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Abstract

If D = (V,A) is a digraph, its niche hypergraph NH(D) = (V,€) has
the edge set £ ={e CV | |e] >2A3v eV :e= Np,(v)Ve=Nj{)}
Niche hypergraphs generalize the well-known niche graphs and are closely
related to competition hypergraphs as well as common enemy hypergraphs.
For several products D; o Dy of digraphs D; and Ds, we investigate the
relations between the niche hypergraphs of the factors D, Dy and the niche
hypergraph of their product D7 o Ds.

Keywords: niche hypergraph, product of digraphs, competition hyper-
graph.
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1. INTRODUCTION AND DEFINITIONS

All hypergraphs H = (V(H),E(H)), graphs G = (V(G), E(G)) and digraphs
D = (V(D),A(D)) considered in the following may have isolates but no multiple
edges. Moreover, in digraphs loops are forbidden. With Ny, (v), N (v), dp(v)
and d'g(v) we denote the in-neighborhood, the out-neighborhood, the in-degree
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and the out-degree of v € V(D), respectively. In standard terminology we follow
Bang-Jensen and Gutin [1].

In 1968, Cohen [3] introduced the competition graph C(D) = (V, E(C(D)))
of a digraph D = (V, A) representing a food web of an ecosystem. Here the
vertices correspond to the species and different vertices vy, vy are connected by
an edge if and only if they compete for a common prey w, i.e.,

E(C(D)) = {{vi,v2} |v1 ZvaATJw €V : vy € Np(w) Avg € Npp(w) }.

Surveys of the large literature around competition graphs (and its variants) can

be found in [5,6,11]; for (a selection of) recent results see [4,7-10,12-17,21].
Meanwhile the following variants of C'(D) have been investigated.

The common enemy graph CE(D) (cf. [11]) with the edge set

E(OE(D)) = {{1}1,1)2} ’ v ZvANJweV v € Ng(w) N vg € Ng(w)},

the double competition graph or competition-common enemy graph DC(D) with
the edge set E(DC(D)) = E(C(D))NE(CE(D)) (cf. [18]), and the niche graph
N(D) with E(N(D)) = E(C(D)) UE(CE(D)) (cf. [2]).

In 2004, the concept of competition hypergraphs was introduced by Sonntag
and Teichert [19]. The competition hypergraph CH(D) of a digraph D = (V, A)
has the vertex set V and the edge set

E(CH(D))={eCV |le|=2ATveV :e=Ny(v)}.

As a second hypergraph generalization, recently Park and Sano [16] defined the
double competition hypergraph DCH(D) of a digraph D = (V, A), which has the
vertex set V and the edge set

E(DCH(D)) ={eCV ||e|=2ATFvi,va €V :ie=Np(v1) N Np(v2)}.

Our paper [5] was a third step in this direction; there we considered the niche
hypergraph NH (D) of a digraph D = (V, A), again with the vertex set V' and the
edge set

E(NH(D))={eCV |le|22A3veV:e=Np,(v)Ve=Nj()}.

Note that NH(D) = NH (5) holds for any digraph D, if D denotes the

digraph obtained from D by reversing all arcs.

In [5] we present results on several properties of niche hypergraphs and the
so-called niche number n of hypergraphs. In most of the investigations in [5] the
generating digraph D of NH(D) is assumed to be acyclic.
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For technical reasons, we define another hypergraph generalization. The
common enemy hypergraph C EH (D) of a digraph D = (V, A) has the vertex set
V' and the edge set

E(CEH(D)) ={eCV |le|>2ATveV:ie=Nj(v)}.

In the hypergraphs CH(D), CEH(D) and NH(D) no loops are allowed.
Therefore, by definition the in-neighborhoods and out-neighborhoods of cardi-
nality 1 in the digraph D play no role in the corresponding hypergraphs. This
loss of information proved to be disadvantageous in the investigation of com-
petition hypergraphs of products of digraphs (cf. [20]). So, considering niche
hypergraphs of products of digraphs, it seems to be consequent to allow loops
in niche hypergraphs, too. Therefore, we define the I-competition hypergraph
CH!(D), the l-common enemy hypergraph C EH'(D) and the I-niche hypergraph
NHYD) (with loops) having the edge sets

E(CHI(D)) ={eCV |JFveV:e=N,(v)#0},
E(CEH (D)) ={eCV |[IFveV:e=N}) #0} and
E(NHI(D)) ={eCV |FveV:ie=Ny)#0Ve=Nj(v)#0}

= E£(CHYD)) U E(CEHY(D)).

For the sake of brevity, in the following we often use the term (I)-competition
hypergraph (sometimes in connection with the notation CHW (D)) for the compe-
tition hypergraph CH(D) as well as for the l-competition hypergraph CH!(D),
analogously for (I)-common enemy and (I)-niche hypergraphs with the notations
CEHY (D) and NHW(D), respectively.

