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Abstract

The concept of k-rainbow index rx(G) of a connected graph G, intro-
duced by Chartrand et al., is a natural generalization of the rainbow connec-
tion number of a graph. Liu introduced a parameter t(n, k, £) to investigate
the problems of the minimum size of a connected graph with given order
and k-rainbow index at most ¢ and obtained some exact values and upper
bounds for ¢(n, k, £). In this paper, we obtain some exact values of ¢(n, k, £)
for large ¢ and better upper bounds of ¢(n, k, ¢) for small ¢ and k = 3.
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1. INTRODUCTION

All graphs considered in this paper are simple, finite and undirected. We follow
the terminology and notation of Bondy and Murty [1]. For a graph, by size of
it we mean number of its edges. Let G be a nontrivial connected graph with
an edge-coloring ¢ : E(G) — {1,2,...,¢}, £ € N, where adjacent edges may be
colored the same. A path of G is a rainbow path if every two edges of the path
have distinct colors. The graph G is rainbow connected if for every two vertices u
and v of G, there is a rainbow path connecting u and v. The minimum number of
colors for which there is an edge coloring of G such that G is rainbow connected is
called the rainbow connection number, denoted by rc¢(G). Results on the rainbow
connectivity can be found in [2, 4, 5, 8].

These concepts were introduced by Chartrand et al. in [2]. In [3], they
generalized the concept of rainbow path to rainbow tree. A tree T in G is a
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rainbow tree if no two edges of T receive the same color. For S C V(G), a
rainbow S-tree is a rainbow tree connecting the vertices of S. Given a fixed
integer k with 2 < k < n, the edge-coloring c of G is called a k-rainbow coloring
if for every set S of k vertices of GG, there exists a rainbow S-tree. In this case,
we call G k-rainbow connected. The minimum number of colors that are needed
in a k-rainbow coloring of G is called the k-rainbow index, denoted by rzy(G).
Clearly, when k = 2, rzo(G) is nothing new but the rainbow connection number
re(G) of G. For every connected graph G of order n, it is easy to see that
rre(G) <rzxs3(G) < -+ <rz,(G).

The Steiner distance dg(S) of a set S of vertices in G is the minimum size
of a tree in G containing S. The k-Steiner diameter sdiamy(G) of G is the
maximum Steiner distance of S among all sets S with k vertices in G. Then
there is a simple upper bound and lower bound for rz(G).

Observation 1 [3]. For every connected graph G of order n > 3 and each integer
k with 3 <k <mn, k—1<sdiamy(G) < rzp(G) <n —1.

It is [3] shown that the tree is a class of graphs whose k-rainbow index attains
the upper bound.

Proposition 2 [3]. Let T be a tree of order n > 3. For each integer k with
3<k<n,repg(T)=n—-1.

Chartrand et al. also showed that the k-rainbow index of the unicyclic graph
isn—1orn—2.

Theorem 3 [3]. If G is a unicyclic graph of order n > 3 and girth g > 3, then

n—2, if k=3 and g >4,
n—1 if g=3o0rd<k<n.

(1) rog(G) = {

Schiermeyer [11] introduced a parameter t(n,d) to investigate the rainbow
connection. For integers n and d let t(n,d) denote the minimum size (number of
edges) in d-rainbow connected graphs of order n. Since a network which satisfies
our certain requirements and has as few links as possible can cut costs, reduce
the construction period and simplify later maintenance, the study of this param-
eter is significant. Later, this parameter was investigated [7, 10] and was solved
completely by Lo [10]. Motivated by the parameter ¢(n,d), Liu [9] introduced
a new parameter to study the minimum size of a graph G such that G has a
k-rainbow coloring using a fixed number of colors. Let t(n, k, £) be the minimum
size of a connected graph G of order n with rzy(G) < ¢, where 2 < ¢ < n —1
and 2 < k < n. Clearly, t(n,k,1) > t(n,k,2) > --- > t(n,k,n — 1). Liu [9] got
some exact values and some upper bounds for ¢(n, k, £) when k and ¢ take specific
values. In this paper, we obtain some exact values of t(n,k,¢) for large ¢ and
better upper bounds of #(n, k, {) for small ¢ and k = 3.
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2. PRELIMINARIES

Definition. A rose graph R, with p petals (or p-rose graph) is a graph obtained
by taking p cycles with just a vertex in common. The common vertex is called
the center of R,,. The rose graph with p petals is denoted by R, (1,42, ..., £p) if
the length of each cycle needs to be specified.

