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Abstract

Let H be a graph. A decomposition of H is a set of edge-disjoint sub-
graphs of H whose union is H. A Hamiltonian path (respectively, cycle)
of H is a path (respectively, cycle) that contains every vertex of H exactly
once. A k-star, denoted by Sg, is a star with k& edges. In this paper, we give
necessary and sufficient conditions for decomposing the complete graph into
« copies of Hamiltonian path (cycle) and 8 copies of Ss.
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1. INTRODUCTION

For positive integers m and n, K,, denotes the complete graph with n vertices,
and K,, , denotes the complete bipartite graph with parts of sizes m and n. Let
k be a positive integer. A k-path, denoted by Py, is a path on k vertices. A
k-cycle, denoted by Cj, is a cycle of length k. A k-star, denoted by Sk, is a star
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with k& edges, i.e., S, = K. Let H be a graph. A spanning subgraph of H is
a subgraph of H containing every vertex of H. A spanning path (respectively,
cycle) of H is called a Hamiltonian path (respectively, cycle) of H. A 1-factor
of G is a spanning subgraph of G in which each vertex is incident with exactly
one edge.

Let F, G, and H be graphs. A decomposition of H is a set of edge-disjoint
subgraphs of H whose union is H. If H can be decomposed into « copies of F'
and (8 copies of G for nonnegative integers v and S, then we say that H has an
{aF, G }-decomposition. Furthermore, if « > 1 and § > 1, then we say that H
has an (F, G)-decomposition or H is (F, G)-decomposable.

Study on the existence of an (F,G)-decomposition of a graph has attracted
a fair share of interest. Abueida and Daven [3] investigated the problem of
(K}, Sk)-decomposition of the complete graph K,. Abueida and Daven [4] in-
vestigated the problem of the (Cy4, E2)-decomposition of several graph products
where Es denotes two vertex disjoint edges. Abueida and O’Neil [8] studied the
existence problem for (Cf, S_1)-decomposition of the complete multigraph AK,
for k € {3,4,5}. Priyadharsini and Muthusamy [25, 26] investigated the exis-
tence of (G, H)-decompositions of AK,, and \K,, ,, where G, H € {C),, P, Sn—1}.
A graph-pair (G, H) of order m is a pair of non-isomorphic graphs G and H
with V(G) = V(H) such that both G and H contain no isolated vertices and
G U H is isomorphic to K,,. Abueida and Daven [2] and Abueida, Daven and
Roblee [5] completely determined the values of n for which MK, admits a (G, H)-
decomposition where (G, H) is a graph-pair of order 4 or 5. Abueida, Clark and
Leach [1] and Abueida and Hampson [6] considered the existence of decompo-
sitions of K, — F into the graph-pairs of order 4 and 5, respectively, where F'
is a Hamiltonian cycle, a 1-factor, or an almost 1-factor. Lee [18,19], Lee and
Lin [22], and Lin [23] established necessary and sufficient conditions for the ex-
istence of (Cj, Sk)-decompositions of the complete bipartite graph, the complete
bipartite multigraph, the complete bipartite graph with a 1-factor removed, and
the multicrown, respectively. Abueida and Lian [7] and Beggas et al. [10] inves-
tigated the problems of (Cj, Si)-decompositions of the complete graph K, and
AK,, giving some necessary or sufficient conditions for such decompositions to
exist. Lee and Chen [20] completely settled the existence problem of (Py41, Sk)-
decompositions of the complete multigraph AK,, and the balanced complete bi-
partite multigraph AK,, ,,.

Recently, the existence problem of an {aF,3G}-decomposition of a graph
where o and [ are essential is also studied. Shyu gave necessary and suffi-
cient conditions for the decomposition of K, into paths and stars (both with
3 edges) [27], paths and cycles (both with k edges where k = 3,4) [28,29], and
cycles and stars (both with 4 edges) [30]. He [31] also gave necessary and sufficient
conditions for the decomposition of K, , into paths and stars both with 3 edges.
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Jeevadoss and Muthusamy [14,15] considered the {a Py 1, SC) }-decomposability
of Ky n, K, and MK, 5, giving some necessary or sufficient conditions for such
decompositions to exist. Jeevadoss and Muthusamy [16] gave necessary and suffi-
cient conditions for the existence of {aPs, 3C4}-decomposition of tensor product
and cartesian product of complete graphs. In [33], Tarsi gave necessary and suf-
ficient conditions for the existence of {«F, 3Sk}-decomposition of AK,,, where F’
is any subgraph of K,, and o = 0. In this paper, we consider the existence of
an {aF, BG}-decomposition of the complete graph K, with F' € {P,,C,} and
G = S3, giving necessary and sufficient conditions.

2. PRELIMINARIES

We first collect some needed terminology and notation. Let G be a graph. The
degree of a vertex x of GG, denoted by degy x, is the number of edges incident
with z. For k > 2, the vertex of degree k in Sy is the center of S and any
vertex of degree 1 is a pendent vertex of Si. Let vivy--- v denote the k-path
through vertices vy, vs, ..., v; in order. The vertices v1 and vy are referred to as its
origin and terminus, respectively. In addition, Pg(vi,v;) denotes a k-path with
origin v; and terminus vy. We use (v1,v2,...,vx) to denote the k-cycle through
vertices vy, vg, ..., v, v1 in order, and S(u;v1,ve,...,v;) to denote a star with
center u and pendent vertices vy, vs,...,vk. For U W C V(G) with UNW = ¢,
we use G[U] and G[U, W] to denote the subgraph of G induced by U, and the
maximal bipartite subgraph of G with bipartition (U, W), respectively. When
G1,Go,...,Gy are edge disjoint subgraphs of a graph, use Gy UG U --- U Gy to
denote the graph with vertex set |Ji_; V(G;) and edge set |J'_, E(G).

Before going into more details, we present some results which are useful for
our discussions.

