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Abstract

In this paper, we establish the crossing number of join product of 5-
wheel with n isolated vertices. In addition, the exact values for the crossing
numbers of Cartesian products of the wheels of order at most five with any
tree T' are given.
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1. INTRODUCTION

Given a graph G, let V(G) and E(G) be, respectively, its vertex and edge set.
A drawing of G is a representation of G in the plane such that its vertices are
represented by distinct points and its edges by simple continuous arcs connecting
the corresponding point pairs. All drawings considered herein are good drawings
meaning that no edge crosses itself, no two edges cross more than once, no two
edges incident with the same vertex cross, no more than two edges cross at a
point of the plane, and no edge meets a vertex, which is not its endpoint. We
denote the number of crossings in a good drawing D of the graph G by crp(G).
A good drawing is said to be optimal if it minimizes the number of crossings. The
crossing number cr(G) of a graph G is the number of crossings in any optimal
drawing of G in the plane. Let G’ be a subgraph of the graph G. Then we easily
get
(G < er(@).

!Corresponding author.
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For a graph G, let E;, Ej and Ej, be edge-disjoint subsets of E(G). We denote
by crp(E;, Ej) the number of crossings between edges of F; and edges of E; in
D, and by crp(FE;) the number of crossings among edges of F; in D. It is easy to
see that

(1.1) crp(E; U Ej) = erp(E;) + crp(Ej) + crp(E;i, Ej),
and
(1.2) CTD(EZ'UE]',ER) :CTD(Ei,Ek)-i-CTD(Ej,Ek).

In our paper, we use (E') to represent the edge-induced subgraph of G, where
E' C E(G). For more graph theory terminology and the theory of crossing
number, see [1, 5].

The investigation on the crossing numbers of graphs is a classical but very dif-
ficult problem. In fact, computing the crossing number of a graph is NP-complete
[6]. The exact values of crossing numbers are known only for few specific families
of graphs. The complete bipartite graph K, ,, is one of them. Zarankiewicz [19]
conjectured that the crossing number of K, ,, equals LmJ Lm—_lj LHJ L"T_lj . This

2 2 2
conjecture has been verified by Kleitman [10] for min{m,n} < 6, or, equivalently,

er(Kmn) = L%J {mglJ gJ V;J min{m,n} < 6.

For convenience, the number | 2| 21| |2 | 221 | is often denoted by Z(m,n)

in our paper. Several authors have been researching the crossing numbers of
complete multipartite graphs. For the graph Kj 4,, the crossing number was
established independently in [7, 8]. The crossing number of the graph K 5, was
given in [18].

The join product of two graphs is also what we are interested in. The join
product of two graphs G and G2, denoted by G + G2, is obtained from vertex-
disjoint copies of G; and G2 by adding all edges between V(G1) and V(Ga).
Particularly, let Go be a graph on n isolated vertices. The join product of two
graphs G1 and G is also referred as the suspension of order n of the graph Gy
(denoted by G7), where n isolated vertices are called the apices of G}. Let C),
be the cycle of length n, P, be the path on n vertices, and S, the star K .
The first results on crossing numbers of join of paths and cycles as well as of
two cycles appeared in [12]. Moreover, the exact values for crossing numbers of
G + P, and G + C,, for all graphs G of order at most four were given in [12, 14].
Subsequently, several authors have studied the crossing numbers for join of paths
and cycles with some connected graphs of order five [15]. Recently, in [4], the
crossing number of join of a disconnected 5-vertex graph @ (see Figure 1) with
n isolated vertices was given. However, there are only few results concerning
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crossing numbers of join products of discrete graphs, paths and cycles with some
graphs on six vertices, see [13]. Let W, be the wheel on n+1 (n > 3) vertices. In
the paper, we present the crossing number of join of a connected 6-vertex graph
W5 (see Figure 1) with n isolated vertices.

Q W, W, W,

Figure 1. A disconnected 5-vertex graph @ and the wheels W; (j = 3,4,5).

