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Abstract

For an integer k at least 2, and a graph G, let f;(G) be the minimum
cardinality of a set X of vertices of G such that G — X has either k ver-
tices of maximum degree or order less than k. Caro and Yuster [Discrete
Mathematics 310 (2010) 742-747] conjectured that, for every k, there is a
constant ¢ such that fx(G) < cpy/n(G) for every graph G. Verifying a
conjecture of Caro, Lauri, and Zarb [arXiv:1704.08472v1], we show the best
possible result that, if ¢ is a positive integer, and F' is a forest of order at
most § (3 + 6t% + 17t + 12), then fo(F) < t. We study f3(F) for forests F
in more detail obtaining similar almost tight results, and we establish upper
bounds on f;(G) for graphs G of girth at least 5. For graphs G of girth more

than 2p, for p at least 3, our results imply fx(G) = O <n(G)%>1

we show that, for every fixed k, and every given forest F, the value of fi(F)
can be determined in polynomial time.

) . Finally,
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1. INTRODUCTION

Every finite, simple, and undirected graph has at least two vertices of equal
degree, and this lower bound on the number of repeated degrees can be improved
for restricted graph classes [6]. Caro, Shapira, and Yuster [4] proved the surprising
result that, for every positive integer k, there is a constant ¢ such that, for every
graph G, there is a set X of at most ¢ vertices such that G — X has at least
min{k,n(G) — | X|} many vertices of equal degree, where n(G) denotes the order
of G.

In [5] Caro and Yuster considered an analogous problem for the maximum
degree. For an integer k at least 2, and a graph G, let fi(G) be the minimum
cardinality of a set X of vertices of G such that G — X has either k vertices of
maximum degree or order less than k.

Caro and Yuster pose the following intriguing conjecture.

Conjecture 1 (Caro and Yuster [5]). For every integer k at least 2, there is a
constant ¢y such that fi(G) < cp\/n(G) for every graph G.

They describe graphs G with f2(G) > (1 — o(1))\/n(G) showing that the
upper bound in Conjecture 1 has the best possible growth rate, that is, forcing
many vertices of maximum degree is considerably harder than forcing many ver-
tices of equal degree. Furthermore, they verify the conjecture for k € {2,3} by
showing that ¢ = v/8 and c3 = 43 have the desired properties. They also prove
the following result, which implies the conjecture for Cy-free graphs.

Theorem 2 (Caro and Yuster [5]). Let k and t be positive integers at least 2. If
G is a Kat-free graph of order at least t* (5)2, then fi(F) < (3k — 3)y/n(G).

In [3] Caro, Lauri, and Zarb show that v/2 is the best possible value for ca,
and, for forests F', they improve the growth rate of the upper bound on fi(F')
from the second to the third root of the order as follows.

Theorem 3 (Caro, Lauri, and Zarb [3]). If k is an integer at least 2, and F' is
a forest of order at least (2k — 1)3, then fi(F) < (2k — 1)n(F)%

For k = 2, they formulate a precise conjecture, and construct graphs showing
that their conjecture would be tight.

Conjecture 4 (Caro, Lauri, and Zarb [3]). If t is a positive integer, and F is a
forest of order at most & (t3 + 6t> 4+ 17t 4+ 12), then fo(F) < t.

In the present paper we show this conjecture. Furthermore, we study f3(F)
for forests F' in more detail obtaining almost tight results, and we give improved
upper bounds on fi(G) for graphs G of girth at least 5. For graphs G of girth
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+1
more than 2p, for p at least 3, our results imply fx(G) = O (n(G)pTP>, and we

obtain considerable improvements of Theorem 3. Finally, we show that, for every
fixed integer k at least 2, and every given forest F', the value of fi(F') can be
determined in polynomial time.

The influence of degree multiplicities on graph parameters or large sets of
vertices of equal degree satisfying additional properties have been studied in sev-
eral papers such as [1, 2|; see [3] for further discussion. Before we proceed to our
results, we collect some notation. Let G be a graph. The size of G is denoted by
m(G). For a vertex u of G, the degree of u is denoted by dg(u). The maximum
degree of G is denoted by A(G).

For an integer n, let [n] be the set of all positive integers at most n. If G has
order n and degree sequence dy > dy > - -+ > d,,, then let A;(G) be d; for i € [n];
in particular, A;(G) is the maximum degree of G, and G has at least k vertices
of maximum degree if and only if A;(G) = Ag(G).

