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Abstract

A simple graph G admits an H-covering if every edge in F(G) belongs
to at least to one subgraph of G isomorphic to a given graph H. For the
subgraph H C G under a total k-labeling we define the associated H-weight
as the sum of labels of all vertices and edges belonging to H. The total
k-labeling is called the H-irregular total k-labeling of a graph G admitting
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an H-covering if all subgraphs of G isomorphic to H have distinct weights.
The total H-irreqularity strength of a graph G is the smallest integer k such
that G has an H-irregular total k-labeling.

In this paper, we estimate lower and upper bounds on the total H-
irregularity strength for the disjoint union of multiple copies of a graph
and the disjoint union of two non-isomorphic graphs. We also prove the
sharpness of the upper bounds.

Keywords: H-covering, H-irregular labeling, total H-irregularity strength,
copies of graphs, union of graphs.
2010 Mathematics Subject Classification: 05C78, 05C70.

1. INTRODUCTION

Consider a simple and finite graph G with vertex set V(G) and edge set E(G).
By a labeling we mean any mapping that maps a set of graph elements to a set of
numbers (usually positive integers), called labels. If the domain is V(G) U E(G)
then we call the labeling a total labeling. For a total k-labeling ¢ : V(G)UE(G) —

{1,2,...,k} the associated total vertex-weight of a vertex x is
wty(z) = (@) + Y wlay)
zyeE(G)

and the associated total edge-weight of an edge xy is

wty(zy) = Y(x) + Y(zy) + P(y).

A total k-labeling v is defined to be an edge irreqular total k-labeling of the graph
G if for every two different edges zy and z'y’ of G there is wty(zy) # wty(2'y’)
and to be a vertex irregular total k-labeling of G if for every two distinct vertices x
and y of G there is wty(x) # wty(y). This concept was given by Baca, Jendrol’,
Miller and Ryan in [8].

The minimum k& for which the graph G has an edge irregular total k-labeling
is called the total edge irregularity strength of the graph G, tes(G). Analogously,
we define the total vertex irreqularity strength of G, tvs(G), as the minimum k&
for which there exists a vertex irregular total k-labeling of G.

The following lower bound on the total edge irregularity strength of a graph
G is given in [8].

(1) tes(G) > max { {'E@'ﬂ , [N?ﬂ } :

where A(G) is the maximum degree of G. This lower bound is tight for paths,
cycles and complete bipartite graphs of the form Kj ,,.
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Ivanco and Jendrol’ [12] posed a conjecture that for an arbitrary graph G dif-
ferent from K5 with maximum degree A(G), tes(G) = max {[(|E(G)| +2)/3],
[(A(G) +1)/2]} . This conjecture has been verified for complete graphs and com-
plete bipartite graphs in [13, 14], for the categorical product of two cycles and
two paths in [2, 4], for generalized Petersen graphs in [11], for generalized prisms
in [9], for the corona product of a path with certain graphs in [16] and for large
dense graphs with (|E(G)| +2)/3 < (A(G) +1)/2 in [10].

The bounds for the total vertex irregularity strength are given in [8] as follows.
(2) [%] < tvs(Q) < [V(GQ)] + A(G) — 26(G) +1
where 0(G) is the minimum degree of G.

Przybyto in [17] proved that tvs(G) < 32|V(G)|/d(G) + 8 in general and
tvs(G) < 8|V (G)|/r + 3 for r-regular graphs. This was then improved by Anhol-
cer, Kalkowski and Przybylo [5] in the following way

(3) tvs(G) < 3 ['Vg )ﬂ F1<IGy

Recently, Majerski and Przybylo [15] based on a random ordering of the
vertices proved that if §(G) > (|V(G)])°® In|V(G)], then

(4) tvs(G) < BV 4y,

The exact values for the total vertex irregularity strength for circulant graphs
and unicyclic graphs are determined in [1, 6] and [3], respectively.

An edge-covering of G is a family of subgraphs Hy, Hs, ..., H; such that each
edge of E(G) belongs to at least one of the subgraphs H;, i = 1,2,...,t. Then it
is said that G admits an (Hy, Ha, ..., Hy)-(edge) covering. If every subgraph H;
is isomorphic to a given graph H, then the graph G admits an H -covering.

