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Abstract

A graph G with the double domination number y42(G) = k is said to be
k-vyxo-critical if yx2(G 4+ uv) < k for any uv ¢ E(G). On the other hand,
a graph G with vy2(G) = k is said to be k-yf,-stable if vy2(G + wv) = k
for any wv ¢ E(G) and is said to be k- ,-stable if y4o(G — uv) = k for
any uwv € E(G). The problem of interest is to determine whether or not
2-connected k-vyyo-critical graphs are Hamiltonian. In this paper, for k > 4,
we provide a 2-connected k- o-critical graph which is non-Hamiltonian. We
prove that all 2-connected k--yyo-critical claw-free graphs are Hamiltonian
when 2 < k < 5. We show that the condition claw-free when k£ = 4 is best
possible. We further show that every 3-connected k-vyxso-critical claw-free
graph is Hamiltonian when 2 < k < 7. We also investigate Hamiltonian
properties of k—wIQ—stable graphs and k-7 ,-stable graphs.
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1. INTRODUCTION

All graphs in this paper are connected and simple (i.e., no loops or multiple
edges). We let G denote a finite graph with vertex set V(G) and edge set E(G).
For a vertex subset S of G, (S) denotes the subgraph of G induced by S. The
neighborhood N¢(z) of a vertex x in G is the set of vertices of G which are adjacent
to x. The degree degq(v) of a vertex v in G is |[Ng(v)|. For a vertex subset X and a
vertex y of G, we let Nx[y] = (Ng(y)NX)U{y}. For a graph G, w(G) denotes the
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number of components of G. A cut set S is a vertex subset for which w(G —5) >
w(@). The connectivity k is the minimum cardinality of a cut set. A graph G is
l-conmected if k > [. An independent set is a set of pairwise non-adjacent vertices.
A graph G is bipartite if there exists a bipartition X and Y of V(G) such that X
and Y are independent sets. A complete bipartite graph K, , is a bipartite graph
with the partite sets X and Y such that |X| = m and |Y| = n containing all
edges joining the vertices between X and Y. A star K, is a complete bipartite
graph when m = 1, in particular if n = 3, a star K1 3 is called a claw. For integers
51,82,83 > 1, let uy, ua, ..., Us;41; V1,02, ..., Vsyt+1 a0d Wy, Wa, . .., Wsy41 be three
disjoint paths of length si, sy and s3, respectively. A net N, s, s, is constructed
by adding edges g, +1Vsy+41; Vsy+1Ws3+1 and Wgy11Ug,+1. For a family of graphs
F, a graph G is said to be F-free if there is no induced subgraph of G isomorphic
to H for all H € F.

For vertex subsets X and Y of G, we say that X doubly dominates Y if
INx[y]] > 2 for all y € Y. We write X >,9 Y if X doubly dominates Y.
Moreover, if Y = V(G), then X is a double dominating set of G. A smallest
double dominating set of GG is called a vyx2-set of G. The double domination
number of G is the cardinality of a 7yxo-set of G and is denoted by vx2(G). A
graph G is said to be k double domination critical, or k-yxo-critical, if v«2(G) = k
and 7(G + uv) < k for all v ¢ E(G). On the other hand, a graph G is said
to be double domination edge addition stable, or k—’yiQ—stable, if v42(G) = k and
Y(G + uwv) =k for all wv ¢ E(G) and a graph G is said to be double domination
edge removal stable, or k-y, ,-stable, if yx2(G) = k and (G — wv) = k for all
uwv € E(G). A graph which is either k:—fy;rz—stable or k-7, ,-stable is called double
domination stable.

This paper focuses on the Hamiltonicity of double domination critical graphs
and double domination stable graphs. It is worth noting that there are some
results concerning Hamiltonicities of critical graph with respect to other types of
domination numbers. For example, see [1,5,6,8-11,13,17,19]. For related results
in k-yxo-critical graphs, Thacker [12] first studied these graphs. He characterized
3-yxo-critical graphs and 4-yyo-critical graphs with maximum diameter. It is
easy to see that 2-y«o-critical graphs are complete graphs of order at least two.
When k£ = 4, Wang and Kang [14] showed that G is factor-critical if G is a
connected 4-yxo-critical K 4-free graph of odd order with minimum degree two.
Wang and Shan [15] showed further that if the order is even and at least six then
the connected 4-7yxo-critical K 4-free graph has a perfect matching except one
family of graphs. Moreover, if G is a 2-connected 4-7yo-critical claw-free of even
order with minimum degree three or G is a 3-connected 4-7yyo-critical Ky 4-free
of even order with minimum degree four, then G is bi-critical. Recently, Wang
et al. [16] established that if a graph G is a 3-connected 4-yyo-critical claw-free
graph of odd order with minimum degree at least four, then G is 3-factor-critical
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except one family of graphs. All the related results have not been done when
k > 5. In double domination stable graphs, we introduce a new concept in k-
fy':?—stable graphs and investigate their Hamiltonian property in this paper. For
k-~ o-stable graphs, Chellali and Haynes [4] established fundamental properties
of these graphs.

