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Abstract

By a {Cg‘, C’g }—decomposition of a graph GG, we mean a partition of the
edge set of G into a cycles of length 3 and S cycles of length 6. In this
paper, necessary and sufficient conditions for the existence of a {C’§‘7 Cg }—
decomposition of (K, x K,)(\), where x denotes the tensor product of
graphs and A is the multiplicity of the edges, is obtained. In fact, we prove
that for A > 1, m,n > 3 and (m,n) # (3,3), a {C;?,C’g}—decomposition
of (K, x K,)(\) exists if and only if A(m —1)(n —1) = 0 (mod 2) and
3o + 66 _ )\m(m—;)n(n—l).
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1. INTRODUCTION

Throughout this paper, graphs are assumed to be loopless and finite. Let Cj
denote the cycle of length k. The complete graph on n vertices is denoted by K. A
graph G is said to be H-decomposable if the edge set E(G) can be partitioned into
Ey, Es, ..., E) such that (E;) ~ H,1 < i < k. If a graph G can be decomposed
into cycles of length k, then we say that G admits a Cj-decomposition and in
this case we write G = C @ Cy @ - - - ® Cy; also we write it as Cy | G. A graph
G is said to be {Hy, Ha}-decomposable if the edge set of G can be partitioned
into E1, Es, ..., E such that (F;) ~ Hy or (E;) ~ Hy, 1 <i < k and Hy, Hy €
{(E1),(E2),...,(Eg)}. The graph obtained by replacing each edge of G by A
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parallel edges is denoted by G(\). For an integer k, kG denotes k disjoint copies
of G. Definitions which are not given here can be found in [9].

For two simple graphs G; and Gs their tensor product, denoted by G1 x G,
has vertex set V(G1) x V(G2) in which (21, y1)(z2, y2) is an edge whenever xx4 is
an edge in G1 and y1y2 is an edge in G, see Figure 1. Similarly, the wreath product
of the graphs G; and G3, denoted by G o Ga, has vertex set V(G1) x V(G2) in
which (z1,y1)(z2,y2) is an edge whenever z1z9 is an edge in G; or, x; = x2 and
Y192 is an edge in G, see Figure 2. Note that, (G x G2)(\) ~ G1(\) x Gg ~
G1 x G2(N). Let V(G) = {z!,2%,...,2™} and V(H) = {1,2,...,n}. For 2’ €
V(G), 2" x V(H) = {(z",7) | j € {1,2,...,n}}; we denote (', j) by x; The set
Xt = {af,2},...,2} = 2'xV(H) is called the i'" layer (of vertices) or i" partite
set of G x H (respectively G o H), corresponding to the vertex z%,1 < i < m,
of V(G). Clearly, K,, o K, is the complete m-partite graph in which each of its
partite sets has n vertices. Further, K,, x K, = K, o K,, — E(nK,,), where
nK,, denotes n disjoint copies of K,,. As the tensor product is commutative,
K, x K, ~ K,, x K.

Py
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Figure 1. The graph C3 x (Y. Figure 2. The graph C;5 o Ps.

In the study of group divisible designs, complete multipartite graphs K,, oK,
are decomposed into complete subgraphs; but in a modified group divisible design
the graph K, x K, is decomposed into complete subgraphs, see [3—6,24]. In [5],
Assaf used modified group divisible designs to construct covering and packing de-
signs, and group divisible designs with block size 5. Further, a Cp-decomposition,
p a prime, of the graph K,, x K, was used to find a Cj,-decomposition of
K o Ky, see [25]. Moreover, a resolvable 2k-cycle decomposition of K,, x
K, and a decomposition of K,, x K, into closed trails of length k£ have been
studied in [33,34]. Besides that, Hamilton cycle decompositions of the graphs
K X Kpy K X Ky Kym X (K 0 Kg) and (K, 0 Kp,) x (K, o Kg) and the
directed Hamilton cycle decompositions of the symmetric digraphs (K, x Kj,)*,
(Kmm X KnX, (Kmm X (57” o Kq))*, (Km x Ky) x Kp)*, (Kp o Kyp) x Kp)*
and ((K,, o K,) x (K, o Kg))* are obtained in [8,28-31,35]. Hence K,, x K,
is proved to be an important proper spanning subgraph of the regular complete
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multipartite graph K, o K.

Decompositions of complete graphs into specified subgraphs have been stud-
ied for a long time. Decompositions of complete graphs into cycles are well-
studied. Decompositions of graphs into fixed length cycles and varying length
cycles are completely settled for the complete graphs K, and the complete multi-
graphs K, (A). In [1,21,36], it is proved that if n is odd and k& | (g), 3<k<n,
then Cy | K,,. Further, if n is even and k | n(n272)’ 3 <k <n, then C} | K,, — I,
where I is a perfect matching of K,,. Bryant et al. [13,14] completely settled the
problem of decomposing K, (A), A\ > 1 into cycles of varying lengths.