2. UprPER BOUNDS

Our first goal is the proof of Conjecture 4. The following result from [3] was the
key insight needed to obtain the best possible value for cs.

Theorem 5 (Caro, Lauri, and Zarb [3]). If t is a positive integer, and G is a
graph with A(G) < (tJQFQ), then fa(G) <'t.

Since a forest has less edges than vertices, the following result immediately
implies Conjecture 4.

Theorem 6. Ift is a positive integer, and F is a forest of size less than

é (% + 6> + 17t + 12) ,

then fo(F) < t.

Proof. For a positive integer ¢, let n(t) = % (t3 +6t2 4+ 17t + 12). The proof is
by induction on t. Let A; = A;(F) and let u; be such that dp(u;) = A; for
i € [2], where u; and wug are distinct.

For t = 1, we have m(F) < n(1l) —1 = 5. Clearly, we may assume that
f2(F) > 0, that is, Ay > Ay > 1. If Ay = 1, then F is the union of a star
K1 A, and copies of Ky and Ko, and removing u; yields two vertices of maximum
degree 0 or 1. Hence, we may assume that Ag > 2, which, using m(F) < 5,
implies that 3 < A; < 4. If Ay = 3, then removing a neighbor of u; that does
not lie in Np[ug] yields two vertices of maximum degree 2. Note that such a
neighbor exists, because [’ is a forest. Hence, we may assume that Ay = 4, which
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implies that F' arises by subdividing one edge of a star K4 once, and removing
uy yields two vertices of maximum degree 1.

Now, let t > 2. If A1 < (tgz)’ then Theorem 5 implies fo(F') < t. Hence, we
may assume that Ay > (t42'2) +1. If F/ = F — uq, then

1 1 3
m(F') = m(F)— A < 6 (t3 + 6% 4 17t + 12) — <2t2 +ot+ 2)

1
- 6((75 1P 6t — 1) 17(t— 1) + 12) = n(t—1).
By induction, we obtain fo(F) < 1+ fo(F') <1+ (t — 1) = ¢, which completes
the proof. [

In order to better understand fi(F') for forests F', we first consider the case k = 3.
Our next result suitably generalizes Theorem 5.

Theorem 7. Ift is an integer at least 2, and F is a forest with Ay (F)+2A5(F) <
(tJQFQ) + 2, then f3(F) <'t.

Proof. The proof is by induction on t. Clearly, we may assume that F' has at
least three vertices, and that A;(F) > Ag(F). Let A; = A;(F) and let u; be
such that dp(u;) = A; for ¢ € [3], where uy, ug, and ug are distinct.

For t = 2, we have A1 + 2Ay < (2;2) +2 =8 If Ay = 1, then F is
the union of copies of K; and K>, and removing one vertex of degree 1 yields
either three vertices of maximum degree 0, or a graph with less than 3 vertices.
Hence, we may assume that Ay > 2. If Ay = 1, then F' is the union of a star
Kj a,, copies of Kj, and p copies of Ko. If p =0 or p > 2, then let X = {u;},
and, if p = 1, then let X contain u; and exactly one vertex from the unique Ko
component. It is easy to check that F'— X has three vertices of maximum degree.
Hence, we may assume that Ay > 2, which, using the upper bound on Ay + 2A,,
implies Ay € {2,3,4} and Ay = 2. First, we assume that A; = 2. Clearly, we
may assume that A3 = 1. If u; and us are non-adjacent, then F' contains two
copies of P53, and removing one endvertex from each copy yields four vertices of
maximum degree 1. If u; and uy are adjacent, let F' contain p K5 components.
If p =0, then let X = {uy,us}, and, if p > 1, then let X = {uy}. It is easy to
check that either n(F — X) < 3 or F' — X has three vertices of maximum degree.
Hence, we may assume that A; > 3. If Az = 2, then removing Ay — 2 neighbors
of u; that do not belong to Np[ug] U Np[us] yields three vertices of maximum
degree 2. Hence, we may assume that Az = 1. If F" has no K5 component, then
removing uj and ug yields three vertices of maximum degree 0. Hence, we may
assume that F' has a Ky component. If u; is adjacent to ug, then let X = {u;},
and, if u; is non-adjacent to wug, then let X contain u; and exactly one neighbor
of ug. It is easy to check that F' — X has three vertices of maximum degree.
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Now, let t > 3. First, suppose that A; + As — 2A3 < t. Clearly, we may
assume that Az > 1. If As = 1, then either removing u; and ue or removing
Ay — 1 neighbors of u; that do not belong to Np[us] and Ay — 1 neighbors of
ug that do not belong to Np[uq] yields three vertices of maximum degree 0 or
1. Hence, we may assume that A3z > 2. Now, removing A; — Ag neighbors of
u1 that do not belong to Np[uz] U Np[us] and As — Ag neighbors of uy that
do not belong to Np[ui] U Np[us] yields three vertices of maximum degree As.
Again, all these vertices exist, because F' is a forest. Hence, we may assume that
A1+ Ay —2A3 >t + 1.

