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Abstract

An edge labeling of a connected graph G = (V, E) is said to be local
antimagic if it is a bijection f : E — {1,...,|E|} such that for any pair
of adjacent vertices x and y, f(z) # fT(y), where the induced vertex
label f(x) =Y f(e), with e ranging over all the edges incident to x. The
local antimagic chromatic number of G, denoted by x;,(G), is the minimum
number of distinct induced vertex labels over all local antimagic labelings
of G. In this paper, several sufficient conditions for x;(H) < x14(G) are
obtained, where H is obtained from G with a certain edge deleted or added.
We then determined the exact value of the local antimagic chromatic number
of many cycle-related join graphs.
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1. INTRODUCTION

A connected graph G = (V| E) is said to be local antimagic if it admits a local
antimagic edge labeling, i.e., a bijection f : E — {1,...,|E|} such that the
induced vertex labeling f* : V — Z given by f*(u) = > f(e) (with e ranging
over all the edges incident to u) has the property that any two adjacent vertices
have distinct induced vertex labels (see [1,2]). Thus, f* is a coloring of G.
Clearly, the order of G must be at least 3. The vertex label fT(u) is called the
induced color of u under f (the color of u, for short, if no ambiguity occurs).
The number of distinct induced colors under f is denoted by ¢(f), and is called
the color number of f. The local antimagic chromatic number of G, denoted by
Xia(@), is min{c(f) : f is a local antimagic labeling of G}.

Let O,, = K,, be the empty graph of order n > 1. For any graph G, the
join graph H = G V O, is defined by V(H) = V(G) U {v; : 1 < j < n} and
E(H) = E(G)U{uvj; : u € V(G),1 < j < n}. In [1, Theorem 2.16], it was
claimed that for any G with order n > 4,

Xia(G) +1 if n is even,
G)+1< GV O7) <
X1a(G) Xial 2 {Xla(G) +2 ifnisodd.
In [4], Lau et al. showed that there exists a graph G order n > 3 such that
Xia(G V O2) — x14(G) = 3 —n < 0. This implies that the above lower bound is
invalid. They then showed that x;,(G + O;,) > x(G) + 1 and the bound is sharp.
Several sufficient conditions for the following conjecture to hold were also given.

Conjecture 1.1. Forn > 1, x1o(G V Oy) > x1a(G) + 1 if and only if x(G) =
Xla(G)'

Let G — e (or G + e) be the graph G with an edge e deleted (or added). As
a natural extension, we have obtained in this paper several sufficient conditions
for x1a(G — e) < x1a(GQ) (or x1a(G + ¢e) < x1a(G)). We then determine the
exact value of the local antimagic chromatic number of many cycle related join
graphs. We shall use the notation [a,b] = {¢ € Z : a < ¢ < b}, for integers
a < b. Unless stated otherwise, all graphs considered in this paper are simple,
undirected, connected and of order at least 3. Thus x;,(G) > 2 for any graph
G. Interested readers may refer to Yu et al. [7] for local antimagic labeling of
subcubic graphs without isolated edges.

For m,n > 2, it is well known that a magic (m,n)-rectangle exists if and
only if m =n (mod 2) and (m,n) # (2,2) (see [3,6]). Let a;; be the (7, j)-entry
of a magic (m,n)-rectangle with row constant n(mn + 1)/2 and column constant
m(mn +1)/2.



ON LocAL ANTIMAGIC CHROMATIC NUMBER OF ... 135

2. BoOUNDS ON GRAPHS WITH AN EDGE DELETED OR ADDED

Observe that K;, t > 3, is a complete t-partite graph with x;,(K¢) = t. The
contrapositive of the following lemma gives a sufficient condition for a bipartite
graph G to have x;,(G) > 3.

Lemma 2.1. Let G be a graph of size q. Suppose there is a local antimagic
labeling of G inducing a 2-coloring of G with colors x and y, where x < y. Let
X and Y be the numbers of vertices of colors x and y, respectively. Then G is a
bipartite graph whose sizes of parts are X and Y with X >Y, and
1

(1) $X:yYZQ(q;_ )

Proof. Clearly G is bipartite. Each edge is incident with one vertex of color x
and one vertex of color y. Hence we have the equation (1). Since z <y, X > Y.
This completes the proof. [

Lemma 2.2. Suppose G is a d-reqular graph of size q. If f is a local antimagic
labeling of G, then g = q+ 1 — f is also a local antimagic labeling of G with

(f) = c(g). Moreover, suppose c(f) = x1a(G) and if f(uv) = 1 or f(uv) = g
then x14(G — uv) < x14(Q).

Proof. Let x,y € V(G). Here, g"(z) =d(q¢+1)— fT(x) and g (y) = d(q+1) —
ft(y). Therefore, f*(x) = f*(y) if and only if g™ (z) = g*(y). Thus, g is also a
local antimagic labeling of G with ¢(g) = ¢(f).

If f(uv) = ¢, then we may consider g = g+1— f. So without loss of generality,
we may assume that f(uv) = 1. Define h : E(G —uv) — [1,|E(G)| — 1] such that
h(e) = f(e) — 1 for e # uv. So, h(z) = fT(x) — d for each vertex x of G — uv.
Therefore, f*(z) = f*(y) if and only if h*(xz) = h™(y). Thus, h is also a local
antimagic labeling of G with ¢(h) = ¢(f). Consequently, xio(G—uv) < x1a(G). W

Note that if G is a regular edge-transitive graph, then x;,(G — €) < x14(G).
Lemma 2.3. Suppose G is a graph of size q and f is a local antimagic labeling
of G. For any x,y € V(G), if
(i) fH(z) = f*(y) implies that deg(x) = deg(y), and
(i) f*(z) # f7(y) implies that (¢ + 1)(deg(x) — deg(y)) # [ (x) = [ (y),

then g = q+ 1 — f is also a local antimagic labeling of G with c(f) = c(g).
Proof. For any z,y € V(G), we have g™ (x) = deg(z)(qg+1)— fT(z) and g+ (y) =
deg(y)(g+1) = f*(y). Here g*(2) — g™ (y) = (¢ +1)(deg(z) — deg(y)) — (f*(x) -
ft(y). If f(x) = f*(y), then condition (i) implies that g™ (z) = ¢ (y). If
fT(x) # f*(y), then condition (ii) implies that g™ (z) # ¢g*(y). Thus, g is also a
local antimagic labeling of G with ¢(g) = ¢(f). |
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For t > 2, consider the following conditions for a graph G.

