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Abstract

For a graph H, define 65(H) = min{d(u) + d(v)| wv € E(H)}. Let H be
a 2-connected claw-free simple graph of order n with §(H) > 3. In [J. Graph
Theory 86 (2017) 193-212], Chen proved that if 5o(H) > § — 1 and n is
sufficiently large, then H is Hamiltonian with two families of exceptions. In
this paper, we refine the result. We focus on the condition 6o(H) > %" -1,
and characterize non-Hamiltonian 2-connected claw-free graphs H of order
n sufficiently large with go(H) > %” — 1. As byproducts, we prove that
there are exactly six graphs in the family of 2-edge-connected triangle-free
graphs of order at most seven that have no spanning closed trail and give an

improvement of a result of Veldman in [Discrete Math. 124 (1994) 229-239).

Keywords: Hamiltonian cycle, degree sum, dominating closed trail, clo-
sure.

2010 Mathematics Subject Classification: 05C45.


http://dx.doi.org/10.7151/dmgt.2125

86 T. TiaAN AND L. XIONG

1. INTRODUCTION

1.1. Terminology and known results

For graph-theoretic notation not explained in this paper, we refer the reader
to [1]. We consider only finite and loopless graphs in this paper. A graph is
called multigraph if it contains multiple edges. A graph without multiple edges
is called a simple graph or simply a graph. For a vertex z of G, Ng(z) is the
neighborhood of z in G, and dg(x) or d(z) is the degree of z in G. A graph
G is Hamiltonian if it has a Hamilton cycle, i.e., a spanning cycle. A graph is
claw-free if it has no induced subgraph isomorphic to K 3. Similarly, a graph is
triangle-free if it has no Ks. As in [1], £'(G) denotes the edge-connectivity of G.
Define D;(G) = {v € V(G)|dg(v) = i} and D(G) = D1(G) U D2(G). An edge
cut X of G is essential if G — X has at least two non-trivial components. For an
integer k > 0, a graph G is essentially k-edge-connected if G does not have an
essential edge-cut X with |X| < k. An edge e = uv € E(G) is called a pendant
edge of G if min{d(u),d(v)} = 1. The circumference of G, denoted by ¢(G), is the
length of a longest cycle of G. Let C), denote a cycle of order n. The length of a
path is the number of its edges. A path of length k is called a k-path. A connected
graph @ is a closed trail if the degree of each vertex in @) is even. A closed trail
Q is called a spanning closed trail (SCT) in G if V(G) = V(Q), and is called a
dominating closed trail (DCT) if E(G — V(Q)) = 0. A graph is supereulerian if
it contains an SCT. The family of supereulerian graphs is denoted by SL.

The line graph of a graph G, denoted by L(G), has E(G) as its vertex set,
where two vertices in L(G) are adjacent if and only if the corresponding edges
in G have a vertex in common. The following theorem shows the relationship
between a graph and its line graph.

Theorem 1 (Harary and Nash-Williams [9]). The line graph H = L(G) of a
graph G with at least three edges is Hamiltonian if and only if G has a DCT.

Ryjécek [14] introduced the line graph closure operation of a claw-free graph
G, which becomes a very useful tool in investigating the Hamiltonicity in claw-
free graphs. A vertex v € V(G) is locally connected if the neighborhood of v
induces a connected subgraph in G. Particularly, we say v is simplicial if the
subgraph induced by Ng(v) is complete. For v € V(G), the graph G obtained
from G by adding the edges {uw|u,w € Ng(v) and uw ¢ E(G)} is called the
local completion of G at v. The closure of a claw-free graph G, denoted by
cl(@), is obtained from G by recursively performing local completions at locally
connected vertices with non-complete neighborhoods, as long as it is possible.
The closure cl(G) remains a claw-free graph and its connectivity is no less than
the connectivity of G. A graph G is said to be closed if G = cl(G).
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The following theorem translates claw-free graphs to line graphs when we
consider the Hamiltonicity of claw-free graphs. Note that a graph G is essentially
k-edge-connected if and only if L(G) is k-connected or complete.

Theorem 2 (Ryjacek [14]). Let H be a claw-free graph and cl(H) its closure.
Then

(i) cl(H) is well-defined, and k(cl(H)) > k(H);
(ii) there is a triangle-free graph G such that cl(H) = L(G);
(iii) both graphs H and cl(H) have the same circumference.

For a graph H, let Q(H,t) = {6(H),02(H),52(H),0(H),0r(H)}, where
0(H) =min{d(v)| v € V(H)} (Dirac-type);

o2(H) = min{d(u) + d(v)| uv ¢ E(H)} (Ore-type);

o9(H) = min{d(u) + d(v)| wv € E(H)};

oi(H) = min{X!_,d(v;)| {v1,ve,...,v:} is independent in H (t > 2)};
dp(H) = min{max{d(u),d(v)}| uv,v € V(H) with dist(u,v) = 2} (Fan-type).

For the Hamiltonicity of a graph or a claw-free graph, a lot of research has
focused on the conditions of the parameters in Q(H,t) (see the surveys [6, 8]).

Theorem 3 (Ore [13]). If H is a graph of order n such that oo(H) > n, then H
is Hamiltonian.

The following result extended the above result.

Theorem 4 (Fan [5]). If H is a 2-connected graph of order n > 3 with ép(H) >
5, then H is Hamiltonian.

For claw-free graphs, Matthews and Sumner [12] proved the following.

Theorem 5 (Matthews and Sumner [12]). If H is a 2-connected claw-free graph
of order n such that §(H) > "2, then H is Hamiltonian.

In [17], Zhang improved the above result as follows.

Theorem 6 (Zhang [17]). If H is a k-connected claw-free graph of order n with
ox+1(H) > n —k, then H is Hamiltonian.

The graphs G3, Gi, G, Gé,G%, .. .,Gg are shown in Figure 1 (where the
circular and elliptical parts represent cliques of appropriate order containing at
least one simplicial vertex). Let Gs (Q~4 or g~5) be the set of all spanning subgraphs
of G3 (G} and G% or G}, G2, ..., G, respectively).

In [11], Li et al. improved Theorem 5 and get the following result.
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Figure 1. Ten classes of graphs which have no Hamiltonian cycles.

Theorem 7 (Li et al. [11]). If H is a 2-connected claw-free graph of order n
with §(H) > ”TJ“E’, then either H is Hamiltonian or H € G3 U Gy.

In [7], Favaron et al. improved Theorem 7 and got the following two results.

