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Abstract

The problem of monitoring an electric power system by placing as few
measurement devices in the system can be formulated as a power dominating
set problem in graph theory. The power domination number of a graph is
the minimum cardinality of a power dominating set. Xu and Kang [On
the power domination number of the generalized Petersen graphs, J. Comb.
Optim. 22 (2011) 282-291] study the exact power domination number for
the generalized Petersen graph P(3k, k), and propose the following problem:
determine the power domination number for the generalized Petersen graph
P(4k, k) or P(ck, k). In this paper we give the power domination number for
P(4k, k) and present a sharp upper bound on the power domination number
for the generalized Petersen graph P(ck, k).
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1. INTRODUCTION

Electric power companies need to continually monitor the state of their systems as
in the case of voltage magnitude at loads and machine phase angle at generators.
One method of monitoring these variables is to place phase measurement units
(PMUs) at selected locations in the system. Due to the high cost of the PMUs,
the number of PMUs used to monitor the network must be minized.

The power system monitoring problem can be formulated as a domination
problem in graph theory by Haynes et al. in [7]. Let G = (V(G), E(G)) be a graph
representing an electric power system, where a vertex represents an electrical node
and an edge represents a transmission line joining two electrical nodes. A PMU
measures the state variable (voltage and phase angle) for the vertex at which it
is placed, its incident edges and their ends. All these vertices and edges are said
to be observed by the PMU. We can apply Ohm’s law and Kirchoff’s current law
to deduce the other three observation rules.

1. Any vertex that is incident to an observed edge is observed.

2. Any edge joining two observed vertices is observed.

3. If a vertex is incident to a total of k > 2 edges and if k — 1 of these edges
are observed, then all k£ of these edges are observed.

We consider only graphs without loops or multiple edges. For a vertex v of
G = (V(QG),E(Q)), let N(v) denote the open neighborhood of v, and for a subset
S CV(G),let N(S) =U,es N(v)\S. The closed neighborhood N[S] of a subset
S is the set N[S] = N(S)U S. For any X C V(G), the subgraph induced in G
by X C V(G) is denoted by G[X] and E(X) denotes the edge set of G[X]. For

other terminology and notation not given here, we refer to [4, 7, §].

A dominating set of a graph G is a set S of vertices of G such that every
vertex (node) in V'\ S has at least one neighbor in S. The domination number
of G, denoted by v(G), is the minimum cardinality of a dominating set of G.
The theory of dominating sets in graphs is well developed (see, for example, [8]).
Considering the power system monitoring problem as a variation of the domi-
nating set problem, a set S is a power dominating set (PDS) if every vertex and
every edge in G is monitored by S after applying the observation rules. The
power domination number of G, denoted by yp(G), is the minimum cardinality
of a power dominating set of G. A power dominating set of G with minimum
cardinality is called a vp(G)-set.

Let G be a connected graph and S a subset of its vertices. In [3], Bru-
eni and Heath first provided a new simplified definition of the observation rules
that requires only 2 rules. In this paper, we shall use the following equivalent
algorithm [4]. We denote by M () the set of vertices in G that is monitored by S.
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Algorithm 1: An alternative approach to the observation rules
Input: A connected graph G(V, E) and S C V(G)
Output: The set M (S) monitored by S

1.Domination Step
M(S) < SUN(S);

2. Propagation Step
foreach w € V(G) \ M(S) do
if there exists v € M(S) such that N(v)N(V(G)\ M(S)) = {w} then
M(S) & M(S) U {w};
end

end

Output M (S);

Power domination in graphs was introduced and studied by Haynes et al. in [7].
It has received considerable attention from the algorithmic point of view. Haynes
et al. [7] showed that the power dominating set problem is NP-complete even
when restricted to bipartite graphs or chordal graphs and provided a linear algo-
rithm to solve the PDS for trees. There are polynomial algorithms to solve this
problem for graphs with bounded treewidth [6], block graphs [15], block-cactus
graphs [9], interval graphs [10], grids [12], honeycomb meshes [13] and circular-arc
graphs [11]. On the other hand, upper bounds on the power domination number
are given for connected graphs with at least three vertices, for connected claw-
free cubic graphs [19], for hypercubes [3], and for generalized Petersen graphs [1].
Dorbec et al. [4] determined the power domination number for product graphs.

As a generalization of the well-known Petersen graph, the generalized Pe-
tersen graph has attracted much attention. The generalized Petersen graph
P(n,k) (k> 1) is the graph with vertex set U UV, where U = {u; |1 < i < n}
and V = {v;|1 < i < n}, and edge set E = {wuit1, ujvi, viviyr |1 < i < n},
where the subscripts are to be read as integers modulo n. The graph P(5,2) is the
Petersen graph. Domination and its variations have been extensively investigated
in the class of generalized Petersen graphs in [2, 5, 14, 17, 18].