Proposition 1 [11,13]. For an even integer n and V(K,) = {xo,z1,...,Tn-1},
the complete graph K, can be decomposed into n/2 copies of P,, P(1), P(2),...,
P(n/2) with P(i+1) = z;z;_12i412—2 - T2 T B 41T 21T foro0<i<
5 — 1, where the subscripts of x’s are taken modulo n in the set of numbers

{0,1,2,...,n—1}.
The following results are attributed to Walecki, see [9].

Lemma 2. For an odd integer n and V(K,) = {zo,21,...,Tn—1}, the complete
graph K,, can be decomposed into (n —1)/2 copies of Cy, C(1),C(2),...,C((n—
1)/2) with C(i) = (T0,Ti, Ti—1, Tit1, Ti-2; - - s Tit(n—5)/2> Tick (n4+1)/2> Tict (n—3) /2>
Tip(n—1)/2) fori=1,2,...,(n—1)/2, where the subscripts of x’s are taken modulo
n — 1 in the set of numbers {1,2,...,n—1}.
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Lemma 3. For an even integer n and V(K,) = {xo,x1,...,Tn_1}, the complete
graph K,, can be decomposed inton/2—1 copies of Cy,, C(1),C(2),...,C(n/2—1),
and a 1-factor F, where E(F) = {ToTn—1,T1%n—2,T2Tn-3, -, Tn/2—2Tn /241,
1Un/2—193n/2} and C(i) = (To,Ti, Ti—1, Tig1, Ti-2, - - -, Litn/2415 Litn/2—2> Litn /2,
Tiynsa—1) fori = 1,2,... ,n/2 — 1, where the subscripts of x’s are taken mod-
ulo n — 1 in the set of numbers {1,2,...,n —1}.

3. DECOMPOSITION OF K, INTO n-PATHS AND 3-STARS

In this section, we obtain necessary and sufficient conditions for decomposing K,
into a copies of P, and ( copies of S3.

Lemma 4. Let n be an odd integer and let o be a nonnegative integer. If (g) —
(n — 1)a is a nonnegative integer and (5) — (n — 1)a =0 (mod 3), then

{0,1,...,(n—1)/2} ifn=1 (mod 6),
aeq {(n-3)/2=-3tt=0,1,...,(n—3)/6} if n =3 (mod 6),
{(n—=3)/2-3tt=0,1,...,(n—5)/6} ifn=>5 (mod 6).

Proof. Since () — (n—1)a is a nonnegative integer and n is odd, a < | (5)/(n—
1)] = (n—1)/2. Let @ = (n —1)/2 — (3t + j) where ¢ is a nonnegative integer
and j € {0,1,2}. Since (5) — (n—1Da=n(n—1)/2— (n—1a = (n—2a)(n —
1)/2=(6t+2j+1)(n—1)/2, (}) = (n—Da = (2j +1)(n — 1)/2 (mod 3). If
n =1 (mod 6), then (2j + 1)(n — 1)/2 = 0 (mod 3) for any integer j. Hence
a € {0,1,...,(n —1)/2} for n = 1 (mod 6). When n = 3 (mod 6) or n = 5
(mod 6), the condition (25 +1)(n —1)/2 =0 (mod 3) holds if and only if j = 1.
Thus a = (n—3)/2— 3t for some integer ¢t when n = 3 (mod 6) or n =5 (mod 6).
Since « is a nonnegative integer, we have t < (n — 3)/6 for n = 3 (mod 6), and
t <(n—25)/6 for n =5 (mod 6). This completes the proof. |

Lemma 5. Let n be an even integer, and let o be a nonnegative integer. If
(5) = (n—1)a =0 (mod 3), then

{n/2-3tt=0,1,...,n/6} ifn=0 (mod 6),
acg {n/2-3tt=0,1,...,(n—2)/6} if n =2 (mod 6),
{0,1,...,n/2} if n=4 (mod 6).

Proof. Since (4) — (n—1)a is a nonnegative integer and n is even, a < | (3)/(n—
1)| =n/2. Let @ = n/2—(3t+j) where ¢ is a nonnegative integer and j € {0, 1,2}.
Since (5) —(n—1)a =n(n—1)/2— (n—1)a = (n—2a)(n—1)/2 = (3t+j)(n—1),
(5) = (n—=1a=j(n—1) (mod 3). If n =4 (mod 6), then j(n—1) =0 (mod 3)
for any integer j. Hence o € {0,1,...,n/2} for n = 4 (mod 6). When n = 0
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(mod 6) or n =2 (mod 6), the condition j(n —1) =0 (mod 3) holds if and only
if j = 0. Thus a = n/2 — 3t for some integer ¢ when n = 0 (mod 6) or n = 2
(mod 6). Since « is a nonnegative integer, we have t < n/6 for n = 0 (mod 6),
and t < (n —2)/6 for n =2 (mod 6). This completes the proof. |

The following indecomposable case is trivial.

Lemma 6. The complete graph K4 cannot be decomposed into
(1) one copy of Py and one copy of S3, nor
(2) two copies of Ss.

In addition, we exclude the possibility n = 5.

Lemma 7. The complete graph K5 cannot be decomposed into one copy of Ps
and two copies of Ss.

Proof. Suppose, on the contrary, that K5 can be decomposed into one copy of
Ps, say Ps(z,y), and two copies of S3, say S and T. Note that the edge xy
must be in either S or 7. Without loss of generality, assume that zy is in S.
Since the degree of every vertex of K,, — E(Ps(z,y) US) is less than 3, we have
a contradiction. ]

In the remainder of the paper, we assume that V(K,,) = {zo, z1,...,Zn_1}.

Lemma 8. Ifn is an odd integer with n > 7, then the following hold:

(1) The complete graph K, can be decomposed into (n —1)/2 copies of P, and
(n—1)/6 copies of S3 when n =1 (mod 6).