In this paper, we proceed as follows. In Section 2, we provide some results
that we use in our proofs. In Section 3, for k > 4, we give a construction of
a 2-connected k-yxo-critical graph which is non-Hamiltonian. We prove that 2-
connected k-vyo-critical claw-free graphs are Hamiltonian when 2 < k£ < 5. By
the construction, we have that the condition claw-free is sharp when &k = 4. We
show further that every 3-connected k-yxo-critical claw-free graph is Hamiltonian
when 2 < k < 7. In Section 4, for k > 2, we give constructions of a class of k-
va—S‘Gable non-Hamiltonian graphs and a class of k-7, ,-stable non-Hamiltonian
graphs. We prove that 2-connected k—’yi’Q—stable claw-free graphs are Hamiltonian
when 2 < k£ < 3. We also prove that 3-connected k—’yIQ—stable claw-free graphs
are Hamiltonian when 2 < k < 5. For k-7, ,-stable graphs, we prove that 2-
connected k-7, ,-stable claw-free graphs are Hamiltonian when 2 < k < 4. We
also prove that 3-connected k-7, ,-stable claw-free graphs are Hamiltonian when
2<k<6.

2. PRELIMINARIES

In this section, we state a number of results from the literature that we make
use of in our work. We begin with a result of Chvétal [3] which is a well known
property of a Hamiltonian graph.

Proposition 1 [3]. If G is a Hamiltonian graph, then w(gs_'S) > 1 for every cut

set S CV(G).

In the following, we introduce the technique in Ryjdcek [7] so called local
completion to study Hamiltonian properties of claw-free graphs. Let G be a claw-
free graph. A vertex z in G is eligible if (Ng(z)) is connected and non-complete.
Further, let G, be the graph such that V(G,) = V(G) and E(G;) = E(G)U{uv :
for a pair of non-adjacent vertices u,v € Ng(z)}. Then, we repeat this process
until there is no eligible vertex in the graph. That is, we will have a finite
sequence of graphs Gy, G, ...,Gp, such that G = Gy and, for 1 < i < ng, we
have G; = (G;—1), where y is an eligible vertex of Gj_1. The process finishes at
Gn, which contains no eligible vertex. Here G, is the closure of G' and is denoted
by cl(G). Brousek et al. [2] use this operation to establish the Hamiltonicities
of {K13, Ng, s,,s5 }-free graphs. Before we state this theorem, we need to provide
some classes of graphs from [2].
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The Class Hi. Let Z1,...,Z5 be complete graphs of order at least three. For
1 <1i<3,let ¢, 2z be two different vertices of Z;. Moreover, let ¢}, ¢, ¢4 be three
different vertices of Zy and 2], 2}, 24 be three different vertices of Zs. A graph in
this class is constructed from Zi, ..., Zs by identifying ¢, with ¢; and z] with z;
for 1 <4 < 3. A graph in this class is given in Figure 1(a).

The Class H2. Let c1,co,c3,c1 and dy,do, ds,d; be two disjoint triangles. We
also let T7 and 75 be two complete graphs of order at least three and T3 a complete
graph of order at least two. Let ¢}, d, be two different vertices of T; for 1 <i <2
and let ¢4, r be two different vertices of T3. A graph in this class is obtained by
identifying ¢} with ¢; and d} with d; for 1 < i < 2 and identifying ¢4 with c3 and
adding an edge rds. A graph in this class is illustrated by Figure 1(b).

The Class Hs. Let hy, ho,..., hg, h1 be a cycle of six vertices and K a complete
graph of order at least three. Let s and s’ be two different vertices of K. We
define a graph G in the class Hs by adding edges shy, shg, s'hs, s’hy. A graph in
this class is illustrated by Figure 1(c).

Figure 1(a). The Class H;. Figure 1(b). The Class Ha.
ha P hl
S
hs ’ [ o
ha 3/ hs

Figure 1(c). The Class Hs.