Definition. An edge-colored graph is rainbow if no two edges in the graph share
the same color.

Definition. To subdivide an edge e is to delete e, add a new vertex x, and join
z to the ends of e. Any graph derived from a graph G by a sequence of edge
subdivisions is called a subdivision of G.

Lemma 4 [6]. Let H be a connected subgraph of a connected graph G. Then
re(GQ) <rxp(H) for2 <k <n-1.

Lemma 5 [6]. Let G be a connected graph, and H be a subdivision of G. Then
reg(H) < rzk(G) + |H| — |G|.

Theorem 6 [6]. For each integer k with k > 3, ras(Ky ) = 3.

Lemma 7. For each integer k with k > 3, rop(Kop—1) =k — 1.

Proof. Let G = Ky 1 = G[X,Y], where X = {u,w}and Y = {vy,va,...,v5_1}.
Define an edge-coloring ¢ as follows: c(uv;) =i for 1 <i <k —1, c(wv;) =i+ 1
for 1 <i <k —1. It is easily checked that there exists a rainbow S-tree for any

S C V(G) and |S| = k. Thus rag(Ke,—1) < k— 1. Conversely, by Observation
1, we have rzy (Ko ,—1) > k — 1. Therefore, rag (Ko p—1) =k — 1. [

3. SOME RESULTS FOR t(n,k,n — 1) AND t(n,k,n —2)

In this section, we first consider the case when ¢ is large. By Proposition 2, we
get the exact value of t(n, k,¢) for { =n — 1 and every k with 3 <k < n.

Theorem 8. Let n > 3 be an integer. For each integer k with 3 < k < n,
t(n,k,n—1)=n—1.

For ¢ = n — 2, Liu [9] got t(n,k,n —2) = n when k = 3, we get results for
k=4and k=n—1.

Theorem 9. Let n > 4 be an integer. Then t(n,4,n —2) =n+ 1.
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Proof. Let H be a graph obtained from K> 3 by subdividing n—5 edges. Then H
has n vertices and n + 1 edges. Since rz4(K23) = 3, it follows that, by Lemma 5,
rea(H) < n—2. Thus t(n,4,n—2) < n+1. Conversely, if G is a tree or unicyclic,
then by Proposition 2 and Theorem 3, rz4(G) = n—1. Thus t(n,4,n—2) > n+1.
Therefore, t(n,4,n —2) =n+ 1. [

Theorem 10. Let n > 4 be an integer. Then t(n,n —1,n —2) =2n — 4.

Proof. since t(n,n —1,n —2) < 2n — 4 has been proved in [9], we need to prove
that t(n,n—1,n—2) > 2n—4. To the contrary, suppose t(n,n—1,n—2) < 2n—5.
Assume that G is a connected graph with 2n — 5 edges and n — 2 colors. By the
drawer principle, at least a color appears exactly once in G. Suppose a cj-edge
is incident to the vertex x. Delete the vertex x from G, and the remaining graph
G — x has n — 1 vertices but at most n — 3 colors, it follows that G — x has no
rainbow tree, a contradiction. [ |

From t(n,3,n—2) =n, t(n,4,n—2) =n+1 and t(n,n — 1,n —2) = 2n — 4,
we believe that ¢(n,k,n —2) = n + k — 3 for general k. In fact, this is true for
general k.

Theorem 11. Let n > 4 be an integer. For each integer k with 3 < k <n —1,
t(n,k,n—2)=n+k—3.

Proof. Let H be a graph obtained from K3 ;_1 by subdividing n — k — 1 edges.
Since ray(Ksp—1) = k — 1, it follows that, by Lemma 5, rai(H) <n —2. As H
has n vertices and n + k — 3 edges, we have t(n, k,n —2) < n+k— 3. Conversely,
we need to prove that t(n,k,n —2) > n+ k — 3. To the contrary, suppose
t(n,k,n—2) <n+k—4. Let G be a connected graph with n + k — 4 edges and
n — 2 colors. Then at least n — k colors appears exactly once in GG; otherwise,
at most n — k — 1 colors appear exactly once and at least k — 1 colors appear
at least twice in G, it follows that e(G) >n—k—-14+2(k—1)=n+k—3, a
contradiction. Delete n — k vertices incident to the edges colored with the n — k
colors which appear exactly once, then the remaining graph has k vertices but at
most n — 2 — (n — k) = k — 2 colors. Thus the remaining graph has no rainbow
spanning tree, a contradiction. [

4. SOME RESULTS FOR t(n,3,/)

In this section, we first focus on the case when ¢ is large.