For five products Dy oDy (Cartesian product Dy x Do, Cartesian sum D1+ Da,
normal product Dy x Da, lezicographic product Dy - Dy and disjunction D1V Dsg) of
digraphs Dy = (V1, A1) and Dy = (Va, A3) we investigate the construction of the

()-niche hypergraph NH® (D1 o Dg) = (V, 8§l)) from NH® (Dl) = (Vl,é’l(l)),
NHO (Dz) (VQ, 5( )) and vice versa.
The products considered here have always the vertex set V := Vi x Va; using

the notation A := {((a,b), (d,V)))|a,a’ € Vi A b,b/ € Vi} their arc sets are
defined as follows:

A(D1 x D) := { ((a,b), (a',1)) € A| (a,d’) € A1 A (b, V) € As},

A(D1+Ds) := {((a,b), (a',¥')) € A|((a,a') € A1Ab =V)V(a = d'A(b, V) € A3)},

A(Dy  Dy) := A(Dy x Do) U A(Dy + Dy),
( (
( (

N

Dy - D) := {((a,b), (d, V) e Al(a,d) €A V(a=d A(bY)e A},

(
A(Dy Vv Dy) == {((a,b), (', 1)) € A|(a,a') € A1V (b,}) € Az}
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It follows immediately that A(D1 + Dz) - A(Dl * Dz) - A(Dl . Dz) -
A(D1 V D2) and A(D1 X Dg) - A(D1 * DQ). Except the lexicographic product
all these products are commutative in the sense that D o Dy ~ Dy o Dy, where
o€ {x,+,*,V}.

Usually we number the vertices of Dy and Do such that V3 = {1,2,... r},
Vo ={1,2,...,s} and arrange the vertices of V' =V} x V5 according to the places
of an (7, s)-matrix.

In analogy with the rows and the columns of the described (r, s)-matrix we
call the set Z; = {(4,7) |7 € Va} (1 € V1) and the set S; = {(i,7) i € Vi} (j € Va)
the i-th row and the j-th column of Dy o Dy, respectively.

Then, for each o € {+, %, -, V}, the subdigraph <SJ>D10D2 of Dy o Dy induced
by the vertices of a column S; is isomorphic to D1, and, analogously, the subdi-
graph (Z;) Do, Of D1 o Dy induced by the vertices of a row Z; is isomorphic to
D,. Moreover, if an arc a € A(D1 ) Dg) consists only of vertices of one row Z;
(1 € V1), we refer to a as a horizontal arc. Analogously, an arc a containing only
vertices of one column S; (j € V3) is called a vertical arc.

Considering (I)-niche hypergraphs, the question arises, whether or not
NHO (D10 D3) can be obtained from NHD(Dy) and NHY(Dg) and vice versa.

As an instance for competition hypergraphs CH", we cite two results from
[20].

Theorem 1 [20]. The I-competition hypergraph CH!(Dy x Dy) = (v, EL) of the
Cartesian product can be obtained from the l-competition hypergraphs CHI(Dl) =
(Vl,é’{) andCHl(Dg): (VQ,Sé) of D1 and D : £, = {61 xex|er €EL Ney € Eé}

Theorem 2 [20]. The I-competition hypergraph CH' (D1 V Dy) = (V, S\l/) of
the disjunction can be obtained from the l-competition hypergraphs C’Hl(Dl) =
(V1, &) and CH(Dy) = (V2,EL) of Dy and Do, if for each of the following con-

ditions is known whether it is true or not:
(a) JvgeVo: Ny (v2) =0 and (b) vy € Vi : Ny (v1) =0.

In general, CH' (D1 V Ds) cannot be obtained from CH(Dy) and CH'(Ds) without
the extra information on points (a) and (b).

Note that in some cases under certain conditions Dy o Dy and even D7 and
Dy can be reconstructed from CH")(Dy0Dy). For niche hypergraphs such strong
results are not expectable.

The main reason why the reconstruction of D; and Dy from N H(l)(Dl o
Dy) is much more difficult is the following. In general, for any hyperedge e €
E(NHW(D)) it is not possible to see whether e is a set of predecessors e = N, (v)
or a set of successors e = N} (v) of a certain vertex v € V(D).

It is interesting that, in general, for the same reason also the construction of
NH(D;y o Dg) from NH!(D;) and NH!(D,) is impossible.
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2. ConsTRUCTION OF NH®(D; 0 Dy) FROM NHW (D) aND NHD (Dy)

The digraphs D = (V, A) and D' = (V, A") are (I)-niche equivalent if and only if
D and D’ have the same (I)-niche hypergraph, i.e., NH® (D) = NHO (D).

Theorem 3. Let D1 = (Vi, A1) and Dy = (Va, A3) be digraphs. In general, for
o € {X,+,x*,-,V}, the niche hypergraph NH(D10D3) = (V, &) of Do Dy cannot
be obtained from the l-niche hypergraphs NH'(Dy) = (V1,&}) and NHY(D,) =
(Vg,é’é) of D1 and D.