(i) x1a(G) = t and f is a local antimagic labeling of G that induces a t-
independent partition |J._, V; of V(Q).

(ii) For each z € Vi, 1 < k < t, deg(x) = d}, satisfying fT(z) —d, # fT(y) — db,
where x € Vy and y € Vy for 1 <a #b < t.

(iii) There exist two non-adjacent vertices u,v with v € Vj,v € V; for some
1 < iz j <tsuch that

(a) Vil =1Vj| =1 and deg(z) = dj, for z € V},, 1 <k < t; or

(b) |Vi| =1, |V;] > 2 and deg(z) = dj, for z € Vi, 1 < k < t except that
deg(v) =dj — 1; or

(c) Vil > 2, |V;| > 2 and deg(x) = di, for x € Vi, 1 < k <t except that
deg(u) = d; — 1, deg(v) = d; — 1,

each satisfying f*(z) +d, # f*(y) + dp, where x € V, and y € V, for

1<a#b<t.

Lemma 2.4. Let H be obtained from G with an edge e deleted. If G satisfies
conditions (i) and (ii) and f(e) =1, then x(H) < xi.(H) < t.

Proof. By definition, we have the lower bound. Define g : E(H) — [1,|E(H)]]
such that g(e’) = f(¢/) — 1 for each ¢’ € E(H). Observe that g is a bijection with
gt (z) = fT(z) — dy for each z € Vi, 1 < k < t. Thus, g*(x) = g (y) if and
only if z,y € Vi, 1 < k < t. Therefore, ¢ is a local antimagic labeling of H with
c(g) = c(f). Thus, xia(H) < t. m

Lemma 2.5. Suppose uwv ¢ E(G). Let H be obtained from G with an edge uv
added. If G satisfies conditions (i) and (iii), then x(H) < x1.(H) < t.

Proof. By definition, we have the lower bound. Define g : E(H) — [1,|E(H)|]
such that g(uv) = 1 and g(e) = f(e)+1 for e € E(G). Observe that g is a bijection
with gt (z) = fT(x) + dj, for each z € Vi, 1 <k < t. Thus, g"(x) = g*(y) if and
only if x,y € Vi, 1 < k < t. Therefore, ¢ is a local antimagic labeling of H with
c(g) = c(f). Thus, xia(H) < 2. u

In [1, Theorem 2.11], the authors showed that for any two distinct integers
m,n > 2, Xia(Kmy,) = 2 if and only if m = n (mod 2). Let K, be the
graph K, , with an edge deleted. From the proof of [1, Theorem 2.11] and by
Lemma 2.4, the following result is obvious.

Corollary 2.6. For any two distinct integers m,n > 2 and m = n (mod 2),
XZG(K;"L,H) =2.
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3. CYCLE-RELATED JOIN GRAPHS

Consider the join graph C,, V O, with V(Cy,) = {u; : 1 <i <m}, V(O,) = {v; :
1 <j<n}and E(Cp, VOy,) ={uuir1: 1 <i<m}pU{uwj:1<i<m,1<5<
n}, where w11 = u1. Let ¢; = wu;y; for 1 <i < m. So ey, = unu;. We shall
keep these notations in this section unless stated otherwise.

Theorem 3.1. For odd m,n > 3, x1a(Cr V Op) = 4.

Proof. Define an edge labeling f : E(C, V O,) — [1,mn + m] such that
fle2ic1) =i (1 <i < (m+1)/2) and f(ez) =m+1—-i (1 <i< (m—1)/2)
and that f(u;v;) is the (i, j)-entry of a magic (m, n)-rectangle containing integers
in [m + 1, mn 4+ m] with row sum constant n(mn + 1)/2 + mn and column sum
constant m(mn + 1)/2 +m?. One can check that

() f*(05) = m(mn + 1)/2 + 2,

(i) fT(u1) =n(mn+1)/24+mn+ (m+3)/2,
(iii) f*(u;)) =n(mn+1)/2+ mn+m+1 for even i, and
(iv) ft(u;)) =n(mn+1)/2+mn+m+ 2 for odd i > 3.

Suppose m < n. We have m(mn+1)/2+m? < n(mn+1)/24+mn+(m+3)/2 <
nimn+1)/24+mn+m+1<n(mn+1)/24+mn+m+2. So, x1,(G) < 4.

Suppose m > n. We have m(mn + 1)/2 +m? = n(mn +1)/2 + mn + (m —
n)m+ (m —n)(mn+1)/2 > n(mn +1)/2 + mn +m + 2. So, x1a(G) < 4.

Since x14(G) > x(G) = 4, we have x;,(G) = 4. |

Corollary 3.2. For odd m,n >3, if H = (Cy, V O,) — e where e ¢ E(Cy,), then
Xla(H) = 4.

Proof. Note that G = C,,, V O,, has size mn + m and every vertex belonging to
Cyn (or Oy) has degree n + 2 (or m). Let f be the local antimagic labeling as
defined in the proof of Theorem 3.1. We can check that f satisfies the conditions
of Lemma 2.3. Therefore, g = mn+m+1— f is also a local antimagic labeling of
G with ¢(g) = 4 such that g(e) =1 for an edge e & E(Cy,). It is straightforward
to check the conditions of Lemma 2.4. By Lemma 2.4, we have 4 = yx(H) <
Xia(H) < 4. Thus, the result holds. |

Theorem 3.3. For m > 2 andn > 1, x1a(Cam V O2,) = 3.

Proof. Let G = Cay, V Oay,. Define an edge labeling f : E(G) — [1,4mn + 2m)]
such that f(ep) =h for 1 < h < 2m and f(upvg) is given below, for 1 < h < 2m
and 1 < k < 2n.