Xu and Kang [16] gave a sharp upper bound on power domination number for
generalized Petersen graph P(n, k) and determined the exact power domination
number for P(3k,k). They posed the following open problem: find the exact
power domination number for the generalized Petersen graph P(4k, k) (or even
for P(ck, k), where ¢ > 4 is a constant integer). In this paper we give an upper
bound on the power domination number for P(ck, k) and determine the exact
power domination number for P(4k, k).

The remainder of this paper is organized as follows. In Section 2, we prove
vp(P(ck,k)) < [%T*ﬂ for integer k£ > 2 and ¢ > 4 by providing an explicit con-
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struction for the upper bounds. In Section 3, we first show that yp(P(4k,k)) <
{%1 for k > 4 and yp(P(4(k—3),k—3)) < vp(P(4k,k)) —2 for k > 7. Then us-
ing the above results we prove that yp(P(4k, k)) > {%1 for k > 4 and determine
the exact power domination number for P(4k, k). In Section 4, we conclude this
paper and propose a conjecture.

2. AN UpPPER BOUND ON ~(P(ck,k))

For the generalized Petersen graph P(ck,k), when k = 1, it is easily seen that
vp(P(2,1)) = vp(P(3,1)) = 1 and yp(P(n,1)) = 2 for n > 4. When k£ > 2, Xu
and Kang [16] showed that yp(P(n,k)) < min{[%],k} for n > 4.

We now restrict our attention to the generalized Petersen graph P(ck, k) for
k > 2. We give a sharp upper bound on vyp(P(ck,k)) for k > 2, ¢ > 4. The
bound improves the Xu and Kang’s bound for P(n, k).

Theorem 1. For k > 2 and ¢ > 4, vp(P(ck,k)) < {%TJ“QL and this bound is
sharp.

Proof. To obtain the upper bound, we directly construct the power dominating
set for P(ck, k) with |S| = [%]

Let 2k = 3a+b with b € {0,1,—1} and set S = {uy,u4,...,usq+1}. We have
S| = a+1=[2+£2]. Next, we show that S is a PDS for P(ck, k). In Figure 1,
the following procedure is shown when 2k = 3a.

(1) After the domination step, the set S U N(S) = {uck, u1,u2, ..., usqr2} U
{v1,v4,...,03q41} (i.e., vertices with bold circles in Figure 1) is monitored.

(2) For 2 < i < 3a, i # 1 (mod 3), the vertex u; monitors v; (i.e., ver-
tices with gray circles in Figure 1) by the propagation step. And as a result

{ul, U2y e e U3a+2} @] {Ul, V2, .., 03a+1} D) {ul, U9, . . . ,u2k+1} U {’1}1, V9, ... ,ng} 1s
monitored.

(3) Fort=1,2,...,¢c—2,
o first, for i = 1,..., k, vertex vy,,; monitors v(;1)x4; by the propagation (i.e.,

vertices contained in the dotted rectangle in Figure 1 are monitored when t = 1),
and then

e fori=1,...,k, vertex u(;y1)x4; monitors w4 1)r4441 by the propagation (i.e.,
vertices contained in the solid ellipse in Figure 1 are monitored when ¢t = 1).

So S is a PDS for P(ck, k) and vp(P(ck,k)) < |S| = [%T‘*'?] By Theorem 8
(we will prove it in Section 3), we have yp(P(4k, k)) = [%] Since {%TH] = [%]
when 2k =1 (mod 3), the bound is sharp. |
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Figure 1. Vertices monitored by S for P(ck, k) when 2k = 3a and ¢t = 1.

3. THE POWER DOMINATION NUMBER FOR P(4k, k)

In this section we determine the power domination number for the generalized
Petersen graph P(4k, k). The main result is given in Theorem 8.

For G = P(4k, k), we denote F; = {u;, Vi, Uity Vitk, Witk Vit2hs Uit 3k, Vit3k b
and FY = {u;, Witg, Witok, Witsk}, Fy = {0i, Vitk, Vitok, Vitsk }, where 1 <4 < k.
In the following statements, the subscripts for u; and v; are used modulo 4k, and
the subscripts for Fj, F* and F} are used modulo k.

Observation 2. For G = P(4k, k), if all vertices of {u;,vi, Wirk, Viti} (1 <i <
k) are monitored by a set D, then G[F;] is monitored by D.

Proof. We note that N(viyx) = {vi, Uiyk, Vigor} and N(v;) = {us, Vg, vigsk}-
The vertices of N (v;1) other than v; 1 ox and the vertices of N (v;) other than v, 3
are monitored by D during the domination step, so v;yox and v;1 3y are monitored
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by the propagation step. Similarly, the vertices of N (v;y9r) other than w; 9 and
the vertices of N(v;13;) other than wu; 3, are monitored by domination step, so
w; ok and u;4 3, can be monitored by the propagation. Hence, G[F;] is completely
monitored by D. n

We begin to study the power domination problem on P(4k, k). First, we give
an upper bound on yp(P(4k, k)).

Lemma 3. For k > 4, yp(P(4k,k)) < [%1

Proof. By Theorem 1, vp(P(4k,k)) < {%] for 2k = 1 (mod 3) since [%TH} =
{%1 when 2k = 1 (mod 3). Now, we show that the result also holds for 2k = 0
or 2 (mod 3).