(2) The complete graph K,, can be decomposed into (n — 3)/2 copies of P, and
(n—1)/2 copies of Ss.

(3) The complete graph K, can be decomposed into (n —5)/2 copies of P, and
5(n —1)/6 copies of S3 when n =1 (mod 6).

Proof. By Lemma 2, K,, can be decomposed into (n —1)/2 copies of C,, C(1),

C(Q), ey C((TL — 1)/2) with C(Z) = ($0, Ly Li—1y Lj41sLj—25 -+« 7$i+(n—5)/2>
Tit (n41)/2> Tit(n—3) /25 Tit(n—1)/2) for i =1,2,...,(n —1)/2, where the subscripts
of x’s are taken modulo n — 1 in the set of numbers {1,2,...,n — 1}.

(1) For i = 1,2,...,(n —1)/2, let P(i) = C(i) — {xoz;}. Clearly, P(i) is
an n-path. Let G be the subgraph of K, which is induced by the set of edges
TOT1, TOT2, - - -, TOL(n—1)/2- Obviously, G = S(,_1)/2. Sincenisodd and n—1=0
(mod 3), the graph G can be decomposed into (n — 1)/6 copies of S3. This
settles (1).
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(2) For n = 7, the complete graph K7 can be decomposed into 2 copies of P;
and 3 copies of S as follows: xToTsx3T4TOX1, TeT4T5T0T3T1T2, (15X, T5, T6),
(w23 w0, w3, 24), (T6;T0, T3, T5)-

Now we consider the case n > 9. Fori € {1,2,...,(n—1)/2} — {(n — 7)/2,
(n—3)/2}, let P(i) = C(i) — {zox;}. Note that z,_12,—7 € E(C((n—7)/2)) and
P((n=3)/2) = C((n—3)/2) = (20, T(n—3)/2: T(n—5)/2: T(n—1)/2) T(n—7)/2: - - -+ Tn—4;
Tn—1,Tn—3, Tn—2). Let P((n—17)/2) = C((n—"17)/2) — {zp_12n—7} and C((n —
3)/2)— {i‘ol‘(nfg)/Q, .T(nfl)/Ql'(n,n/z} U {:on(n,l)/g}. Hence P(i) is an n-path for
1= 1, 2, ey (n— 1)/2. Moreover, P((n— 1)/2) = SL‘(n_1)/Ql‘(n_g)/gl‘(n+1)/2$(n_5)/2
o Tp_3T1Tp—2Tn-1T0. For i = 1,2,...,(n — 3)/2, let S(i) = (T(_1)/2—s;
T(n—1)/24i-1> T(n—1)/24i) and S = (Tn—1;Tn—2,70). Obviously, S(i) and S are 2-
stars, and P((n —1)/2) can be decomposed into S(1),S(2),...,S((n—3)/2) and
S. Furthermore, let W (i) = S(i)U{zoz;} fori=1,2,...,(n—3)/2—{(n—7)/2},
let W((n—7)/2) = S((n —7)/2) U{x@_1)/2Tnm-7)/2}, and let W((n —1)/2) =
SU{zp_12n_7}. Clearly, W(i) is a 3-star. This settles (2).

(3) We will remove one edge from C(i) to obtain an n-path for i € {1,2,...,
(n—>5)/2}, and use C'((n—3)/2) and C((n—1)/2) together with the edges removed
from C'(i)’s to constitute 5(n — 1)/3 copies of Ss.

Let S(i) = (T(n—1)/243i-3; T(n—1)/2—3i+1> T(n—1)/2—3:) for i = 1,2,...,(n —
1)/6, S'(i) = (T(n-1)/2-3i-15 T(n—1)/24+3i—2> T(n—1)/243i—1) for i = 1,2,...,(n —
7)/6, and S'((n—1)/6) = (xn—2; Tn—3,20). Obviously, S(i) and S’(i) are 2-stars.
Let J={j|l2<j<(n—1)/2and j =0,2 (mod 3)}. For j € J, let

o { T(n-1)/2-jT(n-1)/24j—2 it 7 =0 (mod 3),
! T(n-1)/2—jT(n-1)/24j—3 il j =2 (mod 3),
where the subscripts of z’s are taken modulo n—1 in the set of numbers {1,2,...,
n —1}. It is easy to see that {S(i), S'(i)|[i = 1,2,...,(n —1)/6}U{e][j € J} is a
decomposition of C((n — 3)/2) — {x(,—3)/2%0}-

Note that C((n — 1)/2) = (xo, T(n—1)/25 L(n—3)/25 L(n+1)/25 L(n—5)/2s - - - » Tn—3;
T1, Tn-2,Tn-1). Let S"(j) = (T(n_1)/2—j5 T(n—1)/24j—1> T(n—1)/245) forj=1,2,.. .,
(n—3)/2and S”((n—1)/2) = (xn—1; Tn—2, o) where the subscripts of 2’s are taken
modulo n — 1 in the set of numbers {1,2,...,n—1}. Obviously, S”(j) is a 2-star,
and C((n—1)/2)—{z(n-1)/270} can be decomposed into S”(1), 5" (2),...,S5"((n—
1)/2).

For i = 2,3,...,(n —1)/6, let e; be an edge in C(i — 1) incident with the
center of S(i). Then C(i — 1) — {e;} is an n-path and S(i) U{e;} is a 3-star. For
i=1,2,...,(n—1)/6, let €] be an edge in C'((n —1)/6 +i— 1) incident with the
center of S’(7). Then C((n —1)/6+ ¢ — 1) — {e}} is an n-path and S’(i) U {e}}
is a 3-star. Let K = {k|[4 <k < (n—5)/2and k=1 (mod 3)}. For k € K, let
ey be an edge in C((k —1)/3 + (n —1)/3 — 1) incident with the center of S” (k).
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Then C((k —1)/3+ (n —1)/3 — 1) — {e}} is an n-path and S”(i) U {e}/} is a
3-star. For j € J, S"(j) U {€j} is a 3-star. Moreover, S(1) U {z(,_1)/270} and
S"(1) U {x(n—_3)/220} are also 3-stars. This completes the proof. |

Lemma 9. Ifn is an even integer with n > 4, then the following hold:
(1) The complete graph K,, can be decomposed into n/2 copies of n-paths.