We define f(ujv1) = 2m + 1 and f(ugi—1v1) = 4m — 20+ 3 for 2 < i < m.
For 1 <i < m, define
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(1) flugi—1v2) =6m —2i+1,
(ii) f(’u,gi_l’l)gj_l) = 2m(] — 1) -+ 2¢ and f(’u,gi_l’l)gj) = 2m(2n + 1-— j) — 21 + 2,
for 2 < j <mn,
(iii) f(ugiv1) =2m(2n+ 1) —2i + 2 and f(ugiv2) = 4dmn — 2i + 2,
(IV) f(UQZ'UQj,l) = 2m(2n — j + 3) — 21+ 1 and f(UQiUQj) = 2m(] + 1) + 21— 1,
for 2 <j <n.
One may check that f is a bijection. Observe that
(1) f(ugi—1v1) + flugi—1v2) = 10m — 4i + 4 and f(uziv1) + f(u2ive) = 8mn +
2m —4i+4 for 1 <i<m,
(ii) f(ugivaj—1) + f(ugvej) =4m(n+2) for 1 <i<mand 2 <j <n,
(ili) f(u2i—1v2j—1) + f(ugi—1vej) =4dmn+2for 1 <i<mand 2 <j <n.
Thus

n

FH () = fler) + fleam) + fwrv) + f(urva) + Y (4mn +2)

j=2
= dmn? — 4mn + 2n + 10m — 1;

n

fT(ugi1) = fleai2) + flezio1) + (10m — 4i +4) + > (4mn +2)

<
I
)

=(4i—3)+ (10m —4i+4)+ (dmn+2)(n —1)
:4mn2—4mn+2n—|—10m—1if2§i§m;

f+(u21') = f(ezi_l) + f(ezi) + (8mn +2m — 41 + 4) + Z 4m(n + 2)
=2
= (8mn+2m+3)+4m(n+2)(n —1)
= 4mn® + 12mn — 6m + 3 if 1 <i<m;

m m
fr)=@m+1)+> (4m—2i+3)+ > (4mn+2m — 2i + 2)
=2 i=1
= 4m?n + 4m?* + m;
m
fH(vo) = Z(4mn + 6m — 4i + 3) = 4m>n + 4m?* + m;
i=1
m
(o) = Z(4mn +4m +1) = 4m’n +4m> + m if 3 < k < 2n.
i=1
Now, let g1 = f1(ugi_1) = 4mn? — dmn + 2n +10m — 1, go = fF(ug;) =
4mn? + 12mn — 6m + 3, and g3 = f1(v;) = 4m?n + 4m? + m. Clearly, g1 < go.
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Suppose n > m. We have go — g3 = dmn(n —m) +m(12n —4m —7) +6 > 0.
Suppose m > n. gs—ge = dmn(m—n—2)+m(dm—4n+7)—3. When m—n > 2,
clearly g3 > go. For m —n =1, g3 — go = —4m? + 15m — 3 # 0.

We now consider g3 — g1 = 2n[2m(m —n) — 1] + m(4dn + 4m — 9) + 1. If
m > n, then g3 — g1 > 2n(m — 1) + m(2n 4+ 4m — 9) + 1 > 0. Suppose n > m.
Now g1 — g3 =4dmn(n—m —2)+4m(n—m)+2n+9m —1 > 0 when n —m > 2.
Whenn —m =1, g1 — g3 = —4m? + 11lm + 1 # 0.

Thus, x1.(G) < 3. Since x14,(G) > x(G) = 3, we have x;,(G) = 3. |

Corollary 3.4. Form > 2, n> 1, if H = (Coy V Oz,) — e, then xi(H) = 3,
where e is an edge of Cop V Oay,.

Proof. Note that G = (s, VOa, has size 4mn+2m where every vertex belonging
to Cop, (or Ogy,) has degree 2n+2 (or 2m). Let f be the local antimagic labeling
as defined in the proof of Theorem 3.3. Suppose e € E(Cayy,). It is straightforward
to check that f satisfies the conditions of Lemma 2.4. Thus, we have 3 = x(H) <
Xia(H) < 3. Suppose e € E(Cay,). We can check that f satisfies the conditions of
Lemma 2.3. Therefore, g = 4mn+2m+1 — f is also a local antimagic labeling of
G with ¢(g) = 3 such that g(e) = 1. It is straightforward to check the conditions
of Lemma 2.4. By Lemma 2.4, we have 3 = x(H) < x1,(H) < 3. Thus, the result
holds. ]

Since for odd m,n > 3, x14(Cm V On) = x1a(Cin) + 1 = x(Cy,) + 1, and for
even 1 > 2, X14(Cm V Op) = X1a(Cm) = X(Cp) + 1, Theorems 3.1 and 3.3 provide
further evidence that Conjecture 1.1 holds.

Note that Cy, V O; = W,,, the wheel graph of order m + 1 > 4. In [4,
Theorem 3.1], the authors proved that x;,(Wy,) = 3 if m = 0 (mod 4). In [1,
Theorem 2.14], the authors proved that x;o(W,,) = 3 if m = 2 (mod 4), and
Xia(Wp) = 4 if m is odd. We note that for m = 1 (mod 4), the defined local
antimagic labeling f (or f3 in the proof) has three errors that should be corrected
as f(viv) = 8m+5—i)/4 fori =1 (mod 4),i # 1; f(vv) = (Tm + 4 —1)/4 for
i =3 (mod 4); and fT(v;) = (11m + 13)/4 for odd i # 1. Moreover, for m = 3
(mod 4), the induced vertex label for v;, i # 1 is odd, should be 9(m + 1)/4.

Theorem 3.5.
3 ifed E(Cy),
Wi—e) =
Xia(Wa ) {4 otherwise.
Proof. The graph in Figure 1 shows that W —e admits a local antimagic labeling
f with ¢(f) = 3 so that x;o(Ws —e) =3 if e € E(Cy).
Suppose e € E(C4). Without loss of generality we may assume that e = uqu;.
Suppose there were a local antimagic labeling f of Wy — e with ¢(f) = 3. Then
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(1) = ¢, fH(u) = fF(uz) = a and [T (uz) = f(us) = b, where a,b,c are
distinct.

Figure 1. W4 —e.

Clearly

7
(2) 28 = i =2a+ f(viug) + f(vrua) =20+ f(viun) + f(viug).

=1

Thus, f(viug) = f(viug) (mod 2) and f(viuy) = f(viug) (mod 2).

It is easy to check that {f(uiua), f(uaus), f(usus)} # {2,4,6}. So we may
assume that f(viuy) and f(vius) are odd, and f(viug) and f(viuyg) are even.
Under these conditions and from (2) we have 9 < a < 11 and 8 < b < 12.

1. Suppose a = 9. Then f(viug)+ f(vius) = 10 and hence { f(viuz), f(viua)} =
{4,6}. This implies that f(uju2) = 2 and f(viu1) = 7. If f(viug) = 4 and
f(viug) = 6, then f(ugus) = f(usus) which is impossible. Thus f(viu2) = 6
and f(viug) = 4. This implies that 9 < 2+6+ f(ugus) = b =4+ f(uzuyg) < 9.
Hence b = 9 = a which is a contradiction.