Theorem 12. Let n > 8 be an integer. Then t(n,3,n —4) =n+ 1.
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Figure 1. Graphs for Theorem 12 and Corollary 13.

Proof. Consider the graph G, in Figure 1. Clearly, G, has 8 vertices, 9 edges and
4 colors. It is easily checked that G, is 3-rainbow connection, thus rz3(G,) < 4.
Let H be a graph obtained from G, by subdividing n — 8 edges. Then by Lemma
5, res(H) <44 (n—8) = n—4. Since H has n vertices and n+ 1 edges, it follows
that t(n,3,n—4) < n+1. Conversely, if G is a tree or a unicyclic graph, then by
Proposition 2 and Theorem 3, rz3(G) is n — 1 or n — 2. So if G is a graph with
rz3(G) = n —4, then G has at least n + 1 edges and then t(n,3,n —4) > n+ 1.
Therefore, t(n,3,n —4) =n+ 1. [

Corollary 13. Let n > 7 be an integer. Then t(n,3,n —3) =n+ 1.

Proof. Consider the graph G in Figure 1. Clearly, G, has 7 vertices, 8 edges and
4 colors. It is easily checked that Gy is 3-rainbow connection, thus rx3(Gp) < 4
and ¢(7,3,4) < 8. Let n > 8. Since t(n,3,n —4) > (n,3,n — 3), it follows that
t(n,3,n—3) < n+1 by Theorem 12. Conversely, if G is a tree or a unicyclic graph,
then by Proposition 2 and Theorem 3, rz3(G) is n—1 or n—2. So if G is a graph
with rz3(G) = n— 3, then G has at least n+ 1 edges. Thus t(n,3,n—3) > n+1.
Therefore, t(n,3,n —3) =n + 1. |

Remark 14. For { = n —1 and { = n — 2, Liu [9] got t(n,3,n —1) = n —1
and t(n,3,n —2) = n. For § < £ < n — 3, Liu [9] (see Theorem 2.11) got
t(n,3,¢) < 2n — ¢ — 1, which implies t(n,3,n —3) <n+2,t(n,3,n —4) <n+3
and t(n,3,n —5) < n+ 4. In fact, we get the exact values of t(n,3,n — 3) and

t(n,3,n —4) in Theorem 12 and Corollary 13, respectively.

Theorem 15. Let n > 11 be an integer. For each integer £ with [%ﬂ] </ <
n—>5, t(n,3,0) < LLFJ

Proof. We consider two cases according to the parity of n and /.

~—

Case 1. n and ¢ have the same parity. Let wg be the center of Rn_¢(5,5,...,5
5,0,

2 5))

and let C; = wou;x;y;v;wo for 1 <4 < %76. To show that rz3 (RL_Z (5,
2

IN
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n —{ + 1, we provide an edge-coloring c; : E(Rn;e (5,5,... ,5)) —{1,2,...,n—
2
¢+ 1} defined by

‘ N

2t — 1, e = Wol; Or Y;V; (1
c1(e) =< 2i, € = Wov; Or U;T; (1

n—0+1, e=ux;y; (1§i§ "T_g)
For any S C V(Ra—¢(5,5,...,5)) and |S| = 3, it is easily checked that there

2
exists a rainbow S-tree. Thus, rx3 (Rn;e (5,5,..., 5)) <n—¢+1. Let G be a graph
2

obtained from Rn ¢(5,5,...,5) by subdividing 2¢ —n — 1 edges arbitrarily. Then
V(@) =47 +1+(2e n— 1)_nand\E )| =525+ (20—n—1) = =2
By Lemma 5, T‘fL‘g(G) <rzs (Rn ¢(5,5,. )+ (20 —n—1) < ¢ Since G has n

,5)
vertices and M edges, it follows that t(n 3,0) < 3n=t=2 Z 2. See G, in Figure 2
for an example w1th n=13,{="1.

