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Abstract

We prove that an antipodal bipartite graph is a partial cube if and only
it is interval monotone. Several characterizations of the principal cycles of
an antipodal partial cube are given. We also prove that an antipodal partial
cube G is a prism over an even cycle if and only if its order is equal to
4(diam(G) — 1), and that the girth of an antipodal partial cube is less than
its diameter whenever it is not a cycle and its diameter is at least equal to 6.
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1. INTRODUCTION

If x,y are two vertices of a connected graph G, then y is said to be a relative
antipode of x if dg(x,y) > dg(z, z) for every neighbor z of y, where dg denotes
the usual distance in G; and it is said to be an absolute antipode of x if dg(x,y) =
diam(G) (the diameter of G). The graph G is said to be antipodal if every vertex
x of G has exactly one relative antipode.

Bipartite antipodal graphs were introduced by Kotzig [14] under the name
of S-graphs. Later Glivjak, Kotzig and Plesnik [9] proved in particular that a
graph G is antipodal if and only if for any x € V(G) there is an T € V(QG) such
that

(1) da(z,y) + da(y,T) = dg(x,x), forall ye V(G).

By (1), the vertex T, which is clearly the unique relative antipode of z, is obviously
an absolute antipode. The antipodal map = — T, x € V(G), is an automorphism
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of G, i.e., Ty € E(G) whenever zy € E(G). The definition of antipodal graph
was extended to the non-bipartite case by Kotzig and Laufer [15]. Several papers
followed.

Partial cubes, i.e., isometric subgraphs of hypercubes, which were introduced
by Firsov [7] and characterized by Djokovié¢ [6] and Winkler [23], have been exten-
sively studied, see [4, 12, 13, 16, 20] for recent papers. In [12, 13, 20|, antipodal
partial cubes and very closed concepts, such as diametrical and harmonic partial
cubes, play a very important role.

Recall that partial cubes are interval monotone bipartite graphs, i.e., bipar-
tite graphs all of whose intervals are convex, but that there exist interval mono-
tone bipartite graphs that are not partial cubes (see [2]). In Section 4, we show
that the condition of interval monotony is sufficient for an antipodal bipartite
graph to be a partial cube.

In the subsequent sections, besides some characterizations of the principal
cycles of an antipodal partial cube (see Section 5), we study two properties of
partial cubes that are specific to these particular graphs.

Gobel and Veldman [10, Theorem 18] proved that if G is an antipodal graph
of order n and diameter d which is not a cycle, then n > 4d — 4. They noticed
that the equality is attained for prisms over a cycle. Actually, these are not the
only examples of bipartite graphs for which this equality is attained. We will see
in Section 4 that the bipartite graph K4 4 minus a perfect matching is antipodal
but is not a partial cube; this graph has diameter d = 3 and order n = 8, and
thus satisfies the equality n = 4d — 4. In Section 6, we show that the prisms over
an even cycle are the only antipodal partial cubes that satisfy the above equality.

In Section 7, we are concerned with the relation between the girth and the
diameter of an antipodal partial cube G. By a result of Kotzig (see [1]), v(G) <
diam(G) + 1, where v(G) denotes the girth of the graph G, whenever G is neither
K5 nor an even cycle. In [21, Corollary 4.5 and Theorem 4.6] Sabidussi improved
this result by showing that v(G) < diam(G) whenever G is not a cycle and its
diameter is greater than 6. For a partial cube we improve this last result by
extending it to partial cubes of diameter 6, and by showing that the equality is
impossible.

To prove several of those results we use the concept of expansion of a graph
that we recall in Section 3.

2.  PRELIMINARIES
The graphs we consider are undirected, without loops or multiple edges, and are

finite and connected. If x € V(G), the set Ng(z) = {y € V(G) : zy € E(G)} is
the neighborhood of x in G. For a set S of vertices of a graph G we denote by
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G[S] the subgraph of G induced by S, and we put G — S = G[V(G) \ S]. We
also denote by 05 (S) the edge-boundary of S in G, that is, the set of all edges of
G having exactly one endvertex in S. A path P = (xq,...,x,) is a graph with
V(P) = {xo0,...,xn}, i # xj if i # j, and E(P) = {z;xi41 : 0 < i <n}. Ifz
and y are two vertices of a path P, then we denote by P[x,y] the subpath of P
whose endvertices are x and y. A cycle C with V(C) = {z1,...,2n}, x; # x; if
i #j,and E(C) = {zizit1:1 <i<n}U{z,z1}, is denoted by (z1,...,2n,z1).

The usual distance between two vertices  and y of a graph G, that is, the
length of any (x,y)-geodesic (shortest (x,y)-path) in G, is denoted by dg(z,y).
A connected subgraph H of G is isometric in G if dy(z,y) = dg(x,y) for all
vertices x and y of H. The (geodesic) interval Iz (x,y) between two vertices x
and y of G consists of the vertices of all (z,y)-geodesics in G.

