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Abstract

A (graph) property P is a class of simple finite graphs closed under
isomorphisms. In this paper we consider generalizations of sum list colorings
of graphs with respect to properties P.

If to each vertex v of a graph G a list L(v) of colors is assigned, then
in an (L, P)-coloring of G every vertex obtains a color from its list and the
subgraphs of G induced by vertices of the same color are always in P. The
P-sum choice number Y% (G) of G is the minimum of the sum of all list sizes
such that, for any assignment L of lists of colors with the given sizes, there
is always an (L, P)-coloring of G.

We state some basic results on monotonicity, give upper bounds on the P-
sum choice number of arbitrary graphs for several properties, and determine
the P-sum choice number of specific classes of graphs, namely, of all complete
graphs, stars, paths, cycles, and all graphs of order at most 4.

Keywords: sum list coloring, sum choice number, generalized sum list col-
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1. INTRODUCTION

Let G = (V,E) be a simple graph with vertex set V' = V(G) and edge set
E = E(G), and for every vertex v € V let L(v) be a set (list) of available colors.
The graph G is called L-colorable if there is a proper coloring ¢ of the vertices
with ¢(v) € L(v) for all v € V. A function f from the vertex set V' of G to the
positive integers is called a choice function of G if G is L-colorable for every list
assignment L with |L(v)| = f(v) for all v € V. If the list length of all vertices
coincide then this is the ordinary list colorability. The sum choice number xs.(Q)
denotes the minimum of ) i, f(v) over all choice functions f of G. Since the
considered colorings are proper, vertices of the same color induce an edgeless
graph.

Sum list colorings were introduced by Isaak in 2002 [7]. Results on the sum
choice number can be found, e.g., in [1,2,6-9,11].

In this paper we examine a generalization of this concept. We consider vertex
colorings such that the graphs induced by the vertices of the same color belong
to some specific given class of graphs (and not necessarily to the class of edgeless
graphs).

A (graph) property P is a non-empty isomorphism-closed subclass of Z, where
7 denotes the class of all finite simple graphs (see [3]). We assume in the entire
paper that K; € P for the considered properties P. A property P is called
additive if G U H € P whenever G € P and H € P are disjoint where G and
H are two graphs of Z. A property P is called hereditary (induced hereditary) if
G ePand HC G (H <G)implies H € P, where H C G (H < () means that H
is a subgraph (an induced subgraph) of G. Therefore, every hereditary property
is also induced hereditary. Obviously, K1 € P for any (induced) hereditary
property P.

The graph G is called (L, P)-colorable if there exists a mapping (coloring)
¢ : V(G) — N such that ¢(v) € L(v) for each vertex v € V(G) and, for each i € N,
the graph induced in G by the vertices colored 7 belongs to P. Such a mapping
is called an (L, P)-coloring or a P-list coloring of G.

Let f: V(G) — N be a function which assigns list sizes to the vertices of G.
The graph G is (f,P)-choosable and f is a P-choice function of G if for every
list assignment L with list sizes specified by f, that is, |L(v)| = f(v) for each
v € V(G), the graph G is (L, P)-colorable. The P-sum choice number x%.(G) of
a graph G is the minimum of the sum of list sizes in f taken over all P-choice
functions f of G. Thus

o (@) = min{ Z f(v) : f is a P-choice function of G}.
veV(Q)

We use the following standard notation for specific graph properties.



GENERALIZED SUM LIST COLORINGS OF GRAPHS 691

O ={GeZ:EQG) =0},

Or= {G € T : each component of G has at most k + 1 vertices},
Sk={G €I:AG) <k},

D= {G € T : each subgraph of G contains a vertex of degree < k},
OF={G e Z:x(G) <k},

Fe={GeT:\(G) <k}

T, = {G € Z : G does not contain Ky s}.

All these properties are additive induced hereditary properties.

Note that O C Sy, C Dy C OF1 C T, for k > 1 (see [3]).