Let P = pi1,p2,p3, P = p),ph,ps and P" = pf,ph, p§ be three paths of length
two. The graph Ps 33 is constructed from P, P’ and P” by adding edges so that
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{p1, 1}, P} and {ps, p§, p5} form two complete graphs of order three. Brousek et
al. [2] proved the following.

Theorem 2 [2]. Let G be a 2-connected {K 3, N122, N1,13}-free graph. Then
either G is Hamiltonian, or G is isomorphic to P33 3 or cl(G) € Hi U Ha U Hs.

Recently, Xiong et al. [18] established the following theorem.

Theorem 3 [18]. Let G be a 3-connected { K13, Ns, 5.5 -free graph. If s;+so+
s3 <9 and s; > 1, then G is Hamiltonian.

We conclude this section by giving some results on double domination.
Thacker [12] established some observations of this parameter.

Observation 4 [12]. For k > 2, let G be a k-yxa-critical graph. Moreover, for
a pair of non-adjacent vertices u and v of G, we let Dy, be a yx2-set of G + uv.

Then Dy, N {u,v} # 0.

The following proposition is a special case of a result of Thacker [12] by restricting
the original result to connected graphs.

Proposition 5 [12]. For any connected graph G, let uw and v be a pair of non-
adjacent vertices of G. Then

Yx2(G) — 2 < yx2(G + uv) < vx2(G).

The following result, from [4], gives the double domination number of a graph
when any edge is removed.

Observation 6 [12]. For a graph G and edge uv € E(G) such that G — uv have
no isolated vertex, vx2(G) < yx2(G — uv).

3. DOUBLE DOMINATION CRITICAL GRAPHS

In this section, we use the claw-free property to determine when 2-connected k-
vxo-critical claw-free graphs are Hamiltonian. First of all, we give a construction
of k-yxo-critical graphs when k > 4 which are non-Hamiltonian.

The class D(k). For k > 4, let A = {a;b; : 1 <i < k—1} be aset of k —1
independent edges and let x be an isolated vertex. A graph G in the class D(k)
is constructed by:

e joining x to every vertex in V(A), and

e adding edges so that by, bo,...,b;_1 form a clique.
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A graph G in this class is illustrated by Figure 2.

a1 k-1

b1G/ | \Dbk—1

Figure 2. A graph in the class D(k).

Lemma 7. For an integer k > 4, if G € D(k), then G is a 2-connected k-yx2-
critical non-Hamiltonian graph.

Proof. We first show that vx2(G) = k. Obviously, {z,a1,as2,...,a5_1} =x2 G.
By the minimality of vx2(G), we have vx2(G) < k. It remains to show that
vx2(G) > k. Let D be a vyx2-set of G. To doubly dominate {a;}, we must
have |{z,a1,b1} N D| > 2. Similarly, to doubly dominate {ag,as,...,ar_1}, we
have |D N {a;,bi}| > 1 for all 2 < i < k —1. Thus |D| > k. This implies that
’}/XQ(G) =k.

We next establish the criticality. Let w and v be a pair of non-adjacent
vertices of G. As z is adjacent to every vertex, we must have that =z ¢ {u,v}.
Thus {u,v} C {a1,b1,a2,ba,...,ax_1,bk—1}. By the construction, at least one
of w and v is not in {by,be,...,bx_1}. Without loss of generality let u = a;
and v € {ag,bs}. Clearly, {z,v,as3,a4,...,a5-2,bk—1} >x2 G + uwv. That is
Yx2(G 4+ uv) < k —1 < yx2(G). This establishes the criticality and hence, G is a
k-yxo-critical graph.

We finally show that G is non-Hamiltonian. Suppose to the contrary that G is
Hamiltonian. Observe that Ng(a1) = {z,b1}. Thus, G is Hamiltonian if and only
if G—ay has a Hamiltonian path P from x to b;. Since Ng_g4, (a2) = {x, ba}, it fol-
lows that the path x, ag, bs is a subgraph of P. Similarly, as Ng_q, (a3) = {z, b3},
we must have that the path x,as, b3 is a subgraph of P. Thus b3, a3, x, az, bs is a
subgraph of P. This contradicts x is one of the two end vertices of P. Therefore,
G is non-Hamiltonian. This completes the proof. [

In the following, we recall the classes H,H2 and H3z and the graph P;33
from the previous section. We give an observation for the lower bound of the
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double domination numbers of graphs in these classes.