Let F' = F — Ui . Clearly, Al(F/) < Ag and AQ(F’) < Az, If Ag + 275
("31) + 2, then Ay (F') + 2A5(F') < ("3') + 2, and, by induction, f3(F)
1+ f3(F') <1+ (t—1) =t. Hence, we may assume that Ay + 2A3 > (tgl) + 3,
and we obtain

<
<

Ay 420, = (Al A,y — 2A3) + (Ag + 2A3>

()33

which is a contradiction. [ ]

A\

Since f3(K75U P3U Ps) = 3, the base case of the induction in the previous proof
is best possible. Note that f3(K;3U K2) = 2 shows that Theorem 7 is not true
for t = 1.

By a simple inductive argument, Theorem 7 implies a lower bound on the
sum of the largest degrees in terms of f3(F).

Corollary 8. Ift is an integer at least 2, and F is a forest with f3(F') > t, then
() AdF) >2,
(i) App1—i(F) + 28010 3(F) > (53) + 3 for every i € [t]\ {1}, and

(ili) A(F) 4+ Ag(F) + -+ Ay(F) > 15t + 312 + 2.

Proof. Let A; = A;(F) and let dp(u;) = A; for i € [t], where uy,...,us are
distinct vertices.

(i) Suppose that A; < 1. If every vertex of degree 1 is in Npfui] U --- U
Nplug—1], then removing X = {uq,...,u;—1} yields three vertices of maximum
degree 0 or a forest of order less than 3. Hence, we may assume that wu; is
not adjacent to any vertex in X. Now, either removing X yields three vertices
of maximum degree 1, or removing X U {u;} yields three vertices of maximum
degree 0 or a forest of order less than 3. Hence, A; > 2.

(ii) Suppose that Agy1—; + 20410 ; < (“1?) +2 for some i € [t]\ {1}. If X =
{ut, ... u—}, then Ay (F—X)+2A0(F—X) < Ap1-i+2010—; < (“5?)+2, and
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Theorem 7 implies the contradiction f3(F) < (t—i)+ f3(F —X) < (t—1i)+i = t,
which completes the proof of (ii).
(iii) By (i) and (ii), we obtain

(A1 + 2A2) + (Az + 2A3) + 4 (At—l + 2At> + Ay

t .
Z+2 ].3 2 29
3 2=—t"+1 —t—4.
;:2:<<2>+>+ Loy 2

Since Ay > 2, this implies 3(A1 +Ag+---+ At) > %t3 +2+ %t, which implies
(ii). n

Y

‘We obtain a result similar to Theorem 6.

Corollary 9. If t is an integer at least 2, and F is a forest of size less than
L3+ 12+ Bt + 1, then f3(F) < t.

Proof. Clearly, we may assume that F' has at least t vertices. Since Aj(F) +
Ao(F)+ -+ Ay(F) <m(F)+ (t — 1), Corollary 8(iii) implies f3(F) < t. |

In order to understand how tight Corollary 9 actually is, we construct forests F'
with few edges and a large value of f3(F'). Therefore, let a1 = 1, ag = 3, and, for
every integer ¢ at least 3, let

(1) a; = max {azel,i —aj-1+ 26%'72}-

It is easy to verify by induction that agj+1 = ag; = i? + i+ 1 for every positive
integer 1.
For a positive integer ¢, let Fy; = K14, U K14, U--- UKy q,.

Lemma 10. If ¢ is a positive integer, then f3(F;) =t and m(F;) = % + O(t?);
more precisely

213 42k + W 1, if t=2k+1, and
m(Ft) — 3 3
2k + k2 + Lk, if t=2k.

Proof. Since the statement about the size of F; follows from a straightforward
calculation using the closed formula for the a;, we only give details for the proof of
f3(EF;) = t. Clearly, removing the ¢ centers of the stars results in an edgeless forest,
which implies f3(F;) < t. Now, let X be a minimum set of vertices of F; such
that F; — X has at least three vertices of maximum degree. Let A = A (F;, — X),
and, let dp,_x(v;) = A for i € [3], where vy, ve, and v are distinct.