Chou et al. [16] obtained a necessary and sufficient condition for the existence
of a decomposition of K, (respectively Ky, ., — I, where m > 3 is odd and I
denotes a perfect matching) into cycles of length 4,6 and 8. In [17], Chou and
Fu considered a {C}, C3, }-decomposition of K, and Ky, . — I, where m is odd
and I denotes a perfect matching. Later, Fu et al. [18] proved that the necessary
conditions for the existence of a decomposition of Ky, , (respectively K, ,,, —I)
into cycles of distinct lengths are sufficient whenever m is even (respectively
odd) except m = 4. Recently, Asplund et al. [2] established a necessary and
sufficient condition for the existence of a decomposition of K, () into cycles of
arbitrary lengths.

Billington et al. [12] proved the existence of a Cs-decomposition of (K, o
K,)(\). Muthusamy and Shanmuga Vadivu [32] proved the existence of a Cay-
decomposition of K, o K,. Very recently, irrespective of the parity of k, the
authors of [15] actually solve the existence problem for a Cj-decomposition of
(Ko K,)(\) whose cycle-set can be partitioned into 2-regular graphs containing

all the vertices except those belonging to one part. A {C’f, Cg}—decomposition
of K, o K,, was given by Fu [22]. Moreover, Bahmanian and Sajna [7] showed
that if K,,(An) has a decomposition into cycles of lengths ki, ko, ...,k (plus a
perfect matching if An(m — 1) is odd), then (K, o K,)(\) has a decomposition
into cycles of lengths kin, kan, ..., kmn (plus a perfect matching if An(m — 1) is
odd).

Billington obtained necessary and sufficient conditions for the existence of a
{C’g‘, C’f}—decomposition of the graph K,p. a < b < ¢, see [10]. Ganesamurthy
and Paulraja proved that the existence of a {C?, Cg }—decomposition of the graph
Kope,a <b<ec see [19]. In [3], Assaf obtained a Cs-decomposition of (K, x
K,)(A). For p > 5, p a prime, existence of Cp-decompositions of K,, x K, and
K,, o K, were proved by Manikandan and Paulraja [25-27]. Existence of a Cy-
decomposition of K, x K, is not yet known for general k. In this paper, we obtain
a necessary and sufficient condition for the existence of a {C’g‘, Cg }—decomposition
of (K x Kp)(N).

Besides other results, the following main theorem is proved.
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Theorem 1. For A > 1, m,n >3 and (m,n) # (3,3), the graph (K, x Ky) (\)
admits a {C§, Cg}—decomposition if and only if A(m —1)(n —1) = 0 (mod 2)
and 3a + 68 = Amm=Un(n=1),

2. NOTATION AND TERMINOLOGY

A latin square of order n, denoted by L,, is an n X n array, each cell of which
contains exactly one of the symbols in {1,2,...,n} such that each row and each
column of the array contains each of the symbols in {1,2,...n} exactly once. As
in [11], a cell (4, j) is termed “empty” if it contains no entry and “filled” otherwise.
We represent a partial latin square L by a set of ordered triples (i, j, k), where
entry k occurs in row i and column j. In this sense (4,7, k) is an element of L.
For our convenience, we avoid, if necessary, drawing empty cells of a partial latin
square. A latin square is said to be idempotent if the cell (i,4) contains the
symbol i, 1 < i < n. A latin square of order k is cyclic if the 15 row entries are
ai,a9,as,...,a, then the sth row entries are Qsy Qst1y Gs42, -« -, 0Qs—1, i Order.

Remark 2. Using a latin square, Ly, of order n, the complete tripartite graph
Kynn, n > 2, can be decomposed into C3’s as follows. Let the partite sets of
Kpnn be {xﬁ,xé,xé,...,xfl}, 1 <4 < 3. For the (i,)™ cell of L, with entry
k, there corresponds a 3-cycle (m},x?,xi) in K, 5. Since L, has n? cells, we
obtain n? cycles of length 3 which decompose Ky, n.n. Further, if we consider an
idempotent latin square L, of order n,n > 3, then the non-diagonal cells of L,

give a C3-decomposition of K3 x K,, as K3 x K,, = K30 K,, — E(nK3).

Remark 3. Consider a cyclic latin square C’ of order n > 3 on the set {1,2,...,
n}, where n is an odd integer and the i row elements, in order, are i,i + 1,
i+2,...,i— 1. Let n = 2k + 1, k > 1. Now we rename the entries in C’ by
Jj— 14 (j— 1)K, where ¥ = k4 1. The resulting latin square, I, is idempotent
and commutative. Existence of an idempotent commutative latin square of order
2k +1 is guaranteed in [23]. The entries in the cells in 7' = {(1,2),(2,3),..., (k—
1,k),(k,1)} is a transversal of I,. We can extend the latin square I, to Ip41,
n+1=2k+2, k > 1, using the method of stripping the transversal T" of I,,,
see [23]. The resulting latin square I,,;1, is idempotent, see Appendix. Then for
any n > 3, we can obtain an idempotent latin square of order n.