Observation 8. Let G be a 2-connected claw-free graph. If cl(G) € HiUHaUH3
or G is isomorphic to P3 33, then yx2(G) > 6.

Proof. We first consider the case when cl(G) € Hi UHa U Hs. Let D be a yxo-
set of ¢l(G). In view of Proposition 5, it suffices to show that yx2(cl(G)) > 6.
Suppose first that cl(G) € Hi. Since |V(Z;)| > 3, there exist vertices s; €
V(Z;) —{qi, z} for alli € {1,2,3}. To doubly dominate {si, s2, s3}, we have that
DAV(Z)| > 2. Thus 1a(el(G)) = D] > 6.

We now suppose that cl(G) € Ha. Because |V(T;)| > 3, there exist vertices
ri € V(T;) — {ci,d;} for all ¢ € {1,2}. To doubly dominate {r,71,7r2}, we have
that [DNV(T;)| > 2 and |D N (V(T3) U{ds})| > 2. Thus yx2(cl(G)) = |D| > 6.

We now suppose that cl(G) € Hsz. Because |V (K)| > 3, there exists a vertex
s" € V(K)—{s,s'}. To doubly dominate {s”, ha, hs}, we have that [DNV (K)| >
2, |D N {hl,hg,hg}’ > 2 and |D N {h4,h5,h6}’ > 2. Thus ’}/XQ(CZ(G)) = ‘D| > 6.

We finally consider the case when G is isomorphic to P333. Let D’ be a
vx2-set of G. To doubly dominate {pa,ph,p3}, we have that |D' N V(P)| >
2,|D"NV(P)| > 2 and |[D'NV(P")] > 2. Thus yx2(G) = |D’| > 6. This
completes the proof. ]

We next establish the following lemma concerning the minimum number of
vertices of a double dominating set when some independent set is given.

Lemma 9. Let G be a claw-free graph, I be an independent set and X be a set
of vertices such that X =yo I. If there exists a vertex in X — I adjacent to at
most one vertex in I, then |I| +1 < |X]|.

Proof. Let w be a vertex in X — I which is adjacent to at most one vertex in
I. Moreover, we let [y = X NI, Io =1—1; and X' = X — (I; U{w}). Clearly,
| X| = |X'|+ |[1] + 1 and |I| = |I1]| + |I2]. Let H be a subgraph of G such that
V(H) = X'U{w}UI and E(H) = {uv € E(G) : v € X' U{w} and v € I}.
Clearly, H is bipartite with the bipartition sets X’ U{w} and I. Since X =2 I,
every vertex in I is adjacent to at least one vertex in X’ U{w}. Moreover, every
vertex in I is adjacent to at least two vertices in X’ U {w}. Thus, degy(v) > 1
for all v € I1 and degy(v) > 2 for all v € I5. This gives the degree sum of vertices
in I as the following

(1) (11| + 2|I2| < Yyer degp(v).

Because G is claw-free, every vertex in X’ is adjacent to at most two vertices
in I. Therefore degy(u) < 2 for all u € X’. Since w is adjacent to at most one
vertex in I, it follows that

(2) Suexrufwy degpy (1) < 21X+ 1.
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Because H is bipartite, X,y degy (v) = Xyexruqw) degy(u). By (1) and (2),
we have |I1]| + 2|[2| < 2|X’| + 1. Hence,

|11 |11 po 1Y L 4l
=0+ L < (B4 o)) + 50 < (x4 2 )+ 2
1=+ 1< (5l + 1< (x4 5) + 1

< |X'|+ L] +1=]X].
This completes the proof. [

We are now ready to establish our main theorems. We recall a net N, s, s,
from the first section.

Theorem 10. Let G be a 2-connected k-vyxa-critical claw-free graph. If 2 < k <
5, then G is Hamiltonian.

Proof. We first show that G'is { K 3, N1,2,2, N1 13}-free. Suppose to the contrary
that G contains Ny292 or Ni13 as an induced subgraph. We first consider the
case when G contains Nj22 as an induced subgraph. Consider G + viw;. By
Observation 4, |Dy,w, N {v1,w1}| > 1. Suppose that | Dy, N {vi, w1} = 1. By
symmetry, we let w1 € D, 4,. Because Dy, ., is a double dominating set, wy is
adjacent to a vertex in Dy, , w say. Clearly, {uy,ve, w1, ws} is an independent
set. By claw-freeness, w is adjacent to at most one vertex in {uy, vy, ws}. Let X =
Dy w, —{w1}. Clearly, X o {u1,v2, w3} and X contains w. In view of Lemma 9,
|X| > 4. This implies that | Dy, ., | > 5 contradicting the criticality of G. Suppose
that {v1, w1} C Dyjw,- Let X' = Dy — {w1}. Thus X' =2 {u1, v, w3} and X’
contains v1 which is adjacent to at most one vertex in {uy,ve, ws}. This implies
by Lemma 9 that |X’| > 4. Hence, | Dy, | > 5 contradicting the criticality of G.
Therefore, G does not contains Nj 22 as an induced subgraph.