Proof. Tt suffices to present digraphs D; = (V4,41), D] = (Vl,A’l), Dy =
(Vg, Ag) such that Dy and D] are [-niche equivalent, but the niche hypergraphs
of D1 o Dy and D] o Dy are distinct, i.e., NH (Dy o D3) # NH (D’1 o Dg).
So let us consider the following digraphs and their niche hypergraphs:
Dy = (i, Ay) with Vi = {1,2,3,4,5} and 4; = {(1,2),(3,2),(4,5),(2,4)},
D = (W1, A7) with A} = {(1,2),(3,2),(4,5)} and
Dy = (Va, Ag) with Vo = {1,2,3} and A2 {(1,3),(2,3)}.
Obviously, D1 and D] are [-niche equivalent, they have the [-niche hyper-
graph NH!(D;) = NHY(D}) = (V4,&L), where & = {{1,3},{2}, {4}, {5} }.
In detail, looking at D we have
& =& (NH'(Dy)) = {{1,3} = N(){} Np, (4) = NZS() Np, (3),
{4} = Np, (5) = N, (2). {5} = N (4)};

regarding D} we get
£l = E(NHI(D}) = {{1,3) = Np, (2), {2) = N}, (1) = N3y (3). {4} = Ny, (5)
{5} = N, (4)).
Note that Dy and D] — despite having one and the same I-niche hypergraph

— are significantly different in the sense that D} # 51, D, # D, and, moreover,

D; is connected but D) consists of two components. Of course, using D; and
instead of D; and D} could be an alternative approach for proving Theorem 3.
For the sake of Completeness we give the [-niche hypergraph NH!(Dy) =

(Va,£L), with & = {{1,2} = N},,(3), {3} = N}, (1) = Nj, (2) .
Now we compare the niche hypergraphs of the products Dj o Dy and D] o Ds.

e Cartesian product D§’) x Ds.
Since the Cartesian product has not so many arcs and, consequently, its niche

hypergraph NH (Dg’ ) x DQ) includes only few hyperedges, we present the whole
edge sets £ (N’H (Dg’) X DQ)) here (in case of the other four products the edge

sets of NH (Dg’ ) o DQ) will be considerably larger, hence in these cases we will

give up on writing down these sets completely).
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g(NH(Dl X DQ)) = {{(1’ 1)7 (172)7 (37 1)’ (372)} = nglxDQ((ZS))v
{(27 1)7 (2a 2)} = N51><D2((473))a
{(47 1)> (4a 2)} = NBIXDQ((573))}

S(NH(DII X D2)) = {{(17 1)7 (1>2)a (33 1)7 (372)} = N_/1><D2((2>3))a
{(47 1)7 (4a 2)} = Nﬁ/IXDQ((57 3))}

o Cartesian sum Dg’) + Do, normal product D§’) x Do and lexicographic product

D\ D,.
Since D; is connected, the Cartesian sum D; + Do, the normal product D7 * Dy
as well as the lexicographic product D; - Do are connected, too. Considering
the (disconnected) digraph Df, obviously D} + Dy, D} * Dy and D) - Dy are
disconnected. In detail, each of the products D} o Dy (o € {+,%,-}) consists of
the two components (Z1 U Z2 U Z3) prop, and (Z4 U Zs) piop, -

Therefore, in the niche hypergraph NH (D] o Dy) hyperedges containing ver-
tices of both components cannot exist:

and

VeES(NH(DiODQ)): eﬂ(ZlLJZQUZ;g):@ V €ﬂ(Z4UZ5):@.

Consequently, to show NH (D o Da) # NH (D’1 o Dg), it suffices to find a hyper-
edge e € S(NH(Dl o Dg)) such that both en (Z1 U Zy U Z3) and e N (Z4 U Z5)
are nonempty.

For each of the three products D; o Dy we will obtain such a hyperedge by
considering the set of the predecessors of the vertex (4,3) € V(D1 o Dg), ie.,
e =Np .p,((4,3)). Clearly, e results from Np, (4) = {2} and Np, (3) = {1,2}.

For the Cartesian sum Dy + Dy, we have

e=1{(2,3),(4,1),(4,2)} = Ny . . ((4,3)).

In case of the normal product D * Dy, we obtain
e={(21),(2,2),(2,3),(4,1),(4,2)} = Np,,p,((4,3)).

It it easy to see that in the lexicographic product D; - Dy the vertex (4, 3)
has the same predecessors as in the normal product, hence

€= Nﬁl.pg((47 3)) = Ngl*Dz((Lla 3)) = {(27 1),(2,2),(2,3),(4,1), (4, 2)}

e Disjunction Dg’) V Ds.
Now both Dy V Dy and D) V Dy are connected. Nevertheless, as in the previous
cases, we consider the predecessors of the vertex (4,3) and get the hyperedge

€= N51VD2((47 3))
= {(17 1),(1,2),(2,1),(2,2),(2,3),(3,1),(3,2),(4,1),(4,2), (5, 1), (5, 2)}
=S5 USU {(2,3)} =S1USUZ; e S(NH(Dl V DQ))
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Note that S; U Sy in e result from Np (3) = {1,2} and Z3 from Ny, (4) = {2}

We search for this hyperedge e in NH (D] V Da).

Assume e = Nz;,lsz((i,j)) or e = NB,lvDQ((z',j)). Since D} and Dy are
loopless digraphs, we obtain (4, j) ¢ e and (4, j) € {(1,3),(3,3),(4,3),(5,3)}, i.e.,
J=3.

Let e = NZ)F’\/D ((7,3)). Because of Ng2(3) = () and S; C e, all vertices of
S1 have to be successors of (i,3) in D] V Dy and {1,2,...,5} = N}, (i), where

1
i €{1,2,...,5}. This contradicts the fact that D} is loopless.
Consequently, e = N, ((¢,3)). Then, S1 U S2 C e holds trivially. Owing

D{VDy
to (2,3) € e we get (2,3) € N, ((4,3)), ie.,2€ N, ()w1thz€{1,2,...,5}.