The completeness ¢(P) of an induced hereditary property P is defined as
c(P) = max{k : K41 € P}; we write ¢(P) = oo if the maximum does not exist.
For example, ¢(P) = 0 if and only if P C O, ¢(Z) = oo, and ¢(O) = ¢(Sk) =
c(Dy) = c(OF) = ¢(T) = k, as well as ¢(Jy) = k if k is odd and ¢(J) =k — 1
if k is even. Moreover, if P is an additive hereditary property with ¢(P) = k,
then O C P C I (see [3]).

The P-sum choice number is a generalization of the usual sum choice number
since X9.(G) = xsc(G) for all graphs G. This concept was introduced in [4].
In [4,5] the P-sum choice number for induced hereditary properties P was studied,
especially for P = Dj, that is, for the class of acyclic graphs. In [10] lower and
upper bounds on X% (G) are given for arbitrary induced hereditary properties P
where G is the union of two graphs with exactly one vertex in common.

This paper is organized as follows. In Section 2 we collect some basic results,
most of them from the literature. In Section 3 we present upper bounds on the
P-sum choice number for arbitrary graphs and specific additive induced heredi-
tary properties P, namely Dy, Zi, Jk, Ok, OF, and S,. Moreover, Theorem 10
contains a general upper bound for all additive hereditary properties and Theo-
rem 14 for all additive properties. In Section 4 we determine the P-sum choice
number of some known classes of graphs including complete graphs, stars, paths,
cycles, and all graphs of order at most 4 for arbitrary additive induced hereditary
properties P.

2. PRELIMINARIES

In this section we state some basic results.

Proposition 1. Let P, Q be arbitrary properties. If P C Q, then x2(G) <
P
Xee(G).-

Proof. Each (L, P)-coloring of G is also an (L, Q)-coloring of G since each graph
in P is contained in ©@. This implies that each P-choice function of G is a Q-choice
function of G, hence Y2(G) < x%.(G). |
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The following proposition collects some bounds that can be found in [4] or
deduced from some results there.

Proposition 2 [4]. Let P be a hereditary (an induced hereditary) property and
HC G (H<G). Then x5(G) > xL(H) +x5L(G—V(H)) > xL(H) + [V(G)| -
[V(H)I.

A direct implication is the following result.

Corollary 3. If P is an induced hereditary property and V(G) =ViU---UV] is
a partition of the vertex set of a graph G, then x%.(G) > Zﬁzl XEA(GIVA)).

Proof. The result follows by iterative application of Proposition 2 on the induced
subgraphs G[V1],...,G[V|_1]. |

For P = O (that is, for the sum choice number) the lower bound can be
improved to x9.(G) > Zizl XO(G[Vi]) + 1 — ¢(G) where ¢(G) is the number of
components of G (see [6,9]).

In the proof in [9], | — ¢(G) edges that induce bridges (that is, blocks K2)
were added to the subgraph G[Vi]U---UG[V}], and each bridge increases the sum
choice number by ys.(K2) —2 =3 — 2 = 1. Since x%.(K2) = 2 for P # O, the
larger subgraph does not increase the lower bound on the P-sum choice number
if P#0O.

The following result is proved in [4] using some hypergraph method.

Proposition 4 [4]. Let P be an additive induced hereditary property. If G =
F U H is the disjoint union of F' and H, then xE.(G) = xL.(F) + xL.(H).

Proof. Let f: V(G) — N be a function such that f|y(ry and f|y(g) are P-choice
functions of F' and H, respectively. Let L be a list assignment of G with sizes
determined by f. An (L|y(p), P)-coloring of F' and an (L|y (g, P)-coloring of H
provide an (L, P)-coloring of G = F' U H since for each color i the subgraphs of
F and of H induced by vertices of color i are disjoint and contained in P, hence
their union, that is, the corresponding induced subgraph of G = F'U H, is also
in P since P is additive. This implies x%.(G) < x%.(F) + x%.(H). Equality holds
by Proposition 2. n

This result implies that the P-sum choice number of a graph is equal to
the sum of the P-sum choice numbers of its components for additive induced
hereditary properties P.

Corollary 5. Let P be an additive induced hereditary property. If G has ¢ com-
ponents Hy, ..., He, then XL.(G) = xE.(Hy) + - -+ xE.(H.,).
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3. UPPER BOUNDS FOR SPECIFIC PROPERTIES

In this section we present upper bounds on x%.(G) for arbitrary graphs G = (V, E)
and specific additive (induced) hereditary properties P.

