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Abstract

A traceable graph is a graph with a Hamilton path. The 3-Decomposition
Conjecture states that every connected cubic graph can be decomposed into
a spanning tree, a 2-regular graph and a matching. We prove the conjecture
for cubic traceable graphs.
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1. INTRODUCTION

In the paper all graphs are finite and simple. The reader can refer to [3, 18] for
concepts not defined here. A graph G is cubic if every vertex in G is of degree
3. A spanning tree of G is an acyclic connected subgraph containing all vertices
of G. A graph that consists of pairwise disjoint edges is called a matching. A k-
regular spanning subgraph of G is called a k-factor. A 1-factor of G is also called
a perfect matching. An edge e of GG is called a chord of a cycle C in G if the two
endpoints of e are on C' but e is not itself an edge of C. A cycle C is separating in
a cubic graph G if either C has a chord, or G — V(C) is disconnected; otherwise,
non-separating. A Hamilton cycle is a cycle in G containing all vertices of G.
A graph with a Hamilton cycle is called a Hamiltonian graph. A Hamilton path
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is a path in G containing all vertices of G. A graph with a Hamilton path is
called a traceable graph. Assume that H is a Hamilton path in G. Each edge
e € E(G) \ E(H) is called a chord of H. For every chord e = vu of H, there
exists a unique cycle C, consisting of e and the subpath vHu. We call C, the
associated cycle of e. A chord e = st of H is minimal if there is no other chord
of H whose two endpoints are on the subpath sHt.

A decomposition of a graph G consists of pairwise edge-disjoint subgraphs
whose union is G. It is a canonical problem in structural graph theory to decom-
pose cubic graphs into subgraphs with certain properties. Such a problem can be
traced back to the Petersen Theorem [16] that every bridgeless cubic graph has a
1-factor, which implies that each bridgeless cubic graph can be decomposed into
a 1-factor and a 2-factor. The Vizing Theorem [17] on proper edge-coloring shows
that every cubic graph admits a decomposition consisting of four matchings.

Decompositions of cubic graphs into paths are related to the Fan-Raspaud
conjecture [9] that every 2-edge-connected cubic graph contains three perfect
matchings with empty intersection. It is interesting to decompose a cubic graph
into a spanning tree and other subgraphs. Malkevitch [14] asked which cubic
graphs admit a decomposition into a spanning tree and a 2-regular subgraph, that
is, a decomposition with a HIST (a homeomorphically irreducible spanning tree
is a spanning tree without a 2-degree vertex). Many researchers characterized
graphs with a HIST (see [1, 2, 5, 6, 7]). Douglas [8] proved that it is NP-
complete to decide whether a graph with maximum degree 3 contains a HIST,
which positively solves the problem presented by Albertson, Berman, Hutchinson
and Thomassen [2]. It is clear that the complete graph K, can be decomposed
into a HIST (a star) and a 2-regular subgraph (a triangle) while the cube Q3 has
no HIST. However, we can decompose Q3 into a spanning tree (with two 2-degree
vertices), a 2-regular subgraph (a 4-cycle) and a matching (an edge). See Figure
1. Relaxing the restriction that the spanning tree does not contain a vertex of
degree 2, Hoffmann-Ostenhof presented the following conjecture.

Figure 1. A decomposition of K, with a star (thin line) and a triangle (dot line) in (a)
while a decomposition of 3 with a spanning tree (thin line), a 4-cycle (dot line) and a
matching (thick line) in (b).



DECOMPOSITIONS OF CUBIC TRACEABLE GRAPHS 37

Conjecture 1 (3-Decomposition Conjecture). Every connected cubic graph can
be decomposed into a spanning tree, a 2-regular graph and a matching.

Conjecture 1 was first posed in [10] (see also [4, Problem BCC 22.12] and
[13]). Ozeki and Ye [15] showed that Conjecture 1 holds for 3-connected cubic
graphs on the plane and the projective plane. Hoffmann-Ostenhof, Kaiser and
Ozeki [12] proved that Conjecture 1 holds for all connected planar cubic graphs.
In [1, 11] it was proved that a cubic Hamiltonian graph admits such a desired
decomposition. It was informed that Ye [19] showed Conjecture 1 for 3-connected
cubic graphs on the Klein bottle and the torus. In the paper, we prove Conjecture
1 for traceable cubic graphs.