We now consider the case when G contains Ny 13 as an induced subgraph.
Consider G 4 ujv;. By Observation 4, |Dy,,, N {ui,v1}| > 1. Suppose that
|Dyyvy, N{ur,v1}] = 1. By symmetry, we let u; € Dy,p,. As Dy, is a double
dominating set, we must have that u; is adjacent to a vertex w in D,,,,. Clearly,
{u1,v9, w1, w3} is an independent set. Since G is claw-free, u is adjacent to
at most one vertex in {ve,wi,ws}. Let Y = Dy, — {u1}. Clearly, Y .o
{v2, w1, w3} and Y contains u. In view of Lemma 9, |Y| > 4. Thus |Dy,.,| > 5
contradicting the criticality of G. We then suppose that {uj,v1} C Dy,q,. Let
Y' = Dy,o,—{u1}. Thus Y’ =9 {vg, w1, w3} and Y’ contains v; which is adjacent
to at most one vertex in {vy, w1, ws}. This implies by Lemma 9 that |Y'| > 4.
Hence, |Dy,y,| > 5 contradicting the criticality of G. Therefore, G does not
contain Nj ;3 as an induced subgraph. Hence, G is {K 3, N1 2.2, N1,1,3}-free.

Because yx2(G) < 5, by Observation 8, G is not isomorphic to P;33 and
c(G) ¢ H1UHaUHs. In view of Theorem 2, G is Hamiltonian. This completes
the proof. [
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We can see that a graph G in the class D(k) when 4 < k < 5 is non-
Hamiltonian. Thus the condition claw-free in Theorem 10 is necessary. Moreover,
when k = 4, the graph in the class D(k) is K 4-free. Hence, the condition claw-
free is best possible for £ = 4. We conclude this section with the following
theorem which shows that a graph k-vy«o-critical when 6 < k < 7 is Hamiltonian
if it is 3-connected and claw-free.

Theorem 11. For an integer 2 < k < 7, let G be a 3-connected k-yxo-critical
claw-free graph. Then G is Hamiltonian.

Proof. We will show that G is N33 3-free. Suppose to the contrary that G
contains N3 33 as an induced subgraph. Consider G +ujv1. Observation 4 yields
that | Dy, N {ui,v1}| > 1. Suppose first that [Dy,y, N {ui,v1}| = 1. By sym-
metry, we may let u; € Dy,q,. It is easy to see that {uj,us, ve,vs, w1, w3} is an
independent set. As D,,,, is a double dominating set, we must have that u; is
adjacent to a vertex w in D, ,,. Since G is claw-free, u is adjacent to at most
one vertex in {us, v, v4, w1, w3}. Let X = Dy, — {u1}. Clearly, X >yo {us, v,
vg, w1, w3} and X contains u. Lemma 9 implies that | X| > 6. Thus Dy, | > 7
contradicting the criticality of G. We then suppose that {uj,v1} C Dy,.,. Let
X' = Dyyv, — {ur}. Thus X' =9 {us,ve, v, wi, w3} and X' contains v; which
is adjacent to at most one vertex in {us, vy, v4, w1, ws}. This implies by Lemma
9 that | X'| > 6. Hence, |Dy,y,| > 7 contradicting the criticality of G. Therefore,
G does not contain N33 3 as an induced subgraph. Theorem 3 implies that G is
Hamiltonian. This completes the proof. |

We see that the graphs in the class D(k) when 6 < k < 7 are non-Hamil-
tonian. Thus, the condition claw-free together with 3-connected is necessary in
Theorem 11.

4. DOUBLE DOMINATION STABLE GRAPHS

In this section, we use the claw-free property to determine when 2-connected
k—’yiQ—stable claw-free graphs and 2-connected k-v, ,-stable claw-free graphs are
Hamiltonian. We first establish the following lemma concerning the minimum
number of vertices of a double dominating set when some independent set is
given. The proof of which is similar to Lemma 9. For completeness, we provide
the proof.

