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Abstract

Given a graph G = (V, E) with no isolated vertex, a subset S of V' is
called a total dominating set of G if every vertex in V' has a neighbor in
S. A total dominating set S is called a locating-total dominating set if
for each pair of distinct vertices v and v in V' '\ S, N(u) NS # N(v) N S.
The minimum cardinality of a locating-total dominating set of G is the
locating-total domination number, denoted by v/ (G). We show that, for
a tree T of order n > 3 and diameter d, % < AHT) < n— %7 and
if T has [ leaves, s support vertices and s; strong support vertices, then

YE(T) > max {% — &t W} We also characterize the
extremal trees achieving these bounds.
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1. INTRODUCTION

In [5, 8], the authors introduced the concept of a locating-total dominating set
in a graph. Locating-total dominating set has been studied, for example, in
[1,2,3,4,9] and elsewhere. The problem of placing monitoring devices in a system
such that every site (including the monitors themselves) in the system is adjacent
to a monitor can be modelled by total domination in graphs. Applications where
it is also important that if there is a problem in a device, its location can be
uniquely identified by the set of monitors, can be modelled by a combination
of total dominating sets and locating sets in graphs. In this paper, we consider
locating-total domination in trees.

For notation and graph theory terminology in general we follow [6, 7]. Let
G = (V,E) be a graph with n vertices. For a vertex v in G, the set N(v) =
{u € V :uv € E} is called the open neighborhood of v and N[v] = N(v) U {v}
is the closed neighborhood of v. The degree of v in G, denoted by d(v), is equal
to |[N(v)|. A vertex of degree one is a leaf and the edge incident with a leaf is a
pendent edge. A vertex adjacent to a leaf is a support verter and a support vertex
adjacent to at least two leaves is a strong support vertezr. We will use L(G), S(G)
and S1(G) to denote the set of leaves, support vertices and strong support vertices
of G, respectively. The distance between two vertices u and v, denoted by d(u,v),
is the number of edges in a shortest path joining u and v. The diameter of G,
denoted by diam(G), is the maximum distance over all pairs of vertices of G. For
two disjoint subsets A and B of V, let [A,B] = {uv € E(G) : u € A,v € B}.
Suppose G and H are two disjoint graphs, then the disjoint union of G and
H, denoted by G + H, is the graph with vertex set V(G) UV (H) and edge set
E(G)UE(H). If G1 & - -+ = Gy, we simply write kG; for G1 + -+ - + Gy.

For a subset S C V, let G[S] be the subgraph induced by S. The open
neighborhood of S is N(S) = |J,cg N(v) and the closed neighborhood of S is
N[S] = N(S)US. S is called a total dominating set (TDS) of G if N(S) = V.
A TDS S is a locating-total dominating set (LTDS) if for each pair of distinct
vertices u and v in V'\ S, N(u) NS # N(v)NS. The minimum cardinality of an
LTDS of G is the locating-total domination number of G, denoted by v*(G). An
LTDS of cardinality v/(G) is called a 7} (G)-set.

Let P, and S, be a path of order n and a star of order n, respectively. A
double star Sp 4 is a tree obtained from S,i2 and S,y1 by identifying a leaf of
Sp+2 with the center of Sy, where p,q > 1.

Locating-total domination in trees has been studied in [2, 4, 8]. In this paper,
we continue the study of it. We show that, for a tree T" of order n > 3 and diameter
d, % < 'ytL (T)<n-— 4=1 and if T has [ leaves, s support vertices and s; strong

2
support vertices, then % (T") > max { "HES‘H - Stfl, 2("+1)+§(l75)781 } We also

characterize the extremal trees achieving these bounds.
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2. LOWER BOUNDS ON THE LOCATING-TOTAL DOMINATION NUMBER IN
TREES

The locating-total domination number of P, was given in [8].
Theorem 1 [8]. Forn >2, vF(P,) = | %]+ [4] — |4]-
In [9], a lower bound of v} (G) involving diameter was given.

Theorem 2 [9]. If G is a connected graph of order at least 2, then v} (G) >
diam(G)+1
——.

If G is a tree, we characterize all trees which achieve the lower bound.

Corollary 3. Suppose T is a tree of order at least 2, then v} (T) > w

and the equality holds if and only if T = P, where n =0 (mod 4).