Theorem 8 (Favaron et al. [7]). Let H be a 2-connected claw-free graph with
n > 77 vertices such that 6(H) > 14 and og(H) > n + 19. Then either H is
Hamiltonian or H € G3 U G4 U G5.

Theorem 9 (Favaron et al. [7]). Let H be a 2-connected claw-free graph of con-
nectivity kK(H) = 2 with n > 78 vertices satisfying 6(H) > "8 Then either H
is Hamiltonian or H € G3 U G4 U G5.

Degree conditions for Hamiltonicity in claw-free graphs were studied further
in [10]; the authors gave a general algorithm that allows to generate all classes of
exceptions, roughly speaking, a degree condition of form o,(H) > n+ constant(p)
(or, as a corollary, 6(H) > %}aﬂt(p)), for arbitrary positive integer p. In [10],
with the help of a computer, the computation was performed for p = 8, Kovaiik
et al. obtained a result for og(H) > n+39 with an exception family that contains
318 infinite classes.

These conditions above are all related to degrees of non-adjacent vertices.
However, the degree conditions of non-adjacent vertices exclude many Hamilto-
nian graphs. For example, let H be the claw-free graph of order n = s; +s2+s3+
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Figure 2. The Hamiltonian graph H.

54+2 (min{sy, s2,53,54} > £, n > 35) depicted in Figure 2, where each cycle rep-
resents a complete graph K, and 6(H) =4, 0o(H) =8, 5 —1 <ép(H) < § -1
and o2(H) > % + 5. The graph H is Hamiltonian but it does not satisfy any
existing Dirac-type, Ore-type or Fan-type degree conditions for the existence of
Hamiltonian cycles in graphs. Obviously, this family of graphs could be large.

Let G be a connected multigraph. For X C E(G), the contraction G/X is
the graph obtained from G by identifying the two ends of each edge e € X and
deleting the resulting loops. Even if G is simple, G/X may not be simple. If T’
is a connected subgraph of G, then we write G/I" for G/E(I") and use vr for the
vertex in G/I" to which T is contracted, and vr is called a contracted vertez if
I'#£ K.

For a Kg,g, let DQ(K273) = {1)1,1)2,1)3}, Dg(K273) = {ul,UQ}. Let K273(51,82,
s3, 8, 1) be the family of essentially 2-edge-connected graphs in which each graph
is obtained from a Ky 3 by replacing each v; € Do(K»3) by a triangle-free graph
of size s; and replacing the two vertices u; and us by a triangle-free graph of
size s and r, respectively. Note that each graph in Cy3(s1, s2,53,5,7) may be
contractible to a K> 3.

Let Q2 3(s1,52,53,5,7) be the set of 2-connected claw-free graphs H whose
Ryjécek’s closure is the line graph of a graph G in Ko 3(s1, s2, 53, 5, 7), i.e., cl(H) =
L(G).

In [4], Chen proved that a claw-free graph H of order n with large 72(H) in
terms of n has a Hamiltonian cycle while its minimum degree or Ore-type degrees
may be small and Fan-type degree may be less than 7.

Theorem 10 (Chen [4]). Let H be a 2-connected claw-free simple graph of order

n with §(H) > 3. If 52(H) > 2”4—_4 and n is sufficiently large, then one of the

following holds:

(a) H is Hamiltonian;

(b) H € Qz3(s1,52,53,5,0) and % <T9(H) < 2”4_2, where min{sy, sa, S3} >
"7*6, s > n%m and s1+ 83+ 83+ s+ 6=mn; or
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(c) H € Q23(s1,52,53,0,0) and 2";4 <T9(H) < 2":;6, where min{sy, s9, s3} >
"T_6 and s1 + sa + 83+ 6 =n.

Our main goal of this paper is to give an extension of Theorem 10. As
a byproduct, we can also get an extension (Corollary 17) of Theorem 7 while
Theorem 10 is not an extension of Theorem 7. One of our results (Theorem 20)
is also an improvement of the following result of Veldman.

Theorem 11 (Veldman [16]). Let G be an essentially 2-edge-connected simple
graph of order n such that G2(G) > 2 (L%J — 1). If n is sufficiently large, then

either L(G) is Hamiltonian or G is contractible to a Ky 3 such that all vertices
of degree 2 in Ka 3 are nontrivial.

1.2. Main results of this paper

In this paper, K2 3,Cs2, W3, Cs 2, Cg 3, K2 5 are depicted in Figure 3 and we get

the following results.
<
Vi V2
u,
u, U,
: W
C6,3 KZ,S

Figure 3. The graphs K2,3, 6'5727 Wg, 06,2; 06,3 and K2,5.

C

6,2

Theorem 12. If G is a 2-edge-connected triangle-free simple graph of order at
most 7 which has no SCT, then G € {Ka3,C52,W5,Cs2,Cs3, K25}.

Let K§ 3 be the set of graphs which are contractible to a K>3 by contracting
exactly a triangle. The graphs in IC2A7 5 are depicted in Figure 4. (Obviously, none
of the graphs in IC2A73 has an SCT.)

Theorem 13. If G is a 2-edge-connected simple graph of order at most 7 which
has no SCT, then G € {K273, Cs2,W3,Cs2,C.3, K275} U K§3.
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<D

Figure 4. The five graphs in IC§ 3

Let Qy(r, k) be the family of k-edge-connected triangle-free graphs of order
at most  and without an SCT. Then, by Theorem 12, Qy(7,2) = {K33,C5 2, W5,
Cs,2,C63, K2 5}. In [4], Chen proved the following.

Theorem 14 (Chen [4]). Let p > 0 be a given integer and € be a given number and
k €{2,3}. Let H be a k-connected claw-free simple graph of order n and 6(H) >
3. If Go(H) > 2% and n is sufficiently large, then either H is Hamiltonian or
cl(H) = L(G), where G is an essentially k-edge-connected triangle-free graph that
can be contracted to a graph in Qo(5p — 10,k) and p > 3.

For a 05,2, let D2(05,2) = {’01,’02,1)3,1)4} and D3(C5’2) = {ul,ug}. Let
Cs,2(s1, 52, 53, 54, 8) be the family of essentially 2-edge-connected graphs in which
each graph is obtained from a C5 2 by replacing each v; € D2(C52) by a triangle-
free graph of size s; and by replacing exactly one vertex u; € D3(Cs2) by a
triangle-free graph of size s. Note that each graph in Cs2(s1, S2, 53, 54, §) may be
contractible to a C5 .