2. Suppose a = 10. We have {f(viu1), f(uiuz)} = {3,7} and {f(vius), f(uaus),
f(uzua)} = {1,4,5}. Since f(viug)+ f(viua) = 8, {f(viuz), f(viua)} = {2,6}.
Since b > 8, f(vius4) = 6. Hence f(viug) = 2. Since a # b, f(uszus) =5 and
hence f(usus) = 4. Now fT(ug) # b = 11, which is a contradiction.

3. Suppose a = 11. We have f(viuz)+ f(vius) = 6. This implies that {f(viug),
f(viug)} = {2,4}. Since 4 is occupied and f(viuy)+f(uiuz) = 11, f(viug) =5
and f(ujug) = 6. Also we have {f(viug), f(ugus), f(usus)} = {1,3,7}. Since
b > 8, f(usug) = 7. Since b # a, f(viug) = 2. Now b =9 and fT(uz) > 10
which yields a contradiction.

As a conclusion, y;,(W4 — e) > 4. Note that from the discussion above, we have
obtained a local antimagic labeling g for Wy — e with ¢(g) = 4. ]

Theorem 3.6. Let e be an edge of Wy,. For even m > 6, x1o(W,, —e) = 3.
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Proof. Consider m = 6. In Figure 2, we have the local antimagic labelings f
with ¢(f) = 3 for the two cases of W — e.

Figure 2. W5 — e with ¢(f) = 3.

Thus, xi(Ws —€) = 3.
Consider m > 8. We have two cases.

Case (a) e € E(Cy,). By [4, Theorem 3.1] and [1, Theorem 2.14] and the
proofs, we have x;,(W,,) = 3 such that the corresponding local antimagic labeling
f has f(ujug) = 1. By symmetry we may let e = ujus. By Lemma 2.4, we get
Xla(Wm - 6) < 3. Since Xla(Wm - e) > X(Wm - e) =3, Xla(Wm - 6) =3.

Case (b) e & E(Cy,). For m = 8, the graph in Figure 3(a) shows that Wg —e
admits a local antimagic labeling g with ¢(g) = 3. Thus, x;,(Ws —e) = 3.

Consider m > 10. By [4, Theorem 3.1] and [1, Theorem 2.14] and the proofs,
we know that W, admits a local antimagic labeling f with f(viug) = 2m if
m =0 (mod 4), and f(viug) = 2m if m =2 (mod 4). By symmetry we may let
e =vug if m =0 (mod 4), and e = viuy if m =2 (mod 4). It is straightforward
to check the conditions of Lemma 2.4. By Lemma 2.4, we get xo(W,, — €) < 3.
Since Xia(Wim —€) > x(Wi, —€) = 3, X1a(Wim —e) = 3. u

(C) W7 — vViury.

Figure 3. Some wheels with a spoke deleted.

Theorem 3.7. Suppose m > 3 is odd. If e ¢ E(C,,), then
{3 form =3,5,7;

4  otherwise.

Xla(Wm
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If e € E(Cy,), then 3 < x1a(Wp, —e) < 4.

Proof. Suppose e € E(C,,). Note that x;o(W,, —e) > x(W,, —e) = 3. Suppose
the equality holds. Let m = 2k+1 and f is a local antimagic labeling of Wo, 11 —e
with ¢(f) = 3. Without loss of generality, assume e = vjugg+1. Thus, we must
have f*(v1) = fF(uzk1) # fT(w) = fT(uz) = -+ = fF(uge—1) # [T (u2) =
ft(us) = fT(ugk). Thus, k(2k + 1) < fT(v1) = fT(uges1) < 8k + 1 giving
us 1 < k < 3. Thus, x;o(Wy, —€e) > 4 form > 9. For m = 3, Wy —e =
Kj12. The labeling is obvious. For m = 5, the labeling in Figure 3(b) shows
that x;4(Ws — vius) = 3. For m = 7, the labeling in Figure 3(c) shows that
Xta(W7 — viu7) = 3.

Consider m > 9. By [1, Theorem 2.14] and the proof, we know that W,
admits a local antimagic labeling f with ¢(f) = 4. Moreover, f(vius) = 2m if
m =1 (mod 4), and f(viuz) = 2m if m = 3 (mod 4). It is straightforward to
check the conditions of Lemmas 2.3 and 2.4. By Lemma 2.3, we know W,,, admits
a local antimagic labeling g with g(vius) = 1if m =1 (mod 4), and g(viug) =1
if m =3 (mod 4). By Lemma 2.4, we get x;o(W,, —e) = 4.

Suppose e € E(Cy,). By [1, Theorem 2.14] and the proof, together with
Lemma 2.4, we know that x;,(Wy, —e) < 4. [ ]

Theorem 3.8. For odd m,n >3, x14(Cn, V Cyp,) = 6.

Proof. Since C,,V C), and C, V C,, are isomorphic, we may assume that n < m.
Suppose V(Cp, V Cp) = V(Cp V Op) and E(Cp, V Cp) = E(Cr, V Oy) U {e) =
vjvj41 ¢ 1 < j < n} as in Theorem 3.1, where v,11 = vi. Let f be the local
antimagic labeling of C,, V O,, defined in the proof of Theorem 3.1. Define an
edge labeling g : E(Cp, V Cy) — [1,m + mn + n] such that g(e) = f(e) for
e € BE(Cp Vv Op) and g(ej) = m + mn + f(e;). One may check that g is a
bijection. Moreover,

(i) gt (u1) =g1 =n(mn+1)/2+mn+ (m+3)/2,

(i) g7 (u;) = g2 =n(mn+1)/2+mn+m+1 for even i,

(iii) gt (u;) = g3 =n(mn+1)/2+mn+m+ 2 for odd i > 3,

(iv) gt (v1) = ga = m(mn +1)/2 +m? +2(m + mn) + (n + 3)/2,

(v) g™ (v;) = g5 = m(mn+1)/2 +m? +2(m + mn) + n + 1 for even j, and

(vi) g7 (vj) = g6 = m(mn +1)/2 +m? + 2(m + mn) + n+ 2 for odd j > 3.

Clearly gx < gg+1 for 1 < k < 5. Thus, xia(Cn V Cy) < 6. Since xi4(Cyp V
Cr) > x(Cp V Cp) = x(Cry) + x(Cp) = 6, we have x;4(C, V Cp,) = 6. -

In [5], Haslegrave proved that every connected graph G # Ky admits a
local antimagic labeling which implies that x;,(K,) = n for all n > 3. We
now consider the join graph C,, V K, with V(C,, V K,,) = V(Cy, V Oy) and
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E(CynV Ky) =E(Cy VO, U{vv;:1<i<j<n}. In[1], the authors showed
that ;4 (Cp, V K1) = 4 for odd m > 3.