Theorem 2. Every traceable cubic graph can be decomposed into a spanning tree,
a 2-regular graph and a matching.

The proof of Theorem 2 consists of four cases (see Section 2). The first
case discusses cubic Hamiltonian graphs. The second and third cases are more
extensive analyses than the first case. A new technique is used to deal with the
fourth case.

2. PROOF OF THEOREM 2

Assume that G is a cubic graph with a Hamilton path H. Let the vertices v; and
vg be the two endpoints of H. Then v; and vg are incident with two chords of H,
every other vertex on H is incident with only one chord. If v; is adjacent to vg
by a chord of H, then let the vertex vs be a neighbor of v; and vs be a neighbor
of vg such that the two pairs of vertices are jointed by chords of H, respectively.
Otherwise, let the vertices v9,v3 be two neighbors of v; jointed by chords of H
such that these vertices are ordered as v, vo, v3 on H, and let the vertices vy, v5
be two neighbors of vg jointed by chords of H with the order as vy, vs, vg on H.

Lemma 3. Assume that C is a 2-reqular non-separating subgraph of G that is
the union of associated cycles of chords of H, and assume that each of vi and vg
is joined by a chord of H to at least one vertex of V(C)U{v1,vs}. Then there is
a decomposition of G — E(C) into a spanning tree of G and a matching.

Proof. Since C' is a 2-regular non-separating subgraph of G, G — E(C) is con-
nected and has a spanning tree. Let T' be a spanning tree of G — E(C) that
contains the forest H — FE(C), and let M be the subgraph of G induced by
E(G—-E(CUT)). Then M is a matching of G — E(C). Thus G — E(C) admits
a decomposition consisting of the spanning tree 7' and the matching M. [
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Proof of Theorem 2. Let G and H be defined as above. Considering the sym-
metry of the position of the vertex v; (i = 1,2,...,6) on H, we have the following
four cases.

Case 1. vy is adjacent to vg by a chord of H.
Case 2. v4 is on the subpath vi Hvs.
Case 3. vy is on the subpath vo Hus.

Case 4. vy is on the subpath vgHuvs.

(o V9 vg V1 V4 V2 w3 V6
(1) vy is adjacent to vg by a chord  (2) v, is on the subpath vy Hvs

AT N AN LN

U1 U2 V4 U3 v U1 V2 vy V4 s Vg

(3) vy is on the subpath v Huvs (4) vy is on the subpath vsHuvs

Figure 2. The four cases are illustrated.

It is sufficient to show that each case admits a desired decomposition of G. See
Figure 2.

Case 1. vy is adjacent to vg by a chord of H. In this case, G is a Hamiltonian
cubic graph. For completeness we give a proof similar to [1, 11].

Since G is a simple cubic graph, there are other chords of H besides the chord
v1vg. Then there exists a minimal chord e of H. Let C, be the associated cycle
of e. Then C. is a non-separating cycle. From Lemma 3, G — E(C,) admits a
decomposition consisting of a spanning tree T" and a matching M. So there is a
decomposition of G with the 2-regular subgraph C, the spanning tree 1" and the
matching M.

Case 2. wv4 is on the subpath viHvy. Let C’% = vyHvgvgHvzv; and 022 =
vive Hugvy be the cycles (see (2) of Figure 2).
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Suppose that C? is a non-separating cycle of G. From Lemma 3, G — E(C?)
admits a decomposition consisting of a spanning tree 7" and a matching M. Thus
we can decompose G into the spanning tree T', the 2-regular subgraph 012 and
the matching M. Otherwise, C? is a separating cycle of G. Then there is at least
one chord of C? (and of H also) locating on the subpath v; Hvy, locating on the
subpath vsHug, or linking the subpaths v1 Hvs and v Hvg.

Further suppose that C? is a non-separating cycle of G. Let M be a set of all
chords of H whose two endpoints are not both on C’22 except the chord vivg, and
let T =G — E(C2) — M. Then M and T are a matching and a spanning tree of
G respectively. T'U M U C3 forms a desired decomposition of G. Otherwise, C3
is a separating cycle of G. Then there is at least one chord of C3 on the subpath
vo Hvs. Now, we discuss three subcases as follows.