Remark 4. The edges of the triangles corresponding to the entries of each of
the partial latin squares of Figure 3, define a graph isomorphic to K322 — E(K3)
and it can be decomposed into three C3’s or, a ('3 and a (g, see Figure 3, where
ri; and cj, denote the row ¢; and column ji. Observe that in each case, in each
of the three cells of the partial latin square, there are only two distinct symbols.
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Cj1Cjo €1 Cjo Cj1 S €1 Cjo
Tiy b ri, | @ Tiy ]a b ri, |la |b ‘
Tig ’ b |a i, | b | a ‘ Tig a Tig |

3
Ty
The subgraph of{, » » corresponding to the first partial latin square given above.

Normal edges induce@; and broken edges induce’g.

Figure 3. K929 — E(K3) = C3 & Cs, where K3 = <x1 x? x3>.

110" j10%a
1. An idempotent latin square of order n without its diagonal entries is denoted
by I, — D.
2. An ordered triple (i, j, k), stands for the (i, j)** entry of a latin square is k.

3. At some places, we write the entries of a partial latin square by ordered
triples; for example, the three triples (z;, yi, 2), (¥, Y5, 2) and (z, y, w) rep-
resent the partial latin square

Cy; Cy
T z
T, ] z w

where r;, represents the row z; and similarly ¢, represents the column y;.

3. {Cg,CG’B}—DECOMPOSITION OF K3 x K,

In this section, we prove the existence of a decomposition of K3 x K, into «
cycles of length 3 and /3 cycles of length 6.
The following lemma is a simple observation.

Lemma 5. The graph K3 x K3 cannot be decomposed into 4 copies of C3 and
a CG.

Proof. The proof is left to the reader. ]

Lemma 6. For (o, ) # (4,1), the graph K3 x K3 admits a {C??‘,Cg}—decom—
position.
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Proof. Let the vertex set of the three partite sets of K3 x K3 be {xﬁ,x%,x%} ,
1 <1 < 3. Observe that « is always even and the maximum value of « is 6.

(i) (o, B) = (6,0). Consider the unique idempotent latin square I3; the non-
diagonal entries of I3 give six edge disjoint copies of Cs, see Remark 2.

(ii)) (o, 8) = (2,2). A required set of cycles are (m%,m%,x%), (x%,x%,x%),
(a}, 28,22, 23, 2d, 23) and (2}, 23, 22, o3, 2k, 2).

(iii) (a, B) = (0,3). A set of three cycles of length 6 is (x%,x%, z3, m%,x%,x%),

1.3 1 .3 .1 .3 2 .3 .2 .3 .2 .3
(z1, 23, 23, 23,23, 23) and (2%, 23, 23, 23, 23, 23). |

Lemma 7. The graph K3 x K4 has a {C?, C’g}-decomposition.

Proof. We consider only the possible values for a and .

(i) (o, 8) = (12,0). The entries of the non-diagonal cells of an idempotent
latin square I give a Cs-decomposition of K3 x K4, see Remark 2.

(i) (@, 8) € {(10,1), (8,2), (6,3), (4,4)}.

Consider the following partial latin square Iy — D of I4.

c1 Cy C3 ¢4
1 4 2 3
ry | 3 4 |1
T3 4 1 2
rg |2 |3 |1

The cells of Iy — D are partitioned into the following partial latin squares.

(&) C3 C1 C4 C1 C4 (&) C3
r 4 ]2 1 3 rs |4 ]2 ] 3|l
ro 4 rp [3 ]1 rq | 2 rg 3 11 ]

The edges of K3 x K, corresponding to each of these partial latin squares
induces the subgraph isomorphic to K32 2—E(K3), and it admits a decomposition
consisting of three C3’s or, a C'5 and a Cg, see Figure 3. Depending on the value
of a and B, we choose C3’s or, a C3 and a Cjg corresponding to each of these
partial latin squares to get a {Cg‘, C’g }—decomposition of K3 x Kjy.