The richness of repetitive patterns in Cartesian products of graphs reflects in
their drawing and makes Cartesian product one of the few graph classes, for which
exact crossing number results are known. We denote the Cartesian product of two
graphs G and G9 by G10G3. Klesc [11] established the crossing numbers of the
products of all 4-vertex graphs with paths and stars except the crossing number
of Ki30P,, which was earlier determined by Jendrol and Scerbové [9], who
conjectured that cr(S,0P,) = (n — 1) | 2| || for m,n > 1. This conjecture
was proved by Bokal in [2]. In [3], the exact value of crossing number for W3OT
was given, where 7' is a tree with maximum degree at most three. In our paper,
we extend the result by giving the crossing numbers of Cartesian products of the
wheels W; (j = 3,4,5) with any tree T'.

In this paper, let nK; be the graph on n isolated vertices, we establish the
crossing number of the graph W5 + nk; (W{') in Section 2. Our method is to
construct the relationship between the crossing number of the graph W5 + nky
and the crossing number of the graph @ + (n+ 1)K (the graph @ is displayed in
Figure 1). Using the zip product operation, in Section 3, we find the exact values
of the crossing numbers of Cartesian products of the wheels W; (j = 3,4, 5) with
any tree T'. The result complements a recent result [16] by Kles¢, who established
the crossing number of any wheel with a tree of maximum degree at most five.
At present, the Zarankiewicz conjecture on the crossing number of K, ,, [19] has
not been proved for min{m,n} > 7, which obstruct our research with respect to
the crossing number of W; T for j > 6. The main results in this paper are the
following theorems.

Theorem 1. cr(W5 +nKy) = Z(6,n) +n+3|%| forn>1.
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Theorem 2. Let T be a tree with mazimum degree A(T') and let n; be the number
of vertices of degree i in T'. Then

S ni(Z(4,0) + 1), j=3,
er(W;OT) = ¢ ) na (2(5,0) +i+ [3]), =4,

S g (Z(6,0) +i+3|4]), j=5.

2. THE PROOF OF THEOREM 1

Let H be the graph W5 4+ nK; with the edge set F and the vertex tripartition
(X,Y,Z), where X = {z} is the center of the wheel, Y = {y1,92,...,ys5} are the
rim vertices of the wheel, and Z = {z1,29,...,2,} are the apices added in the
join product. It is easy to see that

(2.1) E=ExyUExzUEyzUEyy,
and

5 ~
(2.2) Ey, = Exy UEygz,

=1

EXy:{xyi\i: 1,2,...,5},

EXZ = {.TZj‘j = 1,2,...,71},

Eyz ={yizj|t=1,2,...,5and j =1,2,...,n},
Eyy = {y1y2, Y293, Y3ya, Yays, Ysy1 },

and Eyi is a set of all but the edges y;y;—1 and y;y;+1 of the edges incident with
the vertex y;.

Lemma 3 [16]. If ¢ is an optimal drawing of H, then cry(Eyy) = 0.

Lemma 4. If ¢ is a good drawing of H, then

5 5
Zcr¢ (E\Eyl> = 4dery(E) + Zcr¢ <EXZ, Eyz-> +cry(Exz, Eyy)
i=1 i=1

+ CT¢(Eyy) —Crg (EXY UFExzU Eyz) .



THE CROSSING NUMBER OF CARTESIAN PRODUCT OF 5-WHEEL WITH ... 187

Proof. Let (AU B)\Eyi be the edge set that arise from the edge set AU B by
deleting the edges of (AU B) N E,,, where A and B are edge subsets of E. Using
(1.1),(1.2) and (2.1), we have

5
CT¢(E\EZ.) ZCT¢(((EnyExz)UEyzLJEyy)\E Z)
i=1 i=1

5 5
= ZCT¢ ( EXY UEXZ \E Z) + ZCT’¢ (Eyz\E l)
=1

=1

NE

5

cry Eyy\E > + Z Crg (EXY\EypEYZ\Eyi)
=1

M T

(2.3) +
=1

(
+ 2 (EXZ\Ey Eyz\E, ) + 25:% (EXY\E%., EYY\E%)
(

ot

= =1

5
CT‘¢ Exz\Ey ,Eyy\E ) + ZCT¢ (Eyz\Eyi, Eyy\EyZ) .
=1

M T

+
=1

Since the edge-induced subgraph ((Exy U Ex Z)\Ey) is isomorphic to the star
Snaia, c7“¢((EXy U EXZ)\Eyi) = 0. This, together with (2.3) and the definition
of the edge set F,,, implies that