The greedy bound GB(G) = |V| + |E| is an upper bound on the sum choice
number y.(G) = x2.(G), and obviously xZ.(G) = |V| holds (each vertex obtains
a list of size 1). Since O C P C 7 for any additive property P, we have |V| <
XL(G) < |V| + |E| by Proposition 1.

The next result states an upper bound on the Di-sum choice number proved
in [4]. We present a simple direct proof.

Theorem 6 [4]. xP1(G) < |E| + ¢(G), where ¢(G) is the number of components
of G.

Proof. 1If G is connected, then order the vertices V' = {v1,...,v,} in such a
way that v;, ¢ > 2, is connected to vj, 1 < j < i —1. Set f(vi) = 1 and
f(vi)) =|{e € E:e=wjv;,j <i}|>1fori>2.

Then > 7" | f(v;) = |E|+ 1. We prove that f is a D;-choice function of G by
a greedy (L, P)-coloring of v1, ..., v, for an arbitrary list assignment L with list
sizes defined by f. Obviously, v; can be colored. Assume that vq,...,v;_1 are
colored and consider v;, ¢ > 2. If all neighbors of v; in {vy,...,v;_1} are colored
distinctly, then v; can be colored by any color from its list since neither adding
an isolated vertex nor a pending edge to an acyclic graph does create a cycle. If
at least two neighbors have the same color, then there is a color in L(v;) not used
in any neighbor of v; which can be used to color v;, and we are done.

If G is not connected, then use Corollary 5 and apply the preceding result
for all components of G. [

Note that this bound can be improved (see Theorem 7), but it is also tight
in some specific cases. For example, it holds that x2!(C,) = n+1 = |E(C,)| +1
(see Theorem 19).

The following result can be deduced from Corollary 9 in [4]. We give a direct
proof instead without using hypergraph methods.

Theorem 7. Let vy,...,v, be an arbitrary ordering of the vertices of G and
Gi = G[{vi,...,v}],i€{l,...,n}. Then
B
< .
X ”*ZL@HJ Vit i
Proof. Define f : V = N by f(v) = 1+ | %52, i € {1,...,n}. Then

da. (vi n
Y flu) =n+300, l Cl;c+1)J Sn+%ﬂzi:1dai(vi):|V|+%H|E|'
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We prove in the following that f is a Dg-choice function of G. Let L be a
list assignment with |L(v)| = f(v) for every v € V. Vertex v; can be colored
with the color from its list. Assume that vertices vy,...,v;_1 are already colored
in a partial (L, Dg)-coloring of G, and consider the next vertex v;. If at most
k neighbors of v; are colored by a color o € L(v;), then v; can also be colored
by « since the subgraph C, of G; induced by vertices of color « is k-degenerate:
Each subgraph of C, without v; has a vertex of degree at most k because of

the assumed coloring, and if v; is a vertex of the subgraph, then v; is a vertex
dg, (vi)
k+1

for v;, but L(v;) has at least one color which is not forbidden. Therefore, the
(L, Dg)-coloring of G can be completed and f is a Dy-choice function of G. =

colors cannot be used

of degree at most k. This means that at most

If D, C P, then xE.(G) < xPr(G) by Proposition 1, thus the upper bound
of Theorem 7 is also an upper bound on the P-sum choice number of G. Since
Dy, C OF+1 C 7, we obtain the following bounds.

Corollary 8. Let vi,...,v, be an arbitrary ordering of the vertices of G and
Gi=G[{v1,...,vi}], i €{Ll,...,n}. Then

ok — | dg, (vi) |E’
< v P
XSC(G)_n—I—iE:l{ - J V| + —

Note that for O! = O Corollary 8 gives the greedy bound of G: X?;(G) =
Xse(G) < GB(G) = [V| + |E].