(iii) (e, B) € {(2,5),(0,6)}. The graph

K3 x K4y = K3 x (K3 ® K1 3)
= K3 x K38 Kj3 XK173
=K3x K3®d K3x Ko® K3 x Ko ® K3 x Ks.
As the graph K3 x Ky ~ Cg, and the graph K3 x K3 has a {C§, C§ }-decomposition
for (r,s) # (4,1), we obtain a {C, C’G’B}—decomposition of K3 x Kjy. |

Lemma 8. The graph K3 x K,,,5 <n <11, admits a {Cg‘f“, C’g}—decomposz’tion.
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Proof. If (o, 5) = (n(n —1),0), then the required decomposition exists by Re-
mark 2. So we suppose that 5 # 0. First we consider 1 < 8 < n — 1. Consider
an I, — D, where I, is obtained as in Remark 3; the idempotent latin squares
I,,5 < n <11, are given in Appendix. We use n — 1 partial latin squares, each
having three cells, of I,, — D,5 < n < 11, to obtain Cg’s, 1 < 8 < n —1; the three
cells are chosen so that two cells are filled by a common symbol, (see Remark 4).
According to our notation, each set of three triples in the following list of triples
gives a partial latin square (of I, — D) having three filled cells.

n = 5. {(r1,c3,2)(r1,c4,5)(r2,¢3,5) }, {(r1,¢5,3)(r2, ca,3) (12,5, 1)}, { (73, 1, 2)

(T3762,5>(7“4,61,5)}, {(7‘4,62,3)(7“5,61,3)(7“5,62,1)}.

n = 6. {(r,c2,6)(r1,cs,2)(ra,cs3,6)}, {(r1, cs5,3)(r2, ¢4, 3) (ro, c5, 1) }, {(r3, c1,2)

(r3,c2,5)(r4,c1,5)}, {(r4, c2,3)(r4,c3,1) (15, c2,1)},{(r5, c3,4) (6, C2,4) (16, C3,5) }.
n="7.{(r,cs3,2)(r1,c4,6)(ro,c3,6)},{(r1,¢s5,3)(rs, ca,3)(r2,¢5,7)},{(r1,¢6,7)

(7‘1,67, )(TQ,CG, )} {(7“3,61,2)(7“3,62,6)(7‘4,61,6)},{(7“4,62,3)(7“5,61,3)(7‘5,62,7)},
{(r¢,c1,7)(re,c2,4)(r7,c1,4) }.

n = 8. {(ry,co,8)(r1,c3,2)(re,c3,8)}, {(r1,¢5,3)(r2, ca,3)(r2,¢5,7) }, {(r1, 6, 7)

(7‘1707, )(Tch )} { T3, C1, )(T37C?a )(7‘4,61, )} {(T4,CQ,3)(7“5,61,3)(7‘5762,7)},
{(T67027 )(TG’C?H )(T7a02a )} {(T77C3a )(TS’CQ’ )(TS’C?MG)}'

n =9. {(r1,cs3,2)(r1,c4,7)(r2,¢3,7) }, {(r1, ¢5,3)(r2, ¢4, 3) (12, c5,8) }, { (71, ¢, 8)

(r1,c7,4)(r2, c6,4)}, {(r1, cs,9)(r2, ¢7,9)(r2, c8,5)}, {(r3, 1, 2) (13, €2, 7) (14, €1, 7},
{(T47027 )(T5’Cla )(T5a02a8)}’{(’r67613 )(TG’CQ’ )(7“7,01, )}’{(T770239)(T876179)
(7'87627 >}

n = 10. {(7‘1,02, 10)(7‘1,63,2)(7’2,63, 10)},{(7“1,05,3)(7“2,04,3)(7“2,65,8)}, {(7'1,66,
8)(r1,c7,4)(ra,c6,4) }, {(r1,¢8,9) (r2,¢7,9)(r2,¢8,5)}, {(r3,c1,2) (r3,co,7) (r4,c1,
7)},{(7’4,62,3) (7’5,61,3) (7“5,62,8)}, {(T‘G,Cl,S) (T6,62,4) (7’7,01,4)}, {(7’7,02,9)
(7"8, Cc1, 9)(T8, Co, 5)}, {(7’9, Co, 1)(7’9, C3, 6)(7“10, Co, 6)}

n = 11. {(r1,c3,2)(r1, ¢4, 8)(r2,¢3,8)}, {(71, ¢5,3)(r2, ¢4, 3) (12, ¢5,9) }, {(r1, ¢c6,9)
(7’1, C7, 4)(7“2, Ce, 4)}, {(7’1, cs, 10)(7’2, C7, 10)(7"2, Csg, 5)}, {(7‘1, Cg, 5) (7‘1, C10, 11) (7‘2,
co, 11)}, {(rs3,c1,2) (r3,c2,8) (r4,¢1,8)}, {(74,¢2,3) (r5,¢1,3) (15,¢2,9)}, {(76, 1,
9) (7“6,02,4) (7“7,01,4)}, {(7"7,02,10) (7’8,61,10) (7“8,62,5)}, {(7“9,01,5) (7“9,02,11)
(r10,c1,11)}.

Each of the subgraphs of K3 x K, corresponding to the above n — 1,5 < n
< 11, partial latin squares is isomorphic to Kg 22— E(K3), see Figure 3, and it can
be decomposed into C3’s or, a C3 and a Cg and hence K3 x K, has a {C’g‘, C’g}—
decomposition, when (o, 3) = (n(n — 1) — 2¢,7),5 <n < 11,1 <i <n—1. The
filled cells of I,, — D,5 < n < 11, which are not covered by the above n — 1
partial latin squares partition the remaining edges of K3 x K, into 3-cycles, by
Remark 2.