For a W3, let Do(W3) = {v1,v2,v3} and D3(W3) = {u1,u2,us, v}, where v
is a vertex of degree three and Ny (v) = {u,u2, uz}. Let Wi(s1,s2,s3,s,7) be
the family of essentially 2-edge-connected graphs in which each graph is obtained
from a W5 by replacing each v; € Do(W5) by a triangle-free graph of size s;
and replacing the vertex v and one vertex u; € D3(W5) by a triangle-free graph
of size s and r, respectively. Note that each graph in Wj(s1, s2, $3,s,7) may be
contractible to a W3

Let Qs 2(s1, 52, 53, 54, 5) and Q3(s1, s2, $3, s, 7) be the set of 2-connected claw-
free graphs H whose Ryjacek’s closure is the line graph of a graph G in Cs2(s1,
2,53, 54, s) and W5 (s1, s2, $3, s,7), respectively (i.e., cl(H) = L(QG)).

In this paper, by using Theorem 14, we improve Theorem 10 and get the
following result.
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Theorem 15. Let H be a 2-connected claw-free simple graph of order n with

0(H) > 3. Ifo9(H) > % and n is sufficiently large, then one of the following

holds:

(a) H is Hamiltonian;

(b) H € Qa3(s1,52,53,0,0) and 2"5—_5 <oT9(H) < 2"3_6, where min{sy, sa, $3} >
A5 s+ sy + s34+ 6=mn; or

(¢) H € Q23(s1,52,53,5,0) and 2"5—75 <o9(H) < 2";2, where min{sy, s9, s3} >
2"1_015, 5> 2"1_025 and s1+ s9+ s3+s+6=mn; or

(d) H € Qs2(s1,52,53,54,0) and 2”5_5 < To(H) < 225 where min{s1, s2, 53, 54}
> % and s1+ S3+ 83+ 84 +7=mn; or

(e) H € Qs(s1,$2,53,5,0) and 2”55 < 9(H) < 2”478, where min{sy, so, s3} >
2”1*015, s> 2”1*025 and s1+ 83 +s3+s+9=mn; or

(f) H € Q23(s1,52,53,5,7) and 2"—575 <GT9(H) < 2";2, where min{sy, s9, s3} >
2”1_015, s,r > 2”1_025 and s1+ 83+ 83+s+r+6=n; or

(g) H € Qs2(s1, 52,53, 54,5) cmd2”5—_5 <T9(H) < 2”5_2, where min{sy, 2, S3, S4}
> 2”1_015, s> % and s1+ S+ 83+ 84 +8+7=mn; or

(h) H € Qs(s1,s2,53,8,1) and 222 < 5y(H) < 24 where min{sy, s, s3} >

D s > 22 and sy +so+s3+s+r+9=n.

where |E(G*)|=n =5/+10

Figure 5. The graph G* with o2(L(G*)) = 2210,
Let G* be the graph obtained from a K5 by adding [ > 2 pendant edges at
each vertex of degree 2 in K» 5, which is depicted in Figure 5.

Remark 16. Since G* has no DCT, by Theorem 1, L(G*) is non-Hamiltonian.
The line graph L(G*) of order n = 51 + 10 (n > 20) is 2-connected with
EQ(L(G*)) =242 = w < 2n5—5’ (5(L(G*)) > 3 and L(G*) ¢ Q273(81,82,83,
s,7) U Qs9(s1, 52,53, 54,5) U Q3(s1, 52,53,5,r). This example shows that the
bound in Theorem 15 is asymptotically sharp.

Let 5;., be the set of all spanning subgraphs of Gi and G2. By Theorem 15,
we have the following result.
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Corollary 17. If H is a 2-connected claw-free graph of ordern with 6(H) > 27;65,
then for n sufficiently large, either H is Hamiltonian or H € G3 U Gy U GL.

Obviously, Corollary 17 is not the best known result about 6(H), it follows
from Theorems 8 and 9, and the results in [10]. Since Corollary 17 slightly
improves Theorem 7 when n is sufficiently large and ég C g}, it is still worth to
be presented in this paper. The following result can be deduced from Theorem
15 immediately.

Theorem 18. Let H be a 2-connected claw-free simple graph of order n with
S(H) > 3. Ifoo(H) > 2”—5_5 and n is sufficiently large, then either H is Hamil-
tonian or cl(H) = L(G), where G is an essentially 2-edge-connected triangle-free
graph which can be contracted to a Ko 3 or W3 such that all vertices of degree 2
in Koz or W3 are nontrivial.

By Theorem 18, we have the following result immediately.

Corollary 19. Let H be a 2-connected claw-free simple graph of order n. If
S(H) > 2’}55 and n is sufficiently large, then either H is Hamiltonian or cl(H) =
L(G), where G is an essentially 2-edge-connected triangle-free graph which can
be contracted to a Ko3 or W3 such that all vertices of degree 2 in Ko3 or W3
are nontrivial.

As an application of Theorem 12, we get the following result, which is an
extension of Theorem 11.

Theorem 20. Let G be an essentially 2-edge-connected graph of order n such that
72(G) > 2 (2] —1). If n is sufficiently large, then either L(G) is Hamiltonian
or G is contractible to a Ko 3 or Ko5 or W3 such that all vertices of degree 2 in
Ks3 or Ko 5 or W3 are nontrivial.

Remark 21. Although in [16] Veldman stated the following: there exist infinitely
many essentially 2-edge-connected simple graphs with 72(G) = 2 (L%J — 1) such
that L(G) is nonhamiltonian and G is not contractible to K33 and examples of
such graphs can be found among the graphs contractible to Kz 5 or the 3-cubic
minus a vertex (W5). In Theorem 20, we give a more precise answer for the case

72(G)=2(|2] - 1).
By Theorem 20, we have the following result immediately.

Corollary 22. Let G be an essentially 2-edge-connected simple graph of order n
such that §(G) > | 2| — 1. If n is sufficiently large, then either L(G) is Hamilto-
nian or G is contractible to a Ko 3 or Ko or W3 such that all vertices of degree
2 in Ko3 or Ko or W3 are nontrivial.
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The remainder of this paper is organized as follows. In Section 2, we give a
brief discussion of Catlin’s reduction and present some auxiliary results, and also
give proofs of Theorems 12 and 13. In Section 3, we give a brief discussion of
the reduction of the core of essentially 2-edge-connected graphs and Veldman’s
reduction method, and we also present some useful results. In Section 4, proofs
of Theorems 15, 18, 20 and Corollary 17 are given.