In the geodesic convexity, that is, the convexity on V(G) which is induced
by the geodesic interval operator Ig, a subset C' of V(G) is convex provided it
contains the geodesic interval Ig(z,y) for all z,y € C. The convex hull cog(A)
of a subset A of V(G) is the smallest convex set which contains A. A subset H of
V(G) is a half-space if H and V(G)\H are convex. We denote by Z¢ the pre-hull
operator of the geodesic convex structure of G, i.e., the self-map of P(V(G))
such that Zg(A) = U, yea Ie(,y) for each A C V(G). The convex hull of a set
A C V(G) is then cog(A) = U, enZ¢(A). Furthermore we say that a subgraph
of a graph G is convez if its vertex set is convex, and by the convezr hull cog(H)
of a subgraph H of G we mean the smallest convex subgraph of G containing H
as a subgraph, that is,

cog(H) = Gleog(V(H))].

A graph is said to be interval monotone if all its intervals are convex.
For an edge ab of a graph G, let

Wap ={z € V(G) : dg(a,z) < dg(b,z)}.

Note that the sets Wy, and Wy, are disjoint and that V(G) = Wy, U Wy, if G is
bipartite.
Two edges xy and wv are in the Djokovié-Winkler relation © if

da(z,u) + da(y,v) # da(x,v) + da(y, w).

If G is bipartite, the edges xy and uv are in relation © if and only if dg(z,u) =
da(y,v) and dg(z,v) = dg(y, u). The relation O is clearly reflexive and symmet-
ric.

We recall that, by Djokovié [6, Theorem 1] and Winkler [23], a connected bi-
partite graph G is a partial cube, that is, an isometric subgraph of some hypercube,
if it has the following equivalent properties.
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(Conv.) For every edge ab of G, the sets Wy, and Wy, are conve.

(Trans.) The relation © is transitive, and thus is an equivalence relation.

It follows in particular that the half-spaces of a partial cube G are the sets
Wap, ab € E(G). In the following lemma we recall two well-known properties of
partial cubes.

Lemma 2.1. Let G be a partial cube. We have the following properties.

(i) Let x,y be two vertices of G, P an (x,y)-geodesic and W an (x,y)-path of
G. Then each edge of P is ©-equivalent to some edge of W.

(ii) A path P in G is a geodesic if and only if no two distinct edges of P are
O-equivalent.

(iii) Any shortest cycle of G is convex in G.

Lemma 2.2. If H is connected subgraph of a partial cube G, then any edge of
cog(H) is O-equivalent to an edge of H.

Proof. We recall that cog(H) = G [Unen Z&(V(H))]. We prove by induction
on n that any edge of G[ZA(V(H))] is ©-equivalent to an edge of H. This is
trivial if n» = 0. Suppose that this is true for some n > 0. Let e be an edge
of G [IgH(V(H))] that is not an edge of G [Z7(V(H))]. Then e is an edge of
an (x,y)-geodesic P, for some z,y € Z%(V(H)). Let W be an (z,y)-path of
G[ZA(V(H))], note that this graph is connected. Then e is ©-equivalent to some
edge ¢’ of W by Lemma 2.1(i). By the induction hypothesis, ¢’ is ©-equivalent
to an edge ¢’ of H. Hence e and €’ are ©-equivalent by the transitivity of the
relation ©. |

3. EXPANSION

In this section we recall some properties of expansions of a graph, a concept that
we will need in the next section and which was introduced by Mulder [17] to
characterize median graphs and which was later generalized by Chepoi [3].

Definition 3.1. A pair (Vj, V1) of sets of vertices of a graph G is called a proper
cover of G if it satisfies the following conditions:

e VoNVi#0and VoUVL = V(G);
e there is no edge between a vertex in Vp\V; and a vertex in V7 \Vp;
e G[Vp] and G[V1] are isometric subgraphs of G.

Recall that the prism over a graph G is the Cartesian product of G and Ko,
i.e., the graph denoted by GOKj, whose vertex set is V(G) x V(K3), and such
that, for all z,y € V(G) and i,j € V(K2) = {0,1}, (z,i)(y,j) € E(GOK>) if
xy € E(G) and i = j, or x =y and 7 # j.
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Definition 3.2. An expansion of a graph G with respect to a proper cover
(Vo, V1) of G is the subgraph of the prism over G induced by the vertex set
(Vo x {0}) U (V4 x {1}) (where {0,1} is the vertex set of Ks).

An expansion of a bipartite graph (respectively, a partial cube) is a bipartite
graph (respectively, a partial cube (see [3])). If G’ is an expansion of a partial
cube G, then we say that G is a ©-contraction of G’, because, as we can easily
see, G is obtained from G’ by contracting each element of some ©-class of edges
of G'. More precisely, let G be a partial cube different from K; and let uv be an
edge of G. Let G/uv be the quotient graph of G whose vertex set V(G /uv) is the
partition of V(G) such that = and y belong to the same block of this partition
if and only if x = y or zy is an edge which is ©-equivalent to wv. The natural
surjection 7y, of V(G) onto V(G /uv) is a contraction (weak homomorphism in
[11]) of G onto G /uv, that is, an application which maps any two adjacent vertices
to adjacent vertices or to a single vertex. Then clearly the graph G /uv is a partial
cube and (Yuo (WE), Yuu(WS)) is a proper cover of G /uv with respect to which
G is an expansion of G /uv. We will say that G /uv is the ©-contraction of G with
respect to the ©-class of uv.