Now we complete the proof by induction on n,n > 5, for 8 > n. For n = 5,
KisxKs=K3x K Kgx Ko®---P K3 x Ko; we use Lemma 7 and the fact that
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K3 x Ky ~ Cg to complete the proof. The graph K3 x K11 = Kz x (K, &K1 ,) =
K3 x K, ® K3 x Ko®---® K3 x Ko. Now a required decomposition follows by
induction applied to K3 x K, and the fact that K3 x Ky ~ Cg. [ |

Lemma 9. If B > 4, then the graph K3 x (Kg—e) has a {C’g‘, Cg}—decomposz'tz'on.

Proof. The graph K3 x (K¢ —e) = K3 x (K5 ® K1 4)
=K3xXKsDKs3x Ko®---d K3 x Ko.

Ve
4—copies

As K3 x Ky ~ Cg and a {Cg, C’g}—decomposition of K3 x K5 follows by Lemma
8, we have the desired result. [

Lemma 10. If 8 = 2, then the graph K3x (K¢—e) has a {C, Cg}—decomposition.

Proof. The graph K3 x (K¢ —¢e) = K3z x (K3 ® K3 ® K3® K3 ® Ko ® K»)
=K3xK3® K3 x K3® K3 x K3® K3 x K3
D K3 x Ko K3 x Ks.
As K3 x Ky ~ (g, the result follows by Lemma 6. |

Lemma 11. If 8 # 1, then the graph K3 x (K7 — E(K3)) has a {Cg‘,C’g}—
decomposition.

Proof. The graph K3 x (K7 — E(K3)) = K3 X (K3® K3 ® -+ @ K3)

6—copies
=K3xK3®--- P K3 x Ks
Now the result follows by Lemma 6. |

Lemma 12. The cells of the first two rows of I, — D, where n = 2k + 2, can
be partitioned into L%J partial latin squares, each of which is one of the form

given in Figure 3, together with one or two filled cells depending on n.

Proof. Let n = 2k + 2, kK > 1. Obtain the idempotent latin square I,, and the
partial latin square I, — D, as in Remark 3. The entries of the first two rows of
I, — D are shown in Figure 4, see Appendix for I,,,5 < n < 11. We partition the
cells of these two rows of I,,_p into L@J 3-subsets as shown in Figures 5, 6
and 7 according to n = 0,2 or 4 (mod 6), respectively. Each of the subsets has
three filled cells having two distinct elements as shown in Remark 4.

c1 c2 c3 C4 &5 <. Cop—2  C2k—1 C2k Cok+1  C2k+2
r1 2k+2 | 2 k+3 1| 3 o | 2k k 2k+1 | k+1 k+2
ro | kK+2 2k+2 | 3 k+4 | ... | k 2k+1 | k+1 1 k+3

Figure 4. First two rows of I, — D.
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n =0 (mod 6):
C1 C2 €3 C4 C5 C6 C6k—4 C6k—3 Cek—2 Cek—1 C6k
1 6k[ 2 [3k+2] 3 3k+3 6k —2[ 3k —1[ 6k—1] 3k | 3k+1
r2 [3k+1 6k| 3 3k+3] 4 3k—1] 6k—1] 3k 1 3k +2
0 <t ) o~ —
4 4 4 L L s
1 |
ry | — « |1

Figure 5. Except the cell with *, all other cells are partitioned into 3 cells as shown above,
where the last column cells are combined with the first cell of the second row.

n =2 (mod 6):
C1 Cc2 Cc3 Cq C5 C6k—2 C6k—1  C6k Cek+1  C6k+2
1 6k +2| 2 3k+3| 3 6k 3k 6k+1| 3k+1| 3k+2
ro| 3k+2 6k +2| 3 3k +4 3k 6k+1| 3k+1| 1 3k+3
oo} ™~ — — [a]
| | | + +
<~ ~ < = = =
g & & I & & & § & & & & %

1

T2

*

{—-...

N

Figure 6. Except the two cells with *, all other cells are partitioned into 3 cells as shown

above, where the last column cells are combined with the first cell of the second row.

n =4 (mod 6):
C1 Cc2 C3 Cq C5 C6k C6k+1  Co6k+2  C6k+3  C6k+4
1 6k +4| 2 3k+4| 3 6k+2| 3k+1| 6k+3| 3k+2| 3k+3
ro| 3k+3 6k +4| 3 3k+5 3k+1| 6k+3| 3k+2| 1 3k +4
— — (3] (3] <t
| T x + -
71 I L
I [ |
ry | — ! ] ... |

Figure 7. The two cells of the last column cells are combined with the first cell of the

second row.
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We apply following theorem to prove Theorem 14.