Lemma 12. Let G be a claw-free graph, I be an independent set and X be a set
of vertices such that X >xo I. Then |I| <|X]|.

Proof. Let I = XNI,Is=1—1 and X' = X — I. Clearly, | X| = |X'| + |[1]
and |I| = |I1] + |I2]. Let H be a subgraph of G such that V(H) = X' U I and
E(H) = {uw € E(G) : w € X" and v € I}. Clearly, H is bipartite with the
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bipartition sets X’ and I. Since X =yxo I, every vertex in I; is adjacent to at
least one vertex in X’ and, every vertex in I is adjacent to at least two vertices
in X’. Thus, degy(v) > 1 for all v € I} and degy(v) > 2 for all v € I. This
gives the degree sum of vertices in I as the following

(3) 11| + 2|L2| < Soeq degy(v).

Because G is claw-free, every vertex in X’ is adjacent to at most two vertices
in I. Therefore degy (u) < 2 for all u € X'. Thus,

(4) Suex degy(u) < 2|1 X'| = 2| X| — 2|1

Because H is bipartite, X,cr degy(v) = Yyexr degy(u). By (3) and (4), we
have |I1] + 2|12| < 2|X| — 2|I;|. Hence,

1 = L] + || < 30]/2 + | B < |X]|

This completes the proof. [

By Lemma 12 and Theorems 2 and 3, we easily establish the following corol-
laries.

Corollary 13. Let G be a 2-connected claw-free graph with yx2(G) < 3. Then
G is Hamiltonian.

Proof. By Observation 8, cl(G) ¢ Hi U Hzo U H3 and G is not isomorphic to
P333. Thus, by Theorem 2, it suffices to show that G is {Nj 22, Ny 3}-free.
Suppose to the contrary that G' contains N 22 as an induced subgraph. Clearly,
{u1,v1,v3,wa} is an independent set of four vertices. Lemma 12 yields that
4 < v42(G) < 3, a contradiction. Thus, G is Nj 2 -free. We can prove that G is
Ny 1 3-free by the same arguments. Thus, by Theorem 2, G'is Hamiltonian. m

Corollary 14. Let G be a 3-connected claw-free graph with yx2(G) < 5. Then
G is Hamiltonian.

Proof. By Theorem 3, it suffices to show that G is N33 3-free. Suppose to the
contrary that G contains N3 33 as an induced subgraph. Clearly, {u1,us,v1,vs,
w1, ws} is an independent set of six vertices. Lemma 12 gives that 6 < vx2(G) <
5, a contradiction. Thus, G'is N33 3-free. By Theorem 3, G is Hamiltonian. m

4.1. k:-’y;'gz-stable claw-free graphs

In this subsection, we study Hamiltonian property of k—’yiQ-stable claw-free
graphs. Although all 2-y«s-critical graphs of order at least three are Hamiltonian
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because they are complete graphs, this is not always true for 2—712—stable graphs.
That is there exist 2-v],-stable graphs which are non-Hamiltonian. We first give
a construction of k—’yIQ—stable graphs when k > 2 which are non-Hamiltonian.

The class ST (k). For k > 2, let K}, be a complete graph of order k with the
vertices 1, g, ...,z and for 1 <1 # j < k, we let ay; 3, by 53, ¢fijy be 3 (g)
isolated vertices. The graph G in this class is obtained from K} and all the 3- (g)
isolated vertices by adding the edges ag; jy@p, by jy@p, ¢ jyzp forall 1 <i# j <k
and for all p € {i,j}. The following lemma establishes the properties of the graphs
in the class St (k).

Lemma 15. For an integer k > 2, if G € ST(k), then G is a 2-connected k-y},-
stable non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k-y},-
stable when k£ = 2. Hence, we assume that £ > 3. We first show that yx2(G) = k.
Obviously, V(Kj) =x2 G. By the minimality of yx2(G), we have vx2(G) < k.
Let D be a yxa-set of G. So, |D| < k. We will show that V(K}) C D. Suppose
to the contrary that {z1,z9,..., 25} € D. Without loss of generality, let z; ¢ D.
To doubly dominate A; = {a{ld},b{l,j},c{l,j} 1<y < k}, we must have that
A1 € D. Since k > 3, it follows that k > |D| > |A1| = 3k—3 > k, a contradiction.
Thus V(K%) C D and |D| > k. This implies that vyx2(G) = k.