Proof. Let d = diam(T). From Theorem 2, v/ (T) > %. If T=P,, wheren =0
(mod 4), then by Theorem 1, we have v/ (P,) = % =

Now assume T is a tree of order n > 2 and v/ (T)
Theorem 2, we have d + 1 =0 (mod 4).

If d =3, then T = S, for some a,b > 1. Since ’ytL(S%b) =n— 2 and
V(T = % =2, we have n =4 and T = P;. Thus, we may assume d > 7.

Let D be a v}/(T)-set of T that contains a minimum number of leaves. Then
for every support vertex v, exactly one leaf adjacent to v is not in D. Suppose
z,y € V(T) with d(z,y) = d and P = wvgv; - --vg4 is the unique path joining z
and y, where vop = z and vy = y. Then d(x) = d(y) = 1. Fori =1,2,..., %

%. From the proof of

let T; be the component of T\ Ugi}g)/zl {v4i—1,v4;} containing the vertex vyg;_1
and let V(T;) = D;. Then |D N D;| > 2 because {v4;—3,v4i—2} € N(D). Thus,
|D| > W % Since |D| = v}(T) = %, we obtain |D; N D| = 2 for
1=1,2,..., d%. Obviously, we have v1,v4_1 € D.

—_

Fact 1. d(v;) = 2.

Proof of Fact 1. Suppose d(v1) > 3, then v; is a strong support vertex which
is adjacent to exactly two leaves because |D; N D| = 2. Let z be the other leaf
adjacent to v;. Thus we may assume D N Dy = {z,v1}. Now, for vg,ve ¢ D, we
have N(vg) N D = N(va) N D = {v1}, a contradiction. 0

Fact 2. D = Ugiﬁl)ﬂl {v4i—3,v4i-2}.

Proof of Fact 2. By Fact 1, we have D N D; = {v1,v2} in order to totally
dominate v;.
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Suppose v4 € D. Then DN Dy = {vy, v5} in order to totally dominate v4 and
vg. Consequently, we have D = {v1, v} U (Ugi;l)ﬂl {v4i—4,v4i—3}), which induces
vg ¢ N(D), a contradiction. Thus, vg ¢ D.

Suppose vs ¢ D. In order to totally dominate v4, there must be two vertices
21,20 € (V(T)\V(P))N D with z; € N(v4) and z9 € N(z1). Since |DoND| =2,
we have vg ¢ N (D), a contradiction. Thus, we have vs € D.

Suppose vg ¢ D. In order to totally dominate vs, there must be a vertex
z € N(vs)ND\V(P). Then DN Dy = {vs, 2z} and N(vs)ND = N(vg)ND = {ws},
a contradiction. Thus, vg € D and Do N D = {vs, vs}.

By induction on i, we have D N D; = {vg;—3,v45-2} for i = 2,3,...,

ThllS, D = Ugi—;l)/z; {U4i—37 U4i—2}- 0O

d+1
1 -

Fact 3. V(T) = V(P).
Proof of Fact 3. Suppose V(T)\ V(P) # 0. Since D; N D = {v4;_3,v4;—2} for

i=1,2,..., % there are no vertices in V(T) \ V(P) adjacent to v4;_1 or vy for
i=1,2,..., 49

Suppose there is z € V(T)\V(P) with zv € E(T), where v € D;ND. Without
loss of generality, we may assume that z € N(vy;_3) for some i € {1, 2,0 %}.
Then N(v4i—4) N D = N(2) N D = {v4;_3}, a contradiction. 0

Thus, T'= P = P,, where n =d + 1 =0 (mod 4).

Let F be the family of trees obtained from t disjoint copies of Py and P53 by
first adding ¢t — 1 edges in such a way that they are incident only with support
vertices and the resulting graph is connected, and then subdividing each new
edge exactly once. Let & be the family of trees T' that can be obtained from
any tree T by first attaching at least two leaves to each vertex of T, and then
subdividing each edge of T” exactly once if T is nontrivial.

Theorem 4 [2]. If T is a tree of order n > 3, |L(T)| =1 and |S(T)| = s, then

2n+1—s+1)
5 b

V(T >

with equality if and only if T € F.

Theorem 5 [4]. If T is a tree of order n > 3 with [ leaves and s support vertices,
then v} (T) > %Hl — s and the equality holds if and only if T € &.