5 5 5
Z cry (E\Eyl) = Z Cre (EYZ\E%> + Z cry(Eyy)
=1 =1 =1
5 B _ 5 _
+ Z Cre (E y\Eyi, Eyz\EyZ) + Z Cre (Exz, Eyz\E Z>
=1 =1
5 _ 5
(24) + Z Crg (EXY\Ey“ Eyy> + Z Crg (Exz, Eyy)
=1 =1
+ Z crg (EYZ\Ey ,Eyy>
i=1

It is easy to verify that each crossing involving two edges of Eyz is calculated
three times in Z?Zl crg(Eyz\Ey,). Thus,

ZE): Cre (EYZ\E%) = 3cry(Byz).



188 Y. WANG AND Y. HuAaNG

Similarly, we have

-

s
I
—

crg (Exy\Eyi, EYZ\EM) = 3cry (EXy, EYZ),

M

-
Il
—

cre <EXZ; EYZ\EyZ) =4cry(Exz, Eyz),

crg (EXY\Eyiy EYY) = 4cry(Exy, Eyy),

-

s
I
—

and
5

Z Cre (EYZ \Eyw EYY) =dcry (EYZ, EYY),
i=1

which together with (2.4) and (2.1) gives

25: cry(E\Ey,)
= 13cr¢(Eyz) + 5erg(Eyy) + 3crg(Exy, Eyz) + 4cry(Exz, Eyz)
+ 4cry(Exy, Eyy) + 5erg(Exz, Eyy) + 4crg(Ey z, Eyy)
= derg(E) + cry(Exz, Byz) + crg(Exz, Byy) + cro(Eyy)
— cry(Exy UExz UEyy)
(since (Exy U Exz) is isomorphic to Sp45)
= derg(E) + cry(Exz, Exy UEyyz) + crg(Exz, Eyy)
+ crg(Eyy) — cry(Exy U Exz U Eyz)
(since ¢ is a good drawing, cry(Exz, Exy) = 0)
= derg(E) + 25: cr4(Exz, By,) + cr4(Exz, Byy) + cro(Byy)
— cry(Exy U ZE;(Z UEyz)  (using (2.2)).
This completes the proof. m

Lemma 5. If ¢ is a good drawing of H with cry(H) = Z(6,n) + n+3|2] —a
for some a > 1, then

5 B n2,n +4a — cry(Exz, Eyvy) — crg(Eyy), n is even,
ZC?Q;; (Exz, ) > ng

1=n=6 4 4q — cry(Exz, Evy) — cro(Eyy), nis odd.
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Proof. Let e; be the edge xy;, ¢« = 1,2,3,4,5 and f; be the edge zz;, j =
1,2,...,n. Without loss of generality, assume that in the drawing ¢, the clockwise
order of these five images ¢(e;) around ¢(x) is

¢e1) — p(e2) — ples) — dlea) — od(es).

We denote a set of all those images ¢(f;) by A;, each of which lies in the angle
a; formed between ¢(e;) and ¢(e; 1), where the indices are read modulo 5 (see
Figure 3). Obviously, 3.7, |4;| = n. In the plane R?, there exists a circular
neighborhood

N(9(x)€) = {s € B+ |ls — d(a)]| < e}

with € being such a sufficiently small positive number that for any edge e of
Exy UFEXxyz, there is no crossing appearing on the segment ¢(e) N N(qb(x), e) (see
Figure 3), where the circuit C' denotes the boundary of N (¢(z),€).

In the following, we shall produce the graph HZI together with its good draw-
ing gb; for each i € {1,2,3,4,5}, by the following steps (see Figure 2).