Let 2k = 3a + b with b € {2,3} and set S = {u1,u4,...,usq+1}. We have
S| =a+1= [%1 Similar to the proof of Theorem 1, {uj,usg,...,usq+2} U
{v1,v2,...,U3¢+1} is monitored by S. So by the propagation, U?i#*k F; is mon-
itored and as a result ugy, vor are monitored by S. Hence S is a PDS for P(4k, k).

Therefore, vp(P(4k, k)) < |S| < [2]. |

Next, we prove that {%W is also a lower bound on vp(P(4k,k)) for k > 4.
To prove the result, we will show that vp(P(4(k — 3),k — 3)) < vp(P(4k,k)) — 2
for k > 7 (Lemma 5). The following property is required.

Lemma 4. For k > 7, there is a yp-set S of P(4k, k) such that
50 (UL )| 23

Proof. We denote M; = {uijtjk,vitjr| @ = 1,2,3,4,5} for j = 0,1,2,3, and
the subscripts are used modulo 4 in the following proof. For a yp-set S for
P(4k, k), we claim that ‘S N (U?:l Fl)‘ > 2. Otherwise, if there is a unique
vertex w € M; NS, then u(j;9),43 cannot be monitored by S, a contradiction.
So |[SN (U F)| > 2.

If ‘Sﬂ ( U?:l FZ) ‘ > 3, the result is proven. Suppose now that ‘S’ﬂ ( U?:l Fz) !
= 2 for a yp-set S’ of P(4k, k). We will prove that [S' N Fy| = 2, |S'N(FsUF7)| >
1 and |S’ N (UZ:3 Fl)| > 3. By the symmetry of P(4k, k), the result holds.

Let S'N (U?:1 F;) = {w1,wz}. Then we claim that wy and ws are in M; and
M 41, respectively, for some j = 0,1,2,3. Otherwise, if wy,we € My N S’, then
there is at most one vertex in N(vgi3) (or N(vsgt+3)) monitored by {wi,ws},
and vog43 cannot be monitored by {w1,ws}, a contradiction. So |[MyN S’| < 1.
Similarly, [M; NS’| <1 for each j =0,1,2,3. If w; and wy are in M; and M; o
respectively for 7 = 0 or 1, then there is at least one vertex in M;1q U M; 3
which cannot be monitored by S’, a contradiction. Hence w; and ws are in M;
and Mj1, respectively, for some j = 0,1, 2, 3.
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Next, we show that |S' N F3| = 2. Otherwise, suppose |’ N [(U?Zl F)uU
(U?:4 E)] } = 2, then wy and wy are in M;N [( U?:l E) U ( U?:4 Fl)} and M;41N
[( U?Zl E) U ( U?:4 Fl)] , respectively, for 7 = 0,1,2,3. Without loss of generality,
let wy € Mj N (Fl UFQ). If wy € Mj+1 N (F4 UF5), then Vjk+3 and V(j+1)k+3
cannot be monitored by S’, a contradiction. So we € Mj11 N (F1 U Fy) or wy €
Mj,1 N (Fl U FQ) for j = 1,2,3,4. Similarly, if wy € Mj N (F4 U F5), then wsy €
M1 N (Fy U Fs) or wg € Mj—q N (Fy U F5) for j = 1,2,3,4. Without loss of
generality, let w1 € My N (F} U Fy) and wy € My N (F} U Fy). Then vy and vy
cannot be monitored by ', a contradiction. So [S'N{( U?Zl F)u( U?:4 F)]l <1
and ‘Slﬂng > 1.

Without loss of generality, let w; € {uy,v1,u2,v2} and wy € {ugts, vii3}-
If wy € {u1,us} and wa = w43, then there is at most one vertex u; € N(vp)
(or uy € N(vz)) monitored by {wi,ws}, and vg41 and viyo cannot be monitored
by S’, a contradiction. Similarly, if w; = v; and we = vg43, then ug cannot be
monitored by S’ a contradiction; if wy = vy and we = wvgy3, then ug o cannot
be monitored by S’, a contradiction; if we = w3, then v cannot be monitored
by S’, a contradiction. So |S' N F3| = 2. Without loss of generality, suppose
wy € 8" N{us,vs}, wy € 8" N{ugys, viis}

Now, we show that |S' N F§| = 2 and there are at least two vertices in F¥
that are monitored by S’\ U?Zl F;. If wy = vs, then us cannot be monitored by
S’ since there is at most one vertex vs € N(ug) (or ugr € N(u1) or vgio € N(v2))
monitored by S’, a contradiction. So S'NFY = () and |S'NF}| = 2. Without loss of
generality, let uz, up+3 € S’NF§'. If us cannot be monitored by S\ U?:1 F;, then
vg and v5 cannot be monitored by S'NFY, a contradiction. Then uy, us, Uk+1, Uk+5
are monitored by S'\|J?_, F;. Hence |S' N FY¥| = 2 and there are at least two
vertices in F% monitored by S\ _, F;.