Subcase 2.1. There is at least one chord of C% on the subpath viHvy. Since
there is at least one chord of C? on the subpath v; Hvs, we can pick a minimal
chord e; = ujus of H such that the right endpoint ug of e; is the closest to the
vertex v4 among all minimal chords of H on the subpath v;Hvy. Let Ce, be
the associated cycle of e;. Similarly, since there is at least one chord of C% on
the subpath voHvs, we have a minimal chord ey = uguy of H such that the left
endpoint ug of ey is the closest to the vertex vo among all minimal chords of H
on the subpath voHvs. Let Ce, be the associated cycle of ea. Suppose that there
is no chord of H which links C¢, and C,,. Let M be the set of all chords of H
none of whose two endpoints are on C,, and on C,, except the chords v1v3 and
v4vg. Thus M becomes a matching of G. Let T'= G — E (Ce, UC,,) — E(M).
Then T is a spanning tree of G. We can give a desired decomposition of G with
the spanning tree T, the 2-regular subgraph Cg, U C,,, and the matching M.
Otherwise, there is at least one chord of H which links the cycles C¢, and Cq,.
Let e3 = usug be such a chord of H, and let C,, be the associated cycle of es.
Suppose that C., is a non-separating cycle of G.From Lemma 3, G — E(C.,)
has a decomposition consisting of a spanning tree T" and a matching M. We
can decompose G into the spanning tree 7', the 2-regular subgraph C,, and the
matching M. Otherwise, Ce, is a separating cycle of G. Then, there is at least
one chord of H on the subpath us Hug other than eg. So there must be a minimal
chord of H on the subpath usHug.

Let e4 be a minimal chord of H on the subpath usHug, and let C, be
the associated cycle of eq. If the vertex vy is on Ce,, let M be the set of all
chords of H none of whose two endpoints are on C, except the chord vjvs.
Let T = G — E(C,,) — E(M). So we obtain a desired decomposition of G
with the spanning tree 7', the 2-regular subgraph C,,, and the matching M.
If the vertex vy is on C¢, and the vertex v4 not on C,, let M be the set of all
chords of H none of whose two endpoints are on C,, except the chord vsvs. Let
T=G-E(Ce,)— E(M). Thus we can decompose G into the spanning tree T,
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the 2-regular subgraph C¢,, and the matching M. See Figure 3.

Ue

Figure 3. v is on C,, and v4 not on C.,.

So we suppose that neither vo nor vy is on C,,. According to the choices
of e; and es, we deduce that e4 must locate on the subpath v4Hvs. Thus there
is at least one minimal chord on the subpath v4Hwvy (for example, the minimal
chord e4). We pick up a minimal chord, denoted by e}, on the subpath vy Hvy
such that the right endpoint u* of e} is the closed to the vertex v, among all
minimal chords of H on the subpath v4Hwvs. Let Ce;; be the associated cycle of
ej. Further suppose that there is no chord of H which links Ce: and Ce,. Let
M be the set of all chords of H none of whose two endpoints are on Ce: and on
Ce, except the chords vive and vyvg. Let T'= G — E(Cez U Ce,) — E(M). So we
obtain a desired decomposition of G with T', Cex U Ce,, and M. Otherwise, there
is at least one chord of H which links Ce: and Ce,. Since neither the subpath
u* Hvy nor the subpath vo Hug has any chord, there must exist a minimal chord
es of H such that its associated cycle C,, contains the vertex vo. We can employ
the same means to get a desired decomposition of G as the case that v is on Ce,
and v4 not on C,. See Figure 4.