2. PRELIMINARIES AND AUXILIARY RESULTS

2.1. Catlin’s reduction method

Let O(G) be the set of vertices of odd degree in G. A graph G is collapsible if
for every even subset R C V(G), there is a spanning connected subgraph I'g of
G with O(T'gr) = R. The graph K is regarded as a collapsible and supereulerian
graph.

In [2], Catlin showed that every multigraph G has a unique collection of maxi-
mal collapsible subgraphs 'y, T's, . .., Te. The reductionof Gis G' = G/(Ui_, I4),
the graph obtained from G by contracting each I'; into a single vertex v; (1 <
i < ¢). For a vertex v € V(G'), there is a unique maximal collapsible subgraph
['o(v) such that v is the contraction image of I'g(v) and T'g(v) is the preimage of
v and v is a contracted vertex if I'g(v) # Ki. A graph G is reduced if G' = G.

Theorem 23 (Catlin et al. [2, 3]). Let G be a connected graph and let G' be the

reduction of G.

(a) G is collapsible if and only if G' = K1, and G € SL if and only if G' € SL.

(b) G has a DCT if and only if G' has a DCT containing all the contracted
vertices of G'.

(¢) If G is a reduced graph, then G is simple and triangle-free with 6(G) < 3. For
any subgraph H of G, H is reduced and either H € {Ky, Kz, Ko, (t > 2)}
or |[E(H)| <2|V(H)|—5.

The following result is obvious.

Lemma 24. Let G be a graph and F be a spanning subgraph of G. If F' has an
SCT, then G has an SCT.

2.2. Proofs of Theorems 12 and 13

In this section, we shall present the proofs of Theorems 12 and 13. Let G be a
2-connected simple graph and C' = vov1v2 - - - v(g)—1v0 be a longest cycle of G,
where the subscripts are taken modulo ¢(G) in the following. Then any compo-
nent of G — C has at least two different neighbors on C. Denote by dc(v;, vj) the

distance between v, v; € V/(C) (v; # vj) on C. Obviously, 1 < d¢(v;,vj) < L@J
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Proof of Theorem 12. Suppose that k(G) = 1. Let By, Ba,...,B: (t > 2) be
the blocks of G. Since G is triangle-free, |V (B;)| > 4. Since By and B; have at
most one vertex in common, 7 > |V(G)| > |[V(B1)|+|V(By)| -1 >4+4—-1=T1.
Then |V(G)| = 7, and the equality holds only if t = 2 and |V(B;)| = |V (B2)| = 4.
Since G is triangle-free, G|V (B1)] = G[V(B2)] = C4. Since B; and Bs have a
vertex in common, G has an SCT, a contradiction. Hence G is 2-connected.

Since G ¢ SL, 5 < |[V(G)| < 7. If [V(G)| = 5, then since G is triangle-free
and by G ¢ SL, G = K3 3. Therefore, in the following, we only need to consider
the cases [V(G)| =6 and 7. Let C = vgv1va - - - vyg)—1v0 be a longest cycle of G,
where the subscripts are taken modulo ¢(G) in the following.

Case 1. |V(G)| = 6. Then 4 < ¢(G) < 5, otherwise, G has an SCT, a
contradiction.

Subcase 1.1. ¢(G) = 4. Since |[V(G)| =6 and |V(C)| =4, G — C = 2K, or
Ks. Let V(G — C) = {x,y}. Since G is 2-connected and G ¢ SL, we can find a
cycle containing vertices x and y with length more than 4, a contradiction.

Subcase 1.2. ¢(G) = 5. Then C has no chords, otherwise, G has a triangle,
a contradiction. Since |V(G)| = 6 and |[V(C)| =5, G—C = K;. Let V(G —
C) = {z}. Since G is 2-connected and triangle-free, |Ng(xz) N V(C)| = 2 and
dc(vi,vj) = 2, where v;,v; € Ng(x) N V(C) (v; # vj). Without loss of generality,
let Ng(z) = {vi, vit2}, then G is isomorphic to C5 2, which is depicted in Figure 3.

Case 2. |V(G)| = 7. Then 4 < ¢(G) < 6, otherwise, G has an SCT, a

contradiction.

Subcase 2.1. ¢(G) = 4. Since |[V(G)| = 7 and |V(C)| = 4, G — C = 3K,
or Ko UKy or Kj2. Suppose that G — C = Ky U K; or Ky3. Since G is 2-
connected and triangle-free, there exists a path ;- -z (k=2o0r 3) in G - C
with v; € Ng(z1) N V(C), v; € Ng(z) N V(C) (v # vj). But now we can find
a cycle containing vertices x1,...,z; with length more than 4, a contradiction.
Then G — C =3K;. Let V(G - C) = {x,y, z}.

Since G is 2-connected and triangle-free, |[Ng(xz)NV (C)| = 2 and d¢(v;, vj) =
2, where v;,v; € Ng(x)NV(C) (v; # vj). Without loss of generality, let Ng(z) =
{vi, viy2}. By symmetry, we have Ng(y) = {vi,vit2} or Ng(y) = {vit1,vits}. If
Ne(y) = {vit1,vigrs}, then v;xv1ov;41yvi+3v; is a cycle of length 6, a contradic-
tion. So Ng(y) = {vi, vit2}. Similarly, we have Ng(z) = {v;,viy2}. Then G is
isomorphic to K5, which is depicted in Figure 3.

Subcase 2.2. ¢(G) = 5. Then C has no chords, otherwise, G has a triangle, a
contradiction. Since |V(G)| =7 and |V(C)| =5, G — C = 2K; or Ks. Suppose
that G — C = K». Since G is 2-connected and triangle-free, there exists an edge
zy in G — C with v; € Ng(x) NV(C), v; € Ng(y) NV (C) (vi # vj), and we
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can find a cycle containing vertices x, y with length more than 5, a contradiction.
Then G — C =2K;. Let V(G - C) = {z,y}.

Since G is 2-connected and triangle-free, |[Ng(x)NV(C)| = |[Ng(y)NV(C)| =
2. Without loss of generality, let Ng(z) = {v;,vit+2}. Suppose that v; € Ng(y)
(by symmetry, it is similar for v;y2 € Ng(y)). Since G is triangle-free and
|INa(y) N V(C)| = 2, either Ng(y) = {vi,vit2} or Ng(y) = {vi,vit3}. Then
ViV 4 2YViVi 410542043V 14V OF ViV;410i42T0;0;440i43yv; is an SCT of G, a con-
tradiction. Hence, v;,viy2 ¢ Ng(y). Then Ng(y) C {vit1,vits,vita}. Since
G is triangle-free and |Ng(y) N V(C)| = 2, Ng(y) = {vit1,viys} or Na(y) =
{Vit1,Vita}. Then v;xv; {2V 11YV;+3Vi440; OF VjV;11YVi+40i+30;i+2xv; is an SCT of
G, a contradiction.