Theorem 3.9. For odd m,n > 3, x14(Cr V Kp,) = n + 3.

Proof. Let f be the local antimagic labeling of C,, V O, defined in the proof
of Theorem 3.1. Let h : E(K,) — [1,n(n — 1)/2] be a local antimagic labeling
of K,. Note that h*(v;) are distinct for 1 < j < n. Define an edge labeling
g: E(CpV K,) — [1I,mn+m+ n(n — 1)/2] such that g(e) = f(e) for e €
E(Cp, V Oy) and g(e) = h(e) + mn + m for e € F(K,). Note that g*(v;) =
I (vj) + ht(vj) + (n — 1)(mn + n). Since f*(v;) are the same and h'(v;) are
distinct, g™ (v;) are distinct for 1 < j <n.
Moreover,

T(ur) =n(mn+1)/24+ mn+ (m+ 3)/2,
*(u;) = n(mn +1)/2 +mn + m + 1 for even 1,
T(u;) = n(mn +1)/2+mn +m + 2 for odd i > 3, and

(05) = (03 + B (03) + (n — 1) (mn+ ) 2 mlmn+1)/2+m® + (1)
(nm+m)+n(n—1)/2.

i) g
(ll)g
iii) g
iv) g*

It is easy to show that g™ (vj) > g7 (u;) for all 1 <i < m,1 < j < n. Thus,
Xia(Cm V Ky,) < n+ 3. Since x4 (Cp, V Ky) > x(Cp V K,) = n+ 3, the theorem
holds. [

Theorem 3.10. For m > 2,n > 1, x14(Cam V Kap,) = 2n + 2.

Proof. Let f be the local antimagic labeling of Cs,, V Os,, defined in the proof
of Theorem 3.3.

Suppose n = 1. Define an edge labeling g : E(Cay, V K2) — [1,6m + 1] such
that g(e) = f(e) for e € E(Cay, V O2) and g(viv2) = 6m + 1. We now swap the
labels of g(uivi) = 2m + 1 and g(ujve) = 6m — 1 to get g™ (ug;—1) = 10m + 1
and g (ug) = 10m +3 for 1 < i < m and g*(v1) = 8m? + 11m — 1 and
g+(1}2) = 8m? + 3m + 3. Thus, XZQ(CQm V KQ) < 4.

Now, consider n > 2. Let h : E(Ks,) — [1,n(2n — 1)] be a local antimagic
labeling of Ky,. Note that h™(v;) are distinct for 1 < j < 2n. Define an edge
labeling g : E(Cap, V Kap,) — [1,4mn +2m +n(2n — 1)] such that g(e) = f(e) for
e € E(Cam V O2zy,) and g(e) = h(e) + 4mn + 2m for e € E(Ka,).

By the same argument as in the proof of Theorem 3.9, we obtain that ¢* (v;)
are distinct for 1 < j < 2n.

From Theorem 3.3 we have g*(ug) = 4mn® — 4mn + 2n + 10m — 1 <
gt (ugi—1) = 4mn? +12mn — 6m+ 3 for 1 < i < m. Moveover, g*(v;) = f+(v;) +
ht(vj)+(2n—1)(4mn+2m) > 4m?*n+4m? +m+ (2n—1)(dmn+2m)+n(2n—1)
for each j. Clearly g7 (v;) > g™ (ug;—1) for 1 <i<mand 1 <j < 2n.
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Thus, Xla(OZm V K2n) < 2n + 2. Since Xla(CQm \ KZn) > X(CZm \ K2n) =
2n + 2, the theorem holds. [

Conjecture 3.11. Forn > 2, x1,(GV Ky) > x1a(G) +n if and only if x14(G)
X(G).

For n > 2, let M>,, be the Mobius ladder obtained from Cs, = ujus - - - unvq
v - - - vpup by adding the edges u;v;, 1 <7 < n.

Theorem 3.12. For odd n > 3, xiq(Ma2y,) = 3.

Proof. Note that Ms,, has size 3n, and is bipartite with parts of the same size.
Thus, by Lemma 2.1, y;,(Ma,) > 3.

Suppose n = 3, we get a local antimagic labeling by assigning the edges ujus,
UgU3, UV, V1V2, Va¥3, U3U], U1V, U2V2, usvs by 1,5,4,8,6,7,3,9, 2, respectively.
Clearly, the induced vertex coloring has three distinct colors, namely 11, 15, 23.

Suppose n > 5. Define a bijection f : F(Masy,) — [1,3n] such that f(ujv,) =
3(n+1), flupvy) =n, f(vive) =n+ 1 and that

uiuiq1) =1 for odd ¢ € [1,n — 2],
Uiliq1) = % for even i € [2,n — 1],
vVi+1) = @ for even i € [2,n — 1],
vvi41) = 2n — 52 for odd i € [3,n — 2],
uv;) = 2t for odd i € [1,n],
Uv;) = 3n+ 1— £ foreveni € [2,n — 1].
One can verify that f+(uz) fH(vj) = 222 for even i € [2,n — 1] and odd

j e [,n]; fT(u;) = fH(v2) = 4n + 3 for odd z € [1,n] and f*(vj) = 5n + 3 for
even j € [4,n — 1]. Therefore, x;,(Ma2,) < 3. Hence, the theorem holds. |

Corollary 3.13. For odd n > 3, x1o(Ma, — €) = 3.

Proof. By Lemma 2.1, we know that x;,(Ma, —e) > 3. Note that there are
two possible graphs obtained by deleting an edge from Ms, (if n > 3), but
using Lemma 2.2 with reference to the smallest label deals with one, and the
largest label deals with the other. Therefore, we have x;q(Ma, —€) < 3. Thus,
Xla(MQn - 6) =3. u

Note that M4 = K4 with Xla(M4> =4.
Conjecture 3.14. For even n > 4, x;q(May,) = 4.

Theorem 3.15. Forn > 1, x1o(Ms V Oay,) = 3.
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Proof. Let V(Mg V Ogp) = {u; : 1 <i<6}U{v;:1<j <2n} and E(MgV
OQn) = {uiuzurl 1< < 5} U {U1u6,U1U4,UQU5,U3u6} U {uivj 1 <1 <6,1 <
J < 2n}. Define a bijection g : E(MgsV O2y,) — [1,12n+9] such that g(ujuz) = 1,
g(uguz) = 3, g(uzua) = 4, g(ugus) = 2, g(usug) = 8, g(urug) = 5, g(urus) =9,
g(ugus) = 7, g(ugus) = 6 and g(u;vj) = f(uv;) +3 for 1 <i < 6,1 < j < 2n,
where f is the function as defined in the proof of Theorem 3.3 by taking m = 3.