D} VD

This contradicts Ngi (2) =0.
Hence, e ¢ E(NH(D} V D3)), thus Dy V Dy and D} V Dy are not niche
equivalent. Therefore, the niche hypergraph of the disjunction Dy V Dy cannot

be constructed from the niche hypergraphs of D; and D in general. [

Using Theorems 1 and 2, for the Cartesian product and the disjunction some
positive construction results can be derived. For this end we have to make use of

£ (NHO(D)) = € (CHO(D)) UE (CEHOD(D)) and CEHO (D) = CH® (ﬁ)

Remark 4. The Il-niche hypergraph NH!'(D; x D) of the Cartesian product
can be obtained from the I-competition hypergraphs CH'(D;), CH! (D) and the
l-common enemy hypergraphs CEH!(D;), CEH!(Ds):
& (NHZ(Dl X Dg)) = 5(CHI(D1 X D2 ) U S(CEVHZ(Dl X Dg))

= {61 ><€2|61 ES(CH ) N €2 ES(CHI(DQ))}

U{er xezler € E(CE’HZ(Dl)) Aey € E(CEHY(D2))}.
Remark 5. The [-niche hypergraph N#! (D1 \/Dg) of the disjunction can be ob-
tained from the I-competition hypergraphs CH'(Dy), CH'(D5) and the l-common

enemy hypergraphs CEH!(D;), CEH'(D5) provided that each of the following
conditions is known to be true or false:

(a) 3va € Va: Np (v2) =0 and (b) Jv1 € Vi: Np (v1) =0 and
(C) 3U2€V2:N52(’U2):® and (d) E|v1€V1:Ngl(v1):@.

In general, NH!'(D; Vv D,) cannot be obtained from CH'(D;), CH'(Ds),
CEH'(Dy) and CEH'(D,) without the extra information on points (a)—(d).

3. RECONSTRUCTION OF NHW(Dy) anD NHW(Dy) rrom NHWY (D o Dy)

In the following, for a set e = {{i1,j1}, ..., {ir, jx}} C Vi x V2 we define 7y (e) :=
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{i1,...,1x} and ma(e) := {Jj1,...,Jr}, respectively, i.e., m; denotes the projection
of vertices of NHW(D; o Dy) onto their i-th components, for i € {1,2}.

Theorem 6 (Cartesian product Dy x Da).

(a) If E(NH(D1 x D3)) # 0, then NH(D1) and NH(D3) can be obtained from
NH(Dy x Ds).

(b) If E(NHY (D1 x D)) # 0, then NH!(D1) and NH' (D) can be obtained from
NH{(Dy x D3).

Proof. Note that & (NH(Dy x Dy)) # 0 implies Ay # 0 # Ay and max(|44],
|A2\) > 2. Moreover, £ (N?—tl (D1 X Dg)) # () is equivalent to A; # 0 # As and,
consequently, to & (NH'(D1)) # 0 # & (NH!(Dy)).

(b) Let e € & (NH!(D1 x Dy)). This is equivalent to e € £ (CH' (D1 x Dy))
or e € E(CEH Dy x Dy)), ie., e = Np, «p,((i,7)) or e = Nglng((ivj))7 with
a certain (i,7) € Vi x Va.

This holds if and only if there is a vertex (i,7) € Vi x V4 such that

mi(e) = Np, (i) and ma(e) = Np, (j) or mi(e) = Ngl(i) and ma(e) = NZSQ(]'),

which implies 71 (e) € £ (NH!(D1)) and ma(e) € € (NHY(D2)).

Clearly, this way we can get all hyperedges e; € & (N?-[I(Dl)) and ey €
£ (NHY(Dy)).

(a) An analog argumentation holds if we consider the niche hypergraphs NH
instead of the [-niche hypergraphs NH!, since hyperedges e € £ (N HY(Dy x Dg))

of cardinality 1 can be omitted if we are interested only in hyperedges e; €
E(NH(D;)) (which have cardinality greater than 1), for i = 1, 2. |

Theorem 7 (Cartesian sum D; + Ds).
(a) NH(D1) and NH(D2) can be obtained from NH(Dy + Ds).

(b) NHYD;) and NH'(D3) can be obtained from NH'(Dy + Ds), provided that
one of the following conditions is true:

< ) £ (NH!(Dy + D)) = 0;

2) Ve € E(NHY(D1+ Dy)) : |mi(e)| =1 and
aeeg(NHl(D1+D2)) T2 (e)] > 2;
) Ve € E(NHY Dy + Ds)) : |ma(e)] =1 and
HGEE(NHZ(Dl‘i‘DQ)) |7T1(€)’22;

l

(4) 3(i,j) e Vi x VaVe € E(NH(D1 + Dy)) : (i,5) ¢ e.