Yi+1

Yi-1

Step 1 Step 2

Figure 2. The subdrawing of W5 induced by ¢(H) and the subdrawing of Wy induced by
¢ (H;).

Step 1. In the drawing ¢(H ), remove the vertex y; € Y and all the edges incident
with the vertex y;.

Step 2. Connect y;—1 to y;+1 along the original section of the path ¢(yi—1yiyi+1),
1 module 5.

Step 3. Successively, remove any crossing that involves edges having a common
end or pairs of crossings involving the same two edges to make sure that the
obtained drawing is a good drawing.

Therefore, we obtain five graphs Hi,Hé, ..., H é with their good drawings
and the local situation of ¢\ (H;) is displayed in Figure 3. As E,, is a set of all
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Figure 3. The local situations of ¢(H) and ¢, (H, ).

but the edges y;y;—1 and y;y;4+1 of the edges incident with the vertex y;, it is not
difficult to verify that for all 1 = 1,2, 3,4, 5,

’

(2.5) cry (H;) < cry (E\E%) .

Taking sum for i on the two sides of (2.5), we have

5 5
(2.6) Zcr(ﬁ; (HZ/) < Zcr¢ (E\E 1> .
i=1 i=1

For each i € {1,2,...,5}, in the drawing gb;(H;), we shall produce the graph
H;l, together with its drawing <Z>;/. Next, we shall only illustrate how to obtain
the graph H f with its drawing qb/l/ (see Figure 4).

Step 1. In the drawing qSll(Hi), for each i € {2,3,4,5}, delete the segment
¢1(ei) N N(qbl(ac), e).

Step 2. Add a new vertex z,,1 to a suitable location on the segment ¢/1 (eq) N
N(¢;(x), €).

Step 3. Connect zu41 to each vertex in {1(z), ¢1(y2), ¢1(ys), @1 (ya), #1(ys)}
in such a way as described in Figure 4. To be specific, the drawn edge z,+1¥;i,

i €{2,3,4,5}, consists of a curve (dotted line) in the interior of N(¢11 (z), e) and
a segment of ¢;(e;) (solid line) in the outside of N (qﬁll (z),€), and for the drawn
edge zp4 12, connect z,41 to ¢ (z) along the section of ¢} (es) N N() (), €).

This implies that

(2.7) cryr (Hy) = ery (Hy) + | Ad] + 2| As| + [ 4a].

We can analogously obtain the graphs H;, Hg, HZ and H g with their drawings,
for example, the local situation of (;5/2/ (Hg) is displayed in Figure 4. Similarly, we
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Figure 4. The local situations of ¢ (H, ) and ¢ (Hy ).

respectively obtain

(2.8) cryn (Hy) =cr, (H2) + | As| 4 2| Ag] + | As),
(2.9) cryr (Hy) = ery (Hs) + [ Au| +2/As] + [ Ad],
(2.10) cryy (Hy)=cr, (H4) + | As| 4 2| A1] + | As),
and

(2.11) cr g (Hy) = cry (H5) + |A1] + 2| Ag| + | As).

Taking sum for (2.7)—(2.11) and using (2.6) and Lemma 4, we have

i Zcrr +4Z‘A|<Zcr¢<E\Ew)+4n

=1
= 4CT¢(E) + ZC’I‘¢ (EXZ,Ey,') + CT¢(Exz,Eyy)
=1

+ C7“¢(Eyy) — CT¢(EXY UFExzU Eyz) + 4n.

Since the edge-induced subgraph (Exy U Exz U Eyz) of H is isomorphic to the
complete tripartite graph K15, with cr(K15,) = Z(6,n) + 4 | %] (see [18]), we
have

5
Zcr Z < 4CT¢ )+ZCT¢ <Exz,Eyi> +C7"¢(Exz,Eyy)
(2.12) i=1 i=1

+ ero(Byy) — Z(6,n) — 4 LgJ +4n.
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It is straightforward to check that, for each i € {1,2,...,5}, the graph H;’ is
isomorphic to the graph @ + (n 4+ 1)K (the graph @ is displayed in Figure 1).
Using the result from [4], we have

er g (H) 2 er(Q+ (n+ 1)K1) = Z(5,n + 1) + {

7

n+1
2 b

which together with (2.12) and crg(E) = Z(6,n) + n+ 3|5 | — a, gives
Zcr¢ <EXZ, yz> Zcr % —4cr¢(E)—|—Z(6,n)+4 [%J —4n