Theorem 13 [19]. Let Koy . be the complete tripartite graph with a < b < ¢ and
let Kope # Ki1,c, when ¢ =1 (mod 6) and ¢ > 1. If a =b = ¢ (mod 6), then
K,pe admits a {Cg‘, Cg}—decomposition for any a = a (mod 2), with 0 < a < ab.

Theorem 14. The graph K3 x K,,, n > 4, admits a {Cg‘, Cg}—decomposition.

Proof. Since the graph K3 x K, has a C'3-decomposition, we assume that 5 > 1.
Because of Lemmas 7 and 8, we assume that n > 12.

Case (i): n = 0 (mod 4). Let n = 4k, k > 3. The graph K3 x K,, = K3 X
(kK4®KkO?4) = k(KgXK4)@K3>< (Kk0f4) = Gl@Gg, where G1 = k(KgXK4)
and G2 = K3 X (Kk: OF4).

The graph G5 = K3X<Kkof4) = (KgXKk)OF4 = (K3@K3@- . '@K3)0F4 =
(K444 @ Ky4a®---® Kyua), since K3| K3 x K;,. Now invoke Theorem 13 and
Lemma 7 to the graphs K4 44 and G, respectively, to complete the proof of this
case.

Case (ii): n =1 (mod 4). Let n = 4k + 1,k > 3. The graph K3 x K,, =

K3y x (Ks @ K5 @ -+ @ Ky ©Kp 0 Ky) = (K3 x K35) @ (K3 x K3) © -+ @ (K3 x
k—copies

K5)@K3X(Kk0?4) = G1®G4, where G = (K3XK5)@(K3XK5)EB' . -EB(KgXK5)
and Gy = K3 X (Kk 0?4) = (Kg X Kk)ole = (KgEBKgEB-‘-EBKg)OXZL. As
in Case (i), Gg is isomorphic to K444 ® -+ & Ky 4.4.

Now apply Theorem 13 and Lemma 8 to the graphs K444 and Gy, respec-
tively, to complete the proof of this case.

Case (iii): n = 2 (mod 4). Let n = 4k + 2, k > 3. First we prove for the
case § < 2(k — 1) = 2k — 2. Out of the L%J partial latin squares, each having
3 cells, described in Lemma 12, consider 2k — 3 partial latin squares. The edge
induced subgraph of K3 x K,,, corresponding to each of these 2k — 3 partial latin
squares admits three copies of C'5 or, a C3 and a Cg and the cells not covered by
these partial latin squares, give a C3-decomposition of the remaining subgraph
of K3 x K,,. Thus we obtain a {C’a, C’g}—decomposition of K3 x K,,.

Next consider the case 8 > 2(k — 1). The graph K3 x K,, = K3 X Kgp10 =
K3 x <K6@K6—G@K(S—e@"'@K(i—e@Kkofgl) =K3x Kg® K3 x K¢ —
ed - PK3x Kg—e®d K3 x (Kkole) = G1 ® G2 & G3, where G = K3 x Kg,
Gy = (Kg XKﬁ—e)@(Kg XKﬁ—e)@- . @(Kg XKﬁ—e) and G = K3 X (KkOFz;)
The result follows by Lemmas 8, 9 and 10 as the graph (3 is isomorphic to the
graph G considered in Case (i) above.

Case (iv): n = 3 (mod 4). Let n = 4k + 3,k > 3. If 8 = 1, then consider
the cells {(r1,c3,2)(r1, ca, 2k + 4)(r2, c3,2k +4)} of I(4p43) — D; the subgraph of
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K3 x K, corresponding to these three cells is a ('35 and a (g, and each of the
remaining cells of Iy;13 — D gives a Cs.

If 8 > 2, then K3 x K,, = K3 X Kypis = K3 % (K7 & (K7 — E(K3)) D
"'@(K7—E(K3))@Kkof4) = K3 x K78 K3 x (K7—E(K3))@"'@K3 X
(K7 — E(Kg)) D (Kg X (Kk, o ?4)) = G1 ® Gy & G3, where G; = K3 x Kz,
Gy = K3 x (K7 — E(Kg,)) @B Kz x (K7 — E(Kg)) and G3 = K3 X (Kk OF4).
Now apply Lemma 8 to G and Lemma 11 to Go; the graph G is isomorphic to
the graph Gj in Case (i). |

4. {Cg,CHV-DECOMPOSITION OF (K, x Kp)(\)

In this section we prove the existence of a {C’g‘,Cg }—decomposition of (K, X
K,)(A\). We need some lemmas to prove the main theorem.

Lemma 15. The graph K13 x Ky has a decomposition into ten Cg’s.