7 )

9

<1
<1

| ()

<
<*r

¥ ‘
()
~—r

Case 2. n and ¢ have different parities. Let wg be the center of Rn—r11(3,5,.. .,
2

5), C1 = wox1yrwo and let C; = wou;x;y;v;wy, where 2 < i < ”‘5*1. To

show that rz3(Rn-e1(3,5,...,5)) < n— €+ 1, we provide an edge-coloring
2
E(Rn_z+1 (3,5,.. .,5)) —{1,2,...,n — £+ 1} defined by
2

1, e = wox1 Or Woy1,
i —f+1
co(e) = 2t — 2, € = WolU; Or Y;V; (2§ <" 2+ )’
2 — 17 € = WoV; Or U;T; (2 S ? S n—£+1)7
n—~_{+

n—4~+1, e:miyi(lgig 1).
For any S C V(Ra-31(3,5,...,5)) and |S| = 3, it is easily checked that
2
there exists a rainbow S-tree. Thus, rxs (Rnsz (3,5,... ,5)) <n-—/f+1. Let
2
G be a graph obtained from R,._¢41(3,5,...,5) by subdividing 2¢ —n — 1 edges.
2

Then |V(G)| = 4- (= —1)+3+(20—n—1) = nand |E(G)| =5 (25 — 1)+
+ (20 —n—1) = ==L By Lemma 5, r3(G) < ’I“CL‘3(Rn72Z+1 (3,5,...,5)) +
(20 —n —1) < ¢. Since G has n vertices and %ﬁ edges, it follows that

t(n,3,0) < 3"_726_1. See G4 in Figure 2 for an example with n = 11, = 6.
Combining the above two cases, we have that t(n, 3, /) < L?’”_i;_w [ |

Remark 16. For § < /¢ <n — 3, Liu [9] got t(n,3,¢) < 2n — £ — 1 (see Theorem
2.11). Since ¢ < n —5 in Theorem 15, it follows that 2n — ¢ — 1 — L%J >

2n—f0—1— 3”_;_1 = ”_5_1 > 2. Thus the upper bound in Theorem 15 is better
than the one in [9].

Theorem 17. Letn > 17 and £ be integers with 9 < £ < L”THJ Then t(n,3,0) <
3n—3
e|g3].
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G(’, Gd
Figure 2. Graphs for Theorem 15.

Proof. We consider three cases according to ¢ = ¢ (mod 3).

Case 1. ¢/ = 0. Set £ = 3t. Let H* be a connected rainbow graph
with 2t vertices and 3t edges, where V(H*) = {v1,v2,...,v2} and E(H") =
{vwiﬂ,vvat,ijQt+2_j,v1vt+1} for 1 <7< 2t—1and 2 < j <t. Note that,
vy and v; (2 <@ < 2t,i # t+ 1) have three internally-disjoint rainbow paths
Py = vivo - 0105, Po = 0104410 - - - 04105, P3 = 010200241 -+ - V2413 V2t 12iV;;
v1 and vy have three internally-disjoint rainbow paths Py = vjvg - - - vpvy1, Po =
V1Ve1, P3 = U1024V9¢ 1+ - - Vgaovprq in H*. Also note that vertices vy and wveyq
divide the cycle Cy := vqvg - - - vo;_1v9:v1 into two segments Cy = v1vg - - - VU1
and C** = Ut41U¢42 * * - U2¢V1 in H*.

Take L%J copies of H* and denote them by HI,HQ,...,Hwt;—llJ with
V(H?) = {v],v5,...,v%} and E(HP) = {vag}-l—l?vagt’vjpvgt—f—Z—j’vathrl} for 1 <

1<2t—land2<j<t 1<p< bt 1J and take a subgraph graph of H*, de-

noted by H E=1 , with n—(2t—1) { J vertices and corresponding edges of H*.

2t—1
Let G be a graph with n vertices by identifying the vertices v (1 <p< L . 1J>

n—1 n—
and vIQt_J if #1311 exists. Clearly, e(G) < ¢ [% 1—‘ =/ Bz:g—‘ See G, in
Figure 3 for an example with n = 15,£ = 9.

Let o7, v? and vf be three vertices in G. Denote the corresponding vertex
of vy( %) in H® by vj(vi). By the drawer principle, we need to consider two
subcases according to the positions of v, v7, vi.
Subcase 1.1. vf, v} and vy are in the same segment of H* divided by v{ and
vp € CYfori < j < k, then vfvd - - - vf jvFUvY v2t+2 ]U2t+3 _j cvY,
Y, vf}-rainbow tree. Since other cases are similar,

UtJrl vaz’ 70
V{Uvjvg - - vfvfvf isa {of, v

we omit them here.

7 ]7

Subcase 1.2. Two of v}, vi and vy are in one segment of H*, and the third one

is in the other segment of H*. Suppose vy ,v] eCffori <y and vi € Cf,. Then
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X, 1‘
vy -

tree.