Subcase 2.3. ¢(G) = 6. By deleting all the chords of C' in G, the resulting
2-connected graph (g is a spanning subgraph of G. Obviously, C is also a longest
cycle of Go. By Lemma 24, if Gg has an SCT, then G has an SCT. Therefore
Gy has no SCT. Note that if we add the deleted chords of C to GGy one by one,
at each step we obtain at most one spanning subgraph of G which has no SCT.
Without loss of generality, we first assume that C is an induced cycle of G, namely
G = Gp.

Since |V(G)| =7 and |V(C)| =6, G —C = K;. Let V(G — C) = {x}. Since
G is 2-connected triangle-free, 2 < |[Ng(z) N V(C)| < 3.

Suppose that [Ng(xz) N V(C)| = 2. Let v;,v; € Ng(x) (v; # vj). Since G is
triangle-free, 2 < d¢(v;,v;) < 3. If do(vi,vj) = 2, then G is isomorphic to Cg 2,
which is depicted in Figure 3. If dco(vs,v;) = 3, then G is isomorphic to Cg 3,
which is depicted in Figure 3.

Suppose that |[Ng(z) N V(C)| = 3. Since G is triangle-free, without loss of
generality, let Ng(z) = {vi, vit2,vita}. Then G is isomorphic to Wy, which is
depicted in Figure 3.

Note that connecting any two nonadjacent vertices of Cgo will result in a
triangle or a W3 or an SCT of the new graph. Connecting any two nonadjacent
vertices of Cg 3 or W3 will result in a triangle or an SCT of the new graph. Hence,
G € {Cs,2,Cs,3, Wq}. The proof is completed. [ |

Proof of Theorem 13. If G is a reduced graph, then by Theorem 23(c), G is
triangle-free. Then by Theorem 12, G € {K23,C52, W3, Cs2,Cs 3, K2 5}. Note
that G is a simple graph. If G has a collapsible subgraph I', then |V (I")| > 3. Let
G’ be the reduction of G. Since |[V(G)| < 7 and by |V(T')| > 3, |[V(G’)| < 5. Note
that, by the same argument as in the first paragraph of the proof of Theorem 12,
G’ must be 2-edge-connected. Hence Theorem 12 applies to G’. Then either G’
has an SCT or G’ = K» 3. For the first case, by Theorem 23(a), G has an SCT, a
contradiction. For the second case, G’ must be obtained from G by contracting
exactly a triangle. Then G € IC§ 3. The proof is completed. [
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3. Two DIFFERENT REDUCTION METHODS OF A GRAPH AND A TECHNICAL
LEMMA

3.1. The reduction of the core of a graph

Let G be an essentially 2-edge-connected graph with G2(G) > 5. Then Dy (G) U
D5(G) is an independent set. Let E; be the set of pendant edges in G. For each
z € D5(G), there are two edges el and e incident with z. Let Xo(G) = {el |z €
Dy(G)}. Define

Go = G/(E1 U X2(G)).

In other words, Gy is obtained from G by deleting the vertices in D;(G) and
replacing each path of length 2 whose internal vertex is a vertex in Dy(G) by an
edge. Note that Gy may not be simple.

The vertex set V(Go) is regarded as a subset of V(G). A vertex in Gy is
nontrivial if it is obtained by contracting some edges in E1UX3(G) or it is adjacent
to a vertex in Dy(G) in G. For instance, if v € D2(G) and Ng(v) = {z,y}, and
if z, is a vertex in GGy obtained by contracting the edge xv, then both z, and y
are nontrivial in G (although z, is a contracted vertex and y is not a contracted
vertex in Gp). Since 2(G) > 5, all vertices in Dy(Gy) are nontrivial.

Let X = Di(G) U Do(G). In [16], Gy is denoted by Ix(G). In [15], Shao
defined Gy for essentially 3-edge-connected graphs G. Following [15], we call Gy
the core of G.

Let G{ be the reduction of Gy. For a vertex v € V(Gj), let I'g(v) be the
maximum collapsible preimage of v in G and let I'(v) be the preimage of v in
G. Note that I'(v) is the graph induced by edges in E(I'g(v)) and some edges
in By U X3(G), for an example, see Figure 6. A vertex v in G, is a nontrivial
vertex if v is a contracted vertex (i.e., |V(I'(v))| > 1) or v is adjacent to a vertex

in D2 (G)
y
E, ={ua,,ua,,ua;,vb,vb,} I'(w)y=K;and I';(w)=C,
Wy X,(G) ={wy,, wwy} WFU(”)=FO(")=K1
Iw=T()=K,,
I'(x)=I'(») =K,
x G

y
¥ G G, = GI(E, U X,(G))

Figure 6. A process to obtain G{, from G and the preimages of its vertices in G and Gy.

Using Theorem 23, Veldman [16] and Shao [15] proved the following.

Theorem 25. Let G be a connected and essentially k-edge-connected graph with
02(G) > 5 where k € {2,3} and L(G) is not complete. Let Gy be the core of G.
Let GY, be the reduction of Go. Then each of the following holds:
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(a) Go is well-defined, nontrivial and 6(Go) > «'(Go) > k and so k'(Gy) >
H’(Go) > k.

(b) (Lemma 5 [16]) G has a DCT if and only if G{y has a DCT containing all
the nontrivial vertices.

In the following, let H = L(G) and assume that H is not complete. Then
|[V(H)| = |E(G)| and 72(G) = 6(H) + 2. If H = L(G) is a k-connected graph of
order n with §(H) > 3, then G is essentially k-edge-connected with size n and
2(G) > 5. For each v € V(H), there is an edge zy in G corresponding to v and
dp(v) = dg(x) + dg(y) — 2. For each edge uv in H, there is a 2-path, Py = zyz
in G such that zy is corresponding to the vertex u and edge yz is corresponding
to the vertex v in H. Then dy(u) + dg(v) = dg(z) + 2dg(y) + dg(z) — 4.

For any 2-path P, = zyz in G, define dg(P2) = dg(x) + 2da(y) + da(2).
Define

02(G) = min{dg(P2)| P> is a 2-path in G}.

Thus, for a graph H = L(G),
(3.1) 502 (G) =72(H) + 4.

For given integer p > 0 and e, if g9(H) > %, then the preimage G of
H = L(G) has

S 2n + ¢

(3.2) (52(G) > » + 4.