If us,upr3 € S, then us,urrs must be monitored by S\ U?Zl F; and
u1, ug+1 € F}' must be monitored by S”\ U?Zl F;. If "N (Fs U F7) = 0, then
G[F¢ U F¥] cannot be monitored by ', a contradiction. So ’S’ N (Fg U F7)‘ >1
and SN (UZ:3 F)| > 3.

The result holds. u

In [16], Xu and Kang gave a procedure which constructs a smaller generalized
Petersen graph from P(3k, k). Now we construct a smaller generalized Petersen
graph P(4(k — 3),k — 3) from P(4k, k) as follows.

Let G = P(4k,k) with vertex U UV and edge set E. The graph G' =
(U'UV' E') is defined by U' = U \ {ugrti| ¢ € {0,1,2,3}, i € {2,3,4}},V' =
V\{vgr+i] ¢ €1{0,1,2,3}, 7€ {2,3,4}} and E' = E(U'UV") U{ugrt1ugr+s| ¢ =
0,1,2,3}. Obviously, G’ is isomorphic to P(4(k — 3),k — 3).

Figure 2 gives an illustration of the construction for P(4(k — 3),k — 3) from
P(4k, k).
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Figure 2. The illustration of the construction for P(4(k — 3),k — 3) from P(4k, k).

Using the above lemma and procedure, we now prove the following results.
Lemma 5. For k > 7, we have yp(P(4(k — 3),k — 3)) < yp(P(4k,k)) — 2.

Proof. Applying the above procedure to process P(4k, k), we get a graph G’
which is isomorphic to P(4(k — 3),k — 3). Let S be a yp-set for P(4k, k) with
‘S N (U?:1 Fl)‘ > 3 since such a set exists by Lemma 4. If |S N (U?:1 FZ)} > 5,
then set D = {ug4s5,v1, V3545 We show that D can monitor G'[Fy U F5]. In G,
notice that {vgis, Uk41, U1, Vg1, V3k+1, Us, U2k+5, Usk+5 can be monitored by D
during the domination step. The vertices of N(vs5) other than us are monitored,
so us is monitored by the propagation. By Observation 2, G'[F} U F5] can be
monitored by D since {u;,v; |7 = 1,5,k+1, k+5} is monitored by D. The vertices
in V(G')\ F1 U F5 are monitored by S\ SN (U?:1 F;) together with the vertices
in F{* UFYUF§ U F that are monitored by D. Therefore, 5 = (,5’\U?:1 F,)uD
is a PDS for G' and |S’| < |S| — 2. The result is proven.

We consider the following two cases: }Sﬁ (U?:l E) ‘ =3 and ‘Sﬂ (U?Zl E) ‘ =
4. We use M(S) to denote the set of vertices monitored by S, and set A =
M(S\UL,E)n(FrUFY) and B = M(S\U_, F5) N (FY UFY). Let C =
Ui, Fi, C* = Ui, F*,CY = U, FY. Next, we show that there exists a set
D C Fy U F; such that $" = (S\U;_, Fi) UD is a PDS for G’ and |S'| < |S| —2.
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Now, we will present it as a sequence of claims as follows.

I
I
V2k+1 ‘
I
|
I
|
to uzpt3k+ |
O T
I
I
I
V3k+1 U3k+2
I

Figure 3. Vertices in dotted rectangle are in C. If vsgg45 € S and ws is monitored by
SN C, then usgys,vs, Vak4s are monitored by vsk4s during the domination step, and
Vk+5, Uk+5 are monitored by the propagation.

Claim 1. Let S be a yp-set for P(4k, k) with |SN (U?:1 F;)| = 4. Then at least
one of the following two statements is true.

(1) A#0, or
(2) B contains two vertices u; and uj with |u; —u;| & {2k,2k + 6,2k —6}.

Proof. Suppose to the contrary that neither (1) nor (2) holds, that is, one of the
following statements holds.

(a) A=0and |B| <1, or

(b) A =0 and |B| > 2 but |i — j| € {2k,2k + 6,2k — 6} for each pair of
vertices u;, u; € B.

If (a) holds (i.e., A = 0 and |B| < 1), then we claim that [SNC| < 2. In
fact, if |B| = 0, then Fy U F5 must be monitored by SN (U?Zl F;) and there is at
least one vertex in SN Fy and SN Fs, respectively. Then |SNC| < 2. If |[B| =1,
without loss of generality, let uqr, € B. Then Fj \ {ui,v;} must be monitored
by SN (U?:1 FZ) and there is at least one vertex in S N Fy. Similarly, F5 must
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be monitored by S N (U?:1 FZ) and there is at least one vertex in S N F5. So
|S N C| <2 and there is at least one vertex in S N F} and S N Fj, respectively.