(2) The complete graph K, can be decomposed into n/2 — 1 copies of P, and
(n—1)/3 copies of S3 when n =4 (mod 6) and n > 10.

(3) The complete graph K, can be decomposed into n/2 — 2 copies of P, and
2(n —1)/3 copies of S3 when n =4 (mod 6) and n > 10.

Proof. By Proposition 1, we have (1).

(2) For n = 10, the complete graph Kjo can be decomposed into 4 copies of
P1p and 3 copies of S5 as follows: Tgxox7T3T6T4T5T0T1T9, T1TILLATTLELELOL2LY,
TOT3T2L4TI TETYLELTLY, TOTTLILITATIT5L2L6T1, (T05 T4, X8, L9), (T1;T2,T7,28),
(z9; 3, x5, X6).

Now we consider the case n > 16. Let G = K,[{zo,x1,...,2zn_2}]. Clearly
G is isomorphic to K,,_1. By Lemma 2, the graph G can be decomposed into
n/2—1 copies of Cy,_1, C(1),C(2),...,C(n/2—1) with C(i) = (x0, Ti, Ti—1, Tit1,
Tio2y s Tign/2-3> Titn)2> Tign/2—2> Tignja—1) for i =1,2,...,n/2 —1, where the
subscripts of x’s are taken modulo n — 2 in the set of numbers {1,2,...,n — 2}.
Note that C'(1) contains edges z1x,_2 and Ty /20, C'(2) contains edges xox1 and
Ty 24170, and C(3) contains the edge z4r1. Let P(1) = C(1) U{z12n_17y,/2} —
{1202, 2y 970}, P(2) = C(2) U{z2T0n—17y 241} — {2271, ¥y 24170}, and P(3) =
C(3) UA{zarp—1} — {z1z4}. In addition, let P(i) = C(i) U {Zj1n/2-1Tn-1} —
{@iynso—120} for i = 4,5,...,n/2 — 1. Obviously, P(i) ia an n-path for i =
1,2,...,n/2—1. Let S(1) = (20; Tn/2; Tn /2415 Tn/243: Tnj244s - - - » Tn—2) and S(2)
= (Tn-1;%0, T3, T5, T6, - - -, Tnj2—2;Tnj2—1,Tnj242). 1t is easy to see that K, —
E (U?:/f_l P(z)) = S(1)US(2) U (x1; 22, x4, Tn—2). Note that S(1) and S(2) are
(n/2 — 2)-stars. Since n =4 (mod 6), each of S(1) and S(2) can be decomposed
into (n — 4)/6 copies of S3. This settles (2).

(3) By Lemma 3, K, can be decomposed into n/2—1 copies of C,,, C(1),C(2),
...,C(n/2 —1), and a 1-factor F', where E(F) = {zoZn—1,T1Tn—2,T2Tn_3, ...,

Lnj2—2Tn /2415 xn/2—1xn/2} and C(i) = (20, i, Ti—1, Tit1,Ti—2,--., Litn/2415
Tiyn/2-25 Tign/2 Tignj2—1) for i = 1,2,...,m/2 — 1, where the subscripts of z’s
are taken modulo n — 1 in the set of numbers {1,2,...,n — 1}.

We obtain n/2 — 2 copies of P, by removing one edge from each of n-cycles
c(1),C(2),...,C(n/2—-2). Fori=1,2,...,n/2 =3, let P(i) = C(i) — {zoz;}.
In addition, let P(n/2 —2) = C(n/2 —2) — {xy, /237 21} Trivially, P(i) is an
n-path for i = 1,2,...,n/2 — 2.
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In the following, 2(n — 1)/3 copies of S3 are constructed. We first obtain
n/2 copies of S3 by using all of the edges of C'(n/2 — 1) and n/2 — 1 edges of F
and the edge x,,/5_37,/2_1 removed from C(n/2 — 2). Note that C(n/2 — 1) =
(T0, Tpj2—1, Tn/2-2, T2, Tnj2—3, - - - » Ty Tn—3, Tn—1, Tn—2). Fori=1,2,...,n/2—
1, let S(i) = (xn/ZflJri;xn/2717iawn/2727i) and S = (mn/271;$n/2727$0)‘ Obyvi-
ously, S(i) and S are 2-stars, and C'(n/2—1) is decomposable into S(1), 5(2),...,
S(n/2—1) and S. Let W(i) = S(i) U{zy/a—14iTnjo—i} fori=1,2,...,n/2 — 1,
and let W(n/2) = SU{z,/2_37,/2-1}. Clearly, W (i) is a 3-star.

Now we obtain (n — 4)/6 copies of S3 by using one edge of F' and the edges
removed from C(i)’s in constructing n-paths for i = 1,2,...,n/2 — 3. Let G be
the subgraph of K, induced by the set of edges xox1, xoz2,. .. s TOTp /2—35 TOTn—1-
Obviously, G = S, /2_5. Since n =4 (mod 6), the graph G can be decomposed
into (n —4)/6 copies of S3. This settles (3) and completes the proof. |

Lemma 10. Let n and t be positive integers. If Q1,Qo,...,Q: are edge-disjoint
Hamiltonian paths of K,,, then U§:1 Q; is Si-decomposable.

Proof. Since each (); is a Hamiltonian path of K,,, we have V(Q;) = V(K,,). For

each @);, we orient the edges of Q; from xy along @Q; to the end (or ends) of the

path, and use @Q; to denote the digraph obtained from (); for such an orientation.