If A =0, then clearly |X| > ¢. Since removing the ¢ — 2 vertices of largest
degree and 2 endvertices from K7 4, yields three vertices of maximum degree 1
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in the most efficient way, if A = 1, then |X| > (¢t — 2) + 2 = t. Hence, we may
assume that A > 2, which implies that v{, ve, and v3 are distinct centers of some
star components K1 ,, of F;. Let vy be the center of the component Ki,,, v2 be
the center of the component K1 4,, and v3 be the center of the component K7 4,,
where p < ¢ < r. Clearly, X contains a, — a, neighbors of v3, a; — a, neighbors
of v9, and at least one vertex from every star component Ky ,, with ¢ <i <r or
r < i < t. Using the monotonicity of the a; and (1), this implies

X = (ar—ap)+(ag—ap) +(r—qg=1)+(t—r)
= ar+ag—2ap+(t—qg—1)
mon.
> agy1+ag—2a1+(t—qg-—1)
1
> (¢q+1)+(t—-qg—1)=t,
which completes the proof. [

Lemma 10 implies that in any version of Corollary 9, the upper bound on the
size is at most % + O(t?), that is, the bound in Corollary 9 might be improved
by an asymptotic factor of 3/2.

The following lemma will be used to extend Theorem 7 to graphs of girth at
least 5 and larger values of k.

Lemma 11. Let k and t be integers with k > 2 and t > (k—1)2. If G is a graph
of girth at least 5, and

ALG) + -+ + My 1(G) — (k — DAKG) < 1,
then fr(G) < t.

Proof. Let A; = A;(G) and let dg(u;) = A; for i € [k]|, where uy,...,u; are
distinct vertices.

First, suppose that Ap < k — 1. We remove u1,...,ur_1, and, as long as
the current graph has order at least k& but less than k& vertices of maximum
degree, we iteratively remove all vertices of maximum degree from the current
graph. Therefore, removing u;,...,ug—1, at most (k — 1) further vertices of
degree k — 2, at most (k — 1) further vertices of degree k — 3, and so on, until at
most (k — 1) further vertices of degree 1, yields either a graph with k vertices of
maximum degree or a graph with less than k vertices. Since we removed at most
(k—1)+ (k—1)(k —2) = (k — 1) < t vertices, we obtain f(G) < t. Hence, we
may assume that Ap >k — 1.

Let i € [k — 1]. By the girth condition, w; has at most k — 1 neighbors in

N; = Ng[ui] U -+ U Ng[ui—1] U Ngluit1] U - - U Ng[ug].
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Therefore, there are A; — A < A; — (k — 1) neighbors of u; outside of NV; whose
removal results in a graph in which u; has degree Ay. Doing this for every 4 in
[k — 1] yields k vertices of maximum degree Ay. |

We proceed to the extension of Theorem 7.

Theorem 12. Let k and t be integers with k > 2 and t > (k — 1)2. There is
some integer ci such that, if G is a graph of girth at least 5, and

AL(G) 4+ 205(G) +3A3(G) + -+ (k — DAw_1(G) < <t;2> o

then fr(G) <'t.

Proof. Clearly, we may assume that G has at least t+k vertices. Let A; = A;(G)
and let dg(u;) = A; for i € [k], where ug, ..., u; are distinct vertices. The proof
is by induction on t.

First, let t = (k—1)2. Let ¢, be such that ((k_12)2+2) + ¢ = k—1. We obtain
that A; < k — 1, and removing at most (k — 1) vertices of degree k — 1, at most
(k — 1) further vertices of degree k — 2, and so on, until at most (k — 1) further
vertices of degree 1, yields either a graph with k vertices of maximum degree or a
graph with less than k vertices. Since we removed at most (k — 1)2 = ¢ vertices,
we obtain fx(G) < t.

Next, let t > (k — 1)2. By Lemma 11, we may assume that A;y(G) +--- +
Ag_1(G)— (k—1)A(G) > t+1. Similarly as in the proof of Theorem 7, we may
assume, by induction, that

t—142

As(G) + 2A5(G) + 3A4(G) + -+ + (k — 1)A(G) > < )

) +cr + 1.
Adding these two inequalities implies a contradiction, which completes the proof.

|
Theorem 12 has several interesting consequences.