Y.,y Y 20,2
v U j+1 Uy vp, v U ugug, g - ug,0f IS a {UZ, ],vk} -rainbow

Case 2. ¢/ = 1. Set £ = 3t + 1. Let H** be a connected rainbow graph
with 2t vertices and 3t 4+ 1 edges, which is obtained from H* by adding an edge

vivg where c(viv3) receives a new color. Take L%J copies of H** and de-
note them by H', H?, . 1) with V(H?) = {o},08,..., 05} and E(HP) =

P
{vzvH_l,1)12)2,5,1)]1)%Jr2 j,vlvt+1,vlv3} for 1 < i < 2t—1and 2 < j <,

1<p< L%J, and take a subgraph graph of H, denoted by H(Qti—lw, with

— (2t —1) LWJ vertices and corresponding edges of H. Let G be a graph

n—1

of order n by identifying the vertex v} and v; >~ =] if H E=1 exists. Clearly,
e(G) < ¢ {m—‘ = f{ ég 5)—‘. See Gy in Figure 3 for an example with n =
15,¢ = 10. Since the graph constructed in Case 1 is a spanning subgraph of the

corresponding graph in Case 2, it follows that, by Lemma 4, every three vertices
v¥,v? and v} in Case 2 have a rainbow tree connecting them.

70 J
Case 3. ¢’ = 2. Set ¢ = 3t + 2. Let H** be a connected rainbow
graph with 2t vertices and 3t 4+ 2 edges, which is obtained from H** by adding

an edge vivgs_1 colored with a new color. Take L”—_IJ copies of H and de-

2—1
n—1
note them by H', H?,. st with V(H?) = {o},08,...,v5,} and E(H) =
{vafﬂ, Jv2t+2 ],vlvf,vlvg,vat 1} for 1 <i<2t—1and2<j<t, and take

2t—1
corresponding edges of H. Construct a graph G with n vertices similar to Case

1 and Case 2, then e(G) < /¢ ’72t 1—‘ =/ [352‘:71)] Similarly, since the graph con-
structed in Case 2 is a subgraph of the corresponding graph in Case 3, it follows
that, by Lemma 4, every three vertices in Case 3 have a rainbow tree connecting
them.

Combining the above three cases, we get t(n,3,¢) < ¢ B?Z:?ﬂ |

a subgraph graph of H, denoted by H[ﬁ1 , withn—(2t—1) L 71J vertices and

Remark 18. For 9 </ < L J the upper bound in Theorem 17 is better than
the one in [9].

For small ¢, Liu [9] just got exact values of t(n,3,3) for n = 3,4,5. Here we
get upper bounds for ¢(n,3,3) when n > 6.

Theorem 19. For an integer n with n > 6, t(n,3,3) < %,

Proof. We consider two cases according to whether n is even or n is odd.
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G, Gy

Figure 3. Graphs for Theorem 17.

Case 1. n is even. Let n = 2k for some integer £ > 3. Let G be a regular
2
complete bipartite gra k- en e = . eorem 6, rx3 = 3.
plete bipartite graph Kj 3. Then e(G) = %-. By Th 6, res(G) =3

Case 2. n is odd. Let n = 2k + 1 for some integer k > 3. Let GG be a graph
with V(G) = {u1,ug, ..., up, wi,we, ..., wg,x} and E(G) = {uw;, ujz, w;z} for
1 <i4,j <k Itis easy to get e(G) = %. Define an edge-coloring ¢ :
E(G) — {1,2,3} as follows

1, ife=wwjore=wuz,1 <i=j<k,
cle)=4q 2, fe=wwjore=wz,1<i<j<Ek,
3, ife=wuwj, 1 <j<i<k.

Now we show that ¢ is a 3-rainbow coloring of G. Let S be a set of three
vertices of G. By Case 1, we need to consider three possibilities when S contain
z. If § = {ﬁ,ui,uj}, where 7 < j, then T = {uiwi,ujwi,wix} is a rainbow
S-tree; if § = {:U,wl-,wj}, where i < j, then T = {ujwi,ujwj,wj:):} is a rainbow
S-tree; if § = {x,ui,wj}, then T = {uix,wj:c} is a rainbow S-tree. Therefore,
raes(G) < 3.

Combining the above two cases, we have that t(n,3,3) < %. |

Theorem 20. For an integer n > 8, t(n,3,4) < %_

Proof. We consider four cases, according to n = n' (mod 4).