In the following, we give two new lower bounds on the locating-total dom-
ination number in trees. We also characterize the trees achieving those lower
bounds. First, we need the following lemma. Let 7' = (V, E) be a tree of order
n>3. Let L(T) =L, S(T) = S, S1(T) = S1, S\ S1 = S2 and A be a v} (T)-set of
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T that contains a minimum number of leaves. Then S C A and for every v € S,
exactly one leaf adjacent to v is not in A. Let B={v ¢ A:|N(v) N A| =1} and
C= {’U%A‘N(’U)ﬁxﬂ 22} Let L1 =LNA, Q1 :A\(LlLJS), Lo :L\Ll
and Q2 = B\ Lo. Then A=L1USUQq, B=LyUQ2, V=AUBUC. We have
the following lemma.

Lemma 6. Let |L| =1, |S| = s and |Si| = s1. Then
1) |[A, BUC] = |B[ +2[C| = 2n - 2|4| — |B;

(
(
(3
(
(

2) [[A,BUC][=n—1-[E(T[A])| - [E(T[Q2VC);

) L1 =1 =5, |La| = s, |Q1] = |[A] =1, [Q2| = |B| — s;
4) [Q2] < |@Q1], Bl <Al =1+ s;

)

5) |E(T[Q2U C))| > @ and the equality holds if and only if T[Q2 U C| =
@Kg +|C|K; and C' is an independent set in T[Q2 U C|;

(6) |[E(T[SUQ])| > 3(s —s1+ |A] — 1) and the equality holds if and only if
TSUQ] 21Ky + %Kg and Sy is an independent set in T[S U Q1];

(7) |E(T]A])| > l—g‘l and the equality holds if and only if T[A] = |2ﬂK2.

Proof. (1)—(5) and (7) can be obtained by applying an argument similar to that
of Lemma 3 we gave in [11] and can also be seen in [10].

(6) For every v € SoUQ1, N(v)N(SUQR1) # 0 by the definition of an LTDS.
Thus,

BTSUQDIZ 5 Y drsugg(v) > 1S U@ = 5(s — 1 +14] 1),

vESUQ1

DN | =

and the equality holds if and only if T[S U Q1] = s1 K7 + %Kg and Sy is an
independent set in T[S U Q1]. |

Let 71 denote the set {Ps} U{S,:a > 3}. Let F; be the family of trees
obtained from r disjoint copies of trees in 7; by first adding » — 1 edges so that
they are incident only with support vertices and the resulting graph is connected,
and then subdividing each new edge exactly once.

Theorem 7. Suppose T is a tree of order n > 3, |L(T)| =1, |S(T)| = s and
|S1(T")| = s1. Then

2(n+1)+3(—s)—s1
5 Y

V(T) >

with equality if and only of T € F.
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Proof. From Lemma 6(1) and (4), we obtain |[A, BUC]| > 2n—3|A|+1—s. By
Lemma 6(2), (3) and (6), |[4, BUC]| < n—1—|E(T[A])| =n—1—|L1|—|E(T[SU
Q1)) Sn—1—(—s)—L(s—s1+|A] —1). Thus v/(T) = |A| > 2ntH3s)e

The equality v (T") = 2B =51 16145 if and only if | E(T[Q2UC])| = 0,
|N(v)NA| =2 for every vertex v € C, |Q1]| = |Q2], T[SUQ1] = s1K, +%K2
and S is an independent set in T'[SUQ1]. The equality |E(T[Q2UC])| = 0 implies
|Q1] = |Q2] = 0 by Lemma 6(5). Thus, A= L; US and T[S] = 51K + *51 K.
Consequently, every connected component of T[A U B] is either a Py, or a S,,
where a > 3. Thus, we have T € Fj. [

Remark 8. The lower bound in Theorem 7 is no less than the lower bound in
Theorem 4 because 2(n+1)+§)(17‘9)751 — Q(nﬂgsﬂ) = l_ss_sl > 0. Note that we
have the fact F C F.

Now let 73 denote the set {S, : @ > 3}U{F,:b>4 and b =0 (mod 4)}. For
every T € To, if T = Py, = vivg--- vy for some b > 4 and b = 0 (mod 4), then
we define Dy = Ufﬁ {vgi—9,v4i—1}; if T = S, for some a > 3, then we define
Dp = S(S,). Let F» be the family of trees obtained from r disjoint copies of trees
in 75 by first adding r — 1 edges so that they are only incident with vertices in
UTeTg Dz and the resulting graph is connected, and then subdividing each new
edge exactly once.