Corollary 9. Let vi,...,v, be an arbitrary ordering of the vertices of G and
Gi=G[H{v1,...,vi}], i €{1l,...,n}. Then

= | de, (v;) |E|
T < Gi
V) <n+ 3| <M T

Let us mention that it is possible to generalize these results and prove that

f:V — Nwith f(v;) = 1+ { P (vz)) J is a P-choice function of G for an appropriate
divisor d(P, G). Note that d(P,G) = 1 leads to a choice function f with sum of
list sizes equal to the greedy bound GB(G) which is indeed an upper bound on
the P-choice number of G. In Corollary 9 in [4] a divisor d(P,G) = §(P) was
used, that is, the smallest minimum degree of a minimal forbidden graph of P
(which is a graph not contained in P whose proper induced subgraphs are all in
P). Obviously, it suffices to consider just subgraphs of G.

The following result provides a general upper bound on xZ.(G).
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Theorem 10. Let P be an additive hereditary property, vi,. .., v, be an arbitrary
ordering of the vertices of G, G; = G[{v1,...,v;}] fori € {1,...,n}, and k =
c(P). Then

@) <0 domin{aa 0, [ 11|

=1

Proof. Define f : V(G) — Nby f(v;) = 1+min {d(;i(vi), [}C;Jrllj }, ie{l,...,n}.

Then ", f(v;)) =n+ >, min {d(;l. (vi), L%J } as stated.

Let L be a list assignment with list sizes defined by f. Vertex v; can be
colored with the color from its list of size f(v1) = 1. Assume that vertices
v1,...,0;—1 are already colored in a partial (L,P)-coloring of G, and consider
next the vertex v;.

If f(vi) = 1+ dg,(v;), then we can color v; by a color distinct from the
colors of all of its already colored dg,(v;) neighbors. Thus v; belongs to none
of the so far existing components induced by vertices of the same color. Let

now f(v;) =1+ U{jrllj If at most k vertices in v1,...,v;—1 are colored with a

color o € L(v;), then v; can also be colored by « since all subgraphs of Kjq
i—1
e
forbidden for vertex v;, but L(v;) contains at least one additional color which can
be used to color v;.

This implies that the (L, P)-coloring of G can be inductively completed, and

therefore f is a P-choice function of G. |

are contained in the hereditary property P. Hence at most L J colors are

Note that for P D Dy, the degree dg,(v;) can be replaced by [d%ff)J Since
dg,(vi) <1i— 1, we obtain the upper bound of Theorem 7.

Corollary 11. Let P be an additive hereditary property, G be a graph with n
vertices, and k = c(P). Then

n .
1—1
V@ $x2E) <0+ Y |
Proof. The first inequality follows from Proposition 1 since O C P, the second
by Theorem 10 since ¢(Oy) = k. |

For complete graphs equality holds in Theorem 10 and Corollary 11 (see
Theorem 15).

The square G? of a graph G is the graph with V(G?) = V(G) and uv € E(G?)
if and only if the distance between v and v in G is at most 2.
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Theorem 12. Let vy,...,v, be an arbitrary ordering of the vertices of G and
Gi = G[{v1,...,v}] forie {1,...,n}. Then

2

Proof. Define f: V(G) — N by f(v;) = ) J i€{l,...,n}. Then

M
o e e

=1

Gl

Snt Y dag oy ) = V(G +
i=1
The first inequality follows from G; = G[{vi,...,v;}] which implies that two
vertices at distance at most 2 in G; have also distance at most 2 in G, that is,
G C G?[{v,...,v}].

We prove in the following that f is an Sg-choice function of G. Let L be a list
assignment with list sizes defined by f. Vertex v; can be colored with the color
from its list. Assume that vy,...,v;—1 are already colored in a partial (L, Sg)-
coloring of G and consider the next vertex v;, i € {2,...,n}. A color a € L(v;) is
forbidden for v; if either v; is adjacent to at least k + 1 vertices of color « in G},
or if v; is adjacent to a vertex v; of color «, j < 4, which is adjacent to at least
k vertices of color a. In either case, at least k + 1 vertices of N 2(v;) must be
already colored with « in order to forbid this color for v;. This implies that at

most Lk 1dc,2 (v )J different colors are forbidden, hence v; can be colored with a

color from L(v;), and the (L, Sk)-coloring of G' can be inductively completed. m

If S C P, then x%.(G) < x$k(G) by Proposition 1, thus the upper bound
of Theorem 12 is also an upper bound on the P-sum choice number of G. This
improves the upper bound on xZ.(G) from Corollary 11 if S, C P since dg,2(vi) <
i — 1. For example, the Theorem of Vizing states that x'(G) < A(G) + 1, that is,
A(G) < k — 1 implies '(G) < k. Therefore, S;_1 C Ji and xZ+(G) < Xfé“_l(G)
by Proposition 1. From Theorem 12 we obtain the following bounds.