Proof. (a) Let e € E(NH(D1+ D2)) and (i,5) € Vi x Vo with e = Np, (3, 7))

ore= Ngl+D2((i,j)). Then e = {(4,j1), - .-, (4, jk), (11,7),- -, (i1, 7) }, where 4,11,
.,4 and 7,71, ...,Jk are pairwise distinct vertices in V; and Vb, respectively.
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To construct E(NH(D1)), we need only those hyperedges e € E(NH(D; +
Dy)) which contain [ > 2 vertices with one and the same second component:

ENH(Dy)) = {me) \I]e € EQNH(D + Do) A

€= {(Z’jl)77(717.7k)7 (“7]))7(”7])} ANTZ=2N
L 0, k=0 '
Analogously, we obtain E(NH(D3)):

5(NH(D2)) = {71’2(6) \ J ‘ e c E(N%(Dl + Dg)) A

€= {(i7j1)7 SRR (Zajk)a (ilaj)a R (Zlu])} Nk=>2N
_J k=1
N 0, 1=0 '

(b) The proof of (1)—(3) is similar to the proof of (1)-(3) of Proposition 2
in [20].

C’ase (1): € (NHYDy + D3)) = 0. Obviously, A(D1 + D3) = ) = A(Dy) =
— £ (NHU(Dy) ) € (NH!(Dy)).

Case (2): Ve€ & (NHY(Dy + D2)) : |mi(e)| = Land Je € E(NH(Dy + Dy)):
ma(e)] = 2.

Let e € & (NH! (D1 + Dy)) with |ma(e)| > 2, ie., e = {(i,j1),..., (i, jx)} =
N51+D2((i,j)) ore={(,71)..-,,Jr)} = D1+D2((i,j)) with £ > 2 and suit-
ablei e Vi, 5 e Vs andjl,...,]kEVQ

We discuss only the situation e = Np, . p ((7, 7)), since e = NglJrDz((i,j))
can be proved analogously.

Clearly, Np (j) = {j1,---,jk} = ma(e). The assumption that there are
i € Vi, 1> 1 and iy,...,0 € Vi with Ny (¢') = {4},...,4;} # 0 would lead to
' = Np p,((,9)) = {1, 5), -, (@, 9), (', 1), -, (', i)} with |mi(e')] 2 2, a
contradiction.

Therefore, € (NH!(D1)) = 0 and € (NH!(D3)) = {ma(e) |e € E(NH D1+
Dy))}-

Case (3): ¥V € & (NH (D1 + D3)) : |ma(e)] =1 and 3e€ & (NHY(D1 + Dy)):
|ri(e)| > 2.

This can be treated in the same way as Case (2).

Case (4): 3 (i,j) € Vi x Vo Ve € & (NH' (D1 + Dy)) : (i,j) ¢ e. Since for
every e € & (NH!Y(Dy + D3)) we have (i,) ¢ e, the vertex i € V; is an isolate in
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N#H!(Dy) and in Dy. For the same reason, j € V3 is an isolate in NH!(Ds) and in
D,. We discuss only the construction of NH!(D5), the rest follows analogously.

Since 7 is an isolate, in D1 4+ D5 there is no arc between the i-th row Z; and
any other row. Therefore, all arcs with an initial or a terminal vertex in Z; result
from arcs in D9 and we have

Va € A(D1 + Dz) : V(a) NZ; # 0= V(a) C Z,.
Hence, denoting by (Z;i) p,+p, and by (Z;) 3 (p, +p,) the subdigraph of Dy +

Dy and the subhypergraph of NH!(D; + Ds) generated by the vertices of Z;,
respectively, we obtain

o (Zi)p,+Dy =~ Da,
o (Zi)N1i(Dy+Dy) = NHI(D2) and
o £ (NH!(Ds)) = {male) | e € &E(NHY (D14 D2)) Ne C Z;}. m

Note that, being interested in l-niche hypergraphs, loops e = {(i,j)} €
& (NHY(Dy + D2)) could lead to the problem that {(i,j)} can be a loop in
NH!(Dy + Dy) either because of {i} € & (NH!(D1)) and j is an isolate in Dy or
because of i is an isolate in Dy and {j} € & (NH'(D2)) — and without further
information it cannot be decided which of theses cases occurs.

In comparison with Proposition 2(4) of our paper [20] we see that for the re-
construction of the I-competition graphs CH!(D1) and CH!(Ds) from CH! (D1 +
Dy) there is another sufficient condition, namely:

de € E (CHZ(Dl +D2)) : ’Wl(e)’ 2 3 A ‘71’2(6)‘ Z 3.

Remark 8. In general, for niche hypergraphs an analogous condition to Propo-
sition 2(4) in [20], i.e.,

(@) Je € & (NHY (D1 + Dy)) : |mi(e)| >3 A |ma(e)] >3

is unsuited to ensure that NH!'(D;) and NH!(D3) can be reconstructed from
NHY(Dy + D).

Proof. Without loss of generality, let e = {(4,71),..-, (%, Jk), (¢1,7),---, (i1,7)}
be a hyperedge in NH'(Dy + D) with k > 2 and [ > 2.

N- .
There are two possibilities for the hyperedge e, namely e = { NJJJQJFD 2((1’3)) ,

: D140, (7))

ﬂl(e)\{i}:{il,...,il}:{ %28 . and

Np, ()

ma(e)\ {7} = {j, -, jr} :{ N ()
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Then we have e € £ (CH!'(D1 + D3)), which is equivalent to e = Np. +p,
((4,4)), or otherwise e € £ (CEH! (D1 + D)), ie., e = N51+D2((i 7). In the
first case it follows mi(e) \ {i} = Np, (i) and m2(e) \ {3} = Np,(4), in the second
case mi(e) \ {i} = Ngl (i) and ma(e) \ {j} = NE (j) is vahd

In both cases we obtain m(e) \ {i} € &(NH!Y(D;)) and ma(e) \ {j} €
& (NH!'(Ds)) and both sets mi(e) \ {i} and ma(e) \ {j} are hyperedges in the
corresponding competition hypergraph CH!(D,) (7 € {1,2}) or both are hyper-
edges in the common enemy hypergraph CEH!(D,) (7 € {1,2}).