Proof. Let V(K;3) = {xl,x2,x3,:1:4} with the center 2! and V(Kj5) = {1,2,3,
4,5}, Let V(K13 x K5) = U?Zl X? where X' is as defined in the introduc-
tion. Let C = (zf,23, 2}, 23,25, 27) and C' = (a1, x3, 2}, 2%, 2}, z3). Then {C,
p(C),...,p*C),C" p(C"),..., p*(C")} is a Cs-decomposition, where p = (12345)
and its powers are the permutations acting on the subscripts of the vertices of the

cycles C' and C’, where p(C') stands for (x/l)(l),x2(3),x})(4),x2(3),x})(5), xﬁ(4)> . u

Assaf proved the existence of a Cs-decomposition of (K, x K,,) (\) whenever
the obvious necessary conditions are satisfied, see [3]. The proof of it uses a Cs-
decomposition of K4 x K5; but the Cs-decomposition of K4 x K5 given in Lemma
3.4 of [3] contains a typo. The next lemma contains a proof of Cs-decomposition
of K4 x K 5.

Lemma 16. The graph K4 X K5 has a {C’g‘, C’g}—decomposition.

Proof. Let V(K;) = {2',2% 2% 2} and V(K5) = {1,2,3,4,5}. Let vertex
set of K4 x K5 be as defined in Lemma 15. The eight cycles C*, 1 < i < 8,
given below and p, p?, p?, p* applied to the subscripts of vertices of the C*, which
we denote by p?(C"), decompose K4 x K5 into 3-cycles, that is, C1, p(C'), ...,
p4(Cl), C’2,p(C’2), . ,p4(C2), . ,Cs,p(Cs), ey p4(C’8) is a C3-decomposition
of K4 x K5, where p(C) is defined as in the previous lemma.

' = (ehabad) 2= (ehadal) O = (hadad)
C'=(ehatad)  CO=(habal) OO = (ehadad)
O = (ehadal) %= (a}.adad).
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First we consider the proof for the case 1 < 8 < 10. Let G; = C*2uC*~luC¥,
1 < i < 2, be the subgraph of K; x K5, where cycles C7,1 < j < 8, denote
the above 3-cycles. Observe that the edge induced subgraph G;, 1 < i < 2, is
isomorphic to Kg 29 — E(K3), see Figure 8.

Xl X2

The edge induced subgraph A redrawing of the grapld’y
of K4 X K5. Gl = K2,2,2 - E(KS)

Figure 8.

Let p = (12345) be the permutation on V(K5) = {1,2,3,4,5}. Allow p, p?,
p3, p* to act on the subscripts of the vertices of G;,1 < i < 2, and C7,7 < j <
8, which we denote by Gia p(Gi)v pQ(Gi)v pS(Gi)a p4(Gi)v Cj’ p(cj)’ pQ(Cj)v pg(cj)v
pH(09),1<i<2,7<j<8 Fori=12 Gip(Gi),p*(G:), p*(Gy), p*(G;) give
ten copies of Ko29 — E(K3) and for j = 7,8, C7, p(C7), p?(C7), p3(C7), p*(C7),
give ten copies of C3 in Ky x K5. As each Kp29 — E(K3) is decomposable into
three copies of C3 or, a C3 and a Cg, these ten copies of Ky29 — E(K3) give 8
cycles of length 6, where 1 < 8 < 10 and the rest into C3’s.

Next we consider the proof for the case § > 11. As the graph K4 x K5 =
(K3 @ K13) x K5 = K3 x K5 & K3 X K5, the lemma follows by Lemmas 8
and 15. [

Lemma 17. The graph Kg x K5 admits a {C’g‘, Cg}—decomposition.

Proof. Let V(Kg) = {z',2?,...,2%} and V(K5) = {1,2,3,4,5}. A set of 20
base cycles for a C's-decomposition of Kg x K5 is given below.

C! = (a2}, 23,29) C? = (a2}, 23,22 C? = (a3, 23, 29)
C* = (23, 21, 2%) C® = (x3, x1, 28 C% = (x3, 2%, 2})
€7 = (Badal) = (ehalal) €= (abaal)
C10 = xl,a:g,xg c? = x%,x%,xg)
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First we consider the proof for the case 8 < 30. Let G; = C*2UC3~tuC?,
1 < i < 6; clearly the edge induced subgraph G;,1 < ¢ < 6, of Kg x K3, is
isomorphic to Ko 929 — E(K3).

Let p = (12345) be a permutation on V(K5) = {1,2,3,4,5}. Then G, p(G;),
p*(Gi),p°(Gi), p*(Gi), €7, p(C7), p*(C7), p*(C7), p*(C7),1 < i < 6,19 < j < 20,
where p®(G;) and p"(C7) have the same meaning as in the proof of Lemma 16,
give 30 copies of K399 — E(K3) and 10 copies of C3 in K x K5. Each copy
of Ky29 — E(K3) is decomposable into C3’s or, a C3 and a Cg and using this
decomposition of K99 — E(K3) suitably, we can achieve a required {C;)?‘, C’g }—
decomposition of Kg x K5, for 5 < 30.