Suppose that there is a vertex in Fy N S, without loss of generality, let
Usk+5 € SN FY. To monitor viys, there is a vertex in (F5 \ {usk+5, ng+5}) ns,
or there is a vertex in {us, ugr15} monitored by S N C. If there is a vertex in
(F5 \ {U3k+5,v3k+5}) NS, then [SNC| <1 and C\ {uz} must be monitored by
S NC since Fg N B = (). However, no vertex in S N C can completely monitor
G[C \ {u2}], a contradiction. So |[F5 N S| =1, |[SNC| > 2 and there is a vertex
in {us, ugx+5} monitored by SN C (Figure 3 illustrates the case of us monitored
by SNC).

Suppose that there is a vertex in F5'N.S, without loss of generality let usp5 €
SNFZ. To monitor viy5, there must be a vertex in (F5\{U3k+5}) NS, since ug1¢ &
B. Then [SNC| < 1. Similar to the above proof, we obtain the contradiction.

By the above proof, if A = () and |B|] < 1, then [SNC| = 2,|SN F| =1,
|S N F5| =1 and there is at least a vertex in F¢* monitored by SN C.

Now, we show that there is also at least one vertex in F* monitored by SNC.
If |B| = 0, then we obtain the conclusion similar to the above proof. Suppose
|B| = 1 and, without loss of generality, let B = {u4x}. Since |[S N Fi| =1, we
have u; € S. Otherwise, if u; € S, then there is a vertex in S N (Fy \ {u1}) to
monitor ugg41, contradicting the assumption of |[S N Fy| = 1. If uggy1 € S, then
vg+1 and vsgq cannot be monitored by S since ug,us;y € B and |[F1NS| =1, a
contradiction. So wuy,ugry1 & S. If upry € S (or usgsq € 5), then u; must be
monitored by S N C to monitor vsg41 (or vg41) since ug, € B and |S N Fy| = 1.
If v; € S, then there is a vertex in {uj1, ugk+1} monitored by SN C to monitor
vog+1. 1f there is a vertex in {viy1, vok+1, vsk+1} NS, then there is a vertex in FY
monitored by SN C.

Hence, there are at least two vertices wy € F}* and we € F5' monitored by
S N C. However, no two vertices in S N C can completely monitor the induced
subgraph G[C' U {wy,wa}], contradicting the assumption that S is a PDS for
P(4k, k).

If (b) holds (i.e., A = 0 and |B| > 2 but |i — j| € {2k,2k + 6,2k — 6}
for each pair of vertices u;,u; € B), then let ug, € B. Then uy,uz, ¢ B and
{Vk+1,v3k+1} € F1 cannot be monitored by S\ Fi. So |S N Fy| > 1. Similarly,
|S N F5] > 1 and hence |[S N C| < 2. Similar to the above proof, there are at
least two vertices wy € F}' and we € F3' monitored by S N C and we obtain the
contradiction. Therefore, (1) or (2) holds. 0

Claim 2. Let S be a yp-set for P(4k,k) with ‘S N (U?:1 F,)} =4. If A # 10,
then there exists a set D C Fy U F5 with |D| = 2 such that S" = (S\U?:1 F)uD
is a PDS for G'.

Proof. 1f u; € AN FY, then set D = {vitk, Vigsk—a}; if u; € AN FJ*, then set
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D = {viyk,Vit3kra}. In each case, D together with A monitors G'[F; U F5] in G'.
SOS’:(S\U?:lFi)UDisaPDSforG’and 1S = |S| — 2. O

Claim 3. Let S be a yp-set for P(4k, k) with ‘Sﬂ (U?Zl FZ)‘ = 4. If B contains
two wertices u; and u; with |i — j| & {2k,2k 4+ 6,2k — 6}, then there exists a set
D C Fy U F5 with |D| = 2 such that ' = (S\U;_, F;) UD is a PDS for G'.

Proof. If u;,u; € B, then it is one of the following cases:
(1) wi,u; € Fy,

(2) Ui, Uj € Flg’

(3) w; € Fg, u; € F} or u; € Fy', u; € Fg'.

If uj,u; € BN Fg and |i — j| # 2k, then let ug,up16 € B and set D =
{u1,ur+1}. In G’, the vertices of N(us) other than vs and the vertices of N (ug45)
other than vg45 are monitored by D by the domination step, so vs and vgy5 are
monitored by the propagation. So G'[F; U F5] is monitored by D together with B
by Observation 2 (see Figure 4). So by the symmetry of P(4k, k), if u;,u; € BNEg'
and |i — j| # 2k, then we set D = {u;—5,u;—5} and D together with B monitors
G'[F1UF5). Similarly, if u;, u; € BOFY and |i—j| # 2k, then set D = {45, uj45}
and D together with B monitors G'[F; U F5].

Next we discuss the third case. Now we denote N; = {uy, wjg6} for | =
1,2,3,4. In the following proof, the subscripts for N; are used modulo 4. If
u;,uj € BNN for some | =1,2,3,4, then let u; € F' N BN N, uj € FgNBNN,
and set D = {u;j_g41,vj—1} (if ug, usr, € B, then D = {ugp41,v5} together with
B monitors G'[Fy U F3]). If u; € F¢ " BN N; and u; € Fj* N BN Ny for
some [ = 1,2,3,4, then set D = {v;—1,vj41} (if us,uy € B, then D = {vs, vpy1}
together with B monitors G'[F} UF5)). If u; € FNBNN;,u; € FNBN Ny for
some [ = 1,2,3,4, then set D = {v;—1,vj41} (if ug, usx, € B, then D = {vs, v341}
together with B monitors G'[F} U F3)).