Corollary 13. Let vy, ...,v, be an arbitrary ordering of the vertices of G, G; =
G{v1,...,vi}| forie{l,...,n}, and k > 1. Then

56|

ik <n+§j{ W <o+ EEH
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In [9] an upper bound on the sum choice number of G was proved that
depends on a partition V(G) = V4 U--- UV of the vertex set of G and the sum
choice numbers of the induced subgraphs G[V;], i = 1,...,l. The bound can be
generalized as follows.

Theorem 14. If P is an additive property and V(G) = V1 U---UV] is a partition
of V(G), then

l l
XL(G Z ) +E(@)] =) |IEGVI].
i=1 i=1
Proof. For i € {1,...,1} let f; : Vi = N be a P-choice function of G[V;] with
> ey, fi(v) = XL(G[Vi]). Define f : V(G) — N as follows:

f) = fi(v) + IN() N (Vi U---UV;_y)| for v € Vi, i € {1,...,1}.

Consider an arbitrary list assignment L with |L(v)| = f(v) for each vertex
v € V(G). Color at first the vertices of V; which is possible since f|y; = fi and
f1 is a P-choice function of G[Vi]. Assume that all vertices of V; U--- U V;_;
are colored by a partial (L, P)-coloring ¢ of G and consider next the set Vj,
ie{2,...,l}.

A vertex v € V; will be colored distinctly from the previously colored neigh-
bors, that is, only the colors of L;(v) = L(v)\{p(w) : w € N(v)Nn(V1U---UV;_1)}
will be used. Since |L;(v)| > fi(v) for all v € V; and f; is a P-choice function of
G[Vi], each vertex v € V; can be colored with a color from L;(v) C L(v). The
coloring is a partial (L, P)-coloring of G since P is additive.

This implies that f is a P-choice function of G with

S szc )+ |B(G)\ EGVi] U UGV
veV(G)
l

i=1

4. SPECIFIC GRAPH CLASSES

In this section we determine the P-sum choice number of some well-known classes
of graphs for arbitrary additive induced hereditary properties P. We begin with
complete graphs whose P-sum choice numbers only depend on the complete
graphs contained in P, that is, on the completeness ¢(P) of P. The proof is
similar to the proof for the determination of the sum choice number xs.(K,)
in [8]. In fact, the following theorem is a generalization of this result.
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Theorem 15. Let b(n, k) = > ;" (1 + [kHD forn e N, k € Ny and P be an
induced hereditary property. If ¢(P) =k, then x%.(K,) = b(n, k).

Proof. The proof of Theorem 10 implies x%.(K,) < b(n,k) if G = K, since
dg,(vi) =1 — 1. We only need to require that P is induced hereditary, since the
subgraphs of G induced by vertices of the same color are also complete and thus
connected induced subgraphs.

Consider an arbitrary P-choice function f of Kn and denote the vertices of
K, in increasing order with respect to f, f(v1) < --- < f(vy). Assume that there

is a vertex v;, 1 < j < n, with f(v;) <1+ LkHJ Since f(v;) > 1,j—1>k+1.

Let L be the list assignment with initial lists, L(v;) = {1,..., f(v;)} for each
i€ {l,...,n}. Then in any (L, P)-coloring the vertices in V' = {vy,...,v;} will

be colored by at most ¢ = {%J > 1colors 1,...,q. By the pigeonhole principle,

there is a color o € {1,...,¢q} used in at least H—‘ vertices of V'. Let r be the

integer 0 < < k with j — 1 = q(k + 1) + . Then H - {W] — k14

{%1—‘ > k41, that is, the graph induced by the vertices of color « is a complete

graph with more than k + 1 vertices, a contradiction to ¢(P) = k. It follows that
flv) > 1+ {kHJ for every i € {1,...,n} and therefore x%.(K,) > b(n,k). =

In the following proposition we compute b(n, k).