Corollary 13. Let k be a fized integer at least 2. There is a function g : N — Z
with |g(t)| = O(t?) such that, if t is some positive integer, and G is a graph of
size at most % + g(t) and girth at least 5, then fi,(G) <t.
2
t3
k

Proof. Choosing g(t) equal to G0) for t < (k — 1)?, the statement becomes
2

trivial for ¢+ < (k — 1)2. Hence, we may assume that ¢t > (k — 1)2.

Let the graph G of girth at least 5 be such that fi(G) > ¢; in particular, G
has at least ¢ 4+ k vertices. Let A; = A;(G) for i € [t]. Arguing similarly as in the
proof of Corollary 8 (ii), we obtain that

1+ 2
App1—i + 2000+ + (k= 1)Appp—1-5 > < 9 ) +oeop+1



EqQuaTING &£ MAXIMUM DEGREES IN GRAPHS WITHOUT SHORT CYCLES 849

for every i € [t] \ {(k —-1)2 - 1]. Adding all these inequalities, we obtain, using

1+2+-+(k—1) = (%), that
k : i+2 3
<2> (Al +"‘+At+k—1—<k—1>2) > ) << 2 ) et 1) =5 o),
i=(k—1)2
where the implicit constants depend on the fixed value of k.
If H is the subgraph of G induced by the t + k — 1 — (k — 1)? < ¢ vertices of
the largest degrees, then

t3
m(G) = (A1 ++ 4+ Appr_erye ) — ml(H) > ol o),
2
which completes the proof. [

It is a simple consequence of the Moore bound [7] that, for every positive integer

+1
p, we have m(G) < 2n(G)pT for every graph G of girth more than 2p.

Corollary 14. Let k and p be fized integers with k > 2 and p > 2. If G has girth
more than 2p, then

F(G) < (1 + 0(1)) (12 (’;)) : n(G) 5.

Proof. Let G be a graph of girth more than 2p, and let t = fx(G) — 1. By the
above consequence of the Moore bound and Corollary 13, we obtain

LV () e)
(50) " > (3 (55 ) )

p

_ ((121(,;) +o(1)> t3>p+1.

1 o
This implies ¢ < (1 + o(1)) <12(§)) 3n(G)p3T, which completes the proof. |

n(G)

v

Arguing in a similar way for forests, we obtain the following considerable im-
provement of Theorem 3.

Corollary 15. Let k be a fized integer with k > 2. If F' is a forest, then

fiu(G) < (1 +o(1)) <6<§>>én(6’)é.
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3. AN ALGORITHM FOR FORESTS

In this section we describe an efficient algorithm calculating fx(F') for a given
forest F'.

Let k be an integer at least 2. Let T be a tree of order more than k, let S be
a set of k distinct vertices of T, and, let A be some non-negative integer at most
A(T). The vertices in S are called special. We root T' in some non-special vertex
r, and, for every vertex u of T', we denote by T'(u) the subtree of T rooted in u
and containing u as well as all descendants of wu.

For a vertex u of T, let (n1(u),n2(u),n3(u)) be a triple of integers, where

(i) n1(u) is the maximum order of an induced subforest 77 (u) of T'(u) such that
o ugV(Ti(u)),
e SNV (T(u)) CV(T1i(u)),
e A(Ty(u)) <A, and
e dy,(u)(v) = A for every vertex v € SNV (T'(u)).
Note that, if u is special, then nj(u) = max (), which, by convention, is —oo.
(ii) ng(u) is the maximum order of an induced subforest T5(u) of T'(u) such that
o {u}U(SNV(T() C V(To(w)),
o A(Th(u)) <A, and
o dp,(u)(v) = A for every vertex v € {u} U (SN V(T(u))).

(iii) ng(w) is the maximum order of an induced subforest T3(u) of T'(u) such that
[} U (SO V(T(W) € V(T(w),

A(Ts(u)) < A,

dry(u)(v) = A for every vertex (SN V(T(u))) \ {u}, and

e if u is special, then dp,(,)(u) = A — 1, and, if u is non-special, then
dTg(u)(u) S A — 1.

If uw is a non-special leaf of T', then

~J(0,1,-00), if A=0and
(nl(u),ng(u),ng(u)) - {(0’ — o0, 1)’ it A > 1,

and, if u is a special leaf of T', then

(=00, 1, —00), if A=0,
(n1(u), na(u),n3(u)) = ¢ (=00, —o0, 1), if A=1, and
(=00, —00, —00), if A>2.