Next let g > 31. Clearly, Kg x K5 = (K4 o K3 P Kl’g &) Kl’g) X K5 =
(K4 X K5) D (Kg X K5) D (K173 X K5) D (Kl,g X K5). By Lemmas 8, 15 and 16,
the lemma follows. n

We quote the following results to prove our main Theorem 1.

Theorem 18 [23]. (i) If n =1 or 3 (mod 6), then K,, can be decomposed into
cycles of length 3.

(ii) If n =5 (mod 6), then K,, can be decomposed into K3’s and a K.

Lemma 19 [20]. If n =0 or 1 (mod 3), then K,, can be decomposed into K3’s,
Ky’s and Kg's.

Theorem 20 [20]. Let A and m > 3 be positive integers. There exists a Ks-
decomposition of K, (X) if and only if A\(m —1) =0 (mod 2) and Am(m—1) =0
(mod 6).

Proof of Theorem 1. A = 1. The proof of the necessity is obvious and we
prove the sufficiency. If m = 3 or n = 3, then the result follows by Theorem 14.
Since (m,n) # (3,3), we assume that m and n are at least 4. As m or n is odd
and the tensor product is commutative, we assume that m is odd. Then m =1, 3
or 5 (mod 6). If m =1 or 3 (mod 6) then the graph
Ky xK,= (K30 Kzs®---® K3) x Ky, by Theorem 18,
:K3 XKH@Kg XKn@'--@Kg XKn.

Now by Theorem 14 the result follows. If m =5 (mod 6), let m = 6k + 5. Since
K, =K;s®6Ks3®---®Ks, by Theorem 18, K,,, X K, = K5 x K;; ® K3 x K, ® K3 X
K,® - ® K3 x K,, n > 4. Because of Theorem 14, it is enough to show that
the graph K5 x K, has a {C’g‘, Cg }—decomposition. By the divisibility condition,
n=0or 1 (mod 3). Since n =0 or 1 (mod 3), K,, can be decomposed into K3’s,
Ky’s and Kg’s, by Lemma 19. Then K5 x K, is the edge disjoint union of the
graphs K5 x K3, K5 x K4 and K5 X Kg, and now apply Lemmas 8, 16 and 17 to
complete the proof.
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Next we consider the case A = 2. By hypothesis, either m = 0 or 1 (mod 3)
orn =0 or 1 (mod 3). Without loss of generality, assume that m =0 or 1 (mod
3), as the tensor product is commutative. The graph

(K X Kp)(2) ~ Kpp(2) x Ky = (K3 ® K3 @ -+ - @ K3) X Ky, by Theorem 20

:(Kg XKnEBKg,XKn@~'-€BK3XKn).

The result follows by Theorem 14. Now we consider the case A = 3. As
A is odd, either m or n is odd; we assume that m is odd. (K, x K,)(3) ~
Kn,(3) x K, = (K3®--® K,) X K, by Theorem 20. Now apply Theorem 14,
the result follows. The last case is A = 6. Edge divisibility condition is satisfied
for all m and n and again by applying Theorem 20, the desired result is obtained.
This completes the proof. O
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€1 ¢ 3 e ¢s g Cr cg  C9 €l
1 1 10 | 2 7 3 8 4 9 5 6
o 6 2 10 | 3 8 4 9 5 1 7
3 2 7 3 10 | 4 9 5 1 6 8
T4 7 3 8 4 10 | 5 1 6 2 9
lio: v [3 [8 [4 [9 [5 |10]6 |2 |7 |1
6 8 4 9 5 1 6 10 | 7 3 2
7 [4 |9 |5 |1 |6 |2 |7 |[10]8 |3
8 9 5 1 6 2 7 3 8 10 | 4
9 10 | 1 6 2 7 3 8 4 9 5
10 | D 6 7 8 9 1 2 3 4 10
€1 ¢ 3 c4 ¢s g Cr cg  C9  Clo Cll
1 1 7 2 8 3 9 4 10 | 5 11 6
T2 7 2 8 3 9 4 10 | 5 11 | 6 1
T3 2 8 3 9 4 10 | 5 11 | 6 1 7
T4 8 3 9 4 10 | 5 11 ] 6 1 7 2
Ty : "™ [B [0 [4 [10 5 [IT[6 [T [7 |2 g
" re 9 4 10 | 5 11| 6 1 7 2 8 3
r7 4 10 | 5 11 ] 6 1 7 2 8 3 9
r¢ [10]5 |11 |6 |1 |7 |2 |8 |3 |9 |4
9 5 11 | 6 1 7 2 8 3 9 4 10
ri0 | 11 | 6 1 7 2 8 3 9 4 10 5
ri1 | 6 1 7 2 8 3 9 4 10 | 5 11
Idempotent latin squares of orders 5,6,...,11 are given above.
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