Note that there is exactly one arc directed into z; for each j € {1,2,...,n —1}.
%

Let 8 = U§:1 Q;. It is easy to check that degé x; = t for j # 0. Thus there

exists an S;-decomposition of U§:1 @; such that z; is a center of a t-star for j # 0.
This completes the proof. [

By Lemma 10, the union of 3t edge-disjoint n-paths can be decomposed into
n — 1 copies of Sy, in turn, each S3; can be decomposed in to ¢ copies of Ss.
Hence we have the following result.

Theorem 11. Let n, p and t be positive integers with p > 3t, and let q be a
nonnegative integer. If K, can be decomposed into p copies of P, and q copies of
Ss, then K, can be decomposed into p — 3t copies of P, and q + (n — 1)t copies
Of Sg .

Obviously, if K,, can be decomposed into « copies of n-paths and 3 copies of
Ss, then (Z) = (n — 1)a+ 35. Using Theorem 11 together with Lemmas 4 to 9,
we have the main result of this section.

Theorem 12. Let n be a positive integer with n > 4, and let a and B be non-
negative integers. The complete graph K, can be decomposed into o copies of
P, and B copies of Ss if and only if (3) = (n — L)a+ 33 and (n,a,B) ¢
{(4,1,1),(4,0,2),(5,1,2)}.
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4. DECOMPOSITION OF K,, INTO n-CYCLES AND 3-STARS

In this section, we obtain necessary and sufficient conditions for decomposing K,
into a copies of ), and 8 copies of S3. The first two lemmas in the following are
from [17] and [32], respectively.

Lemma 13. For an odd integer n and V (K, ) = {xo, ..., Zn—1}U{Y0, ..., Yn—1},
the complete bipartite graph K,, can be decomposed into (n — 1)/2 copies of
Con, C(0), C(1),...,C((n — 3)/2), and a 1-factor F, where E(F) = {xoyn—1,
T1Y0s - - s Tn—1Yn—2} and C(i) = (Y2i, 0, Y2i+1,T1, - - - » Y2it (n—2)> Tn—25 Y2it (n—1)5
Tp—1) fori=0,1,...,(n—3)/2.

Lemma 14. For an even integer n and V(Kp,) = {xo,...,2n-1} U {yo,...,
Yn—1}, the complete bipartite graph K, , can be decomposed into n/2 copies of
Con, C(0), C(1),...,C(n/2 = 1), where C(i) = (Y2i, T0, Y2i+1,T15 - - - s Y2it(n—2)5
Tn—2, Y2it(n—1), Tn—1) fori=0,1,...,n/2 — 1.

Lemma 15. Let n be an odd integer and let o be a nonnegative integer. If
(5) — na is a nonnegative integer and () —na =0 (mod 3), then
. {0,1,...,(n—1)/2} ifn=0 (mod 3),
«

{(n—-1)/2-3t|t=0,1,...,[(n—1)/6]} otherwise.
Proof. Since (g) —na is a nonnegative integer and n is odd, a < L(Z) /nJ =(n—
1)/2. Let « = (n—1)/2—(3t+1i), where t is a nonnegative integer and ¢ € {0, 1, 2}.
Since (5) —na=n(n—1)/2—na=n(n—1-2a)/2 =n(3t+1), (5) —na =ni
(mod 3). If n is a multiple of 3, then ni = 0 (mod 3) holds for any i € {0, 1, 2}.
Hence o € {0,1,...,(n —1)/2} for n = 0 (mod 3). Otherwise, the condition
ni = 0 (mod 3 holds if and only if ¢ = 0. This implies o = (n — 1)/2 — 3t.

)
Moreover t < |(n—1)/6] since « is a nonnegative integer. This completes the
proof. [

Lemma 16. Let n be an even integer and let o be a nonnegative integer. If
(5) — na is a nonnegative integer and (%) — na =0 (mod 3), then

{0,1,...,n/2 -1} ifn=0 (mod 3),
CEN (n/2—=3t—2/t=0,1,....[(n—4)/6]}  otherwise.

Proof. Since () — na is a nonnegative integer and n is even, o < [(3)/n] =
n/2—1. Let « = n/2—1—(3t+i), where ¢ is a nonnegative integer and i € {0, 1, 2}.
Since (4) —na = n(n—1-2a)/2 = n(6t+2i+1)/2, (5)—na = n(2i+1)/2 (mod 3).
If n = 0 (mod 3), then n/2 = 0 (mod 3), this implies that n(2i + 1)/2 = 0
(mod 3) holds for any i € {0,1,2}. Hence a € {0,1,...,n/2 — 1} for n = 0
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(mod 3). Otherwise, the condition n(2¢ +1)/2 = 0 (mod 3) holds if and only if
i = 1. This implies & = n/2 — 3t — 2. Moreover, t < [(n — 4)/6] since « is a
nonnegative integer. This completes the proof. [

Let m = (n—3)/2 for odd n and m = (n—2)/2 for even n. Let C(1),C(2),...,
C(m) be edge-disjoint n-cycles in K, and let G = K, — J"; E(C(4)). Since
degoz =n — 1 —2m < 2 for each vertex z, G has no S3-decomposition. Thus
we have the following result.

Lemma 17. Let n =0 (mod 3). The complete graph K, cannot be decomposed
into (n—3)/2 copy of C\, andn/3 copies of Ss for odd n, and cannot be decomposed
into (n —2)/2 copy of Cp, and n/6 copies of Ss for even n.

Lemma 18. If n is an odd integer with n > 5, then the following hold:

(1) The complete graph K,, can be decomposed into (n —1)/2 copies of Cy,.

(2) The complete graph K, can be decomposed into (n — 5)/2 copies of Cy, and
2n/3 copies of S3 when n =3 (mod 6) and n > 9.

(3) The complete graph K, can be decomposed into (n —9)/2 copies of Cy, and
4n/3 copies of S3 when n =3 (mod 6) and n > 9.