In each case, D together with B monitors G'[F} U F;] in G'. So S' =
(S\Uj_, F;) UD is a PDS for G’ and || = |S| — 2. 0

Claim 4. Let S be a yp-set for P(4k, k) with }S N (U?Zl E)} =3. Then A # 0.

Proof. Suppose to the contrary that A = (), then each vertex in F* U F¥ is
monitored by SN ( U?Zl F;). To monitor Fy UF, it follows that |Sﬂ ( U?Zl F;) ‘ >
2. Similarly, | SN (UJ_3 F})| > 2 holds to monitor F4UFs. Since [SN (U7, F})| =
3, we have |[SNF3| =1, |[SN(FLUFy)|=1and |SN(FyUF5)| = 1.

If SNF3 = {ugg43} for some t = 0, 1,2, 3, then since | SN(F4UF5)| = 1, there is
one vertex in {vtk+4, Vth+55 V(t4+1)k+45 v(t+3)k+4} NS to monitor FyU Fy. Similarly,
there is one vertex in {Utk+1, Vth+2, V(¢ 41)k+2> v(t+3)k+2} NS to monitor F; U Fs.
However, w4 1)r43 and v(;41)x43 cannot be monitored by S, a contradiction.
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Figure 4. If ug, uxy6 € B, then set D = {uy,up11}. In G/, ugr, us, v1, ug, Ugts, Vgt1 are
monitored by D by the domination step, and vs, vg45 are monitored by D together with
B by the propagation.

If SN F3 = {vgss} for some t = 0,1,2,3, then since |[S N (Fy U F5)| = 1,
it follows that v;+4 € S to monitor Fy U F5. Similarly, vgao € S holds to

monitor F} U Fy. However, {U(t+1)k+2v U(t4+1)k+3 U(t+1)k+4} cannot be monitored,
a contradiction.

Hence, A # (). 0

Claim 5. Let S be a yp-set for P(4k, k) with |S N (U?:1 F;)| = 3. Then there
exists a set D C Fy U F5 with |D| =1 such that S" = (S\ U?Zl F;)UD is a PDS
for G'.

Proof. By Claim 4, A # (). We consider the following cases.

Case 1. |A| = 1. We claim that the following properties hold.

(1) If A= {w;} C Fy, then u;y5 € B.

(2) If A={u;} C Fy, then uj1x—1,Ujrp+5 € B or uj_k_1,Ui—k+5 € B.
(3) If A= {uz} C F5, then u;_5 € B.

(4) If A={u;} C F5, then w1 gy1,Ujrp—5 € B or uj_j11,Ui—x_5 € B.
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Without loss of generality, let u; € F* N A. Then ugq, € B. If ug ¢ B, then
|S N (Fy U F5)| > 2 holds to monitor F5 since |A| = 1. To monitor Fy U Fy,
there are at least two vertices in SN (U?:1 F;). So we have [SN (U?:1 E)| >4,
contradicting to the assumption of |S N (U?:l FZ)‘ = 3. Hence ug € B and (1)
holds. Similarly, (3) also holds.

Now, we show that if u; € F[* N A, then uy,upt6 € B or usk,ugkt+e €
B. Otherwise, suppose that there is at least one vertex in both {ug,uxy¢} and
{usk, usk+¢} which is not in B. Without loss of generality, let uy,ugr16 & B.
Then wuy, usgt+e are monitored by S N (U?:1 FZ) However, no three vertices in
SN (U?:1 F};) can completely monitor (U?:1 Fi\ {u1}) U {ug, ugkr6}. In fact,
there are two vertices in S N ( Uf‘:l Fl) to monitor F} U F5, and there are two
vertices in SN (U?:s FZ) to monitor Fy U F5. Since ‘S N (Uf:1 Fz)‘ = 3, we have
|SﬂF3’ =1, ’Sﬂ (F1 UF2)| =1 and ’Sﬁ (F4 UF5)| =1.

If SN F3 = {usgs3}, then usgys and vsgy5 are monitored by S N (U?:1 F,)
since ugk1 € B. Because |[SN(FyUF5)| =1 and [SNF3| = 1, we have vggy5 € S.
But v15 cannot be monitored by SN (U?:l FZ-), a contradiction. So ugk.3 € S.
Similarly, we have ugys3, uop+3 € S.

If SNF3 = {us}, then there is one vertex in {vy4, v5, Vk14, V314 } NS to monitor
us. If vg € S or vy € S, then vgg 5 cannot be monitored by S N (U?:1 Fz) since
|ISN(FyUF5)| =1, a contradiction. So vyq,vs € S. If vp4 € S or v3i14 € S, then
v3k+5 cannot be monitored by S N (U?:1 FZ) since usgrg € B, a contradiction.
Hence uz ¢ SN F3.