Let G be a graph admitting an H-covering. For the subgraph H C G under
the total k-labeling v, we define the associated H-weight as

wty(H Zd} Zd}

veV(H) ecE(H

A total k-labeling 1 is called to be an H -irreqular total k-labeling of the graph
G if all subgraphs of GG isomorphic to H have distinct weights. The total H -
irreqularity strength of a graph G, denoted ths(G, H), is the smallest integer k
such that G has an H-irregular total k-labeling. This definition was introduced by
Ashraf, Baca, Lascsdkova and Semanicova-Fenovéikova [7]. If H is isomorphic to
Ko, then the Ks-irregular total k-labeling is isomorphic to the edge irregular total
k-labeling and thus the total Ks-irregularity strength of a graph G is equivalent
to the total edge irregularity strength; that is ths(G, K2) = tes(G).

The next theorem gives a lower bound for the total H-irregularity strength.
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Theorem 1 [7]. Let G be a graph admitting an H -covering given by t subgraphs
tsomorphic to H. Then

ths(G, H) > [1 + 7‘V(H)ﬁ;|1E(Hﬂ .

If H is isomorphic to K5 then from Theorem 1 the lower bound on the total
edge irregularity strength given in (1) follows immediately.
The next theorem proves that the lower bound in Theorem 1 is tight.

Theorem 2 [7]. Let r,s, 2 < s <, be positive integers. Then

ths(Py, Py) = {5;;“_—11] .

In this paper, we estimate lower and upper bounds on the total H-irregularity
strength for the disjoint union of multiple copies of a graph and the disjoint union
of two non-isomorphic graphs. We also prove the sharpness of the upper bounds.

2. CoPIES OF GRAPHS

By the symbol mG we denote the disjoint union of m copies of a graph G.
Immediately from Theorem 1 we obtain a lower bound for the H-irregularity
strength of m copies of a graph G.

Corollary 3. Let G be a graph admitting an H-covering given by t subgraphs
isomorphic to H and let m be a positive integer. Then

mit—1
ths(mG, H) > {1 + \V(H)|+|E(H)\—‘ .
In the next theorem we give an upper bound for ths(mG, H).

Theorem 4. Let G be a graph having an H-irreqular total ths(G, H)-labeling f.
Let m be a positive integer. Then

ths(mG, H) < ths(G,H) + (m — 1) [wtrilax(ﬂ)wt?lnwﬂl-‘ |

[V(H) |+ E(H)|

where wt;}la"(H) and wt?in(H) are the largest and smallest weights of a subgraph
H under a total ths(G, H)-labeling f of G.

Proof. Let G be a graph that admits an H-covering given by ¢ subgraphs iso-
morphic to H. We denote these subgraphs as H', H2, ..., H'. Assume that f is
an H-irregular total k-labeling of a graph G with ths(G, H) = k. The smallest
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weight of a subgraph H under the total k-labeling f is denoted by the symbol
wt}“in(H). Evidently
() wtf™(H) > |V (H)| + |E(H)].

Analogously, the largest weight of a subgraph H under the total k-labeling f is
denoted by the symbol wt'?**(H). It holds that

(6) wtf(H) > wtf™(H) +t — 1
and
(7) wtf™(H) < (|V(H)| + [E(H)|)k.

Thus f: V(G)UE(G) — {1,2,...,k} and
(8) {wtp(H?):j=1,2,...,t} C {wtP™(H),wtf™(H) +1,... wtf*(H)} .

By the symbol z;, i = 1,2,...,m, we denote an element (a vertex or an edge)
in the i*" copy of G, denoted by Gj, corresponding to the element z in G, i.e.,
x € V(G) U E(G). Analogously, let Hij, 1=1,2,...,m, 7 = 1,2,...,t, be the
subgraph in the i** copy of G corresponding to the subgraph H7 in G.

Let us define the total labeling g of mG in the following way. For ¢ =
1,2,...,mlet

. WP (H) —wt™n (H)+1
g(xi) = f(x) + (i - 1) [ SV w

Evidently, all the labels are at most

Wt (F) —Bin (F) 41
kit (m—1) [ R w

For the weight of every subgraph Hij, i=1,2,...,m,j=1,2,...,t, isomorphic
to the graph H under the labeling g we have

wty(H) = > gw)+ D gle)

veV (HY) e€cE(HY)
, Wt F) — B0 (F) 41
= 2 (f(“”(@_l){ R D

veEV (HY)
Fle) + (i — 1) WP (H)—wtp™ (H)+1
e)+ = V([ EH)]

p3
ecE(HI

)
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= ¥ s+ X @+ vanii- v [ "Iy

veV (HY) ecE(H7)

. wtmax(H)_wtmin (H)+1
+’E(H)|(l‘1){ VTR W

. . wtmax(H)iwtmin(H)+1
= wtyp(H) + ([V(H)| + [E(H)|)(i — 1) [ v 1

This means that in the given copy of G the H-weights are distinct.