Let G be an expansion of a graph G with respect to a proper cover (Vp, V1)
of G. We will use the following notation.

e For i = 0,1 denote by ¥; : V; — V(G’) the natural injection ; : x — (z,1),

z €V, and let V/ = 9;(V;). Note that V] and V{ are complementary half-

spaces of G'.

e For A C V(G) put
Y(A) = o(AN Vo) Ui (AN Va).

The following lemma is a restatement with more precisions of [19, Lemma
4.5] (also see [18, Lemma 8.1]).

Lemma 3.3. Let G be a connected bipartite graph and G' an expansion of G with
respect to a proper cover (Vo,V1) of G, and let P = (xq,...,xy,) be a path in G.
We have the following properties.

(i) If xg,xn € V; for some i =0 or 1, then

e da/(Yi(20), Yi(zn)) = da (w0, T0);

o Ig/(Yi(wo), Yi(wn)) = Yillgp;) (o, 2n)) € Y (La(wo, 70))-
(ii) If o € V; and x1 € Vi_; for some i =0 or 1, then

o der(Yi(wo), Y1-i(an)) = da(wo, an) + 1;

o I (¥i(20), Y1-i(wn)) = Y(Ig (w0, Tn)).

Now we introduce a variety of expansions that are related to antipodal partial
cubes.
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If A is a set of vertices of an antipodal graph G, we write
A={z:2¢€ A}.
Note that, by (1), a graph G is antipodal if and only if
(2) Ig(z,7) =V (G), forall zeV(QG).

Lemma 3.4 (Polat [20, Lemma 4.4]). If G is an antipodal partial cube, then
Wap = Wy, for every edge ab of G.

Definition 3.5. A proper cover (Vp, V1) of an antipodal partial cube G is said
to respect the antipodality, or to be antipodality-repectful, if Vo = V.

Clearly, if Vy = Vi, then Vi = Vp and Vo N'V; = VN V;. For any antipodal
partial cube G, there always exists a proper cover that respects the antipodality.
For example, the proper cover (Vp, Vi) such that Vp = Vi = V(G) respects the
antipodality, and the expansion of G with respect to this proper cover is the
prism over G.

Definition 3.6. An expansion of an antipodal partial cube G with respect to
an antipodality-respectful proper cover of G is called an antipodality-repectful
expansion of G.

These antipodality-repectful expansions were already defined in [8] under the
name of acycloidal expansions.

Lemma 3.7 (Polat [20, Lemma 4.7]). Any antipodality-repectful expansion of an
antipodal partial cube is an antipodal partial cube.

Lemma 3.8 (Polat [20, Lemma 4.8]). Let G’ be an expansion of a partial cube
G with respect to a proper cover (Vo,V1). If G’ is antipodal, then so is G and
moreover (Vy, V1) is an antipodality-repectful proper cover of G.

We obtain immediately.

Corollary 3.9. Any O-contraction of an antipodal partial cube is an antipodal
partial cube.

Proposition 3.10 (Polat [20, Theorem 4.9]). A finite graph is an antipodal
partial cube if and only if it can be obtained from K1 by a sequence of antipodality-
respectful expansions.

The number of iterations to obtain some antipodal partial cube G from K;
is equal to the number of ©-classes of F(G), that is, to the isometric dimension
of G, i.e., the least non-negative integer n such that G is an isometric subgraph
of an n-cube. We denote it by idim(G). Note that a result similar to the above
ones is given by Knauer and Marc [13, Lemma 2.14].
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4. ANTIPODAL BIPARTITE GRAPHS VS ANTIPODAL PARTIAL CUBES

By Tardif [22] (see [5]), an antipodal bipartite graph is a partial cube if and only
if it contains no subdivision of K3 3. It follows that the bipartite antipodal graph
K — M, where n > 4 and M is a perfect matching of K, ,,, is not a partial cube
since it clearly contains a subdivision of K3 3. Note that this graph is not interval
monotone. Indeed, let {u; : 0 < i < n} and {v; : 0 < i < n} be the natural
partitions of Ky, ,, and let G = K, , — {u;v; : 0 < i < n}. Then diam(G) = 3,
and u; = v; for 0 < i < n, and thus the interval Ig(u;,v;) = V(G) is trivially
convex. On the other hand distg(ug, u1) = 2, va,v3 € Ig(ug, u1), ug € Ig(ve,vs),
but ug ¢ Ig(ug,u1). Hence the interval I (ug,u1) is not convex.