If SN F3 = {vs}, then [{ugi2, ugta, uskr2, usg+a} NS| > 1, or there is one
vertex in SN{ugg44, Ugk+5} and SO{ugg41, ugkt2}, respectively, to monitor voy 3.
In all cases, SN (U?Zl F;) cannot completely monitor U?:1 F; since |S N F3| =
L|SN(FLUF)| =1and |SN(F,UFs5)| =1, a contradiction. So vz & SN Fj.
Similarly, it follows that vgys, vokt3, U3k+3 € S N F3.

So ug, ukt+e € B or usk, usk+e € B and (2) holds. Similarly, (4) also holds.

Without loss of generality, suppose that A = {u1} and wug, ug, ugr € B. Let
D = {vg41}. In G', we notice that vy, vgi1,v9k41 and ugi1 are monitored by
the domination step. The vertices of N (ug41) other than ugys and the vertices
of N(u1) other than us are monitored since u; € A and uy € B. So us and
uk45 are monitored by the propagation. Similarly, vs and vi4s are monitored
by the propagation since ug, ur+¢ € B. Hence, by Observation 2, G'[Fy U F5] is
monitored by {vgi1} together with A and B. By the symmetry of G’, we can find
aset D C F1UF5 with |D| = 1 which together with A and B monitors G'[F} U F}]
for other cases. So 8" = (S\\U>_, F;) U D is a PDS for G’ and |S'| = |S| — 2.

Case 2. |A| = 2. We claim that |[F}*NA| =1, [FfNA| =1, and if u; €
F'MAu; € FN A, then |i — j| & {2k + 4,2k — 4}. Moreover, the following
properties hold.
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(1) Ifu; € F* N A uj € F¥ N A and j — ¢ = 4, then there is at least one vertex
in B O { Wi k— 15 Wimkm 15 Wb 15 Ukt 1 } -

(2) fuj e FI'NAu; € FFNAand |i —j| € {k—4,k+4,3k — 4,3k + 4}, then
there is at least one vertex in B N {15, uj—s5}.

Suppose |[F{* N Al = 2 and F¥ N A = (. We claim that there must be two
vertices in SN (U?:l E) to monitor U?:l F;. Otherwise, suppose that there is a
vertex in SN ( Ule E) Without loss of generality, let ui, ugp41 € F{*NA. If there
is a vertex w € (U?ZI qu) NS, then U?:l F? cannot completely be monitored
by .S; if there is a vertex w € (U?:1 Fi“) NS, then F, cannot completely be
monitored by S. So ‘S N (U?:1 Fl)‘ > 2. Similarly, there must be two vertices
in SN (Fy U F5) to monitor F5. Then ’S N (U?zl F;)| > 4, a contradiction. So
|Fi'NAl=1and [F¥NA|l=1.

Suppose u; € F' N A,ugi+s € F' N A. Then there are two vertices in
SN (Uf’:1 Fl) to monitor F} U Fy, and there are two vertices in S N (U?::), Fl)
to monitor Fy U F5. Since |S N (Uf:1 F;)| = 3, we have |S N F3| = 1. Similar
to the proof of Claim 3, no such three vertices monitor (J2_; F; \ {u1, uzpis5}-
Similarly, we obtain contradictions for u; € F{' N A and u; € F§ N A with
li—j| € {2k+4,2k—4}. Soifu; € F{'NA, uj € F¥NA, then |i—j| & {2k+4, 2k—4}.

Next, we show that (1) and (2) hold.

Without loss of generality, let u1 € FI'NA,us € F'NA. If BN {ug, usk, trte,
ugk+6} = 0, then there is one vertex in SNF; to monitor F} and there is one vertex
in SN F5 to monitor F5. However, there are two vertices in SN ( U?:2 E) to mon-
itor F3 and ‘Sﬁ(U?zl Fl)‘ > 4, a contradiction. So |BN{uk, usk, Ug+6, Usks6 | >
1. Hence (1) holds.

Now, we prove that (2) holds. Without loss of generality, let u; € F{* N A
and up4s5 € F'NA. If ug, up, € B, then there are two vertices in SN (Uf’:1 FZ) to
monitor U?:l F; and there are two vertices in SN (U?:3 F;) to monitor U?:g F;.
So |S N F3| = 1. But no such three vertices monitor (J7_, F; \ {u1,upys}, a
contradiction. So |B N {ug,ur}| > 1.

Hence, (1) and (2) hold.

If A = {u,us}, then uyr,ug € B. Without loss of generality, let ug; €
B and set D = {usgss5}. In G', the vertices of N(up) other than v; and the
vertices of N (us) other than vs are monitored, so v; and vs are monitored by the
propagation. Similarly, vs;41 is monitored by the propagation since usgy1, Usk+s
and the vertices of N (usgy1) other than vsi4q are monitored by the domination
step. So G'[F1 U Fj] is monitored by D together with A and B by Observation 2.