— cr¢(EXZ, Eyy) —cry(Eyy)
> 5 <Z(5,n+1)+ V;ID —4(2(6,n)+n+3 LgJ —a)

n
+ Z(G, n) +4 ng —4n — CT¢(Exz, Eyy) — C7“¢(Eyy)

_ (Exz, Eyy) — crg(Eyy), n is even,
L_n 6 +4a —cry(Exz, Eyy) — crg(Byy), nis odd.

This completes the proof. [

2.1. Proof of Theorem 1

We can easily find a good drawing ¢g with
crog(H) = Z(6,n) + 1+ 3 LgJ .

The required drawing ¢g (see Figure 5(1)) is given as follows.

(1) ¢o(z) = (e,—€), where € is a sufficiently small positive number, ¢g(y1)

(0,3), ;0(3/2) = (0,2), o(y3) = (0,1), do(ya) = (0, —1) and ¢o(ys) = (0, )_
(2) dolz) = (17 |42],0) G € {1,2,....n})

(3) the image of the edge y1y5 is an arc and the images of other edges are straight
line segments.

Hence, the drawing shows that cr(H) < Z(6,n) + n+ 3 |%]|. In order to show
Theorem 1, we only need to prove that cr(H) > Z(6,n) +n +3 L%J For n =1,
since the graph W5 + K; contains a subdivision of the complete bipartite graph
Ks3 with er(Ksz) = 1, er(Ws + K1) > er(Ks3) = 1= Z(6,1) +1+3[3]. In
the following, we shall prove the inequality for n > 1. Suppose that there is an
optimal drawing D of H with crp(H) < Z(6,n) + n+ 3 | %], that is,

2.13 crp(H)=2Z(6,n)+n+3 n —a, for some a > 1.
( 2
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Figure 5. (1) The drawing ¢ of the graph Ws5 + nKj; (2) The drawing of the graph
W3 4+ nKj; (3) The drawing of the graph Wy 4+ nk;.

Using (1.1), (1.2), (2.1) and (2.2), we get that

CTD(H) = crp (EXZ U (EXY JUEyzU Eyy))
= crp(Exz) +crp(Exy UEyz U Eyy) +crp(Exz, Eyy)
(2.14) —{—C’I"D(Exz,EnyEyz)

5
0+crp(Exy UEyzUPEyy)+crp(Exz, Eyy) +Z crp (EXZ, Ey)
=1

Since the edge-induced subgraph (Exy UFEy zUFEyy) of H contains the complete
bipartite graph Ks 41 with cr(K5,41) = Z(5,n + 1) as a subgraph, cr((Exy U
Eyz U Eyy>) > Z(5,n+1). On the other hand, the drawing in Figure 6 shows
that CT((EXY UFEyzU Eyy>) < Z(5,n+1). Thus,

CT(<EXY UFEyzU Eyy>) = Z(5,Tl + 1),
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which together with (2.13) and (2.14) yields

5
ZCT’D <EXZ,Eyi> < Z(6,n)+n+3 LgJ —a—Z(b,n+1)—crp(Exz, Eyy)
=1
(2.15) _ n22—n —a—crp(Exz, Eyy), n is even,
‘ B %—G—CTD(Exz,Eyy), n is odd.

Figure 6. The drawing of the graph (Exy U Eyz U Eyy).

By our hypothesis, D is an optimal drawing of H with ¢rp(H) = Z(6,n) +n +
3 L%J — a for some a > 1. So, by combing Lemma 3 and Lemma 5, we have

5
Z Crp (Exz, Eyz)
i=1

S {n22n +4a —crp(Exz, Eyy),  nis even,

% +4a —crp(Exz, Eyy), nisodd.