Subcase 2.2. There is at least one chord of C? on the subpath vsHuvg. Since
there is at least one chord of C? on the subpath v3Huvg, we choose a minimal
chord €] = wju}, of H such that the left endpoint u} of €] is the closest to the
vertex vg among all minimal chords of H on the subpath vsHuvg. Let 06’1 be the
associated cycle of ¢|. Similarly, since there is at least one chord of C2 on the
subpath vy Hvs, there exists a minimal chord e}, = uju/; of H such that the right
endpoint vy of €} is the closest to the vertex vs among all minimal chords of H
on the subpath vo Hvs. Let Ce’z be the associated cycle of e},. Suppose that there
is no chord of H which links C; and C,. Let M be the set of all chords of H
none of whose two endpoints are on C,; and on C; except the chords vivz and
v4vg. Thus M becomes a matching of G. Let T' = G — E(Cy U Cyy ) — E(M).
Then T is a spanning tree of G. We obtain a desired decomposition of G with
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Vg

Figure 4. The minimal chord e5 of H links C¢; and Ck,, and its associated cycle C,
contains vs.

T, C’e/l U 06/2, and M. Otherwise, there is at least one chord of H which links
the cycles Cy; and Cgy. Let ej = ujug be such a chord of H, and let C;, be the
associated cycle of e. Suppose that Ceg is a non-separating cycle of G. Let M
be the set of all chords of H none of whose two endpoints are on Ceé except the
chord vyve, and let T = G — E(C,,) — E(M). We can decompose G into the
spanning tree T, the 2-regular subgraph Ceg and the matching M. Otherwise,
Ceé is a separating cycle of G. Then, there is at least one chord of H on the
subpath uf Hug other than e5. So there must be a minimal chord of H on the
subpath ufHug. Let € be a minimal chord of H on the subpath ufHug, and
let C¢, be the associated cycle of €j. According to the definitions of €} and e,
we deduce that ¢} is incident with the vertex vs. Let M be the set of all chords
of H none of whose two endpoints are on Cei; except the chord vqvg, and let
T =G-E(Cy)—E(M). So G has the decomposition with the spanning tree T,
2-regular subgraph C¢; and the matching M.

Subcase 2.3. There exists at least one chord of C? which links the subpaths
vi1Hvy and v3sHvg. From Subcase 2.1 and Subcase 2.2, we only need to consider
that neither the subpath vy Hvy nor the subpath v3Huvg has any chord of C? in
the subcase. Since there exists at least one chord of C which links the subpaths
v1Hvy and vsHuvg, we can pick a chord eg = urug whose left endpoint w7 is the
closest to the vertex v; among all chords of C? which link the subpaths v1 Hug
and v3Huvg. Since neither the subpath vi Hvs nor the subpath vsHuvg has any
chord of 012, so do the subpaths vi Huy and vsHug. Then, we can deduce the
cycle C§ = v HurugHvsv, is a non-separating cycle of G. Let M be the set of
all chords of H mnone of whose two endpoints are on C3 except the chord v4vs.
Let T=G—-F (Cg) — E(M). Then M and T are a matching and a spanning
tree of G, respectively. So we get a desired decomposition of G with T, C3, and
M, see Figure 5.
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Figure 5. The cycle C2 = v; HuyugHvsv; is a non-separating cycle of G.

Case 3. vy is on the subpath voHvs. Suppose that there exists a minimal
chord f of H on the subpath v; Hvz such that its associated cycle C; contains
the vertex v4. Let M be the set of all chords of H none of whose two endpoints
are on Cf except the chord vivs, and let T'= G — E (Cy) — E(M). Then M and
T are a matching and a spanning tree of G, respectively. Thus we have a desired
decomposition of G with T, Cy and M. Otherwise it is sufficient to consider that

(3.0) the associated cycle of any minimal chord of H on the subpath vi Hvs does
not contain vy.