Theorem 9. Suppose T is a tree of order n > 3, |L(T)| =1, |S(T)| = s and
|S1(T)| = s1. Then
n+l—s+1 s+s5

2 4 7

v (T) >
with equality if and only if T € Fo.

Proof. From Lemma 6(1), we obtain |[[A, BUC]| > 2n — 2|A| — |B|. On the
other hand,

[A,BUC]|=n—-1-|E(T[A])| - |E(T[Q2UC])| by Lemma 6(2)
Q2|

<n-—1-|E(T[A])]| - 72 by Lemma 6(5)
=n—-1- ’B|2_ - (ILi| +|E(T[SUQ1])|) by Lemma 6(3)
<n—1- ’B|2_ S (l—s)+ é(s 514 |A| = 1)) by Lemma 6(6).

Combining this with |[4, BUC]| > 2n — 2| A| — | B|, we have

3 B -
SlA>n+1 -2 gyt 5L
2| | >n+ 5 s+2 5
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By Lemma 6(4), we have 2|A| > n+ 141 — s — 21 which implies 7/(T) =
|A’ > n—i—l;s—i—l . 54251 )

The equality holds if and only if |Q1| = |Q2|, T[Q2 U C] = @KQ + |C|K;
and C is an independent set in T[Q2 U C), T[S U Q1] = 51K, + 259K, and
Si is an independent set in T[S U Q1], and |[N(u2) N A| = 2 for every ug € C.
For every u; € Q2 € B, N(uj) N A C @1 by the definition of an LTDS and
IN(u) Q1] = 1.

If |Q2] = 0, then T' € F; (by the same argument as that in the proof of
Theorem 7) and therefore T' € F as F; C Fo.

Now we consider the case |Q1]| = |Q2| # 0. Let T1,T5, ..., T, be the compo-
nents of T'[@Q1 U Q2 U Ss]. Note that T is a tree. Then for i =1,2,... w1, T; is a
path of order a; with two leaves in So and the other vertices in ()1 U 02, where
a; = 2 (mod 4). Thus, every component of T[AUB] is in T2. Suppose X1, Xo, ...,
X, are the components of T[AU B]. For every Xj, if X; = Py, = vivg -+ - vy, for

some b; > 4 and b; = 0 (mod 4), then we define Dy, = U?i/fl {v4i—2,v4i—1}, but
if X;j = S,; for some a; > 3, then we define Dy, = S(Xj). Thus we have SUQ; =
U2, Dx;. Note that for every vertex u € C, [N(u)NA| = [N(u) N (SUQ1)| =2
and T is a tree. Thus, T' € Fo. [

Remark 10. The lower bound in Theorem 9 is not less than the lower bound

in Theorem 5 because 2HZsHL — sts1 (bl o) — 5251 > (. We also have

¢ C Fo, where ¢ is defined in Theorem 5. On the other hand, if n > 352512,
the lower bound in Theorem 9 is better than the lower bound in Theorem 7.

3. UPPER BOUNDS ON THE LOCATING-TOTAL DOMINATION NUMBER IN
TREES

The next theorem gives an upper bound on v/(T') of a tree of fixed order and
diameter.

Theorem 11. Suppose T is a tree of order n > 3 and diameter d > 2. Then
V(T Sn—% and the equality holds if and only if T = P,,, where n = 2 (mod 4).

Proof. We first use an induction on the order n of T to show that 7/ (T) <

n— %. If n =3, then 7/(T) =2 <n— %. Next we assume that every tree

T’ of order 3 < n/ < n and diameter d’ > 2 satisfies 7 (T') < n’ — %. Let T
be a tree of order n > 3 and diameter d > 2.

Let P = vguivg - - - vg be a path of length din T. If ' = P, then d = n—1 and
YHT) < n — % by Theorem 1. Now suppose T # P. Then there is a vertex v
of P with d(v) > 3. Let u be a vertex of T'\ V(P) such that d(u,v) is maximum.