One can easily check that g% (u;) = 15 + 2321 f(urv;) + 3(2n) = 12n? —
4n + 37. Similarly, we get g% (u3) = ¢ (us) = g*(uy). Furthermore, for i =
2,4,6, we also have g*(u;) = 12n% 4+ 42n — 7, whereas g*(vj) = 36n + 57 for
1 < j < 2n. Clearly, g is a local antimagic labeling with ¢(g) = 3. Therefore,
Xia(MgV O2,) < 3. Since Mg is bipartite, we have ;o (MgV Oay,) > x(MgV Oay,) =
X(Ms) + x(O2,) = 3. Thus, xia(Ms V O2,,) = 3. u

Corollary 3.16. Forn > 1, x;o((Mg V O2,) — e) = 3.

Proof. Let G = (Mg V O2y,) — e. We note that xi,(G) > x(G) = 3. Since Mg is
edge-transitive, we only need to consider (i) e &€ E(Mg), and (ii) e € E(Ms).

In (i), it is straightforward to check the conditions of Lemma 2.3. By
Lemma 2.3, we know MgV Oq, admits a local antimagic labeling h = 12n4+10—g
with ¢(h) = ¢(g) = 3, where g is as defined in the proof of Theorem 3.15. Now,

B () 12n* +60n —7  ifi=1,3,5,
ui =
12n% + 14n + 37 if i =2,4,6,

ht(v;) = 36n+ 3 for 1 < j < 2n, and h(uv) = 1 for an edge uwv ¢ E(Ms). It is
straightforward to check the condition of Lemma 2.4. By Lemma 2.4, we have

X1a(G) = 3.
In (ii), it is straightforward to check the condition of Lemma 2.4. By Lemma
2.4, we have x;,(G) = 3. |

For m > 3, n > 1, let G(m,n) be the graph obtained from C,, V O,, by
deleting the edges up,vj, 1 < j < n. We can also view G(m,n) as the graph
obtained from C,,_1 V O, by subdividing one of the cycle edges. Note that
G(m,1) is the graph W,, with a spoke deleted. By Theorems 3.5 and 3.6,
we have x;,(G(2m,1)) = 3 for m > 2. Moreover, by Theorem 3.7, we have
determined the value of x;,(G(2m + 1,1)) for m > 1.

Theorem 3.17. Forn > 1, x;4(G(4,n)) = 3.

Proof. When n = 1, we have proved the result in Theorem 3.5. So we may
assume that n > 2. Since x(G(4,n)) > 3, it suffices to provide a local antimagic
labeling f for G(4,n) with ¢(f) = 3.
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For n =4k — 1, k > 1, the labeling matrix of G(4,3) under f is given below.

up uz uz ug | vy vz v3 | f +(Uz)
Ul *x 8 x 915 1 13 36
Ug 8 x 7 %13 12 4 34
U3 * 7 x 10111 6 2 36
Uy 9 x 10 = | * x x 19
) | = % % % |19 19 19

The following tables are the first 4 rows of the labeling matrix of G(4,4k —1)

under f, where k > 3.

U1 u2 us U4q V1 V2 Vg Vk41 Uk42 -° UVag
U1 * 10k +1 * 6k 8k 8k —1 - Tk+1 9k 9k —1---8k+1
us |10k + 1 * 4k * 1 3 - 2k—1 |2k+12k+3---4k—1
U3 * 4k * 12k+1 | 10k 10k—1 --- 9k +1 Tk Tk—1---6k+1
m 6k * 12k + 1 * * * * * ¥ ... %
V2k+1  U2k42 U3k—2 U3k—1 U3k Vik—4
U1 12k 12k—1 --- 11k+3 | b5k +1 5k 4k + 4
U2 2 4 2k —4 2k —2 2k 4k — 8
uz | 6k—1 6k —2 5k+2 | 11k +2 11k+1 --- 10k +5
U4 * * * * * *
V4k—3  Usk—2  Udh—1 FH(w)
ur | 4k—6 4k+2 4k+1 | 32k +k—10
uo | 10k +4 10k +3 10k + 2 | 8k% + 16k + 21
us | dk+3 4k—4 4k—2 | 32k 4+ k—10
Uy * * * 18k + 1

It is easy to check that fT(us4) = fT(v;) = 18k + 1, i.e., the vj-column sum,
for 1 < j <4k — 1. This labeling can be applied to k = 2 (the block-columns for
Vgk+1 t0 v4x—4 do not appear). The following shows the assignment for G(4, 7).

ur uz uz usg | vi v | vs va s we wvr | fT(w)
Uy * 21 9+ 1216 15|18 17| 2 10 9 120
Ug 21 0« 8 x| 1 3|5 7 [24 23 22 114
U3 * 8 25120 19|14 13|11 4 6 120
U4 12 x 25  x * * * * * * * 37
ffw) | = =+ + |37 3737 37|37 37 37

For n =4k + 1, k > 1, the labeling matrix for G(4,5) is given next.
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up Uz u3 U4 | V1 V2 V3 vg U5 | f +(uz)
Ul * 4 x 16110 9 8 11 13 71
U9 4 *x 6 x| 1 3 17 12 15 58
us x 6 x 14|19 18 5 7 71
Ug 16 * 14 x| * *x x % 30
Sfwj)) | = =+ =+ % |30 30 30 30 30
Similarly, we show the first 4 rows of the labeling matrix of G(4,4k+1) under
f, where k& > 3.
Ul Uu2 us U4 V1 V2 Vk—2
U1 * 10k + 6 * 12k+7 1| 8k+4 8k+3 --- Tk+7
uz | 10k +6 * 4k + 2 * 1 3 - 2k—5
us * 4k + 2 * 6k+3 | 10k+5 10k+4 --- 9k + 8
ug | 12k4+7 * 6k + 3 * * * *
V-1 Vk V2k—4 V2k—3 V2k—2 UV2k—1 V2k V2k41
u; | 9k+7 9k +6 --- 8k +10 | 6k+8 6k+7 6k+6 6k+5 | dk+1
ug | 2k—3 2k—1 .-+ 4k—9 |4k —7 4k—5 4k —3 4k—1 | 6k+ 4
ug | Tk+6 Tk+5 --- 6k+9 |8k +9 8 +8 8k +7 8k +6 | 8+ 5
U4 * * * * * * * *
V2k+2 V2k+3 V3k+1 V3k+2 V3k+3 Vak+1 f+ (Uz)
uy | 12k+6 12k+5 --- 11k+7 | 5k+2 Bk+1 --- 4k+3 | 32k” + 41k + 12
us 2 4 2k 2k+2 2k+4 --- 4k 8k% + 22k + 12
uz | 6k+2 6k+1 --- Bk+3 | 11k+6 11k+5 --- 10k +7 | 32k + 41k + 12
Ua * * * * * * 18k + 10

It is easy to check that fT(us4) = fT(vj) = 18k + 10, for 1 < j < 4k + 1.
This labeling can be applied to & = 2 (the block-columns for v to vag_4 do not
appear). The following shows the assignment for G(4,9).