Our argumentation is the following.

e The above implies that, in this sense, ”competition hyperedges” e € £ (C’Hl(Dl
+D5)) C & (NHYD;y + D)) include only information on ”competition hyper-
edges” in € (CH!(D1)) € € (NHYDy)) and € (CHY(D,)) C € (NHI(D2)), re-
spectively. The same applies to “common enemy hyperedges” e € £ (CE’HI(DH—
Dg)) c¢ (NHZ(Dl + Dg)) and ”common enemy hyperedges” in £ (CEHI(Dl))
C & (NHYDy)) and € (CEHY(D2)) C € (NHY(Dy)).

e Below, we will describe the reconstruction of the hyperedges of CH!(D;) and
CH'(Dy) from CH' (D1 + D3) according to Case 4 of the proof of Proposition 2
in [20]. We will see that in this reconstruction procedure the conditions | (e)| > 3
and |ma(e)| > 3 (for a certain hyperedge e € £(CH!(D;+ D3))) are essential. Ob-
viously, an analog reconstruction procedure can be used to obtain CEH!(D;) and
CEMN'(Ds) from CEH! (D1 +D,), if there is a hyperedge e € & (CEH' (D1 + D>))
with |71(e)| > 3 and |ma(e)| > 3. Clearly, the described reconstruction will fail if
there is no such hyperedge e with the required properties.

e Now let Dy and Dy be digraphs fulfilling (a)). Note that, in general, for an
arbitrarily chosen hyperedge e in NH!(D; + D-) it cannot be found out whether e
is a ”competition hyperedge”, i.e., e € £ (C’Hl(Dl + Dg))7 or a ”common enemy
hyperedge”, i.e., e € £ (CE’HZ(Dl + Dy)).

e We additionally assume that in NH!(D; + D5) all hyperedges fulfilling (o)
are edges of the competition hypergraph CH!(D; + Ds) but not edges of the
common enemy hypergraph CEH!(Dy 4+ Ds). Then, clearly, the reconstruction
method from Proposition 2 in [20] has to fail for hyperedges in € (CEH!(D2)) \
& (CHYD,)) C € (NHY(Dy)).

It remains to describe the reconstruction method from Case 4 of the proof of
Proposition 2 in [20].

Under the assumptions given above, let e € £ (NHI(Dl + Dg)) be a hyper-
edge with (@), i.e., e € & (CH! (D1 + D5)). Because of |71 (e)| > 3 and |ma(e)| > 3,
there are vertices i € V; and j € Vo with k := |{(i,7') |7’ € Va} Nne| > 2 and
L:={(,j)|7 eVi} nel>2.
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Then e = {(3,41),-- -, (4, Jx), (i1,4), - -, (@1, 5)} = Np, 4 p,((3,5)) and there-
fore NBl(i) = {i1,...,4} =m(e)\ {i} and NBZ(j) ={j1,.- -, gk} =mle) \ {7}
Foreachz € V} let e® :={(x,51),...,(x,Jk), (z1,7),-.-,(x1,,])} € E(C’HZ(Dl
+Dy)) with I, > 0. Obviously, e* = N, ., ((x,7)) and Np, (x) = {x1,..., 21, }
= m1(e®) \ {z}. This way we obtain D; = (V4,A;) as well as & (CH'(Dy)) =
{NBI(:U) |z € Vi AN, (z) # @}.
Analogously, for each y € Valet e¥ := {(i1,y), ..., (i, 9), (i, y1), ..., (i, yr,) } €
& (C’Hl(Dl +D2)) with k, > 0. Then e = Np, , . ((4,9)) and Np, (y) = {1,
Uk, = m2(e) \ {y}- u

Theorem 9 (Normal product Dy x Ds).
(a) NH(D1) and NH(D3) can be obtained from NH(D; * D).

(b) If there is a hyperedge e € E(NH (D1 * D2)) with |mi(e)| > 2 and |ma(e)| > 2,
then NH'(D1) and NH'(D3) can be obtained from NH(Dq * Ds).

Proof. (b) The existence of a hyperedge e € E(NH(D; * D)) with |mi(e)| > 2
and |ma(e)| > 2 is equivalent to Ay # () # As. Let

€= {(i7j1)7 RS (Za.jk)v (Z.laj% SRR (ilvj)v (ilaj1)7 (ilan)u R (ilajk)u R (ilajl)a
(i1, 52)5 -+ (i1, 1) }

with |71(e)] > 2 and |ma(e)| > 2.

We will follow the idea of the proof of Case 2 of Corollary 2 in our paper [20],
where a similar result for competition hypergraphs was given.