According to (8) we get that the largest weight of a subgraph isomorphic to
H under the total labeling g in the i*" copy of G, i = 1,2,...,m, denoted by
wty™(H : H C Gy), is at most

max max . w'PaX (H)—wt'Pi™ (H)+1
wt*™(H : H C Gy) < wtP™(H)+(|V(H)|[+|E(H)[)(i-1) [ v w

and the smallest weight of a subgraph isomorphic to H under the total labeling
g in the (i4+1)*" copy of G, i =1,2,...,m—1, denoted by wt?in(H :H C Git),
is at least

min min .| wtPAX(H)—wt P (H)+1
wt™(H : H C Gig1) > wtp™(H) + ([V(H)| + |E(H)|)i [ ! \V(H)\+|§(H)| —‘

After some manipulation we get

wtglin(H cH C Gi+1)

o [wemex (1) —wtmin ()41
> wtf""(H) + (|[V(H)| + |E(H)|)i [ R0 —‘

min . wtmax(H)_wtmin(H)+1
= wty™(H) + ([V(H)| + |[E(H)])(i — 1) [ v -‘

wtmaX(H)—wtmi“(H)-‘rl
+<|V<H>|+|E<H>r>{ ; ] ]

[V (H)|+[E(H)]

wt' P (H)—wtp™ (H)+1 WP (H)—wtp™ (H)+1
[V (H) [+ E(H)| = [V (H)[+E(H)]

we obtain

wtgﬁn(H cH CGiyr) > th}lin(H)

, WA () —wtDin (H)+1
(VD] + BEDG - 1) [ |

+ (Wt (H) — wtP™(H) + 1)
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max . WP () —wtin (H)+1
= e (H)+(|V(H)|+|E(H)|)(z_1){ Ul el %1

> wty™(H : H C G;) +1>wty™(H : H C Gy).
Thus in all components the H-weights are distinct. This concludes the proof. =
We obtain the following corollary.

Corollary 5. Let G be a graph admitting an H -irregular total ths(G, H)-labeling
f. Let m be a positive integer. Then

ths(mG, H) < mths(G, H).

Proof. Let f be a ths(G, H)-labeling of a graph G and let ths(G, H) = k. As
wtP(H) > |V(H)| + |E(H)| and wt*(H) < (|[V(H)| + |E(H)|)k we get

[V(H) |+ E(H)| [V(H)|+E(H)|

’th;{lax(H)wt;nin(H)+1-‘ < {(\V(H)\+|E(H)|)k7(|V(g)\+|E(H)|)+1—‘

_ 1 _
= P“ -1+ 4\V(H>|+|E<H)ﬂ =k

Hence, by Theorem 4,

thS(mG’ H) S thS(G7 H) + (m _1) [wt?laX(H)—wt?nn(H)_"_l—‘

VHE) |+ EH)] <k+(m-—-1)k=mk.

Let {H', H% ..., H'} be the set of all subgraphs of G isomorphic to H. Let
f be an H-irregular total k-labeling of a graph G with ths(G, H) = k such that

{wty(H?): j=1,2,...,t}
(9) = {wt‘}‘m(H),th}lm(H) +1,... ,th}lin(H) +t— 1} .
Evidently, if the fraction

wtP(H)—wtp™ (H)+1 "
VEIHEEH)]  — VEH)HEH)]

is an integer then the weights of all H-weights in mG under the total labeling g
of mG defined in the proof of Theorem 4 constitute the set

{wtf™(H),wtf™ (H) + 1,..., wtf™ (H) + mt — 1} .