3.2. More notation and a technical lemma

Let G, Gy and Gj, be the same as in previous definitions. For convenience, we
use the following notation:

o V' ={ve V(G| [V(L(v))| = 3};

o Vi = {v e V(G| |[V(I'(v))] = 1 and v is not adjacent to any vertices in
D1 (G) U Da(G)};

o Voa={ve V(G —V* |[V('(v))|=2or |V(['(v))] =1 and v is adjacent to a
vertex in Dy (G)};
(Note that V* U V4 is the set of all nontrivial vertices in GY.)

o ® = Gy[V1], the subgraph induced by V; in G, if Vi # 0;

o Eg = E(®), which is a matching under the conditions of Lemma 26 (see
below);

o Vo = {v € V1| v is incident with an edge in Eg};
o Vq? =V — Vg;
o No2 = Uyevyuv, (Nay (v) NV*) if Vo UV # 0 (otherwise, No 2 = 0).
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v, Vo
XN
v . . S -/% o Vo ={X,e0 X, Vpsees Vo
/\ ./,\//,, \\ Eﬁ:{xlyl,...,xxyx}
v, L. '/ Vq,=Vl—V¢,
SR B 1S
G,

Figure 7. Decomposition of V(G) = V* UV, U Ve =V*U (Vo UVY) U Va.

In the following, for given integer p > 0 and €, we use “n > p” for “n is
sufficiently large related to p and €”.

Lemma 26 (Chen [4]). Let G be an essentially 2-edge-connected triangle-free
graph and G # K ; with size n and o2(G) > 5, and satisfying (3.2) and n > p.
Assume that Gy ¢ SL. For V*,Ng 2, V1, V2, ®, Ep, Vs, and Vq? defined above, we
have the following.

(a) For each v € V*, [V(C(w))| > 25 — dg, (v) and |E(T(v))] > 2L -
dG() (U) — 1.

(b) D2(Gj) CV* and so dG6(v) >3 forve ViU,

(c) If E # 0, for each xy € Eg, (Ngy (x) — {y}) U (Ng; (y) — {z}) S Noo and
so Eg is a matching.

(d) For each vertex v in VU Va, N (v) CV*, and so VO UV; is an independent
set.

(€) If Vi UVa| > 3, then VO U Va| + Y2l < oiv*| — 5. If (Vo] > 3 or Vo # 0,
then [Va| + Y2l < 2|Ng 5| — 5.

(f) |V*| < p. Furthermore, if |V*| = p and Gy # Kay (t > 2), then |V(Gf)| <
2p—5-—35.

(g) Forv e Nggo,|E('(v))| > 62(G) —5p — 3 and |V*| + |No 2| < p.

(h) If Vo # 0, then |No2a| > 3. If Vo # 0, then |Ngo| > 4. Thus, |[Noo| > 3 if
Vo U Vg| # 0.

The following lemma will be needed for the proofs of Theorems 15, 18 and
Corollary 17.

Lemma 27. Let H be a 2-connected claw-free simple graph of order m with
0(H) > 3. If 52(H) > % and n is sufficiently large, then either H is Hamilto-
nian, or cl(H) = L(G), where G is an essentially 2-edge-connected triangle-free
graph and G € {Ka3,Cs2, Wi} and V(Gh) = V* U V.

Proof. This is an improvement of a special case of Theorem 14 withp = 5,¢ = —5
and k = 2, since it narrows down Qp(15,2) to a subset of Qy(7,2). By Theorem
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2, there is an essentially 2-edge-connected triangle-free graph G such that the
closure cl(H) = L(G). Then |E(G)| = |V(H)| = n. Since §(H) > 3, 52(G) > 5.
Since o2(H) > 2222 and by (3.1), 62(G) > 22 4+ 4.

Suppose that H is not Hamiltonian. Then G # K1, otherwise, by Theorem
2, H is Hamiltonian, a contradiction. Then G{, has no DCT containing all the
nontrivial vertices of Gf,, otherwise, by Theorem 25(b) and Theorem 1, H is
Hamiltonian, a contradiction. Then Gj, ¢ SL. By Theorem 25(a), Gy, is 2-edge-
connected. By Theorem 23(c), G is triangle-free. Since G, ¢ SL and Gy, is
triangle-free, |V(G{)| > 5.

By Lemma 26(g), 2|No 2| < [V*| + |[No2| < 5 and so |Ng 2| < 2. Then by
Lemma 26(h), |VaUVa| = 0. Therefore, N, = 0, V = Vi and V(Gp) = V*UVY.
By Lemma 26(f), |V*| <5.

Case 1. |V*| < 4. Then |VQ| < 3, otherwise, by Lemma 26(e), |[V*| > 5,
a contradiction. Then |V(G})| < |[VQ] + |V*| < 7. Since G ¢ SL and by
Theorem 12, G6 € {K273,0572,W§,0672,0673,K275}. If G6 € {06,3,06,231(2,5}7
then |D2(G{)| = 5. Then by Lemma 26(b), |V*| > 5, a contradiction. Hence,
G6 S {K2,3,C'5,2,W3*}.

Case 2. |V*| = 5. Suppose that G{) = Ky;. Then ¢ is odd, otherwise, Gj,
has an SCT, a contradiction. By Lemma 26(b), D2(Gj) € V*. Then ¢t < 5,
otherwise, |[V*| > 6, a contradiction. Since ¢ (¢t < 5) is odd and by |V (Gj)| > 5,
G6 = K273 or K275. If G6 = K275, then by D2(K275) Q V* and by |V*| = 5,
Dy(Kz5) = V*. Let V* = {v1,v2,v3,v4,v5}. Then dgy (v;) = 2. By Lemma
26(a) and 02(G) > 225 4 4, 5, = |[E(T(v))| > 2 — 3 > 2215 Gince n =
10 + Z?Zl s; > 10+ 5 (% - 3) = %(52(G) -5, 52(G) < 2"7‘5*'10, contrary to

52 (G) > w Hence, G, = K2 3.

In the following, we assume that G{, # K» for any integer ¢. Then by Lemma
26(f) with p = 5 and e = =5, |[V(Gp)| < 2p — 5 — § < 7.5. Then |V(Gp)| < 7.
Since Gy, ¢ SL (G{) #+ K27t) and by Theorem 12, Gj, € {0572,W§,C672,C'673}.