Proof. By Lemma 2, the complete graph K,, can be decomposed into (n —1)/2
copies of Cp, C(1),C(2),...,C((n —1)/2) with C(i) = (20, Ti, Ti—1, Tit1,---,
Tit(n—5)/25 Tit(n+1)/2> Tit(n—3)/2> Tit(n—1)/2) for i =1,2,..., (n —1)/2, where the
subscripts of x’s are taken modulo n — 1 in the set of numbers {1,2,...,n — 1}.
Hence we have (1).

(2) If there exist s and ¢ (1 < s <t < (n—1)/2) such that C(s) UC(t) can
be decomposed into 2n/3 copies of S3, then we have the result. Consider the
case s = (n+3)/6 and t = n/3. Note that C((n+3)/6) = (20, Z(n+3)/61 T(n—3)/6>
L(n+9)/61L(n—9)/6> -+ >Tn/3—1> L1, Ln/3; Tn—1,---5L2n/3-25L2n/3+1> L2n/3—1; 5132n/3)-
For i = 1,2,...,n/3 — 1, let S2(i) = (Tn—i;Tp/3-14i» Tn/34i) and Sa(n/3) =
(Ton/3; Tanj3—1,T0). For j = 1,2,...,(n — 3)/6, let P(j) = xjxy,/341—;. For
Jg=Mm+3)/6,(n+9)/6,....,n/3 =1, let P(j) = wjr,/3_;. In addition, let
Py(0) = 202 (n43)/6- Obviously, Sa(i) is a 2-star for i = 1,2,...,n/3, and P(j)
is a 2-path for j = 0,1,...,n/3 — 1. One can see that C((n + 3)/6) can be
decomposed into Sa(1), 52(2),...,S52(n/3) and P»(0), Px(1),..., Py(n/3 —1).

On the other hand, C(n/3) = (%0, %Tn/3, Tn/3—1, Tn/341> Tn/3—2> Tn /3425 - - -
$2n/3—2,9€1,$2n/3—175€n—17~~-,93(5n—15)/6a$(5n+3)/67$(5n—9)/6,95(5n—3)/6)- For j =
1,2,...,n/3 =1, let Sy(j) = (24; Tan/3-1—j> Tan/3—;). Fori=1,2,...,(n+3)/6,
let Py(i) = Zn—iTay/3-244- For i = (n+9)/6,(n +12)/6,...,1n/3, let Py(i) =
Tp—iTon/3—144- In addition, let Py(0) = xox, 3 and Py(0) = zoz(5,—3)/6- Ob-
viously, S5(j) is a 2-star for i = 1,2,...,n/3 — 1, and PJ(0) and Pj(i) are 2-
paths for i« = 0,1,...,n/3. One can see that C'(n/3) can be decomposed into
S5(1),55(2),...,55(n/3 —1) and P;(0), P5(1),...,Py(n/3) as well as Py (0).
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For i = 1,2,...,n/3, let S3(i) = Sa(i) U Py(i). For j = 1,2,...,n/3 — 1,
let S5(5) = S4(5 )U Py(j). Clearly, S3(i) and S4(j) are 3-stars. In addition,
P5(0) U P5(0) U PJ(0) is also a 3-star. Hence C'((n + 3)/6) U C(n/3) can be
decomposed into 2n/3 copies of S3. This settles (2).

(3) According to the proof of (2), the result holds if there exist s’ and ¢’ (s, ¢
{(n+3)/6,n/3}) such that C(s') UC(t') can be decomposed into 2n/3 copies of
Ss3. Consider the case s’ = (n+9)/6 and t' = n/3+ 1. Note that C((n+9)/6) =

(wo, L(n4+9)/65 L(n+3)/61 L(n+15)/6> L(n—3)/65 -+ Ln/34+1: L1 Tn/34+2Tn—1, -T2 /31,
Lon /342> x?n/3ax2n/3+1)' For i = 11 27 SRR n/3 - 17 let ‘92(7‘) = (xn-i-l—i; Ln /344>
Tp/3+1+:) With 2 = x1 and S3(n/3) = (T2n/3413 Tan/3, T0). For j=2,3,... (n+

3)/6, let Py(j) = xjxy,/313—;. For j = (n+9)/6,(n+15)/6,...,1n/3, let P2(j) =
TjTy/340—;. In addition, let P»(0) = z0%(n49)6. Obviously, Sa(i) is a 2-star
for i = 1,2,...,n/3, and P5(j) is a 2-path for 7 = 0,2,3,...,n/3. One can
see that C((n + 3)/6) can be decomposed into Sa(1),S52(2),...,52(n/3) and
P3(0), P2(2), P2(3), - .., P2(n/3).

On the other hand, C(n/3 +1) = (20, Tr/3415 Tn/3) Trn/342 Tn/3—1s - - - Ton/35
L1y L2n /341> Tn—1; L2n /3425 Tn—2; - - s L(5n—9) /6> L(5n+9) /61 L (5n—3) /6> 33(5n+3)/6)' For
J=2,3,...,n/3, let S5(j) = (j; Ton/341—j» Tan/342—;). For i = 1,2,..., (n +
3)/6, let Py(i) = Tpi1-iTon/3-144, and for i = (n +9)/6,(n + 12)/6,...,n/3,
let Py(i) = @p41-i%on/34; With 2, = x1. In addition, let Py(0) = xox,/34;1 and
Py(0) = 207 (5043)/6. Obviously, 95(j) is a 2-star for i = 2,3,...,n/3, and Py (0)
and Pj(i) are 2-paths for i = 0,1,...,n/3. One can see that C(n/3 + 1) can be
decomposed into S5(2),.55(3),...,S5(n/3) and P5(0), Py(1),..., Pi(n/3) as well
as Py (0).