We next establish the stability. Let v and v be a pair of non-adjacent vertices
of G and let Dy, be a yx2-set of G+ uv. Because V(K}) >, G+ uv, it follows
that |Dy,| < |V(K%)| = k. It suffice to show that |Dy,| > k. By the construction,
H{u,v} NV (Ky)| < 1. We first consider the case when |[{u,v} N V(Ky)| = 1.
Without loss of generality let u = x1 and v = agy 3. Suppose that there exists
x; & Dyy. If i # {1,2,3}, then, to doubly dominate 4; = {a{m},b{i,j},c{m} :
1<j<kandj# i}, we must have that A; C D,,. This implies that |D,,| >
3k — 3 > k contradicting |Dy,| < k. Thus, 7 € {1,2,3}. To doubly dominate
A; — {a{2’3}}, we must have that (Ai - {a{273}}) C Dyyp. This implies that
k > |Dyy| > 3k — 4 > k, a contradiction. Thus, V(K}j) C D,,. This implies that

We now consider the case when |[{u,v} NV (Kj)| = 0. Similarly, suppose
that there exists x; ¢ Dy,. To doubly dominate A; — {u,v}, we must have
that (4; — {u,v}) C Dy,. This implies that k > |Dy,| > (3k —3) —2 > k, a
contradiction. Thus, V(K}) C D,,. This implies that |D,,,| > k. This establishes
the stability and hence, G is a k—'y;rz—stable graph.

We finally show that G is non-Hamiltonian. Clearly, V(K}) is a cut set of
G such that G — V(K}) has 3 - (’2“) isolated vertices as the components. Thus,
w(GV—(fV% < 1. By Proposition 1, G is non-Hamiltonian. This completes the
proof. |
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By Lemma 15, there exist 2-connected k—VIQ—stable graphs which are non-
Hamiltonian for all £k > 2. However, by using Corollaries 13 and 14, we easily
obtain that all 2-connected k—fy;rQ—stable graphs are Hamiltonian when k is small.
The proofs are omitted as the class of 2-connected k-v},-stable graphs is a sub-
class of graphs with vx2(G) = k.

Corollary 16. Let G be a 2-connected k—’yiQ—stable claw-free graph. If2 < k < 3,
then G is Hamiltonian.

Corollary 17. For an integer 2 < k < 5, let G be a 3-connected k-y},-stable
claw-free graph. Then G is Hamiltonian.

Observe that a graph G € S1(2) is K1 4-free. Hence, the condition claw-free
in Corollaries 13 and 16 is best possible when k = 2. For a graph G € ST (3),
it is easy to see that the graph G’ = G — 1.9y — bp1 3y — cq1,3) — D23} — €(2,3)
is 3—7';2—stable K1 4-free graph. Hence, the condition claw-free in Corollaries 13
and 16 is best possible when k& = 3.

4.2. k-, ,-stable claw-free graphs

We first give a construction of k-7, ,-stable graphs when k£ > 2 which are non-
Hamiltonian.

The class S~ (k). For k > 2, we let Ko, be a complete graph of order 2k with the
vertices x1,y1,T2,Y2,..., Tk, Yk and for 1 <@ # 5 < k, we let ag; j},bgi 51, Cijy
dyi jys €445 be 5 - (’5) isolated vertices. The graph G in this class is obtained
from Ky and all the 5 - (g) isolated vertices by joining the vertices x;,, and y, to
a{i,j}ab{i,j}ac{i,j}7 d{ijj},e{m} forall 1 < ¢ # j < k and for all p € {Z,j} The
following lemma establishes the properties of the graphs in the class S™(k).