In particular, this implies that the upper bound for ths(mG, H) given in Theorem
4 is tight if G is a graph that satisfies the conditions mentioned above.
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Theorem 6. Let G be a graph admitting an H-covering given by t subgraphs
isomorphic to H. Let f be an H-irregular total ths(G, H)-labeling of G such that

{wtp(H7):j=1,2,..t} = {wtP™(H),wtf™(H) + 1,..., wtf"(H) + t — 1}.

If the fraction VEDEm)] 5 on integer then

ths(mG, H) < ths(G, H) + %

MOT'@O'U@T’, Zf thS(G, H) = ’71 -+ W—| =1 =+ W th@n

m—1)t m
ths(m@, H) = ths(G, H) + sy = L+ womtem-

Theorem 2 gives the exact value for the total Ps-irregularity strength for a
path P,. Moreover, the Ps-irregular total ([(s+ 7 —1)/(2s — 1)])-labeling of P.
described in the proof of Theorem 2 in [7] has the property that the set of Pj-
weights consists of ¢ consecutive integers, where ¢t = r — s + 1 is the number of
all subgraphs in P, isomorphic to Ps. As |V(FPs)| = s and |E(Ps)| = s — 1 and
if the number (r — s+ 1)/(2s — 1) is an integer then according to Theorem 6 we
get that

2s—1 2s—1 2s—1

_ | r=s+1+4+2s—1-1 . r—s+1
= [ 25— 1 —‘ +(m = 1)

ths(mPTa Ps) = thS(Pr, PS) =+ (m — 1)7’—5+1 — ’75"'7’_1—‘ + (m _ 1)r—8+1

541 1 541
= PQSSjl +1- 2371—‘ + (m - UTzssjl

= ’foll +1+4+ (m— 1)72*85531 = m’”{j_ﬁl + 1.
Thus we obtain the following result.
Corollary 7. Let m,r,s, m > 1, 2 < s <r, be positive integers. If 2s —1 divides
r—s+1, then
—s+1
ths(m Py, Py) = = 4,

If H is isomorphic to Ko then ths(G, K3) = tes(G). Immediately from The-
orem 4 the next corollary follows.

Corollary 8. Let m be a positive integer. Then

[w—‘ < ths(mG, K2) = tes(mG) < tes(G) 4+ (m — 1) {W-‘ ,

where wtF®* and wt]n?in are the largest and smallest edge weights under a total

tes(G)-labeling f of G.
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3. DisjoINT UNION OF TwO NON-ISOMORPHIC GRAPHS

In this section we will deal with the total H-irregularity strength of two graphs
G1 and G2 admitting an H-covering. From Theorem 1 we immediately obtain

Corollary 9. Let G;, i = 1,2, be a graph admitting an H-covering given by t;
subgraphs isomorphic to H. Then

ths(G1 U Go, H) > [1 + %l '

The next theorem gives an upper bound for ths(G; U Ge, H).

Theorem 10. Let G;, i = 1,2, be a graph having an H-irregular total ths(G;, H)-
labeling f;. Then

ths(G1 U Ga, H)

_ W (H)—wt™® ()1
< min { max {ths(Gz, H),ths(G1, H) + ’V f2‘V(H)|+|Ef'1(H)‘ -‘ },

WP (H ) —wtTin () +1
max {ths(Gl,H),ths(Gg,H) + [ RV OIER ] w }}

where wtl};aX(H) and wt?:in(H) are the largest and smallest weights of a subgraph
H wunder a total ths(G, H)-labeling f; of G;.

Proof. Let G;, i = 1,2, be a graph that admits an H-covering given by t;
subgraphs isomorphic to H. We denote these subgraphs as HZ-I,HZ?, e ,Hfl
Assume that f; is an H-irregular total k;-labeling of a graph G; with ths(G;, H) =
k;. The smallest weight of a subgraph H under the total k;-labeling f; is denoted
by the symbol wt?}in(H ). Evidently

(10) wtf™(H) > |V (H)| + |E(H)|.

Analogously, the largest weight of a subgraph H under the total k;-labeling f; is
denoted by the symbol wt}**(H). It holds that

(11) wtP(H) > wtf™(H) +t;— 1
and
(12) wtp™(H) < ([V(H)| + [E(H))|)k:.

Thus f; : V(Gl) @] E(Gz) — {1, 2,... ,kl} and

(13) {wty,(HY) :j=1,2,...,t;} € {wtP™(H), wtf™(H) +1,..., wt}™(H)} .
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Let us define the total labeling g of G; U G2 in the following way.
9(x) =fi(x) if z € V(G1) UE(Gy),

if # € V(Ga) U E(Go).