We will show that the condition of interval monotony is sufficient for an
antipodal bipartite graph to be a partial cube, which is not the case if the graph
is not antipodal (see [2]). We need the following lemma where we use the notation
introduced in Section 3.

Lemma 4.1. Let G’ be an expansion of a connected bipartite graph with respect
to a proper cover (Vo, V1) of G. Let K' be a convex set of G' which meets both V{
and V{. Then K = pr(K') is a convex set of G, where pr denotes the projection
of G' onto G.

Proof. Let u,v € K. Ifu e V; and v € Vj_; for some i = 0 or 1, then Ig(u,v) =
pr(Ig/(u',v")) by Lemma 3.3, and hence Ig(u,v) C K.

Now assume that u,v € Vj forsomei = 0or 1,say i = 0. Let P = (xq,...,Zp)
be a (u,v)-geodesic in G with g = u and z,, = v. In general, not all of P is
contained in G[Vp]. Let 0 = dp < i1 < --- < igp+1 = n be subscripts such that
the segments Pz, x,], Py, Tiy), . . ., P|Ti,,, Tiy,,,] are alternatively contained
in G[Vo] and G[V1]. Thus z;,..., 24, € Vo N V1. Since G[Vp] is isometric in
G there is an (xi%il,xi%)—geodesic P, in G[Vp], h = 1,...,p. Replacing each
(Tign_1» iy, )-segment of P by the corresponding P, one obtains a new (u,v)-
geodesic Py with V(Py) C Vh. Hence ¢o(Fp) is a (u/,v')-geodesic in G’, and
therefore V(Fy) C K.

It follows in particular that ¢ (z;,) € K' NV, k=1,...,2p. By hypothesis,
there exists a vertex w € K’ NV/. From the construction of G’ it then follows
that yr, = ¢¥1(z;,) € IG/(zbo(xik),w), and hence y, € K'. Since G[V;] is an
isometric subgraph of G we deduce that (P[ﬂfi%,l,xm]) is a (Yok—1,Y2k)-
geodesic. Hence V (P[z4y, ,,%i,,]) C K, and therefore V(P) C K. |

Definition 4.2. We say that a graph G is weakly interval monotone if every
interval of G whose length is at least diam(G) — 1 is convex.
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Theorem 4.3. Let G be a bipartite antipodal graph. The following assertions
are equivalent.

(i) G is a partial cube.
(ii) G is interval monotone.
(iii) G is weakly interval monotone.

Proof. The implications (i)=-(ii)=-(iii) are obvious.

(iii)=-(i) First note that, in an antipodal graph H, an interval of length
diam(H) is an interval Iy (z,T) for some vertex x, and thus is equal to V(H),
which implies that this interval is convex. Hence H is weakly interval monotone
if and only if any interval of length diam(H) — 1 is convex, and such an interval
is equal to Iy (x,y) for some z € V(H) and y € Ny ().

We proceed by induction on diam(G). This is obvious if diam(G) = 0 or 1
since the only antipodal graphs of diameter 0 and 1 are K7 and K>, respectively,
which are hypercubes. Let n > 1. Suppose that every bipartite antipodal graph
whose diameter is at most n and which is weakly interval monotone is a partial
cube. Let G be a weakly interval monotone bipartite antipodal graph whose
diameter is n + 1.

Because G is finite, there exists a non-trivial convex set K of G which is
maximal with respect to inclusion. Let z € K. Because K # V(G) = Ig(z,7), it
follows that # € V(G)\K. Let K = {Z: 2 € K}. Then K C V(G)\K. Moreover
K is convex since so is K. Indeed, let P be an (z, y)-geodesic for some x,y € K.
Then «(P), where « is the antipodal map of G, is an (T, 7)-geodesic, and thus is
a path in G[K] since K is convex. Hence P is a path in G[K], which proves that
K is convex.

Claim 1. K = V(G)\K, i.e., K is a half-space.

Suppose that this is not true. Then there is a vertex a € V(G)\(K U K)
that is adjacent to some vertex b€ K UK, say b€ K. Then @ € V(G)\(K UK)
is adjacent to b which belongs to K. Because G is antipodal, Ig(a,a) = V(G),
and thus K C Ig(a,a). On the other hand K C W, since G is bipartite and
K is convex. Hence K C Ig(b,a). Because G is weakly interval monotone by
assumption, it follows that Ig(b,a@) is a convex set that contains K but not b,
contrary to the maximality of K. Therefore K = V(G)\K, i.e., K is a half-space.

Because K is a half-space, it follows that all edges in dg(K) are pairwise in
relation ©. Let F' be the graph obtained from G by identifying the endvertices
of each edge between K and V(G)\K. Clearly G is an expansion of F. More
precisely, G is the expansion of F' with respect to the proper cover (Vj, V1), where
Vo and Vj are the projections of K and K on V(F), respectively.

Moreover F' is bipartite since any cycle of G contains an even number of
edges in dg(K), and diam(F') = diam(G) — 1. By Lemma 3.8, it is antipodal and
(Vb, V1) respects the antipodality.
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Claim 2. F' is weakly interval monotone.