If A= {u1,urss5}, then ugy, upre € B. Without loss of generality, let ug € B
and set D = {vg41}. Similar to the above proof, D together with A and B
monitors G'[F} U F5] in G'. By the symmetry of G’, we can find a set D C F} UF5
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with |D| = 1 which together with A and B monitors G'[F} U F3]| for other cases.
So 8 = (S\U;_; F;) UD is a PDS for G’ and |S'| = |S| — 2.

Case 3. |A| > 3. We have the following statements.
(1) |[F'MA|>1and |[FFNAl>1.

(2) If |[FI*MA| > 2 or |[F¥ N Al > 2, then there are two vertices u;,u; € Ff* N A
(or F¥ N A) such that |i — j| # 2k.

Similar to the proof of Case 2, we can prove that (1) holds. Suppose (2) does
not hold. Without loss of generality, let ui, ugg+1 € F1* N A. Then ugi1, uskr1 €
F* N A. There are two vertices in SN (U?:1 Fl) to monitor F} U Fy. Similarly,
there are two vertices in S N (U?:3 FZ) to monitor Fy U F5. So |[F3N S| = 1.
However, no such three vertices monitor U?:l F;\ {u1,uor41}-

If ui,us,upsrs € A, then set D = {vopi1}. If g, upsq, uskys € A, then set
D = {vsps5}. M ui,ups1,uskss € A, then set D = {v5}. In each case, D together
with A monitors G'[F} UF5] in G’ by the propagation step and Observation 2. By
the symmetry of G’, we can find a set D C Fy U F5 with |D| = 1 which together
with A monitors G'[Fy U Fj] for other cases. So S’ = (S\|JJ_; Fi) U D is a PDS
for G" and |S'| = |S| — 2.

In each case, we obtain a PDS S’ for G’ with |S| — 2 vertices. Therefore, the
assertion follows. 0

This completes the proof of Lemma 5. [

We are now ready to give the exact power domination number for P(4k, k).
The following observation is useful.

Observation 6. For k > 2, vp(P(4k,k)) > vp(P(4(k — 1),k —1)).

Proof. Let S be a yp-set for P(4k,k) = (U,V). By Lemma 3, yp(P(4k,k)) <
[%1 holds. Then there is one set F; for some i € {1,2,...,k} such that SNF; = (.
Let U' = U\{ugr+ilq € {0,1,2,3}}, V! = V\{vgr+i|q € {0,1,2,3}} and E' =
E({U'UV")U{ugkti—1ugk+it1 ¢ =0,1,2,3}. Then G' = (U'UV’, E') is isomorphic
to P(4(k — 1),k —1). Obviously, S is also a PDS for G’ = P(4(k— 1),k —1). So
Vo (P(A(k — 1),k — 1)) < |S] = 7p(P(dk, k). .

Lemma 7. For the generalized Petersen graph P(4k, k) with 1 < k < 6, we have

2 fork=1 or?2,
vp(P(4k,k)) =< 3 fork =3 or4,
4 fork=15 or6.

Proof. We notice that no vertex in G = P(4,1) or P(8,2) can completely mon-
itor it and there are two vertices (see Figure 5(a) and 5(b)) which form a PDS
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Figure 5. Vertices with bold circles form a yp-set for P(4k,k) with 1 < k < 6.

for G. So vp(P(4,1)) = vp(P(8,2)) = 2. By Observation 6, yp(P(12,3)) >
vp(P(8,2)) = 2. Note that no two vertices in P(12,3) can completely moni-
tor it and we can find three vertices (see Figure 5(c)) which form a PDS for
P(12,3). So vp(P(12,3)) = 3. Since we can find three vertices (see Figure
5(d)) in P(16,4) which form a PDS and ~vp(P(16,4)) > ~p(P(12,3)) = 3,
vp(P(16,4)) = 3. Similarly, no three vertices in P(20,5) can completely monitor
it and yp(P(20,5)) = vp(P(24,6)) = 4 (see Figure 5(e) and 5(f)). |

Theorem 8. For the generalized Petersen graph P(4k, k),
2 fork =1,

for k=3,

'YP(P(Z“C’I{:)) = 3
[%W fork=2 ork > 4.

Proof. We show that yp(P(4k,k)) > (%W for all £ > 4 holds by induction on
k as follows. By Lemma 7, yp(P(4k,k)) = [%] for k € {4,5,6}. Suppose the
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result holds for k > 7. Then vp(P(4(k+3),k+3)) > [2] by Lemma 5 together
. 2(k+3
with [%—‘ = [%] + 2.
Combining with Lemma 3 and Lemma 7, we obtain the desired result. ]

4. CLOSING REMARKS

In this paper, we give an upper bound on the power domination number for
P(ck,k) with ¢ > 4 and determine the exact power domination number for
P(4k, k). Finally, we conjecture that the following result holds.

Conjecture 9. For k > 2 and ¢ > 5, yp(P(ck,k)) = [%1 if 2k =1 (mod 3),
and vp(P(ck,k)) € {[%1 , [%1 +1} if 2k =0 or 2k =2 (mod 3).
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