Suppose that G = Cs2 or Cgs. By Lemma 26(b), D2(Gy) C V*. Then
by |V*| = 5, V* = DQ(C&Q) or DQ(C&g). Let V* = {’Ul,’Ug,’Ug,U4,U5}. Then
dgy (vi) = 2. By Lemma 26(a) and 62(G) > 225544, 5; = [E(T(vy))| > 2 -3 >

2505, Since n = 8+ 0, 5 2 845 (202~ 3) = 36,(G) ~ T, 52(G) < 21,

10 -
contrary to d2(G) > 25, Then G # C 2 and G, # Cg 3.
Hence, Gf) € {K33,C52, Wq}. The proof is completed. [

3.3. Veldman’s reduction method

For an independent subset X of D(G), define Ix(G) as the graph obtained from
G by deleting the vertices in X of degree 1 and replacing each path of length 2
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whose internal vertex is in Dy(G) N X by an edge. Note that Ix(G) may not be
simple. We call G X-collapsible if Ix(G) is collapsible. A subgraph H of G is
an X-subgraph of G if dy(z) = dg(z) for all x € X NV (H). An X-subgraph
H of G is called X-collapsible if H is (X N V(H))-collapsible. Let R(X) be
the set of vertices in X that are not contained in an X-collapsible X-subgraph
of G. Since Ix(G) has a unique collection of pairwise vertex-disjoint maximal
collapsible subgraphs Li, ..., L; such that Ule V(L;) = V(Ix(Q)), the graph
G has a unique collection of pairwise vertex-disjoint maximal X-collapsible X-
subgraphs Hy, ..., Hy such that (Uf:1 V(H;))UR(X) = V(G). The X-reduction
of G is the graph obtained from G by contracting Hy, ..., Hx. Let G’ be the X-
reduction of G and v € V(G”). Then the preimage of v is denoted by 6~1(v). A
vertex v of G” is called nontrivial if 9=1(v) is not a vertex and trivial otherwise.
The graph G is X -reduced if there exists a graph G* and an independent subset
X* of D(G*) such that X = R(X*) and G is the X*-reduction of G*. An X-
subgraph H of G is called X -reduced if H is (X NV (H))-reduced.

Remark 28. If X = (), then the refinement method ((-reduction) is just the
reduction method of Catlin. Let G be an essentially 2-edge-connected graph
with 3(G) > 5. Then D(G) is an independent set. For the D(G)-reduction of
G, if R(D(G)) = 0, then the refinement method of the reduction of the core of
the graph G is just the D(G)-reduction method of Veldman.

In [16], Veldman obtained the following result.

Theorem 29 (Veldman [16]). Let G be a connected simple graph of order n and
p > 2 an integer such that

(3:3) 72(G) > 2(n/p) - 1).

If n is sufficiently large relative to p, then

(3.4) [V (G")] < max {p, ;p — 4} ,

where G" is the D(G)-reduction of G. Moreover, for p < 7, (3.4) holds with
equality only if (3.3) holds with equality.

4. PROOFS OF THEOREMS 15, 18, 20 AND COROLLARY 17

In this section, we shall present the proofs of Theorems 15, 18, 20 and Corol-
lary 17.

Proof of Theorem 15. Suppose that H is not Hamiltonian. By Lemma 27,
there is an essentially 2-edge-connected triangle-free graph G such that the closure
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cl(H) = L(G) and G}y € {K23,C52, W5} and V(Gf,) = V* U VY. Since 5o(H) >
215 and by (3.1), 02(G) > 222 4+4. By Lemma 26(f), |[V*| < 5. In the following,
we label the vertices of K3, C52 and W3 as the graphs in Figure 3.

Case 1. |[V*| < 4. Then |VJ| < 3, otherwise, by Lemma 26(e), |V*| > 5, a
contradiction.

Case 1.1. Gy = K3 3. By Lemma 26(b), D2(Gj)) C V*. Then 3 < |[V*| < 4.
Suppose that |V*| = 3. Then V* = Dy(Gj). Let V* = {vy,v2,v3}. Then
dey (vi) = 2. By Lemma 26(a) and 6(G) > 225544, 5; = [B(D(vy))| > 202 -3 >
2”1_015. Thus, G € K2 3(s1, s2, s3,0,0). Furthermore, since n = s1 + s2 4+ s3+6 >
3 (% - 3) +6 = 36,(G)—3, 55(G) < Z=S. By (3.1), 7a(H) < 225, Theorem
15(b) holds.

Suppose that [V*| = 4. Since D2(G{)) € V* and by |D2(Gj)| = 3, without
loss of generality, let V* = {v1,v2,v3,u;}. Then dc;{)(Uz‘) =2, d%(ul) = 3. By
Lemma 26(a) and §5(G) > 255 44, 5, = |B(T(v))| > 2& — 3 > 21215 5pq
s=|E(T(u1))| > %—4 > 225 Thus, G € Ka3(s1, s2, 53, 5,0). Furthermore,
since n = sy + sy + 3+ 5+ 62 3 (252 —3) 4 (22 —4) +6 = 20(G) — 7,
52(G) < 2. By (3.1), 52(H) < 252, Theorem 15(c) holds.

Case 1.2. G{y = Cs 3. By Lemma 26(b), D2(Gj) € V*. Then |V*| = 4. Let
V* = {v1,v2,v3,v4}. Then d s (v;) = 2. By Lemma 26(a) and d2(G) > 2”5—_5 +4,

0
si = |E(T(v))| > %—3 > 2”17_015. Thus, G € Cs 2(s1, 2, 83, 54,0). Furthermore,
sincen:sl+32+33+34+7z4(%—3) +7=205(G) — 5, 62(G) < £,
By (3.1), o2(H) < 228, Theorem 15(d) holds.

Case 1.3. G = Wy. By Lemma 26(b), D2(Gf) € V*. Then 3 < |V*| < 4.
Suppose that [V*| = 3. Then 7 = [V(Gy)| = [V + |V < 3+3 =6, a
contradiction. Then |V*| = 4. Since V) is an independent set and by |[V*| = 4,
V* = {v1,v2,v3,v}. Thendg (vi) = 2, dg; (v) = 3. By Lemma 26(a) and 62(G) >

M5 4y s = [BE(D(v)| > 2 3> 2015 45d 5 = [B(T(v)| > 2 4 >
2”17025. Thus, G € W3 (s1, s2,53,5,0). Furthermore, since n = s1 + s2 + s3 +

s+92>3 (20 —3) 4 (2D —4) 49 = 255(G) - 4, 5:(G) < 2 By (3.),
72(H) < 5%, Theorem 15(e) holds.

Case 2. |V*| = 5.