Case 1. n' = 0. Let n = 4k for some integer k > 2. Let G7 be a graph
with V(G1) = Uy UUy U Us U Uy (where U; = {u},u?,,uf}) and E(Gy) =

{uﬁué,uéuﬁ,uﬁug,uguﬁl} for 1 < 4,7 < k. It is easy to get e(Gy) = 2k? 4 2k =

7”2#”. See G4 in Figure 4 for an example with n = 8. We define an edge-coloring
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E(G1) —{1,2,3,4} as follows

1, ife:u’iug,u%})ui, 1<i=75 <k,
2, ife:u’iug,u%})ui, 1<i <y <k,
3, ife:u’iug,u%})ui, 1< <i<LE,
4, if e = ujuy, uyuy, 1 <i < k.

c1(e) =

Now we show that ¢; is a 4-rainbow coloring of G;. Let S = {z,y, 2} be a
set of three vertices of G;. Since the case when S € U; U Uy or Us U Uy have
been proved in Theorem 6, by symmetry, we need to consider the following three
possibﬂities by the positions of x,y,2. If z,y € Uy, 2 € Uz, say * = ul,y =
u), 2 = uf, then there is a rainbow {z,y, u} }-tree 7" in U U Uy and T' = T Uubz
is a rainbow S-tree. If x,y € Uy, z € Uy, say = = uﬁ,y =uj,z = u4, then there
is a rainbow {x, y,ug}—tree T'inU;UUyand T =T'U uéz is a rainbow S-tree.
Ifx €Uy, y€Us, 2€Us, say v = ul,y = ug,z = u'?f, then there is a rainbow
{x,y,u'f}—tree T'in Uy UUy and T = T’ Uubz is a rainbow S-tree. Therefore,
7“:133(G1) S 4.

Case 2. n/ = 1. Let n = 4k + 1 for some integer k > 2. Let G5 be a
graph with V(Gz) = Uy UU; UUs UUy U {s} (where U; = {u},u?,,uf})
and E(Gz) = {uiué,ugui,u’iué,uéui,sui,sué,sué,sui} for 1 <4,7 <k Itis
easy to get e(Ga) = 2k? + 6k = W. See G}, in Figure 4 for an example
with n = 9. Based on the coloring c¢; in Case 1, we define an edge-coloring cs:
E(G2) — {1,2,3,4} as follows

if e = uzlu%,ugui,sull, 1<i=35<k,

ife = uilu%,ugui,su’é, 1<i<j <k,
if e = wiud, uhul, sul, 1 < j<i<k,

if e = ulud, ubul, suy, 1 <i <k.

co(e) =

W N

Now we show that ¢y is a 4-rainbow coloring of Gy. Let S = {z,y,z} be
a set of three vertices of G. Now we need to consider the subcases when S
contain s since other subcases have been discussed in Case 1. Set s = z. We
consider the following five possibilities by the positions of z,y. If z,y € U,
say y = u}, then T = {xs yu3,u3s} is a rainbow S-tree; if x,y € Us, say
y = ub, then T = {xul,uls sy} is a rainbow S-tree; if x,y € Us, say x = us,
then T = {xul,uls sy} is a rainbow S-tree; if x,y € Uy, say z = uf, then
T = {xu3,u33 sy} is a rainbow S-tree; if x € U; and y € U; (i # j), then
T = {zs, sy} is a rainbow S-tree. Therefore, rx3(Ga) < 4.

Case 3. n' = 2. Let n = 4k+2 for some integer k > 2. Let G3 be a graph with
V(G3) =U UUs UUs U U4 U {s,t} (where U; = {u%,uf, .. ,uf}) and E(Gg) =
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Gg Gh,

Figure 4. Graphs for Theorem 20.

{uiug,uéui,uﬁug,uéui,suﬁ,sué, sué,sui,tu’i,tué,tué,tui} for 1 <4,5 <k. Itis
easy to get 6(G3) =2k% + 10k = W. Based on the coloring ¢y in Case 2,
we define an edge-coloring c3 : E(G3) — {1,2, 3,4} as follows

if e = u’iu%,uéui,sui,tu’i, 1<i=75<k,

if e = u’iué,uéuﬁ,sué,tuﬁ, 1<i <y <k,

c3(e) = . : 2> "7
. _ j ] . .
if e = ujuy, ujuy, sus, tuf, 1 < j <i <Kk,

if e = ulud, ubul, sul, tul, 1 <i < k.

»hgowr—u

Now we show that c3 is a 4-rainbow coloring of G3. Let S = {z,y,z} be
a set of three vertices of G. Based on the discussion in Case 2, we need to
consider the subcase when S contains s and t. Set s = y and t = z. We consider
the following four possibilities by the positions of x. If x € Uy, say x = ui,
then T = {sug,uguﬁ,uﬁt} is a rainbow S-tree; if * € Us, say z = ub, then
T = {sug,ugui,uix,mt} is a rainbow S-tree; if x € Us, say = u}, then T =
{sx, rul, uflt} is a rainbow S-tree; if z € Uy, say = = u}, then T = {sug, ub, xt}
is a rainbow S-tree. Therefore, rx3(Gs) < 4.