Ui up uz ug | V1 V2 V3 V4 | Vs | vg U7 | vg vg | f1(u)
U1 * 26 % 31120 19 18 17| 9 |30 29|12 11 222
U 26 « 10 = | 1 3 5 7|16 2 4|6 8 88
us x 10 % 15|25 24 23 22|21 |14 13|28 27| 222
Uy 31 % 15 % | % % % ok | k| x ok | k% 46
f*(vj) x %k % x | 46 46 46 46 | 46 | 46 46 | 46 46

For n = 4k + 2, the following tables are the first 4 rows of the labeling matrix
of G(4,4k + 2) under f, where k > 1.

U7 U2 us Uy V1 V2 Vk
Uy * 8k + 6 * 12k+9 | 10k+7 10k4+6 --- 9K+ 8
us | 8k+6 * 12k 4+ 10 * 1 3 e 2k —1
U3 * 12k + 10 * 6k+4 | 8k+5 8k+14 - Tk+6
ug | 126+ 9 * 6k + 4 * * * *
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V41  Ug42 -+ Vg V2k+1 V2k+2 V2k+3 Usk+1
uy | Tk+5 Tk+4 --- 6k+6 | 6k+5| 12k+8 12k+7 --- 11k+9
us | 2k+1 2k+3 --- dk—1 | 4k+1 2 4 2k
us | 9k+7 9k +6 --- 8k+8 | 8k+T7| 6k+3 6k+2 5k + 4
Uy * * * * * * *

Usk42 U343 Vakt1 Vak42 D)
uy | bk+3 Bk+2 4k +4 | 4k +3 | 32k% 4+ 55k + 23
up | 2k+2 2k+4 4k 10k + 8 | 8k? + 36k + 25
us | 11k +8 11k +7 --- 10k+9 | 4k+2 | 32k% + 55k + 23
Uy * * * * 18k + 13

It is easy to check that fT(us4) = fT(vj) = 18k + 13, for 1 < j < 4k + 2.
This labeling can be applied to k& = 0. The following shows the assignment for

G(4,2).
up ug uz ug |[vi wvg | f(u)
Uy *x 6 x 9|5 3 23
U 6 * 10 = | 1 8 25
Uus * 10 = 4 |7 2 23
Uy 9 % 4 x| x x 13
fFv) | = = % = |13 13

For n = 4k, the following tables are the first 4 rows of the labeling matrix of

G(4,4k) under f, where k > 2.

U1 u2 us U4q U1 V2 Vk—1
Uy * 10k + 3 * 12k +4 | 10k+2 10k+1 --- 9k +4
uz | 10k + 3 * 6k + 2 * 1 3 - 2k—3
us * 6k + 2 * 6k +1 8k+2 8k+1 - Tk+4
ug | 12k +4 * 6k + 1 * * * *

Vk V41 -+ UV2k—2 V2k—1 V2k V2k+1 V2k+2 V3k—1
uy | Tk+3 Tk+2 --- 6k+5 | 6k+4 | 6k+3 | 12k+3 12k+2 --- 11k +5
us | 2k—1 2k+1 --- 4k —5 | 4k —3 | 4k —1 4 - 2k —2
uz | 9k+3 9k +2 --- 8k+5 | 8k+4|8k+3 6k 6k—1 --- bk+2
U4 * * * * * * * *

V3k V3k+1 Vak—2 Vak—1 Vak jﬁL (Uz)
ui | bk+1 5k -4k +3 | 4k+2 4k 32k% + 23k + 3
Ug 2k 2k+2 -+ 4k —4 4k —2 [ 10k +4 | 8k> + 24k +9
us |11k +4 11k+3 --- 10k+6 | 10k+5 | 4k+1 | 32k +23k+ 3
Uy * * * * * 18k +5

It is easy to check that fT(us) = fT(v;) = 18k + 5, for 1 < j < 4k. Again,
this labeling can be applied to & = 1. The following shows the assignment for
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G(4,4).

up up ug ug | vi vy vy va | fH(w)
Uy x 13 * 16|10 9 6 4 58
U9 13 * 8 x 1 3 2 14 41

U3 * 8 x 7 112 11 15 5 58
Uy 16 « 7 *x | x * % % 23
fFvj) | = = % = | 23 23 23 23

Since f*(u1) = fF(us) # fT(u2) # fT(us) = fF(vj),1 < j < n, we have
¢(f) = 3. The proof is complete. [

Note that PV O,1 can be obtained from G(4,n) by adding the edge uguy.
By Lemma 2.5, the following is obtained.

Corollary 3.18. If G = P35V Oy41, then xi4(G) = 3.
Problem 3.19. Determine xi4(Py, V Oy,) for m > 4,n > 2.

Theorem 3.20. For (i) m > 3, n > 4, (ii) m > 21, n = 3, and (iii)) m > 4,
n =2, xi.(G(2m,2n — 1)) = 4.
Proof. Note that x;,(G(2m,2n — 1)) > x(G(2m,2n — 1)) = 3. Suppose [ is
a local antimagic labeling of G(2m,2n — 1) with ¢(f) = 3. We may have (I)
a = fH(ugi-1),1 < i < m; b= fH(v) = fHlugm),1 < j < 2n—1; ¢ =
fH(ug),1 <i<m;or(Il)a= f+(U2i71)71 <i<mib=fT(v;),1<j<2n—1;
¢ = f(u2),1 <i < m. Here a,b,c are distinct. Now, every v, is adjacent to
2m — 1 vertices of Coyy,.

For (I), Y7 fH(v) > 1424+ (2n—1)2m — 1) = (2n — 1)(2m —
1)(2mn—m—n+1) So,

(3) 2m—1)2mn—m—n+1) <b= f(ugm) < 8mn —4n +1

iving n < D UEL Ry Gimple caleul have n < 1. When n = 2
giving n < “Go—fGy 25y - By simple calculus, we have n < . enn =2, we
get m = 3. This is not a case.