But by contrast to Corollary 2 in [20], in the case of niche hypergraphs it
is impossible to reconstruct the digraphs D; and Do themselves in general. The
reason is the same as mentioned before for the Cartesian sum (see the proof of
Remark 8). Although for a hyperedge e € E(NH(D; * D3)) we can find out the
vertex (i,7) with e = N ((i,7)) or e = NEI*DQ((Z',]')), in general it will be
impossible to determine whether e is the set of predecessors (e is a ”competition
hyperedge”) or the set of successors (e is a ”common enemy hyperedge”) of the
vertex (7,7) in Dy * Da.

Note that, in spite of the distinction of cases below, it is unnecessary to know
for the actual hyperedge e € E(NH (D1 * D)) under investigation whether or not
it is a ”competition hyperedge” (e € E(CH(D1*Dz2))) or it is an ”common enemy
hyperedge” (e € E(CEH(D; * D3))). This will become clear by the remarks to
Case (2) below.

Case (1): e € E(CH(D1* D2)). With some modifications of the proof of Case
2 of Corollary 2 in [20] we get the following.
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(a) Because of | = |mi(e)] —1 > 1 and k = |ma(e)] — 1 > 1, the vertices
i € Vq and j € Va with NBI*DQ((i,j)) = e can be identified as the only vertices
which occur exactly k£ and [ times in m(e) and ma(e), respectively. Moreover,

m(e) \{i} ={ir,..., i} = Np, (i) and ma(e) \ {7} = {j1, ..., jx} = Np,(4)-

(b) Obviously, for every z € Vi with N, (z) # 0 in Np, .p ((x,5)) there
are at least 3 vertices: (w,7j1), (7', 7), (2, j1), where 2 € Np (x). Therefore
Np.wp,(#,7)) € E(CH(D1x Da)) € E(NH(D1 x D2)). Analogously, for each y €
Va with N (y) # 0 we get Npp, . p. ((i,y)) € E(CH(D1xD2)) € E(NH (D1 D2)).

(c) Note that if x € V4 with N, (z) =0, then Np, . ((z,7)) = {(z,51),- -,
(z,jk)}; e, Np .p,((z,5)) € E(CH(D1 x Da)) € E(NH(D1 * Dz)) if and only if
k > 2. Analogously, for every y € Vo with Np, (y) = 0 it follows Np, .1, ((3,y)) €
E(CH(D;y * D3)) CE(NH(Dy * Dg)) if and only if I > 2.

Because of (b), for all vertices of D; and Dy, respectively, with positive indegree
we get their sets of predecessors applying the procedure described in (a) to all
hyperedges e € E(CH(D; * D3)) with |m1(e)] > 2 and |ma(e)| > 2. (In general,
for a vertex v1 € V7 and vy € Vh, respectively, with positive indegree, procedure
(a) will produce its set of predecessors more than once.) Trivially, each vertex
for which (a) does not provide a set of predecessors has indegree 0 (cf. (c)).

Thus we obtain the edge set £ (CH!(D1)) and € (CH!(Ds)) of the l-competi-
tion hypergraph CH!(D1) and CH!(Ds), respectively.

Note that we did not need hyperedges e € £ (CH!'(Dy = D)) \ £(CH(D1x
Dg)), i.e., hyperedges of cardinality 1.

Case (2): e € E(CEH(Dy % D9)) . Note that CH(D) = CEH (B), for any

digraph D. Applying the following substitutions to the proof of Case (1), word-
for-word we obtain the verification of Case (2):

CH — CFEH,

N~ — NT,

indegree — outdegree and
predecessor <>  suCCessOr.

(a) Because of (b) it sufﬁces to consider the case when A; = () or Ay = ()
holds. Replacing ”+” by ”«” in (1)—(3) of Theorem 7, we see that the occurrence
of (1), (2) or (3) is equ1valent to A1 = () or Ay = () and we can use an analog
argumentation as in the corresponding part of the proof of Theorem 7. So using
(2) we obtain & (NH (D)) = {ma(e) |e € E(NH (D1 x D3))} and € (NH(D2)) =
{ma(e) |e € E(NHY (D1 % D2)) A |ma(e)| > 2}, respectively. |
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Note that A; = 0 or Ay = () implies Dy x Dy = D1 + Dy. Therefore, the
last part of the above proof in connection with Theorem 7 lead to the following
consequence.

Corollary 10. NH!(D1) and NH'(D3) can be obtained from NH'(Dy x Dy),
provided that one of the following conditions is true:

(1) & (NHY(D1 = D)) = 0;

(2)Vee & (NHY Dy x D)) : |mi(e)| =1 and Je€ € (NHY (D1 = D)) |ma(e)| > 2;
(3)Vee & (NH Dy * Ds)): |ma(e)] = 1 and e€ € (NH! (D1 x D2)): |mi(e)| > 2.

Theorem 11 (Lexicographic product Dj - Dj).

(a) NH(D1) and NH(D3) can be obtained from NH (D - Ds).

(b) If |Va| > 2, then NH'(D1) can be obtained from NH(D; - Dy).
(c) NHYD1) and NH (D2) can be obtained from NH! (D - Ds).

Proof. First we will show (c), i.e., NH!(D1) and NH!(D3) can be reconstructed
from NH!(D; - D3). Then we obtain (b) and (a) as follows:

Since for |V5| > 2 every loop e; = {i} in NH!(D;) leads to a non-loop e in
NH!(D; - D) (containing at least all vertices of the row Z;), we will see that we
need no loops of NH!(Dy - D) in order to obtain NH!(Dy), this includes (b).