Case 2.1. G, = Ko 3. Since |[V*| =5 and by |V(G{)| =5, V(G) = V*. Let
V* = {v1,v2,v3,u1,u2}. Then dgy (v;) = 2, dgy (u;) = 3. By Lemma 26(a) and
52(G) 2 22 4, 5y = |B(D(w))] > 257 — 3> 2512, 5 = [B(T(w))] > #5
4> 2”17025 and r = |E(I'(u2))| > %@—4 > 2”177025. Thus, G € Ka3(s1, 52, 53, 5,7).
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Furthermore, since n = s1+s9+s3+s+r+6 > 3 (@ — 3) +2 (% — 4) +6 =
202(G) — 11, 62(G) < 222 By (3.1), 72(H) < %2, Theorem 15(f) holds.

Case 2.2. G = C55. By Lemma 26(b), D2(Gj) € V*. Since |[V*| =5
and by |D2(C5s2)| = 4, there exists exactly one vertex u; € D3(Cs2) such that
u; € V*. Without loss of generality, let V* = Dy(G{)) U{u1} = {v1,v2,v3,v4,u1 }.
Then dgy (vi) = 2, ng (u1) = 3. By Lemma 26(a) and 62(G) > 25 4+ 4, s; =

E(()] > 29 — 3> 2015 and 5 = |[B((u))| > 2 — 4 > =25 Thys,
G € Cs2(s1, 52,83, 84,5). Furthermore, since n = s1 +s3+s3+ 84 +s+7 >
4 (@ - 3) n (% - 4) 7= 305(G) — 9, 02(G) < 28 By (3.1), 7o(H) <
2”—5_2. Theorem 15(g) holds.

Case 2.3. G{ = W5. By Lemma 26(b), D2(Gj) € V*. By Lemma 26(d),

VY is an independent set. Since V(Gj) = V* U VY and by the fact |[V*| = 5

and |Do(W3)| = 3, there exist exactly two vertex z,y € D3(W3) such that

x,y € V*. Since Vq? is an independent set, without loss of generality, let V* =

{v1,v2,v3,v,u1}. Then dgy (v;) =2, dG/ (v) = dgy (u1) = 3. By Lemma 26(a) and

82(G) 2 25244, 51 = |E(C(w)| > B0 > igis s~ |BOW))] > O 4 >
2

(v))] =
2285 and ' = [B(C(u))| > D 4 > 225 Thus, G € Wis1,5250,5,7)

Furthermore, since n = 31+32+33+s+r+9 >3 (@ — 3) +2 (@ — 4) +9 =

202(G) — 8, 02(G) < 208 By (3.1), 72(H) < 2%, Theorem 15(h) holds. The
proof is completed. [

Proof of Corollary 17. Since §(H) > 2252 75(H) > 2222 Since n is suf-
ficiently large, 6(H) > 3. By Lemma 27, either H is Hamiltonian, or cl(H) =
L(G), where G is an essentially 2-edge-connected triangle-free graph and G, €
{K33,C52, W5} and V(G)) = V* U VY. Note that D2(Gj) C V* and V) is an
independent set. Obviously, C5 > can be contracted to a K>3 by contracting one
edge of C53. Suppose that G can be contracted to a Kp3. If Kj3 has three

nontrivial vertices, then cl(H) € Gs. If K3 3 has four nontrivial vertices, then
cl(H) € G4 If all vertices of K5 3 are nontrivial, then cl(H) € Jg Suppose
that G = W3. Then [V*| > 4. Then by Lemma 26(f), 4 < [V*[ < 5. Then
cl(H) € g4 U g5 Hence, cl( ) € gg U 94 U 95 Since H is a spanning subgraph
of cl(H), H € 95 U 94 U g5. The proof is completed. ]

Proof of Theorem 18. By Lemma 27, we have either H is Hamiltonian or
cl(H) = L(G), where G is an essentially 2-edge-connected triangle-free graph
and G, € {Ka3,C52,W5}. Obviously, C59 can be contracted to a Ks3 by
contracting one edge of C59. By the definition of Gj,, each vertex in Dy(GY) is
nontrivial. Then G can be contracted such that each vertex of degree 2 in the
resulting K3 or Wy is nontrivial. The proof is completed. [
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Proof of Theorem 20. Because 52(G) > 2 (| 2| — 1), if n > 28, then 72(G) > 6
and D(G) is an independent set. Let G” be the D(G)-reduction of G. By (3.4),
|[V(G")] < 7. Let G be the core of G, G{, be the reduction of Gy. Since Gj, is
a refinement of the D(G)-reduction of G, |V(G{)| < |[V(G")| < 7. If G|, has a
DCT containing all the nontrivial vertices, then by Theorem 25(b), G has a DCT.
Then by Theorem 1, L(G) is Hamiltonian. Therefore, in the following, we can
assume that G{, has no DCT containing all the nontrivial vertices. Then G{, has
no SCT. By Theorem 25(a), G, is 2-edge-connected. Since Gj, is the reduction of
Gy, by Theorem 23(c), Gj, is a triangle-free graph. Then by Theorem 12, G}, €
{Kg,g, 0572, Wg, 0672, 06,37 KQ,5}. Note that each graph in {0572, 06,27 06,3} can be
contracted to a Kz 3. Then G{, can be contracted to a graph in {Ks 3, K25, Wy}
By the definition of Gf), each vertex in Dy(GYy) is nontrivial. Then G can be
contracted such that each vertex of degree 2 in the resulting K23 or Ko 5 or Wy
is nontrivial. The proof is completed. [

5. CONCLUDING REMARK

In this paper, we mainly focused on the Hamiltonicity of 2-connected claw-free
graphs. In [4], Chen considered the Hamiltonicity of 2-connected claw-free graphs
for a special case of Theorem 14 where p = 4. In this paper, our result (Theorem
18 for p = 5) is also a special case of Theorem 14. Obviously, Theorem 15
and Corollary 17 extend Theorems 7 and 10 while Theorem 10 does not imply
Theorem 7.

Although the authors in [10], with the help of a computer, have considered the
Hamiltonicity of 2-connected claw-free graphs of order n > 153 with §(H) > %39
and the corresponding family of exceptions contains 318 infinite classes, their
result also could not imply our results (Theorems 15 and 18).

In order to prove our main results, we characterized all 2-edge-connected
simple graphs of order at most 7 which have no spanning closed trail. For p > 6,
we may need to consider all 2-edge-connected simple graphs of order at most 10
(or more than 10) which have no spanning closed trail. Therefore, if one wants to
deal with the case for p > 6 of Theorem 14, it would become very complicated.
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