Let u,v € V(F) be such that dg(u,v) = diam(F') — 1. Then v is a neighbor
of w since F' is antipodal. Assume that u € V. If u € Vp\V, then @ € V1\ 1,
and thus v € V4. If u € VNV, then w € VN Vy, and thus v € VU V. Suppose
that v € V; for some i =0 or 1. Then u € Vi_;,uw € V;, and Ig(v1—i(u),v;(v)) =
¥(Ir(u,v)) by Lemma 3.3. The length of the interval I (11—;(u),1;(v)) is equal
to dp(u,v)+1 = diam(F') = diam(G)—1. Hence this interval is a convex set, since
G is weakly interval monotone, that meets K and K. It follows that Ir(u,v),
which is equal to pr(Zg(¥1—i(u),¥;(v))), is convex, by Lemma 4.1.

Therefore, by the induction hypothesis, F' is a partial cube, and thus so is
G, because any expansion of a partial cube is also a partial cube. [

5. PRINCIPAL CYCLES OF AN ANTIPODAL PARTIAL CUBE

Definition 5.1. An isometric cycle C of an antipodal graph G is called principal
if «(C) = C, where « is the antipodal map of G.

Principal cycles always exist, indeed, any geodesic in G lies on a principal
cycle. Moreover, we have the following result.

Proposition 5.2 (Glivjak, Kotzig and Plesnik [9]). An isometric cycle C' of an
antipodal graph G is principal if and only if diam(C) = diam(G).

We say that a subgraph H of a partial cube G is median-stable if, for any
triple (z,y, z) of vertices of H, if (z,y, z) has a median m in G, then m € V(H).
Note that, if H is isometric in G, then m is the median of (z,y,z) in H. The
smallest median-stable subgraph F' of a partial cube G which contains a subgraph
H of G is called the median-closure of H. Such a subgraph F' always exists.

Lemma 5.3. Let C' be a principal cycle of an antipodal partial cube G. For each
edge uwv of G, if ab is an edge of C which is ©-equivalent to uv, then u € Ig(a,b)
and v € Ig(b,a).

Proof. Let uv be an edge of G, and ab an edge of C' which is ©-equivalent to
uv. Note that the antipodal edge ba of ab in C is ©-equivalent to ab, and thus
to uv. Then u € Iz (a,a) since G is antipodal. On the other hand, because uv is
O-equivalent to ba, it follows that b € I(u,a). Hence u € Ig(a,b), and likewise
v € Ig(b,a). u

By Lemma 2.1(ii) we clearly have

diam(G) < idim(G).



764 N. PoLaT

We need the following lemma which is an immediate consequence of Desharnais
[5, Lemme 1.6.9] (also see [20, Lemma 3.2] for an alternative proof, [12, Proposi-
tion 3.1] for a weaker similar result). We recall that a graph G is diametrical if
every vertex of G has exactly one absolute antipode. Antipodal graphs are then
diametrical.

Lemma 5.4. Let G be a diametrical partial cube. Then G is antipodal if and
only if diam(G) = idim(G).

Theorem 5.5. Let C be an isometric cycle of an antipodal partial cube G. The
following assertions are equivalent.

(i) C is a principal cycle of G.
(ii) diam(C) = diam(G).
(111) idim(C) = idim(G).
) Za(C) = G.
)
)

/\C\
< <

The convex hull of C' is G.
(vi) The median-closure of C is G.

Proof. The equivalences (i) < (ii) < (iii) are consequences of Proposition 5.2
and Lemma 5.4.

(i) = (iv) Assume that C is a principal cycle of G, and let a be a vertex of
C. Then @ € V(C), and thus V(G) = Ig(a,a) since G is antipodal. Hence, a
fortiori, Zg(C) = G.

(iv) = (v) is obvious, and (v) = (iii) is a consequence of Lemma 2.2.

(iii) = (vi) Assume that dim(C) = dim(G). Let F' be the median-closure
of C. Suppose that F # G. Because G is connected, there exists a vertex u of
G — F which is adjacent to some vertex v of F. Then, by (iii), the edge uv is
©-equivalent to some edge ab of C, and thus to the edge ba. By Lemma 5.3,
u € Ig(a,b) and v € Ig(b,a). It follows that u is the median of the triple (v,a, b),
and thus u € V(F), contrary to the hypothesis. Therefore G = F.

(vi) = (v) is obvious. |

We immediately obtain the following.

Corollary 5.6. Let C' be a principal cycle of some antipodal partial cube. The
following assertions are equivalent.

(i) C is a retract of G.
(ii) C is median-stable.
(iii) C = G.
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6. ORDER AND DIAMETER

Clearly even cycles and hypercubes are characterized by the relations n = 2d and
n = 2¢, respectively. It would be interesting to find other classes of antipodal
partial cubes which are characterized by a relation between their order and di-
ameter. Such a characterization is not obvious even for other classes of regular
antipodal partial cubes such as Cartesian products of families of even cycles and
K5, except, as we will see below, for the class of prisms over an even cycle.