Then u € L(T). Let N(u) = {w}, T" =T —wu and D be a 4/ (T")-set of T’. Then
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n' =n—1and d = d. By the inductive hypothesis, v (T") < n’ — dl—gl. If w # v,
then w € L(T") and DU {w} is an LTDS of T; if w = v and v € D, then D U {u}
is an LTDS of T; if w = v and v ¢ D, then D U {v} is an LTDS of T In each
case, we can find an LTDS of T with no more than v/ (7”) + 1 elements. Thus,
YET) < AF(T) +1 < nf — % +1 =mn— %! This completes the proof of
W(T) <n— 3

By Theorem 1, if T = P,, where n > 4 and n = 2 (mod 4), then v}(T) =
"T” =n— %. Conversely, suppose T is a tree with 7 (T) = n — %, then
d >4 and d is odd. In order to prove T' = P,,, where n > 4 and n = 2 (mod 4),
we proceed by induction on n. If n < 6, then T' = Ps. Assume every tree 7" of
order 6 < n’ < n and diameter d’ > 2 with v/ (T") =n/ — % satisfies T/ = Py,
where n’ > 4 and n’ =2 (mod 4).

If T has a strong support vertex v, let 7/ = T — y, where y is a leaf adjacent
tov. Then n' =n—1,d = d, v/(T) < AT +1 < n/—%—i—l =n—%1L. Since
YH(T) = n — %51, we have vF(T') = n' — %. By induction, 7" = P,/, where
n’ >4 and n’ =2 (mod 4). Suppose T" = P,y = v1va - - - v, where vy = v. Then
{o1, 09} U (U™ {vai, vaig1}) is an LTDS of T. Thus, v2(T) < 2+2- |2 =
n' — % <n-— %, a contradiction. Therefore, every support vertex in 7' is not
strong.

Let P = vgv1vs - - - vg be a path of length d in T'. We root T' at the vertex vyg.

Then we have the following two facts.

Fact 1. d(vy) = 2.

Proof of Fact 1. Suppose d(vz) > 3. If vy has a child b # v; which is a support
vertex, let 7/ = T\ {vo,v1}. Then n’ =n —2 and d’ = d. Let D’ be a 1} (T")-set
of T” that contains a minimum number of leaves. Then vy, b € D’ and D' U {v1}
is an LTDS of T. Thus, 7*(T) < (T +1<n' — ¥ t1=n-1- %G1 <
n— %, a contradiction. Therefore, every child of ve except vy is a leaf. Since
T has no strong support vertices, d(v2) = 3. Let ¢ be a leaf adjacent to vy and
T =T\ {vg,v1,v2,¢c}, then n’ =n—4 >3 and d—3 < d < d. Let D' be a
%L(T;)—set of T, then D' U{vy,v3} is an LTDS of T. Thus, v/(T) < v} (T")+2 <
/ U

-1 /_ d—4 _ d d—1 e
n—%5=+2<n — %5 +2=n-—5 <n-— %5, a contradiction. 0

Fact 2. d(v3) = 2.

Proof of Fact 2. Suppose d(v3) >3. Let T" =T \ {vg, v1,v2}, then n’ =n—3
and d—2<d <d. Let D' be a v}/(T")-set of T', then D’ U {v1,v2} is an LTDS

of T. Therefore, %L(T)gvtL(T')nLQSn’—%JrQSn—l—%:n—%.

Since 7F(T) = n— 92, we have 0’ =n—3, d' =d—2, v1(T") :n—dlz_l and

v3 is a support vertex in 7. By induction, 77 = P,/, where n’ >4 and n' =
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(mod 4). Now the set {vy, ve,v3} Uggg)ﬂ; {vgi41,Vai12} is a v (T)-set of T. Thus,

YHT) = (1) +1 =28 < 83 = n — &L 4 contradiction. O

Now let T/ = T\ {vp,v1,v2,v3}. Then ' =n—4 >3 andd—4 < d < d.
Let D' be a 4 (T")-set of T’, then D' U {vy, v} is an LTDS of T. Thus, v/(T) <
7%(T’)+2§n’—%+2§n—2—% =n — 951 Since vH(T) = n — %51, we
have n’ =n —4,d =d—4, vF(T") = n' — % and drp(vs) = 2. By induction,
T' = P, = P,_4, where n’ > 4 and n’ = 2 (mod 4). Therefore, T = P,, where
n =2 (mod 4). |
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