Since there is a chord of H on the subpath vy Hvy (for example, the chord
v1v2), we can pick a minimal chord f; = t1t2 of H such that the right endpoint
to is the closest to the vertex vy among all minimal chords of H on the subpath
viHuvo. Note if fy is the chord vjvg, then let t; = v; (i = 1,2). Let Cy, be the
associated cycle of fi. Similar to the subpath vs Hvg, we can pick a minimal chord
fo = tst4 of H such that the left endpoint t3 is the closest to the vertex vs among
all minimal chords of H on the subpath vs Hvg. If f5 is the chord vsvg, then let
t3 = v5 and t4 = vg. Let Cy, be the associated cycle of fs. Suppose that there is
no chord of H which links the cycles Cy, and Cy,. Let M be the set of all chords
of H none of whose two endpoints are on Cy, and on CY, except the chords viv3
and vqvg. Then M is a matching of G. Let T'= G — E(Cy, UCy,) — E(M). T
is a spanning tree of G. So we can decompose G into the spanning tree T', the 2-
regular subgraph C't, UCY,, and the matching M. Otherwise, there exists at least
one chord of H which links Cy, and C,. We can assume that a chord f3 = t5tg of
H links Cy, and CY, and t5 is the left endpoint of f3. Let Cf’ = vyveHugvy. If C%
is a non-separating cycle of GG, then let M be the set of all chords of H none of
whose two endpoints are on C} except the chord f3, and T = G— F (C’f’) —E(M).
It is clear that M and T are a matching and a spanning tree of G, respectively.
Thus we obtain a desired decomposition of G with T', C3¥ and M. Otherwise, C}
is a separating cycle of G. Then, there is at least one chord of H on the subpath
voHvs. Let f4 be any minimal chord of H on the subpath vs Hvs, and let Cy, be
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the associated cycle of f4. From (3.0), C, does not contain the vertex vy.

Suppose that there is not any chord of H which links the cycles Cy, and CY,.
Let M be the set of all chords of H none of whose two endpoints are on Cy, and
on C}y, except the chords vivz and vavs. Let T'= G — E(Cy, UCy,) — E(M).
Then G has the desired decomposition {7T',Cy,UCy,, M}. Otherwise, there is
a chord of H which links Cy, and Cy,. Of course, there is at least one chord
of H which links the subpath tsHvs and Cy,. Let f5 = t7tg be a chord of H
linking the subpath t5Hvs and C, such that the left endpoint ¢7 is the closest
to the vertex t5 among all chords of H linking the subpath tsHvs and Cy,. Let
Cg’ = ts Ht7tgHtgts. If C’g’ is a non-separating cycle of GG, then let M be the set
of all chords of H none of whose two endpoints are on C3 except the chords v1v3
and vsv. Let T'=G — E (C3) — E(M). So we get a desired decomposition of G
with T', C3 and M. Otherwise, C3 is a separating cycle of G. Then there must be
at least one chord of H on the subpath t5 Ht7. Let fg be a minimal chord of H on
the subpath t5 Ht7, and let C't be the associated cycle of fs. From (3.0), we have
that Uy, does not contain the vertex vy. According to the choice of f5, there is
no chord of H which links Cy, and Cf,. Let M be the set of all chords of H none
of whose two endpoints are on Cy, and on Cf, except the chords viv3 and vqve.
Let T = G — E(Cy;, UCy,) — E(M). Thus we have a desired decomposition of
G with the spanning tree T', the 2-regular subgraph Cy, UC',, and the matching
M, see Figure 6.

Figure 6. Case 3 is illustrated.

Case 4. w4 is on the subpath vsHwvs. Since there are chords of H on the
subpath v; Hvs (for example, the chords vjve and vivs ), we can choose a minimal
chord g1 = s1$9 of H on the subpath vy Hvs. If g; is the chord vyve, then s; = v;
(1 =1,2). Let Cy, be the associated cycle of g;. Similarly, let go = s3s4 be a
minimal chord of H on the subpath vgsHuvg. If go is the chord vsvg, then s3 = vs
and s4 = vg. Let Uy, be the associated cycle of go. If there is no chord of H
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which links the cycles Cy, and C,,, then let M be the set of all chords of H none
of whose two endpoints are on C,, and on Cy, except the chords v1v3 and v4vs.
Let T = G — E(Cy, UCy,) — E(M). Thus we have a desired decomposition of
G with the spanning tree T', the 2-regular subgraph Cy, U Cy, and the matching
M. Otherwise, we suppose that

(4.0) the associated cycle of any minimal chord of H on the subpath viHuvs is
linked by a chord of H with the associated cycle of each minimal chord of H on
the subpath vyaHuvg.