WP (H) —wtin (H)+1 w

9(x) =falw) + { R
Evidently, all the labels are not greater than
WA (H ) —wtin (H)+1
max {kl’ ky + [ R W} :

For the weight of the subgraph Hf, 7 =1,2,...,t1, isomorphic to the graph H
under the labeling g we get

wg(H) = Y gw)+ Y gle)= > @)+ Y. file) = wty, (H]).

veV(HY) e€E(HY) veV (HY) e€cE(HY)

For the weight of the subgraph Hg, 7 =1,2,...,tg, isomorphic to the graph H
under the labeling g we get

wtg(H3) = Y glw)+ > gle)

veV(H]) eGE(Hj)
=2 (fZ(UH{ e D

veV(H})

WX () — 0 (F) 41

D <f2(e)+[ =y D

ecE(H))

WA (F)— 0 ()41

> RO+ 3, fale)+IV( M A w

veV(H}) e€E(H})

Wt (F) —pnin (F)41
* |E(H)|[ ROy w

4 WU (H) w3 (H) 1
:wtfz(H%)+(‘V(H)‘+’E(H)D’7 RVAeOIE T e8] w

According to (13) we get that the largest weight of a subgraph H under the
total labeling g in G, denoted by wtg***(H : H C G1), is at most
wty™(H : H C G1) = wt'y™(H)

and the smallest weight of a subgraph H under the total labeling g in G2, denoted
by wtf™(H : H C Ga), is at least

mln min wt P (H) —wtPin (H)+1
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Note, that when writting H; we only consider subgraphs of GG; isomorphic to H.
As

wtrf?‘la"(H)—wt}’F;i“(H)—i—l wt;ﬂlaX(H)—wtl;?;n(H)H
[V (H)|+|E(H)| - [V (H)[+E(H)]|

we get

min min WP (H ) —wtin () +1
W < H C Gy) > wh (1) + (V ()] + |E(H)) “E

> wt't™(H) + (WP (H) — wt'p™(H) +1) = wt'p™(H)+1
> wtp™(H) = wty™(H : H C Gy).

Thus all the H-weights under the labeling g in G; U G5 are distinct.
Analogously we can define the total labeling h of G1 U G2 such that

h(z) =fa(z) if z € V(G2) U E(G2),

WA (H ) —wt™i™ (H)+1
h(z) =hiz)+ [ R w

if x € V(G1) U E(Gh).

Using similar arguments we can also show that under the total labeling h the
H-weights in G U G are distinct.

Thus g and h are H-irregular total labelings of G. Immediately from this
fact we get

ths(Gy U G, H)

IV(H)|+E(H)|

WA (F) —qin ()41
max {ths(Gl,H),ths(Gg,H) + [ f1|V(H)|+|§LZH)\ -‘ }}

< min { max {ths(GQ, H),ths(G1, H) + ’th?‘;x(H)—wt}nlln(H)_i_l" }7

Ramdani, Salman, Assiyatum, Semanicové-Fenovéikova and Baca [18] gave
an upper bound for the total edge irregularity strength of the disjoint union of
graphs by the following form.

Theorem 11 [18]. The total edge irregularity strength of the disjoint union of
graphs G1,Ga,...,Gp, m > 2, is
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If H is isomorphic to K5 then from Theorem 10 it follows that
ths(G1 U G2, K3) = tes(G1 U G2)
< min { max {tes(Gg),tes(Gl) + [w-‘ }7
max {tes(Gl),tes(GQ) + {ww }}
= tes(G1) + tes(Ga)

which is equal to the result from Theorem 11.

4. (CONCLUSION

In this paper, we have estimated lower and upper bounds for the total H-
irregularity strength for the disjoint union of m copies of a graph. We have
proved that if a graph G admits an H-irregular total ths(G, H)-labeling f and m
is a positive integer then

WA () — 0 (F) 41
ths(mG. H) < ths(G, ) + (m — 1) [

where wt7**(H) and wt?in(H ) are the largest and smallest weights of a subgraph
H under a total ths(G, H)-labeling f of G. This upper bound is tight.

We have also proved an upper bound for the total H-irregularity strength for
the disjoint union of two non-isomorphic graphs.
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