Case 4. n' = 3. Let n = 4k+3 for some integer k > 2. Let G4 be a graph with
V(G4) = U1 UU,UU3 UUL U {s,t,p} (where U; = {u},u?,...,uf}) and E(Gy) =

{u’lu%, ugui, uzlug, u’éufl, su’i, su’é, sué, sui, tu’i, tué, tué, tui,pu’i,pué,pué,pui, tp}
for 1 <i,j < k. It is easy to get e(Gy) = 2k? + 14k + 1 = %. Based on
the edge-coloring c3 in Case 3, we define an edge-coloring c¢4: F(G3) — {1,2,3,4}
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as follows
1, ife:uﬁué,uéui,suﬁ,tuﬁ,pui, 1<i=j<k,
ORI I 0% . N o
cale) = 2, ife= uﬁuz,u§u4, suy, tuj,puj ore =tp, 1 <i < j <Kk,
3, if e = wlud, uiud, sul, tul, pul, 1 < j <i <k,
4, if e = ujul, uhul, suy, tui,pul, 1 <1 < k.

Now we show that ¢4 is a 4-rainbow coloring of G4. Let S = {z,y, 2z} be a set
of three vertices of G. Now we need to consider the subcase when S = {s,t,p}.
Here T = {su%,u%u%,u%t,tp} is a rainbow S-tree. Therefore, rz3(Gy4) < 4.

Combining the above four cases, we have t(n, 3,4) < 7”2”5"“1. ]
Remark 21. The upper bound in Theorem 20 is better than ¢(n,3,4) < (5) —
n + 1, which is got in [9].

Theorem 22. For an integer n > 6, t(n,3,5) < 2n — 3.

Proof. Let G be a graph with V(G) = {v,v1,v9,...,v,—1 } and E(G) = {vv;,
vjvjpr pfor 1 <i<n—1,1<j<n-—2. Itiseasy to get e(G) = 2n — 3. Define
an edge-coloring ¢: E(G) — {1,2,3,4,5} as follows

ole) = i, ife=wvv;,1<i<5,1<j<n—-1,j=1(mod?5),
4 fe=wvvj41,1<i<5,1<j<n-—2 j+3 =i (mod5).

It is easy to show that c is a 5-rainbow coloring of G. Thus rz3(G) < 5, it
follows that t(n,3,5) < 2n — 3. [

Remark 23. The result in Theorem 22 is better than ¢(n,3,5) < 2n — 2, which
is got in [9].

Theorem 24. For an integer n > 7, t(n,3,6) < 2n — 6.

Proof. We consider three cases.

Case 1. n = 3t. Let G1 be a graph by taking t — 2 vertex-disjoint cliques of
order 4 and 5 vertex-disjoint K», and identifying a vertex from each of them. That
is, G1 is a graph with V (G1) = {v,v1,v2,...,vp—1} and E (G1) = {vvs, vjvj41,
VjUj42, VU1 for 1 < i <mn—1, 5 =1(mod 3), k = 2(mod 3), 1 < j,k <
3(t —2). It is easy to get e(G1) = 2n — 7. Define an edge-coloring c¢;: E(G1) —
{1,2,3,4,5,6} as follows

, ife=wvv; ore=wvv3_5 1<i<n-—6,i=1 (mod 3),
if e=wvv; or e =vv34_4,1 <i<n-—6,i=2 (mod 3),
if e =vv; or e =wvvgi_3, 1 <i<n—6,7i=3 (mod 3),
if e = vjvi41 or e = VU9, i =1 (mod 3),

if e = vv49 Or € = VU341, i = 1 (mod 3),

if e = v;vi41, i = 2 (mod 3).

ci(e) =

S UL W N
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It is easy to show that ¢ is a 6-rainbow coloring of G, thus rz3(G;) < 6.