For (II), there are exactly (2n —1)(m —1)+2m —2 =2mn+m —2n — 1
edges incident to the vertices ug; for 1 < i < m — 1. Each label of these edges
contributes to the sum 77" £+ (ug;) exactly once. Thus, (m — 1)¢ > $(2mn +
m — 2n — 1)(2mn + m — 2n). Therefore, we will get

(4) (2n + 1)(2mn +m — 2n) < 2c = 2f T (ugy) < 16mn — 8n + 2.

However, if n > 5 and m > 3, (2n + 1)(2mn +m — 2n) > 11(2mn + m — 2n) >
16mn+18n+11m —22n = 16mn —4n+ 11m, contradicting (4). When n = 4, we
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get m = 2, contradicting m > 3. When n = 3, we get 2 < m < 20, contradicting
m > 21. So, x1a(G(2m,2n — 1)) > 4 under each of the given condition.

Define f : E(G(2m,2n — 1)) — [1,4mn — 2n + 1] such that f(ugnui) =
(2m —1)(2n — 1) + 1, f(ugugiy1) =(2m—1)2n—1)+i+1for 1 <i<m—1,
flugiciug) = (2m —1)2n — 1) +2m+ 1 —id for 1 <i < m and f(wv;) = a;,
1<i<2m—1,1<j<2n—1, where q;; is the (i, j)-entry of a (2m —1,2n —1)-
magic rectangle with constant row sum (2n — 1)(2mn —m —n + 1) and constant
column sum (2m —1)(2mn—m—n+1). One may check that f is a bijection with
g1=fT(v;) = 2m—=1)2mn—m—n+1)for 1 <j <2n—1, g2 = f(ug) = (2n—
(2mn—m—n+1)+22m—1)(2n—1)+2m+2 = (2n+3)(2mn—m—n+1)+2m
for1<i<m-—1,g3= f"(ugi_1) = (2n—1)2mn—m—-n+1)+2(2m—1)(2n—1)+
2m+1=(2n+3)2mn—m—-n+1)+2m—1for 1 <i < mand g4 = f1(uzm) =
22m —1)2n—1)+m+2 =4(2mn — m —n+ 1) + m. Clearly, go > g3 > ga.
It is routine to verify that g1 # g2,93,94. Thus, x;,(G(2m,2n — 1)) < 4. The
theorem holds. [ ]

Example 3.21. The following are labelings that give x;,(G(5,2)) = x1.(G(6,2))
= x1a(G(6,3)) = 3.

Note that G(5,2) and G(6,2) are two graphs we have not considered before.

Problem 3.22. For m > 5, find x;,(G(m,n)) for G(m,n) not being a graph in
Theorem 3.20 and Example 3.21.

Little is known about bipartite graphs G with x;,(G) = 2 (see [1, Theorems
2.11 and 2.12]). For m > 2,i > 1, let B(ny,ng,...,ny) be the union of Ksp,
with bipartition (X;,Y;), where X; = {z;—1,2:}, Vi = {vi1,¥i2,---,¥in; } and
T = T0-

It is known from [1, Theorem 2.8 and Theorem 2.12] that x (B(10M)) =
Xia(C2m) = 3 and Xla(B(nm)) = Xia(K22n) = 2 for n > 2. The following
theorem gives another family of bipartite graphs with y;, equal to 2.

Theorem 3.23. Suppose m > 3 and n > 2. We have x4 (B(n[m])) =2 ifn is
even or both m and n are odd; 2 < x4 (B(n[m])) < 3 for odd n and even m.
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Proof. First note that the edges in each K3, are x;_1y; ; and x;y; ; for 1 <¢ <
m,1 <7 <n.
Suppose n > 2 is even. Define a bijection f : E(G) — [1,2mn] such that

Flzicayi ) = (i—=1n+j for odd 5 € [1,n — 1],
e 2m—i+1)n—j+1 foreven j € [2,n],
i) = 4 @it Dn=(—1) foroddj&fln—1]
iYi;j (t—1)n+j for even j € [2,n],

where 1 < < m.

Recall that x, = zg. It is easy to verify that fT(y;;) = 2mn + 1 and
fH(x) = 2mn? +nfor 1 <i < m,1 < j < n. Hence, xia(G) < 2. Since
Xia(G) > x(G) = 2, we have x;,(G) = 2 for even n > 2.

Suppose n is odd and m is odd. Let A be a magic (m,n)-rectangle. For
1 <i<m,let (f(xiyin1),---,f(2i,Yin)) be the i-th row of A and let f(x;—1y; ;) =
2mn + 1 — f(ziy; ;) for 1 < j < n. Clearly f*(y;;) =2mn+1for1 <i<m
and 1 < j < n. Since the row sum of A is n(mn+1)/2, f*(x;) = n(2mn+1) for
1 <4 < m. Here, x;4(G) <2 and hence x;,(G) = 2.

Suppose n is odd and m is even. Define a bijection f : E(G) — [1,2mn)]

fxiciyij) = (i — 1)n+j,
flziyij) = 2m —i+1n—j+1,

where 1 <7 <m.
It is easy to verify that fT(y;;) = 2mn + 1, fT(z9) = n(mn +n + 1) and
ft(z) =n2mn+n+1) for 1 <i<m—1. Thus, x;,,(G) < 3. |

Example 3.24. The following is a local antimagic labeling according to the
construction described in the proof above, which induces a 2-coloring for B (3[3]).

2 7 6

A=19 5 1

4 3 8
Y11 Y12 Yi1,3 | Y21 Y22 Y23 | Y31 Y32 Y33
1| 2 7 6 10 14 18 * * *
To | * * * 9 5 1 15 16 11
3| 17 12 13 * * * 4 3 8

It is clear that each row sum is 57 and each column sum is 19.
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Example 3.25. The following is a local antimagic labeling inducing a 2-coloring
for B (3[4]).

Yt Y12 Y13 | Y21 Y22 Y23 | Y31 Y32 Y33 | Y41 Y42 Y43
1| 1 5 17 | 23 19 10 * * * * * *
To | * * * 2 6 15 | 22 16 14 * * *
T3 | * * * * * * 3 9 11 (21 18 13
x4 | 24 20 8 * * * * * * 4 7 12

It is easy to see that the row sum is always 75 and the column sum is always
25.

Problem 3.26. Determine x;,(B(n1,na,...,ny)) for B(ny,na,...

B(n[m}).

anm) ?é
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