(2.16)

According to n is even or odd, we consider the following two cases.

Case 1. When n is even, by (2.15) and (2.16), we obtain

2 2
nT—n n-—n
D) +4a—CTD(Exz,Eyy) S

—a—crp(Exz, Byy).
Case 2. When n is odd, by (2.15) and (2.16), we get

n?—n—=6

2
<n2—n+2
- 2

+4a — CTD(Exz, Eyy)

—a—crp(Exz, Byy).

Hence, by simple calculation, we have that for Case 1, a < 0 and for Case 2,
a < %. This contradiction completes the proof.
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In [17], the crossing number of the graph W5 + nK; was proved as a case
analysis of a significant number of cases. However, in our paper, we construct
the relationship between the crossing number of the graph H and the crossing
number of the graph @ + (n + 1) K7, hence we make this claim more accessible.

3. THE PROOF OF THEOREM 2

We prove Theorem 2 with the help of some definitions and results in [3]. Next,
we briefly introduce two concepts that are used in the proof.

For a multiset L C V(G2), we denote by G100.Gy the capped Cartesian
product of graphs G; and Go, that is, the graph obtained by adding a distinct
vertex v to G100Gs for each copy of a vertex v € L and joining v" to all the
vertices of G10{v}. We call each v’ a cap of v. For v € V(Gy), let x1(v) denote
the multiplicity of v in L and let I(v) = degg,(v) + xr(v). Let F C E(G) is a
subset of edges of G and 7 is a permutation of F. A m-subdivision G™ of G is
the graph, obtained from G by subdividing every edge e € F' with the vertex v,
and adding the edges {Uevﬁ(e)]e € F}.

3.1. Proof of Theorem 2

A subtree T' of T is obtained by deleting all leaf vertices in T, and let L be the
multiset containing each vertex v of T with xz(v) = degy(v) — degy (v). Thus,

U(v) = degg (v) + degy(v) — degs (v) = degy(v), v e V(T).

It is easy to verify that 2 < I(v) < A(T) (A(T) is the maximum degree of T')
for every vertex v € V(T"). The drawings in Figure 5 show that the wheels W;
(j = 3,4,5) have all apex-homogeneous drawings (the detailed definition of all
apex-homogeneous drawings see [3]) such that each of them is optimal. Note that
the central vertex of W; is a dominating vertex, i.e., a vertex adjacent to all other
vertices of the graph. Thus, by Theorem 10 in [3], we have

cr(WjDLTI) = Z cr (le,(”))
veV(T")
(3.1) A(T)

= Z nicr (W) (2 <l(v) <A(T), j € {3,4,5}),
i=2

where n; is the number of vertices of degree ¢ in T

The graph W;0,T (j € {3,4,5}) is obtained from the Cartesian product
W07 (j € {3,4,5}) by adding r, caps to W;0{v} (j € {3,4,5}) for every
vertex v of T’ (ry is the number of T-leaves adjacent to v). Actually, the graph
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W;OLT (5 € {3,4,5}) has ny caps (n; is the number of leaf vertices of T'). This
consistency in combination with Theorem 19 in [3] also implies that a properly
chosen m-subdivision of edges connecting a cap of W;[J 1T (j € {3,4,5}) with
the corresponding rim increases the crossing number by precisely one. To obtain
W,;0T from W;0.T (j € {3,4,5}), we need one such 7-subdivision for each
T-leaf vertex (the number of T-leaf vertices is n1). Together with (3.1), we get

er(W;0T) =ny +cr (WjDLT,)
A(T)

=n (le) + Z n;cr (sz) (by cr(le) = CT‘(Wj + Kl) = 1)

A(T)
= Z n;er (WZ
i=1
A(T) N ,
Zi 1 ni(Z(4 z) i), j =3 (by Theorem 3.1 in [14]),
=9 > 1 Ly (Z(5,i)+i+ |%]), j=4 (by Theorem 10 in [4]),
11 nl( (6,1) —i—z—i-SLJ), j =5 (by Theorem 1).

This finishes the proof of Theorem 2.
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