Since the subpath v;Hvs has at least one chord of H, there is a minimal
chord g3 of H. If the subpath v;Hvy only has the chord vyve, then g3 = vivs.
Let Cy, be the associated cycle of g3. Similarly, there exists a minimal chord g4
of H on the subpath vsHuvg. If the subpath vsHwvg only has the chord vsvg, then
g4 = vsvg. Let Cy, be the associated cycle of g4. From (4.0), there is at least one
chord of H which links C,y, and Cg,. Let g5 = s5s¢ be such a chord of H. We
discuss the following two subcases.

Subcase 4.1. There are at least two chords of H which link the subpaths
viHvs and v4Hvg. Let g¢ = svsg be a chord of H linking the subpaths vi Hug
and vygHuvg different from g5 such that the left endpoint s7 is the closest to the
vertex s; among all chords of H linking such two subpaths. Suppose that the
cycle Cf = s5Hs7sgH sgss is a non-separating cycle of G. Let M be the set of
all chords of H none of whose two endpoints are on C} except the chords vyv3
and vyve, and let T = G — E (C}) — E(M). Thus G can be decomposed into the
spanning tree T', the 2-regular subgraph Cf and the matching M, see Figure 7.

Figure 7. The cycle C} = s5HsysgHsgss is a non-separating cycle of G (dot line).

Otherwise, C{ is a separating cycle of G. From (4.0) and the choice of gg,
we can deduce that there exists at least one chord of H on the subpath sgH sg.
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Then we pick a minimal chord g7 of H on the subpath sgH sg such that the right
endpoint of g7 is the closest to the vertex sg among all chords of H on the subpath
sgH sg. Let Cy, be the associated cycle of g7. According to (4.0), there is at least
one chord of H which links the cycles Cy, and C,,. Let gg = sgs19 be a chord
of H linking Cy, and Cy, such that the right endpoint sig is the closest to the
vertex sg among such all chords of H. Then, the cycle C’% = sgH s5s¢H s1059 is a
non-separating cycle. Since both s5 and sg are on the associated cycle Cy, of the
minimal chord g3, there is no chord of H on the subpath sg Hss. Let M be the set
of all chords of H none of whose two endpoints are on C’§ except the chords viv3
and vyve, and let T'= G — E (C3) — E(M). So we have a desired decomposition
of G with T, C3 and M, see Figure 8.

g3
v . ‘.‘“ \““ (3] 9 ,,""
M Cl - Céi i
gg _______________________________________ 95

Figure 8. The cycle C3 = sqHsss6H 51059 is a non-separating cycle of G' (dot line).

Subcase 4.2. The chord gs is the only one chord of H which links the subpaths
v1Hvsg and vgHvg. According to (4.0), it can be deduced that the vertex s; locates
between two endpoints of any minimal chord of H on the subpath v; Hvs. If not,
there is a minimal chord of H such that its associate cycle is not incident with ss.
Then there is a chord of H different from g5 which links the associated cycle of
this minimal chord and Cy,, contradiction. Further we can obtain that s5 locates
between two endpoints of each chord of H on the subpath v{ Hvs.

Only for convenience, we give a drawing of the graph G here. Except that
the chord g5 is arranged on one side of H, all chords of H are arranged on the
other side of H. We discuss two cases as follows.

Subcase 4.2.1. There exists a chord g of H such that g intersects at least
two chords of H on the subpath viHvs. Let g9 = s11512 and g19 = s13514 be two
chords of H intersecting g such that the left endpoint s11 of gg is the closest to the
left endpoint s13 of g1p among such all chords of H on the subpath vi Hvs. Let
the cycle C’§ = s11819H s14813Hs11. Then C§ is a non-separating cycle of G. If
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none of gg and gi¢ is the chord vjvs, then let M be the set of all chords of H none
of whose two endpoints are on C’él and on Cy, except the chords v1v3, v4v6, and g;
otherwise, let M be the set of all chords of H none of whose two endpoints are on
C3 and on Cy, except the chords v4vg and g. Let T = G— E (C§ U Cy, ) — E(M).
Thus the graph G can be decomposed into the spanning tree 7', the 2-regular
subgraph C’g‘ U Cy, and the matching M, see Figure 9.