For i = 1,2,...,n/3, let S3(i) = S2(i) U Py(i). For j = 2,3,...,n/3, let
S5(7) = S5(5) U Pg( ). Clearly, S3(i) and S%(j) are 3-stars. In addition, P(0) U
PL(0)UPY(0) is also a 3-star. Hence C((n+9)/6)UC(n/3+1) can be decomposed
into 2n/3 copies of S3. This settles (3). |

For positive integers [ and n with 1 < [ < n, the (n,l)-crown C,,; is the
bipartite graph with bipartition (X,Y’), where X = {z¢,z1,...,2,-1} and B =
{y0,91,--.,yn—1}, and edge set {z;y; : i =0,1,...,n—1, j=i+1,i+2,...,i+I
(mod 1)}.

Proposition 19 [24]. AC),; is Si-decomposable if and only if k <1 and Anl =0

(mod k).

Lemma 20. Ifn is an even integer n > 6, then the following hold:

(1) The complete graph K, can be decomposed into n/2 — 2 copies of Cy, and
n/2 copies of Ss.

(2) The complete graph K, can be decomposed into n/2 — 3 copies of Cy, and
5n/6 copies of S3 when n =0 (mod 6).
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(3) The complete graph K, can be decomposed into n/2 — 4 copies of Cy, and
™ /6 copies of S3 when n =0 (mod 6) and n > 12.

Proof. Let V(K,) = X UY, where X = {zq,...,7,/5_1} and Y = {yo,...,
Ynj2—1}- Note that K, = K,[X]U K,[Y]U K,[X,Y] where K,[X] and K,[Y]
are isomorphic to K,/ and K,[X,Y] is isomorphic to K,/ ,,/2. We distinguish
two cases : Case 1. n =0 (mod 4) and Case 2. n =2 (mod 4).

Case 1. n =0 (mod 4). By Lemma 14, K,[X,Y] can be decomposed into
n/4 copies of Cy,, C(0), C(1),...,C(n/4—1), where C(i) = (Y2i, 0, Y2i+1, T1s- - -
y2i+(n/272)’xn/2727y2i+(n/271)’xn/Zfl) fori =0,1,2,...,n/4 — 1. By Proposi-
tion 1, we have the following results. K,,[X] can be decomposed into the following
n/4 copies of Pn/2 : Pn/2(x07 xn/4)7 Pn/Q(xla $1+n/4)7 SRR Pn/Z(xn/llfla Tnj2 — 1)7
and K, [Y] can be decomposed into the following n/4 copies of P, /2: Py, 2(Y0, Yn/4),
Pn/2(y17 y1+n/4)7 ce Pn/Q(yn/llfla yn/271)‘

For ¢ = 0,1,... 7”/4 =1, let Q(l) = n/2($i7xi+n/4) U Pn/Q(yivyi+n/4) U
{YiTis Yivn/aTizn/at. Clearly, Q(i) is an n-cycle, and ;i Yiyn/a%iyn/a € E(C(0))
fori=0,1,...,n/4—1. For 1 <t <n/4-1,let

t
R(t) = <U C(U) - {yi$i»yi+n/4$i+n/4 |0<i<n/4-1}.
i=0

It is easy to see that R(t) is isomorphic to the crown C,, /9 9:41. Therefore, K,
can be decomposed into n/2 — (t + 1) copies of C,, Q(0),Q(1),...,Q(n/4 —1)
and C(t+1),C(t+2),...,C(n/4—1), and one copy of (n/2,2t+ 1)-crown R(t).
Note that 2t + 1 > 3 and |E(R(1))| = |E(Cyj22i41)| = (2t + 1)n/2. If (2t +
1)n/2 =0 (mod 3), then R(t) can be decomposed into (2t + 1)n/6 copies of S3
by Proposition 19. Hence for n = 0 (mod 4), we have the following.

If t =1, then (2t 4+ 1)n/2 = 3n/2 = 0 (mod 3) for each n. Thus K, can be
decomposed into n/2 — 2 copies of C), and n/2 copies of Ss.

If t =2, then (2t + 1)n/2 =5n/2 =0 (mod 3) for n =0 (mod 6). Thus K,
can be decomposed into n/2 — 3 copies of C), and 5n/6 copies of Ss.

If t = 3, then (2t + 1)n/2 =7n/2 =0 (mod 3) for n =0 (mod 6). Thus K,
can be decomposed into n/2 — 4 copies of C), and 7n/6 copies of S3. This settles
Case 1.

Case 2. n =2 (mod 4). Since n = 2 (mod 4), n/2 is odd. By Lemma 13,
K,[X,Y] can decomposed into (n — 2)/4 copies of Cy,, C(0),C(1),...,C((n —
6)/4), and a 1-factor F, where E(F) = {Z0Yn/2-1,T1Y0; - - - s Tpj2—1Yn/j2—2} and
C(Z) = (ygi,xo,y2i+1, L1y ,y2i+(n/2_1),xn/2_1) for i = 0, 1, ceey (n - 6)/4.

Now we consider K,[X] and K,[Y]. By Lemma 2, we have the following re-
sults. K,[X] can be decomposed into (n —2)/4 copies of C,, 5, W(1), W (2),...,

W((n — 2)/4) with W(i) = (x()axiami—hxi-‘rlaxi—%"'7xi+(n710)/4axi+(n+2)/47



DECOMPOSITION INTO HAMILTONIAN PATHS (CYCLES) AND 3-STARS 835

Tiy(n—6)/4> Tit(n—2)/4), and K,[Y] can be decomposed into (n — 2)/4 copies of
Cry2, WI(1),W'(2),...,W((n — 2)/4) with W'(i) = (Yo, Yi» Yi—1,Yit+1,Yi-2s - -,
Yit(n—10)/4> Yi+(n+2) /4> Yi+-(n—6) /4, yi+(n72)/4) fori=1,2,...,(n—2)/4, where the
subscripts of z’s and y’s are taken modulo (n — 2)/2 in the set of numbers
{1,2,...,(n—2)/2}. Fori=1,2,...,(n—2)/4, let

oI ifi= 1,
e(i) = mixi—1 if 7 is odd and ¢ > 3,
xi+(n_6)/4xi+(n_2)/4 if 7 is even,
and let
Yoy1 ifi=1,
€(i) =< yivi-1 if i is odd and i > 3,
Yit(n—6)/4Yi+(n—2)/4 if 4 is even.