Lemma 18. For an integer k > 2, if G € S~ (k), then G is a 2-connected k-y, 5-
stable non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k-7, -
stable when k = 2. Hence, we assume that £ > 3. We first show that yx2(G) = k.
Since {1, x9,...,xk} >=x2 G, it follows that vx2(G) < k. It remains to show that
vx2(G) > k. Let D be a yxo-set of G. By the minimality of D, we have |D| < k.
If {zi,y;} N D| >1forall 1 <i <k, then |D| > k as required. We may suppose
that there exists ¢ € {1,2,...,k} such that {z;,y;} N D = (). To doubly dominate
A; = {a{m-},b{m-},c{m},d{i,j},e{m} 1< j<kandj# z'}, we must have that
‘D N {a{m-}, b{@j}, Cli d{i,j}a €{ij}s Lj yj}‘ >2foralll <j<kandj#i. This
implies that k > |D| > 2(k — 1) > k, a contradiction. Thus, yx2(G) = |D| > k.
Therefore vx2(G) = k.
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We next establish the stability. Let v and v be a pair of adjacent vertices of G.
By Observation 6, we have vyx2(G —uv) > k. Hence, it suffices to show that there
exists a yxo-set of G — wv containing k vertices. Clearly, [{u,v} NV (Kq)| >
1. We first suppose that [{u,v} NV (Ks)| = 1. Without loss of generality
let w € V(Ko). If u € {x1,29,...,21}, then {y1,y2,...,yx} =x2 G —uwv. If
u € {y1,y2,...,Yr}, then {z1,z9,..., 2} =x2 G — uv. Hence, we now suppose
that u,v € V(Ky,). We consider the case when {u,v} = {z;,y;} for some
i,7 € {1,2,...,k}. Clearly {z1,z2,...,21} =x2 G — uv. We now consider the
case when {u,v} = {x;,x;}. Thus, {y1,v2,..., Yk} >x2 G — wv. Similarly,
{z1,22,..., 21} »x2 G —uv when {u,v} = {y;,y;}. Therefore, G is k-7 ,-stable
graph.

We finally show that G is non-Hamiltonian. Clearly, V(Ks;) is a cut set of
G such that G — V(Ky) has 5 - (g) isolated vertices as the components. Thus,

m < 1. By Proposition 1, G is non-Hamiltonian. This completes the
proof. ]

We next establish the following theorems.

Theorem 19. Let G be a 2-connected k-, o-stable claw-free graph. If 2 < k < 4,
then G is Hamiltonian.

Proof. We first show that G is { N1 2.2, N1,1,3}-free. Suppose to the contrary that
G contains Ny22 or N3 as an induced subgraph. We first consider the case
when G contains Ny 29 as an induced subgraph. Consider G' — viv2. By stability
of G, vx2(G — vive) = k. Clearly, {u1,v1,v2, w1, ws} is an independent set of
G — vyvy containing 5 vertices. Lemma 12 implies that 4 > v4o(G —viv2) > 5, a
contradiction. Thus, G is N1 2 o-free.

We now consider the case when G contains Ny 13 as an induced subgraph.
Consider G —ujuy. By stability of G, yx2(G —ujug) = k. Clearly, {uy, ua, vy, ws,
ws} is an independent set of G — ujug containing 5 vertices. Lemma 12 implies
that 4 > yx2(G — viv2) > 5, a contradiction. Thus, G is Ny 1 3-free. Hence, G is
{K13,N1,2,2, N1,1,3}-free.

Because yx2(G) < 4, by Observation 8, G is not isomorphic to P;33 and
cl(G) ¢ HiUHaUHs. In view of Theorem 2, G is Hamiltonian. This completes
the proof. [

Theorem 20. Let G be a 3-connected k-, 5-stable claw-free graph. If2 < k <6,
then G is Hamiltonian.

Proof. We will show that G is Nj333-free. Suppose to the contrary that G
contains N3 33 as an induced subgraph. Consider G — ujus. By stability of G,
Yx2(G — uiug) = k. We see that {u1,ua,us,v1,v3, w1, ws} is an independent
set of G — ujug containing 7 vertices. By Lemma 12, 6 > vx2(G — ujug) > 7,
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a contradiction. Therefore, G' does not contain N3 33 as an induced subgraph.
Theorem 3 implies that G is Hamiltonian. This completes the proof. [

5. DISCUSSION

On double domination critical graphs. For 6 < k£ < 7, we have seen neither
2-connected k-yxo-critical claw-free graphs which are non-Hamiltonian nor 3-
connected k-yxo-critical graphs which are non-Hamiltonian. Hence, the questions
that arise are, for an integer 6 < k < 7, is every 2-connected k-yxo-critical claw-
free graph Hamiltonian? and is every 3-connected k-yxs-critical graph Hamilto-
nian?

On double domination stable graphs. We have seen neither 2-connected
k—’yiQ—stable claw-free graphs which are non-Hamiltonian for 4 < k < 5 nor 2-
connected k-7, o-stable graphs which are non-Hamiltonian for 5 < k < 6. Hence,
the questions that arise are, for 4 < k < 5, is every 2-connected k—’yig—stable claw-
free graph Hamiltonian? and, for 5 < k < 6, is every 2-connected k-v,,-stable
claw-free graph Hamiltonian?
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