_g?}n_l) = 2.
Based on f; and fs, we color u, su, 1 with 4 and v,_1v9 with 5. And for
any i € {0,1,...,n — 2}, color u;v; with 4 for ¢ = 0 (mod 2) and with 5 for
i =1 (mod 2), and finally, color u,,—1v,—1 with 1. Until now, we typically obtain
an edge-coloring of P(n,1). One can easily see that such the coloring is a star
5-edge-coloring. [ |

Note that when n = 3, Theorem 7 by no means hold. However, by a coloring
P(n,3) with an exhausting search, we can see that P(n,3) does not contain any
star 5-edge-coloring.
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Lemma 8. Let P(n,k) be a generalized Petersen graph such that (n,k) = 2. Let
Co = vovg - V(2 _1)00- If Co has a star 3-edge-coloring f such that Cy¢(v;) #
Ct(vigr) foranyi € {0,1,...,n—1} and i =0 (mod 2), then P(n,k) has a star
5-edge-coloring, where C¢(vi) = { f(viviyr), f(vivi—k) }-

Proof. Since GCD(n, k) = 2, it has that n is an even number. Let f be a star
3-edge-coloring of Cy, such that C¢(v;) # Cy(vit1) for any i = 0 (mod 2) and
i€{0,1,...,n—1}. We now color C1 = vjv14 - “UL(2-1)kVL with the same
pattern as Cp, that is, color each edge v;vj4, with the color f(vj—1vj4x—1), for
j=1 (mod 2) and j € {0,1,...,n — 1}. Denote the resulting coloring of Cyy and
C1 also by f. Then, C¢(v;) = C¢(viy1) for any i =0,2,4,...,n— 2. Based on f,
for any i € {0,1,...,n — 1}, we color u;u;11 with the color in {1,2,3} \ Cf(v;)
when ¢ = 0 (mod 2), and with 4 when ¢ =1 (mod 2). Finally, color u;v; with 5,
1=20,1,...,n — 1. Obviously, such the coloring is a star 5-edge-coloring. [ |

Theorem 9. P(6m,2) has a star 5-edge-coloring, where m > 1 is a positive
number.

Proof. Let n = 6m, and Cy = vgvg - - “V(2_1)kV0- Obviously, Cy has a star 3-
edge-coloring f such that Cy(v;) # Cy(viy1) for any i € {0,1,...,n — 1} and
i =0 (mod 2) (since § = 3m = 0 (mod 3), we can color edges of Cy with 1, 2,
3, repeatedly). Therefore, by Lemma 8, P(6m,2) has a star 5-edge-coloring. ®

In this article, we determine the star chromatic index of generalized Petersen
graphs P(n, k) for “almost all” values of n and k. By using more involved analysis,
we can also prove P(n, k) has a star 5-edge-coloring for some remaining values of
n and k, particularly, for the case £ = 3, k # ¢, and § = 1 (mod 3). However,
we prefer to present a short or uniform proof. In addition, we would like to
stress that only one generalized Petersen graph, i.e., P(3,1), is found to have
the star chromatic index 6. Therefore, we conjecture that P(n,k) has a star
5-edge-coloring for any n > 4.
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