Theorem 6.1. Let G be an antipodal partial cube of order n and diameter d.
Then n = 4d — 4 if and only if G is either a 4-cycle or a prism over an even
cycle.

Proof. We only have to prove the necessity, the sufficiency being obvious. Let
G be an antipodal partial cube such that n = 4d —4. If G is a cycle, then n = 2d,
and thus G is a 4-cycle. Assume that G is not a cycle.

Claim. If the isometric dimension of G is at least 3, then there exists an edge e
of G such that the ©-class of e has at least four elements.

Proof. Assume that the isometric dimension of G is at least 3. Let C be a
principal cycle of GG, and ¢ a vertex of C'. Because GG is not a cycle, there exists
a vertex x which does not lie on C'. Note that T is also not a vertex of C. Then
there exists a principal cycle C’ of G which passes through ¢ and z, and thus
through ¢ and 7. Let e be an edge of C’ which is incident to z, and let €’ be the
edge of C’ which is ©-equivalent to e. Then €’ is incident to Z, and thus is not an
edge of C. On the other hand, by Theorem 5.5, idim(C) = idim(G) = idim(C"),
and thus C has two edges that are ©-equivalent to e. Hence the ©-class of e has
at least four elements. O

Assume now that n = 4d—4. Then G is not a cycle. Recall that the isometric
dimension and the diameter of an antipodal partial cube are equal by Lemma 5.4.
We prove by induction on the isometric dimension of G that G is a prism over
an even cycle. This is clear if the isometric dimension of G is 3, because G is
then a 3-cube. Suppose that the theorem holds for any antipodal partial cube
that is not a cycle and whose isometric dimension is d for some d > 3. Let G be
an antipodal partial cube that is not a cycle, whose isometric dimension is d + 1,
and such that n = 4d — 4.

By the claim, there exists an edge e of GG such that the ©-class of e has at
least four elements. Let H = G/e be the O-contraction of G with respect to the
O-class of e. By Corollary 3.9, H is an antipodal partial cube whose isometric
dimension is d. Denote by n’ and d’ the order and the diameter of H, respectively.
Then d =d — 1 and n’ <n — 4. It follows that

n<n—4=4(d +1)—8=4d —4.
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We have two cases. If H is a cycle, then G is either a cycle, which is impossible
by assumption, or the prism over H, and thus we are done.
If H is not a cycle, then n’ > 4d’ — 4 by [10, Theorem 18]. It follows that

4d' —4<n' <4d —4

by the inequality above. Hence n’ = 4d’ — 4. By the induction hypothesis, H
is a prism COK> over an even cycle C of length 2(d’ — 1), i.e., 2d — 4. Because
n=4d —4,n =4d — 4 and d = d’' + 1, it follows that n = n’ + 4. Hence, if G
is the expansion of H with respect to some antipodality-respectful proper cover
(Vo, V1) of H, then we must have |Vp N V| = 4.

On the other hand, let (W, W7) be some antipodality-respectful proper cover
of C. Note that, either Wy = W; = V(C) or Wy and W; are the vertex sets of
two geodesics of length d — 1 in C' whose union is C. By the properties of
antipodality-respectful proper covers, any antipodality-respectful proper cover of
H is equal either to A" = (Wy x {0,1}, Wy x {0,1}) or A” = (Wy x {0,1}) U
(W1 x {0}), (W1 x {0,1}) U (Wo x {1})).

Therefore, because |V N Vi| = 4, we infer that (Vp, Vi) = A’ with Wy # Wy.
It follows that G is the prism over some even cycle of length 2d’, i.e., 2d — 2. =

7. GIRTH OF AN ANTIPODAL PARTIAL CUBE

In this section we will improve for partial cubes the result of Sabidussi [21, Corol-
lary 4.5 and Theorem 4.6], 7(G) < diam(G) whenever diam(G) > 6, where v(G)
denotes the girth of the graph G, by extending it to partial cubes of diameter 6,
and by showing that the equality is impossible.

We first show, by giving two examples, that 6 is the best lower bound. The
3-cube (3 is an antipodal partial cube whose diameter is 3 and girth is 4. The
Desargues graph D, i.e., the bipartite double of the Petersen graph, has diameter 5
and girth 6. Moreover D is an antipodal partial cube, in fact D is an antipodality-
respectful expansion of the antipodal partial cube My, i.e., the cube Q4 from
which a pair of antipodal vertices has been removed.

By a recent result [16, Theorem 2.10] of Marc there exist no finite partial
cubes of girth greater than 6 and minimum degree at least 3. On the other hand,
by [9, Theorem 7], if the degree of some vertex of an antipodal bipartite graph G
is greater than 2, then all vertices of G has degree greater than 2. Note that, for
partial cubes, this last result is an immediate consequence of Proposition 3.10,
because any antipodality-respectful expansion of an even cycle C'is either a cycle
or the prism over C, and since any antipodality-respectful expansion of a graph
all of whose vertices have degree greater than 2 is also a graph all of whose vertices
have degree greater than 2. From these two results we infer the following.
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Proposition 7.1. Any antipodal partial cube of girth greater than 6 is an even
cycle.