U1 S5 vy V3 V4 Wy sg vg V1 S5 v2 U3 Vg U S6

Figure 9. (1) g intersects the chords g9 and g1p on the subpath vy Hvz, and none of gg
and g1¢ is the chord vjvs;

(2) g intersects the chords gg and g9 on the subpath v; Hvs, and one of g9 and gj¢ is
the chord vqvs.

Subcase 4.2.2. There is not any chord of H that intersects two chords on
the subpath viHvs. Suppose that there is a chord ¢' = s's? of H such that the
endpoint s! is on the subpath v1 H s5 and the endpoint s? is on the subpath vo Hvs
(the former case for short). On the subpath v1 Hs?, we start from the second edge
and choose every other edge along the direction from vy to s2. Otherwise, there
is not any chord of H one of which endpoints is on the subpath v Hss and the
other on the subpath voHuvs (the latter case for short). On the subpath vy Hovs,
we start from the second edge and choose every other edge along the direction
from vy to vo. Let My be the set of the chosen edges in both cases. Then M,
is a matching of G. Let V be the set of vertices on the subpath v{ Hs? for the
former case or the set of vertices on the subpath vi Hvg for the latter case. We
first prove the following claim.

Claim. Let My, V, the former case, and the latter case be defined as above. Then
the subgraph G[V]—E (My) is a path, where G[V] is a subgraph of G induced by V.

Proof. Let G1 = G[V] — E (My). Since the vertex s5 locates between the two
endpoints of each chord of H on the subpath v; Hvs, V insists of s5 and the union
of the two endpoints of each chord on the subpath v; Hs? for the former case or
on the subpath v; Hvy for the latter case. |V| is odd. Both the subpath vy Hs?
and the subpath v; Hvs have an even number of edges. According to the choice
of My, all vertices of G are of degree 2 except two 1-degree vertices s5 and s? for
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; Ve U1 55 V2 U3 vy Us Se Ve

Figure 10. (1) the former case that there exists a chord g' = s's? of H such that s! is
on the subpath v; Hss and s? is on the subpath ve Hvs;

(2) the latter case that there is not any chord of H like g'.

the former case or two 1-degree vertices s5 and vy for the latter case. It suffices
to prove that GG is connected.

Suppose that G is disconnected. The components of GG1 consist of one path
and some cycles according to the degree condition of G;. Let C be a component
of Gy which is a cycle. In Gi, s5 is not incident with C since sg is of degree
1. Let t; and to be two vertices of C' such that ¢ is the closest to s; among all
vertices of C' which locate on the left side of s5 and to is the closest to s5 among
all vertices of C' which locate on the right side of s5. Let the path P = t; HssHto.
Then the edges incident with ¢; and ¢5 on P are edges of My. So P has an odd
number of edges and an even number of vertices according to the choice of Mj.
We can deduce that there is a chord ¢g* of H such that it only has one endpoint
on P. The endpoint of ¢g* not on P can not be on C according to the choice of
My and P. Then ¢* intersects at least two edges of C' which are chords of H
on the subpath v1 Hvg, contraction with assumptions in Subcase 4.2.2. So G is
connected, and is a path. 0O

Let the subpath P, = s?Hug for the former case or P; = voHug for the
latter case. Let M;j be the set of all chords of H on P, none of whose two
endpoints are on Cy, except the chord vsvg. Let M = My U My U vivz, and let
T =G — E(Cy,) — E(M). Thus we get a desired decomposition of G with the
spanning tree 7', the 2-regular subgraph Cy, and the matching M, see Figure 10.

|

From Theorem 2, we have the following corollary.

Corollary 4. Let G be a connected cubic graph with n vertices and girth at least
(n—1). Then G can be decomposed into a spanning tree, a 2-reqular graph and
a matching.



48

W.Z. Liv AND P.P. L1

Acknowledgements

The authors would like to thank the referees for their careful reading and useful
suggestions. The first author was supported by Fundamental Research Funds for
the Central Universities NO. NZ2015106.