Analogously, it is obvious that non-loops e; of NH!(D;) and NH!(Ds), re-
spectively, result in non-loops in NH!(D; - Ds). In our considerations it will
become clear that for the reconstruction of NH(D;) and NH(D3) we do not
need the loops in NH! (D - D), so we get (a).

In order to prove (c), we consider a hyperedge e € £ (N”HZ(Dl . Dg)). Then
there is a vertex (i, j) € V1 x Va such that e = Np, p, ((i,7)) or e = Ngl_Dz((i,j)).
In order to simplify our depictions, we write down the considerations only for the
case e = Np, p,((i,7)) € € (CH!(D1 - Dy)); the hyperedges e = Nl—;yDg((Z”j)) €
& (CENH' (D1 - D3)) can be treated analogously.

In NH!(Dy - D3) there are two possibilities for the hyperedge e.

Casel. 31 >13i4y,...,9 € V1 : e= Z;;U---UZ;,. Without loss of generality
let i1,...,4; be pairwise distinct.

Hence, e is the union of the complete rows Z;,,...,Z;, of Dy - Dy and from
the definition of Dy - Dy it follows i ¢ {i1,...,4}, Np (i) = {i1,...,4} and
Np, () =0.

Therefore, Case 1 does not provide any hyperedges of NH!(Ds) but with
mi(e) = {i1,...,u} = Np (i) € € (NH!(D1)) we obtain a hyperedge of NH!(Dy).

Note that the vertex ¢ € V; is unknown if I < |Vj| — 1. Moreover, Case 1
occurs if and only if there exists a vertex j € Vo with N (j) = 0.

Case2. 31 >03iy,...,4,0 e VV3IZ' CZy:e=2Z;;U---UZ,UZ' NZ" # 0.
We get i =1 € Vi \ {i1,..., 0} as well as N, (i) = {i1,..., i} = m(e) \ {i'} €
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& (NHY(Dy)) and Np,(j) =m(enZ') =m(Z') € € (NHY(D,)) with a certain
J € Va. In general, if |Z'| < |Va] — 1 holds, the vertex j cannot be determined.

Again, for any hyperedge e € E(NH!(D;-D-)) it cannot be found out whether
e is a competition hyperedge (i.e., e € E(CH (D1 - D3))) or e is a common enemy
hyperedge (i.e., e € E(CEH!(Dq - Ds))) in general. But for the reconstruction of
NHY(Dy) and NH!(D3) this plays no role, since the considerations of Case 1 and
Case 2 are valid for competition hyperedges (i.e., sets of predecessors) as well as,
analogously, for common enemy hyperedges (i.e., sets of successors).

Moreover, we remark that Cases 1 and 2 (together with their analogs for the
common enemy hyperedges) provide all hyperedges of the (I)-niche hypergraphs
NHW (D) and NHO(Dy). m

Now we discuss the disjunction D;V Dy. The case |Vi| = 1 or |Va| = 1 implies
D,V Dy = Dy - Dy. Therefore, because of Theorem 11 it suffices to investigate
the case |V1], |[Va| > 2.

Theorem 12 (Disjunction Dy V Do). If |Vi|,|Va| > 2, then NH'(D;) and
NHY(D3) can be obtained from NH(Dy V Dy).

Proof. Since both V; and V5 contain at least two vertices, in N ’HZ(Dl V Dy)
there are no loops and NH!(D; v Dy) = NH(D; V D).
Moreover, for every hyperedge e € E(NH(D; V D)) it holds

Ellzozlil,...,ilEVlﬂkZOHjl,...,jkE%:62ZilU-"UZilUSﬁU"'USjk

and, clearly, min(l, k) > 0.

By analogy with the proof of Theorem 11 let (i,5) € Vi x Vi be a vertex
such that e = Np, \p,((i,7)) or e = NglvDQ((i,j)). Now we follow the idea
of the proof of Proposition 2 in [20], subsection 3.5, and use the abbreviations
&l =& (NHYDy)), € := & (NH!(Ds)) and &, := E(NH(D1 V Dy)).

In case of & = ) both & and &} are empty, too.

~ So let & # 0. Additionally, for an arbitrary hyperedge e € &, we define
ml(e) :=={i| (i,7) € e} (for j € ma(e)) and 7i(e) := {j| (i,5) € e} (for i € mi(e)).
In NH(D; V D) we have three types of hyperedges:
A:={eeé& |m(e) C Vi},
B:={ec & |m(e) C Va} and
C:={ecé&|m(e) =Vi A ma(e) =Va}.

We obtain
A=C=10ifand only if Ay =0, & =0 and & = {ma(e) |e € &v};
B=C=0ifand only if Ay =0, & = 0 and & = {mi(e)|e € Ev};

C # () if and only if Ay # () # As.

It remains to investigate the case C # (). Here we see that, to determine &}

and Eé, it suffices to make use of the hyperedges in C:
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&l = {{i e Vi|mi(e) = Va} |e € C} and & = { {j € Va|m{(e) = Vi}|e € C}.

(Note that in case A # () we have & = {m(e) |e € A} and, analogously, if
B # () it follows & = {ma(e) |e € B}.) |
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