Case 2. n = 3t + 1. Let G2 be a graph with V(Gs3) = {v,vl,vg, . ,vn,l}
and E(G2) = {vvi,vj0j41,0jvj42, V41 } for 1 < i < n—1, j = 1(mod 3),
k= 2(mod 3), 1 < j,k < 3(t—2). It is easy to get e(G2) = 2n — 8. Define an
edge-coloring co: E(Ga) — {1,2,3,4,5,6} as follows:

( ife=wvv;ore=vv3_5, 1<i<n—7,4=1 (mod 3),
ife=wvv;ore=ovv3_4,1<i<n—171=2 (mod 3),
if e=vv; or e =vv3_3,1 <i<n-—7,i=3 (mod 3),
if e = vvi41 or e = vvgi_9, i = 1 (mod 3),

, if e = vjvi49 or e = vuzi_1, i =1 (mod 3),

, if e = vjv;41 or e = vuzy, i = 2 (mod 3).

co(e) =

O Ot W N

\

It is easy to show that ¢y is a 6-rainbow coloring of G, thus rz3(Gs) < 6.

Case 3. n = 3t + 2. Let G be a graph with V(G3) = {v,vl,vg, - ,vn,l}
and E(Gs3) = {vvi,vjij,vjvj+2,vkvk+1} for 1 <i<n-1, 37 = 1(mod 3),
k=2(mod 3),1 < j,k <3(t—1). It is easy to get e(G3) = 2n — 6. Define an
edge-coloring c3: E(G3) — {1,2,3,4,5,6} as follows
(1, ife=wvv;, 1 <i<n-—5,i=1 (mod 3),
ife=wvv;,1<i<n-—5i=2 (mod 3),
if e=wvv; or e=vv3_9,1 <i<n-—25,4i=3 (mod 3),
if e = vvi41 or e = vv3e_1, i = 1 (mod 3),

, if e = vjv;49 or € = VU3, i = 1 (mod 3),
, if e = v;v;41 or e = VU341, i =2 (mod 3).

cse) =

O Ot W N

It is easy to show that c3 is a 6-rainbow coloring of G, thus rz3(Gs) < 6.
Combining the above three cases, we have t(n, 3,6) < 2n — 6. [

Remark 25. The upper bound in Theorem 24 is better than 2n — 3, which is
got in [9].

Theorem 26. For an integer n > 8, t(n,3,7) < 2n —T.

Proof. We consider three cases.

Case1l. n =3t+1. Set n’ = n—1 = 3t. Construct a graph G; as in Theorem
24 and let GG be a graph obtained from G by adding an edge colored by 7. It is
easy to see that G is 3-rainbow connected and e(G) = (2n’ —7) + 1 =2n — 8.

Case 2. n =3t +2. Set n’ =n—1=3t+ 1. Construct a graph Go as in
Theorem 24 and let G be a graph obtained from Go by adding an edge colored by
7. It is easy to see that G is 3-rainbow connected and e(G) = (2n'—8)+1 = 2n—9.
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Case 3. n =3t+3. Set n’ =n—1=3t+ 2. Construct a graph G3 as in
Theorem 24 and let G be a graph obtained from G3 by adding an edge colored by
7. It is easy to see that G is 3-rainbow connected and e(G) = (2n'—6)+1 = 2n—T7.

Combining the above three cases, we have t(n,3,7) < 2n — 7. |

Theorem 27. For an integer n > 9, t(n,3,8) < 2n — 2.

Proof. Let H* be a connected rainbow graph with 5 vertices and 8 edges, where
V(H*) = {1)1,1)2,...,1}5} and E(H*) = {’UZ"UZ'+]_7’U]_'U3,U1U47U1U5,U2U5} for 1 <
1 < 4. Take L”T_lj copies of H* and denote them by H', H?, .. .,HLnTilJ with
V(Hp) = {of,0f, ... vf} and E(Hp) = {vafH,vag,vai,vag,vgvg} for 1 <
1<4,1<p< L”T_lj, and take a subgraph graph of H*, denoted by H“Tiq,
with n —4 L%J vertices and corresponding edges of H*. Let GG be a graph with

n—1 n—
n vertices by identifying the vertex v](1 < p < L%J) and vl[ T | it g™
exists. Clearly, e(G) < 2n — 2. Similar to the discussion in Theorem 17, it is
shown that G is 3-rainbow connected. Thus t(n,3,8) < 2n — 2. |

5. SUMMARY

In Section 3, we get the exact values of t(n,k,n — 1) and t(n,k,n — 2) for 3 <
k < mn —1. In Section 4, the exact values of t(n,3,n — 3) and t(n,3,n — 4) are
obtained. In other cases for k = 3, the upper bounds we got are better than the
ones in [9], but they are not tight. In fact, it is challenging to get the exact values
of t(n, k,£) for all cases. We will continue to focus on this problem in the future.
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