Proposition 16. Forn €N, k € NO let n=q(k+1)+r with ¢,r € No, r < k.
Then b(n, k) = 3(q+1)(n+7) = (mlJ + 1) <2n - LMJ (k + ))

Proof. Let n =q(k+ 1)+ r with 0 <r < k. Then

n ' q(k+1) q(k+1)+r .
TS ST B ST TR S I
i=1 i=q(k+1)+1
q—1
=n+(k+1)> jtrg=n+3(k+1)(g—1g+rg
j=0
=i(k+Dglg+1)+r(g+1) =g+ 1)(n+r)

() 1) - L] o). :

For example, if P = O, then ¢(O) = k = 0 and therefore Y.(K,) =
Xse(Kn) = 3(n+ 1)n = n+ (3) = [V(K,)| + |E(Ky)| (see [8]). For proper-
ties P with ¢(P) = k = 1 we obtain x%.(K,) = & (| 2] + 1) (2n — 2| %]), that is,

sc
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X (Ky) = in(n+2) if n even and x7,(K,) = ;(n+1)? if n odd. This generalizes
Theorem 31 of [4] on x2i(K,).
In the next theorems stars, paths, and cycles are considered. Their P-sum

choice number again only depends on the connected induced subgraphs contained
in P.

Theorem 17. Let P be an additive induced hereditary property. If m € N and
s =max{k : k < mand Ky, € P} for P # O and s = 0 for P = O, then
Xe(Eim) =m+1+ |5 ]

Proof. Let V = {z,v1,...,vn} be the vertex set of K1 ,, such that z has degree
m. Define f:V — Nby f(v;) =1forie {l,...,m} and f(z) =1+ L%J We
prove that f is a P-choice function of K ,,. Consider an arbitrary list assignment
L with list sizes defined by f. Each vertex v; must be colored with the color from
its own list L(v;) for each ¢ € {1,...,m} which is possible since P is additive.
Each color which is used to color at most s vertices v; can be used to color z since
K; s € P and P is induced hereditary which implies that also all substars are in
P. Therefore, at most LST—IJ colors are forbidden for z which implies that z can
be colored with a color from its list. Therefore, f is a P-choice function of Ky p,

and XD (K1) <Y ey f(0) =m—+1+ [S%J

Consider now an arbitrary P-choice function f of K ,, and assume without
loss of generality that f(v1) = -+ = f(v,) = 1 and f(vgy1),..., f(om) > 2,
a > 0. Consider an arbitrary list assignment L with list sizes defined by f.
As above, v; must be colored with the color from L(v;) for ¢ € {1,...,a}. It
must hold that f(z) > 1+ LS%J, which allows z to be colored with a color
B € L(z). Lastly, vgy1,...,v, can always be colored by a color different from
f3 since their list size is at least 2. It follows that Y i f(v) > a+2(m —a) +

1+ sz%lJ =m+1+ L%J >m+1+ LST—J since s > 0. Therefore,

X (Kim) >m+14 | 5] "
For example, if P = O, then X?g(Kl,m) = Xsc(K1,m) =2m + 1.

Theorem 18. Let P be an additive induced hereditary property. If n € N and
p=max{k: k <n and P, € P}, then x'.(P,) =n + LnleJ

Proof. Let P, = (vi,...,vy) and define f : V(P,) = N by f(v;) =1ifi =1
orif pf(i — 1), and f(v;) = 2 otherwise. We prove that f is a P-choice function
of P,. Consider an arbitrary list assignment L with |L(v;)| = f(v;) for every
i € {1,...,n}. We color the vertices in order, beginning with vy. If f(v;) = 1,
then v; must be colored with the single color in its list. If f(v;) = 2, then v; will
be colored with a color different from the color of v;_1. This implies that each
graph induced by vertices of the same color consists of paths of order at most p
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and therefore belongs to P since P is additive and induced hereditary. Hence the
coloring is an (L, P)-coloring, and f is a P-choice function which implies that