1]

[10]
[11]

[12]

REFERENCES

S. Akbari, T.R. Jensen and M. Siggers, Decompositions of graphs into trees, forests,
and regular subgraphs, Discrete Math. 338 (2015) 1322-1327.
doi:10.1016/j.disc.2015.02.021

M.O. Albertson, D.M. Berman, J.P. Hutchinson and C. Thomassen, Graphs with
homeomorphically irreducible spanning trees, J. Graph Theory 14 (1990) 247-258.
doi:10.1002/jgt.3190140212

J.A. Bondy and U.S.R. Murty, Graph Theory (Springer, New York, 2008).

P.J. Cameron, Research problems from the BCC22, Discrete Math. 311 (2011) 1074
1083.
doi:10.1016/j.disc.2011.02.024

G.T. Chen, H. Ren and S.L. Shan, Homeomorphically irreducible spanning trees in
locally connected graphs, Combin. Probab. Comput. 21 (2012) 107-111.
doi:10.1017/50963548311000526

G.T. Chen and S.L. Shan, Homeomorphically irreducible spanning trees, J. Combin.
Theory Ser. B 103 (2013) 409-414.
doi:10.1016/j.jctb.2013.04.001

J. Diemunsch, M. Furuya, M. Sharifzadeh, S. Tsuchiya, D. Wang, J. Wise and
E. Yeager, A characterization of Ps-free graphs with a homeomorphically irreducible
spanning tree, Discrete Appl. Math. 185 (2015) 71-78.
doi:10.1016/j.dam.2014.12.023

R.J. Douglas, NP-completeness and degree restricted spanning trees, Discrete Math.
105 (1992) 41-47.
doi:10.1016/0012-365X(92)90130-8

G.H. Fan and A. Raspaud, Fulkerson’s conjecture and circuit covers, J. Combin.
Theory Ser. B 61 (1994) 133-138.
doi:10.1006/jcth.1994.1039

A. Hoffmann-Ostenhof, Nowhere-Zero Flows and Structures in Cubic Graphs, Ph.D.
Dissertation (University of Vienna, 2011).

A. Hoffmann-Ostenhof, A survey on the 3-decomposition conjecture (2016),
manuscript.

A. Hoffmann-Ostenhof, T. Kaiser and K. Ozeki, Decomposing planar cubic graphs,
J. Graph Theory 88 (2018) 631-640.
doi:10.1002/jgt.22234


http://dx.doi.org/10.1016/j.disc.2015.02.021
http://dx.doi.org/10.1002/jgt.3190140212
http://dx.doi.org/10.1016/j.disc.2011.02.024
http://dx.doi.org/10.1017/S0963548311000526
http://dx.doi.org/10.1016/j.jctb.2013.04.001
http://dx.doi.org/10.1016/j.dam.2014.12.023
http://dx.doi.org/10.1016/0012-365X\(92\)90130-8
http://dx.doi.org/10.1006/jctb.1994.1039
http://dx.doi.org/10.1002/jgt.22234

DECOMPOSITIONS OF CUBIC TRACEABLE GRAPHS 49

[13]

[14]

[15]

[16]
[17]

[18]
[19]

A. Kostochka, Spanning trees in 3-regular graphs, in: REGS in Combinatorics (Uni-
versity of Illinois at Urbana-Champaign, 2009).

J. Malkevitch, Spanning trees in polytopal graphs, Ann. New York Acad. Sci. 319
(1979) 362-367.
doi:10.1111/5.1749-6632.1979.tb32810.x

K. Ozeki and D. Ye, Decomposing plane cubic graphs, European J. Combin. 52
(2016) 40-46.
doi:10.1016/j.ejc.2015.08.005

J. Petersen, Die Theorie der reguldren graphen, Acta Math. 15 (1891) 193-220.
doi:10.1007/BF02392606

V.G. Vizing, On an estimate of the chromatic class of a p-graph, Metody Diskret.
Anal. 3 (1964) 25-30, in Russian.

D.B. West, Introduction to Graph Theory (Prentice-Hall, 2001).

D.Ye, (2016), personal communication.

Received 6 February 2017
Revised 18 January 2018
Accepted 18 January 2018


http://dx.doi.org/10.1111/j.1749-6632.1979.tb32810.x
http://dx.doi.org/10.1016/j.ejc.2015.08.005
http://dx.doi.org/10.1007/BF02392606
http://www.tcpdf.org