The following lemma gives recursions for non-leaf vertices of 7.
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Lemma 16. Let u be a non-leaf vertex of T', where we use the notation introduced
above. Let v1,...,v, be the special children of u, and, let wy,...,wy be the non-
special children of w. Let

ng(wi) — ni(w1) = ng(wz) — na(wz) = -+ = ng(wg) — n1(wy).

If n3(w1) —ni(w1) <0, let ¢ = 0, and, if ng(w1) —ni(w1) > 0, let ¢' € [q] be
mazimum such that n3(wy) — ni(wy) > 0.

(i) If u is non-special, then

ni(u) = ing(vi) + imax {nl(wj), ng(wj),ng(wj)}.

j=1

(ii)) If p> A orp+q < A, then ng(u) = —oo, and, if p < A < p+q, then

p A-p q
na(u) = mg(vi) + > ma(wy)+ D> ma(wy),
i=1 j=1 j=A—pt+1

(iii) If u is special, and p > A —1 or p+ q < A — 1, then nzg(u) = —o0, and, if
u is special, and p < A —1<p+q, then

(iv) If u is non-special and p > A —1, then n3(u) = —oo, and, if u is non-special
and p < A —1, then

p min{q’,A—1—p} q

ns(u) = an(vi) + Z na(w;) + Z ni(wj).

i=1 =1 j=min{q,A—1—p}+1

Proof. (i) Since u does not belong to T (u), for every special child v; of u, the
forest Th1(u) N T'(v;) has at most as many vertices as Ta(v;), and, for every non-
special child w; of u, the forest T (u) NT'(w;) has at most as many vertices as the
forest of largest order in {71 (w;), To(w;), T3(w;)}, which implies that n;(u) is at
most the specified value. On the other hand, combining the mentioned forests in
the obvious way, it follows that nj(u) is also at least the specified value, which
completes the proof of (i).

(ii) If p > A or p+ g < A, then no forest with the properties required for
T5(u) exists, and, hence, ng(u) = —oco. If p < A < p+ g, then, since u belongs to
T5(u) and has degree exactly A in Ty (u), for every special child v; of u, the forest
To(u) N T'(v;) has at most as many vertices as T3(v;), there are exactly A —p



852 M. FURST, M. GENTNER, S. JAGER, D. RAUTENBACH AND M.A. HENNING

non-special children w; of u that belong to T»(u), and the forest Tp(u) N1 (w;)
for such a w; has at most as many vertices as T3(w;), and, for the remaining
q — (A — p) non-special children w; of u that do not belong to T5(u), the forest
Ty(u) N T(wj) for such a w; has at most as many vertices as T1(w;). In view
of the ordering of the non-special children w; of w, this implies that na(u) has
at most the specified value. Again, on the other hand, combining the mentioned
forests in the obvious way, it follows that na(u) is also at least the specified value,
which completes the proof of (ii).

Since the proof of (iii) is almost identical to the proof of (ii), we proceed to the
proof of (iv). Since u belongs to T5(u) and has degree at most A — 1, some
non-special child w; of u may only belong to T3(u) if ng(w;) —ni(w;) > 0, which
easily implies (iv) arguing similarly as for the proof of (ii). ]

Theorem 17. For a fixed integer k at least 2, and a given forest F', the value
frx(F) can be determined in polynomial time.

Proof. Clearly, we may assume that I’ has more than k vertices. Let S be a set
of k distinct vertices of F', and let A be a non-negative integer at most A(F).
If F'is disconnected, then we add a vertex r with a neighbor in each component
of F', and denote the resulting tree by T. Otherwise, let T = F, and let r be
a vertex of F' that does not belong to S. Using the recursions from Lemma 16,
we can determine, in polynomial time, (ni(r),na(r),ns(r)) for T, denoted by

(nES’A) (r), ngS’A) (r), n:())S’A) (r)) for this specific choice of S and A.
If F' is connected, then n(F') — fx(F) equals

max {max {ngs’A) (r), néS’A) (r), néS’A) (7“)} :Se (V(kF)> and Ae{0} U [A(F)]},

and, if F' is not connected, then n(F') — fx(F) equals

max {n(ls’A)(r) .Se (V(kF )) and A € {0} U [A(F)]} .

Since these maxima are taken over polynomially many values, the desired state-
ment follows. u

It seems possible yet challenging to extend this approach to graphs of bounded
tree width.
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