NAGOETERET
Assume that there is a P-choice function f of P, with 3, cyp,) f(v) =
n—1+ L"T?lJ Since x%.(P,) > n, p < n — 1, which implies P,;1 ¢ P. There

are less than L”leJ vertices with list size at least 2, all other vertices have list

size 1. Therefore, we either find p + 1 consecutive vertices with list size 1, or
(a + 2)p + 1 consecutive vertices vy, ... s Ujg(at2)py @ = 0, with the following list
sizes: f(v;)) =2ifi=j+1Ilp,l=1,...,a+ 1, and f(v;) = 1 otherwise. Every
sequence of consecutive vertices of list size 1 is assigned the same list, alternating
between {1} and {2}, all other vertices have initial lists L(v) = {1,..., f(v)}.
These lists force that any list coloring has p 4+ 1 consecutive vertices of the same

color, which is a contradiction to Ppi1 ¢ P. Therefore, x%.(P,) > n + L"TTlJ |

For example, if P = O, then p = 1 and x2.(P,) = xsc(Pn) = 2n — 1.

Theorem 19. Let P be an additive induced hereditary property. If n € N and
p=max{k: k <n and P, € P}, then xL.(Cn) = n if C,, € P, X' (Cp) =n+ 1
ifCrn ¢ P,p=n—1, and xL.(Cp) =n+1+ VTTIJ otherwise.

Proof. The result is obvious if C,, € P, therefore assume in the following that
C, ¢ P which implies x%.(C,,) > n + 1.

Let v1,ve,...,v, be the consecutive vertices of Cy,, and V = {vy,...,v,}.

If p=mn-1,then f: V - N with f(v;) =1 fori € {1,...,n — 1} and
f(vp) = 2 is a P-choice function of C,,, since for any list assignment with list
sizes determined by f the vertex v, can be colored differently than vertex vy,
that is, the graphs induced by vertices of the same color consist of paths of order
at most p = n — 1 which are in P since P is an additive and induced hereditary
property. Hence, x%.(C,,) = n 4 1 in this case.

If p # n —1, then define f : V — Nby f(v;)) =1ifi=1orifpf(i—1),
and f(v;) = 2 otherwise (see the proof of Theorem 18) and f’ : V — N by
f(v)=f(v;)if 1 <i<n-—1and f'(vy,) = f(vn)+ 1. Consider an arbitrary list
assignment L with |L(v;)| = f/(v;) for every i € {1,...,n}. Color the vertices
V1,...,U, in order as in the proof of Theorem 18, but additionally remove the
color of vy from L(v,) which is possible since its list size was increased by 1,
thus forcing v, to be colored differently from wv;. This implies again that the
coloring is an (L, P)-coloring and f’ is a P-choice function of C,. Therefore,

Xo(Ch) <n+1+ L”leJ Note that because of the lower bound n + 1, equality

holds for p > n. Since p # n — 1, let p < n — 2 in the following, which implies
Ppy1 € P.
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Assume that there is a P-choice function f of C, with > i, f(v) = n +
L”leJ If there is a vertex v; with f(v;) > 3, then v; can always be colored with

a color different from the colors of its neighbors. This implies that ) i f(v) >

fi) + X5(Pac1) 2 3+n -1+ LnT?zJ >n+1+ [%J by Theorem 18, a

contradiction to the assumption. Hence there are exactly a = ”TTlJ vertices

with list size 2 and n — a vertices with list size 1. Set n = ap 4+ r with 1 < r <
p. Since n > ap, by the pigeonhole principle, we either find p + 1 consecutive
vertices with list size 1 (e.g., if @ = 1) which leads to a list assignment with a
monochromatic P,41 which is not in P, a contradiction, or we find p consecutive
vertices of list size 1 bounded by two vertices of list size 2. In this case, by
removing the p vertices of list size 1 and reducing the list size of the end-vertices
of the resulting P,,_, by 1 we obtain a P-choice function of P,_, which implies

Svev F(0) 2 p+ 2+ XE(Pacy) =p+ 24 n —p+ |22 | = n 1+ | 252 by

Theorem 18, a contradiction to the initial assumption. [

For example, if P = O, then p = 1 and x.(C,) = xs¢(Crn) = 2n.