Let P(i) = W (i) — {e(?)} and P'(i) = W'(i) — {€/(i)}. Trivially, P(i) and P’(7)
are (n/2)-paths. Let M = {e(i)|]1 < i < (n—2)/4} and M’ = {/'(i)|1 <
i < (n—2)/4}. If n = 2 (mod 8), then (n — 2)/4 is even. Hence M =
{woz1, 2273, . . . 1 L(n—10)/4T (n—6)/4> L (n+2)/4L (n+6)/4 5« - - al‘n/2—2$n/2—1} and M’ =

{yoylay2y37"-7y(n—l())/4y(n—6)/47y(n+2)/4y(n+6)/47"-7yn/2—2yn/2—1}' Iftn =26
(mod 8), then (n —2)/4 is odd. Hence M = {xoz1, 7273, ...,%y /23Ty /2—2} and
M" = {yoy1,Y2¥3; - - - s Yn/2—-3Yn/2—2}- Let H be the subgraph of K, [X] induced
by M, and let H' be the subgraph of K,[Y] induced by M’. Clearly, K,[X]
can be decomposed into H and (n — 2)/4 copies of P, 5, P(1),P(2),...,P((n —
2)/4), and K,[Y] can be decomposed into H' and (n — 2)/4 copies of P, s,
P'(1),P'(2),...,P'((n—2)/4).

Let Z = {yowo,y121} U {yi12i—1,yiz;| i is odd and i > 3} U {yi4(n—6)/4
Tiy (n—6)/4> Yit-(n—2)/4Ti+(n—2)/4| @ is even}. Obviously, Z C E(C(0)). For i =
L,2,...,(n—2)/4, let K = {Yi}(n—6)/4Tit(n—6)/4s Yi+(n—2)/4Ti+(n—2)/4} and

P(1) U P'(1) U{yozo, yr1} ifi=1,
Q(’L) = P(Z) @] P,(’L) U {yi—ll'i—l)yixi} if 7 is odd and i > 3,
PH)UP ()UK if ¢ is even,

and let Q((n+2)/4) = HU H'UC(0) — Z. One can see that each Q(i) is an
n-cycle. Thus K,,[X]U K, [Y]UC(0) can be decomposed into (n + 2)/4 copies of
Cy. For 1 <t < (n—6)/4, let

t
R(t) = (U Cl(n—6)/4—i+ 1)) UF.
=1

It is easy to see that R(t) is isomorphic to the crown C}, /3 211. Hence K, [X,Y]
can be decomposed into n/2 — (¢ + 1) copies of Cy,, Q(1),Q(2),...,Q((n+2)/4)
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and C(1),C(2),...,C((n —6)/4 —t), and one copy of (n/2,2t + 1)-crown R(t).
Note that 2t + 1 > 3 and |E(R(t))| = |E(Cyj2241)| = (2t + 1)n/2. If (2t +
1)n/2 =0 (mod 3), then R(t) can be decomposed into (2t + 1)n/6 copies of S3
by Proposition 19.

If t =1, then (2t 4+ 1)n/2 = 3n/2 = 0 (mod 3) for each n. Thus K, can be
decomposed into n/2 — 2 copies of C,, and n/2 copies of Ss.

If t =2, then (2t + 1)n/2 =5n/2 =0 (mod 3) for n =0 (mod 6). Thus K,
can be decomposed into n/2 — 3 copies of C), and 5n/6 copies of Ss.

If t = 3, then (2t + 1)n/2 = Tn/2 =0 (mod 3) for n =0 (mod 6). Thus K,
can be decomposed into n/2 — 4 copies of C), and 7n/6 copies of S3. This settles
Case 2. |

Let x and y be distinct vertices of a multigraph G. We use eg(z,y) to
denote the number of edges joining x and y. A star decomposition of G is center
balanced if every vertex of GG is the center of the same number of members in the
decomposition.

Proposition 21 [21]. Let G be an r-reqular multigraph with r > 1. Then G has a
center balanced S¢-decomposition if and only if r = 0 (mod 2t) and eg(z,y) < r/t
for all x,y € V(G) with x # y.

Lemma 22. Let n and t be positive integers. If Q1,Qo,...,Q: are edge-disjoint
Hamiltonian cycles of K, then U§:1 Q; is S¢-decomposable.

Proof. Since each Q(i) is 2-regular and V(Q(7)) = V(Q(j)) fori,j € {1,2,...,t},
Ui_, Qi is 2t-regular. Since 2t = 0 (mod 2t) and €U, @i (x,y) <1< (2t)/t for

all 2,y € V(U'_, Qi) with = # y, the result follows from Proposition 21. |

By Lemma 22, the union of 3t copies of edge-disjoint n-cycles can be decom-
posed into n copies of S3;, in turn, each S3; can be decomposed in to ¢ copies of
Ss3. Hence we have the following result.

Theorem 23. Let n, p and t be positive integers with p > 3t, and let q be a
nonnegative integer. If K, can be decomposed into p copies of C,, and q copies of
Ss, then K, can be decomposed into p — 3t copies of C,, and q + nt copies of Ss.

Obviously, if K, can be decomposed into a copies of C,, and 8 copies of S3,
then (g) = na + 38. Using Theorem 23 together with Lemmas 15 to 20, we have
the main result of this section.

Theorem 24. Let n, a and B be positive integers. The complete graph K, can
be decomposed into a copies of C,, and B copies of S if and only if (g) =na+3p
and o # (n —3)/2 forn =3 (mod 6) and a # (n —2)/2 forn =0 (mod 6).
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