Theorem 7.2. If G is an antipodal partial cube of diameter at least 6 that is not

a cycle, then
7(G) < diam(G).

Proof. By proposition 7.1, it remains to prove the case diam(G) = 6. Put
d = diam(G). Assume that d = 6. By proposition 7.1, v(G) < 6. We are done if
~v(G) = 4. So assume that v(G) = 6.
Let C = {cg, ..., c5,¢0) be a cycle of G of minimal length 6. Then C' is convex
in G by Lemma 2.1(iii). Because G is antipodal, {co,...,c3) is a subpath of a
principal cycle
P = <Co,. . .,63,1'4,...,1U11,Co>.

For all: = 0,1, 2, because C' and P are isometric cycles of G, the edges c34;¢34i+1
and zg4ixgri+1 are O-equivalent, since both of them are ©-equivalent to the edge
ci+16;. 1t follows that dg(csyi, ze+i) = da(cs,x6) = 3 if 0 < i < 3. For all i with
0 < i < 3, denote by X; a (c344, T644)-geodesic. We can choose Xy and X3 as
subpaths of P. For 0 <1 < 3, put

with yé = 344, yé = xg4+; and y? = x34; for j = 1,2. Because G is bipartite
and since csiic3ir1 and TeiiTerir1 are O-equivalent, it follows that the paths
X; and X;41 are disjoint, for 0 <14 < 3.

For all 4 with 0 <14 < 3, consider the cycle

A = X; U (@644, Teitr1) U Xip1 U (C34it1, C314)-

We distinguish two cases.

Case 1. A; is not isometric in G for some i with 0 < i <n. Without loss of
generality we suppose that Ay is not isometric in G. Because c3cqy and zgz7 are
O-equivalent and Xy and X are geodesics, it follows that there exist ug € V(Xp)
and u; € V(X7) such that dg(uo, u1) < da,(uo, u1). For these same reasons, and
since G contains no 4-cycles, it follows that the only possibilities are ug = 3 = x4
and u; = y3, or up = yJ = x5 and u; = yi.

Suppose that ug = x4 and u; = y4. Because da, (:c4, y%) = 4 and since G is
bipartite, it follows that dg (m,y%) = 2. Let v be the common neighbor of x4
and y3. The cycle <03, q,y%,y%,v,q) is isometric since G contains no 4-cycles.
Hence the edge vys is ©-equivalent to the edge czcy, which is itself @-equivalent
to the edge zgz7. It follows that vyl and zgz7 are ©-equivalent, and thus y3 and
xe¢ must be adjacent since so are y% and x7, contrary to the assumption y(G) = 6.
We obtain an analogous contradiction if ug = y = x5 and uj = y1.
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Case 2. A; is isometric in G for all i with 0 < i < n. Because the cycles
Ag and A; are isometric, it follows that, for j = 0,1, 2, the edges ygf jflygf ; and
y%_ j—1y§— ; are O-equivalent because both of them are ©-equivalent to the edge
?/]1 yjl‘+1'

This entails that the paths Xy and X, are disjoint. Indeed, suppose that
y;-) = y,% for some j, k that are as small as possible. Then j = k since otherwise
the edges ygy? and ygy% will not be O-equivalent; but, on the other hand, j
cannot be equal to k since otherwise the edges y?_ly? and yjz_ly? will not be
©-equivalent.

From above we infer that dg (yg , y%) = dg(wg,zs) = 2. Clearly, the common
neighbor y of y9 and 3 is distinct from x4, for i = 0, 1,2, because G is bipartite
and 7(G) = 6 by assumption. In the same way dg (y?, y%) =dg(es,c5) =2, and
moreover, if z is the common neighbor of 49 and 3?2, then z is distinct from z; for
1=3,4,5.

On the other hand y§ and y?, and 3! and y3, are not adjacent. Indeed,
suppose that yJ and 3? are adjacent. Then y = y? and z = y) since otherwise
G would contain a 4-cycle, contrary to the assumption. It follows that the edges
cscy and xrxg are ©-equivalent because they both are ©-equivalent to the edge
y9y? (recall that any 6-cycle of G is convex), and this is impossible since czcy is
also ©-equivalent to xgx7 which cannot be ©-equivalent to z7xs.

Because any 6-cycle is convex we have the following chain of @-equivalences

c3 04@zy% @ygy@x7x8 Ocycs.

Hence c3cy and cycs; are ©-equivalent by the transitivity of ©, which is impossible
since these edges are adjacent.

This shows that in Case 2, as well as in Case 1, we cannot have v(G) = 6.
Hence v(G) < 6 if d = 6.

Consequently we have v(G) < diam(G) if diam(G) > 6. |

Acknowledgments

I would like to thank both referees for their careful reading of the manuscript and
very helpful suggestions.