The results of this section allow the computation of the P-sum choice number
of all graphs of order at most 4 with the exception of the graph isomorphic to a
paw K3+ e (a claw K; 3 with an additional edge) and of K ;2. Their P-sum
choice numbers will be determined in the next propositions.

Proposition 20. Let P be an additive induced hereditary property. If G =
Ki3+e, then X.(G) =8, Xo(G)=4ifGeP, and XL.(G) =5 if G¢ P #O.

Proof. If P = O, then xO.(G) = xs(G) = GB(G) = 8 [1]. If G € P, then
obviously xZ.(G) = |V(G)| = 4. Therefore, let G ¢ P # O. Since G ¢ P,
XE(G) > |[V(G)|+1 = 5. Denote the vertices of G such that dg(z) = 3, dg(w) =
1, and dg(v1) = dg(ve) = 2. Define f : V(G) — N by f(z) =2 and f(v) =1
for v # z. Consider an arbitrary list assignment L with sizes defined by f. In
an (L, P)-coloring of G, all vertices except z must obtain the color of their list.
If v; and w9 are colored by the same color «, then color z differently from «.
Otherwise, if the colors of v; and v are not equal, then color z differently from
the color of w. In any case, at most two adjacent vertices share the same color,
that is, f is a P-choice function of G and x2.(G) < 5. |

Proposition 21. Let P be an additive induced hereditary property. Then it holds
X (Ki12) =9, X9 (K112) =6, xL(K112) =4 if K112 € P, and X0.(K1,12) =
5 in the remaining cases.

P’I’OOf. IfpP= O, then Xg:(KLl,Q) = XSC(KLI,Q) = GB(KLLQ) =9 [1] If KLLQ
€ P, then obviously x7.(K112) = |[V(K112)| = 4.
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If P = Oy, then each subgraph P;, ('35 needs a list of size 2 to avoid a
monochromatic P3, C3 ¢ P. Hence Y91 (Kj12) >2-2+2-1 = 6. Denote the
vertices of Ki 12 such that dg,,,(v;) = 2 and dg, ,,(w;) = 3, i = 1,2. Set
f(v;)) =2 and f(w;) =1, ¢ = 1,2. Consider a list assignment L with list sizes
defined by f. Vertices w; and we must be colored with the color from their lists.
If wy is colored by a and wy by 8 (o = f is allowed), then color v; by a color
# « and v9 by a color # 3. It follows that X?cl(Kl,m) < 6.

In the remaining cases it holds that K112 ¢ P, P # O, and P # O;. Since
K112 ¢ P, Xo(Ki12) > |[V(G)|+1=5. Set f(w;) = 2 for a vertex w; of degree
3 and f(v) =1 for v # w;. In any list assignment L with list sized defined by
f, the colors of the path P3 = (v1,ws,v2) are fixed. Color then w; by a color
different from the color of wy. This implies that at most three vertices that induce
a Py are colored by the same color, and P3 € P. Therefore, x%.(K 112) <5 =

5. CONCLUDING REMARKS

In Section 3 we determined general upper bounds on the P-sum choice number
of arbitrary graphs for some of the most common properties P, namely Oy, Sk,
Dy, OF, TJi., and T,. It would be interesting to obtain reasonable lower bounds
on the P-sum choice number of arbitrary graphs for the same properties.

In Section 4 we determined the P-sum choice number of complete graphs,
stars, paths, cycles, and all graphs of order at most 4 for arbitrary additive in-
duced hereditary properties P. By the same methods and extensive case analysis
we also determined the P-sum choice number of all graphs of order 5 for arbitrary
additive hereditary properties P.

As mentioned above, we determined the P-sum choice number of stars Kj .
It would be an interesting task to study the P-sum choice number of arbitrary
complete bipartite graphs K ,,. Partial results for P = D; can be found in [4]
and for P = O in [1,6], for example.
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