REFERENCES

[1] A.Berman, A. Kotzig and G. Sabidussi, Antipodal graphs of diameter 4 and extremal
girth, in: Contemporary Methods in Graph Theory, R. Bodendiek (Ed(s)), (B.I.
Wissenschaftsverlag, Mannheim, 1990) 137-150.

[2] B. Bresar and S. Klavzar, On partial cubes and graphs with convex intervals, Com-
ment. Math. Univ. Carolin. 43 (2002) 537-545.



ON SOME PROPERTIES OF ANTIPODAL PARTIAL CUBES 769

3]

[14]
[15]

[16]

[17]

[18]

V. Chepoi, Isometric subgraphs of Hamming graphs and d-convexity, Cybernetics
24 (1988) 6-11.
doi:10.1007/BF01069520

V. Chepoi, K. Knauer and T. Marc, Partial cubes without Q5 minors, CoRR
abs/1606.02154 (2016) (submitted).

J. Desharnais, Maille et plongements de graphes antipodaux, Mémoire de maitrise
(Université de Montréal, 1993).

D. Djokovié, Distance-preserving subgraphs of hypercubes, J. Combin. Theory Ser.
B 14 (1973) 263-267.
doi:10.1016,/0095-8956(73)90010-5

V.V. Firsov, Isometric embedding of a graph in a Boolean cube, Cybernet. Systems
Anal. 1 (1965) 112-113.
doi:10.1007/BF01074705

K. Fukuda and K. Handa, Antipodal graphs and oriented matroids, Discrete Math.
111 (1993) 245-256.
doi:10.1016/0012-365X(93)90159-Q

F. Glivjak, A. Kotzig and J. Plesnik, Remarks on the graphs with a central symmetry,
Monatsh.Math. 74 (1970) 302-307.
doi:10.1007/BF01302697

F. Gobel and H.J. Veldman, Even graphs, J. Graph Theory 10 (1986) 225-239.
doi:10.1002/jgt.3190100212

R. Hammack, W. Imrich and S. Klavzar, Handbook of Product Graphs, Second
Edition (CRC Press, 2011).

S. Klavzar and M. Kovse, On even and harmonic-even partial cubes, Ars Combin.
93 (2009) 77-86.

K. Knauer and T. Marc, On tope graphs of complexes of oriented matroids, arXiv
preprint, (2017).
arXiv:1701.05525

A. Kotzig, Centrally symmetric graphs, Czechoslovak Math. J. 18 (1968) 606—615.

A. Kotzig and P. Laufer, Generalized S-graphs, Research Report CRM-779 (Centre
de recherches mathématiques, Université de Montréal, 1978).

T. Marc, There are no finite partial cubes of girth more than 6 and minimum degree
at least 3, European J. Combin. 55 (2016) 62-72.
doi:10.1016/j.ejc.2016.01.005

H.M. Mulder, The structure of median graphs, Discrete Math. 24 (1978) 197-204.
doi:10.1016,/0012-365X(78)90199-1

S. Ovchinnikov, Partial cubes: structures, characterizations, and constructions, Dis-
crete Math. 308 (2008) 5597-5621.
doi:10.1016/j.disc.2007.10.025


http://dx.doi.org/10.1007/BF01069520
http://dx.doi.org/10.1016/0095-8956\(73\)90010-5
http://dx.doi.org/10.1007/BF01074705
http://dx.doi.org/10.1016/0012-365X\(93\)90159-Q
http://dx.doi.org/10.1007/BF01302697
http://dx.doi.org/10.1002/jgt.3190100212
http://dx.doi.org/10.1016/j.ejc.2016.01.005
http://dx.doi.org/10.1016/0012-365X\(78\)90199-1
http://dx.doi.org/10.1016/j.disc.2007.10.025

770 N. PoLaT

[19] N. Polat, Netlike partial cubes 1. General properties, Discrete Math. 307 (2007)
2704-2722.
doi:10.1016/j.disc.2007.01.018

[20] N. Polat, On some characterizations of antipodal partial cubes, Discuss. Math. Graph
Theory, to appear.
doi:10.7151/dmgt.2083

[21] G. Sabidussi, Graphs without dead ends, European J. Combin. 17 (1996) 69-87.
doi:10.1006/eujc.1996.0006

[22] C. Tardif, Planar antipodal bipartite graphs, manuscript (1991).

[23] P. Winkler, Isometric embedding in products of complete graphs, Discrete Appl.
Math. 7 (1984) 221-225.
doi:10.1016/0166-218X(84)90069-6

Received 13 October 2017
Revised 21 February 2018
Accepted 9 April 2018


http://dx.doi.org/10.1016/j.disc.2007.01.018
http://dx.doi.org/10.7151/dmgt.2083
http://dx.doi.org/10.1006/eujc.1996.0006
http://dx.doi.org/10.1016/0166-218X\(84\)90069-6
http://www.tcpdf.org

