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Abstract

Let G = (V, E) be a connected graph with vertex set V(G) and edge set
E(G). The product connectivity Banhatti index of a graph G is defined as
PB(G)=>",. m, where ue means that the vertex u and edge e are

incident in G. In this paper, we determine PB(G) of some standard classes
of graphs. We also provide some relationship between PB(G) in terms of
order, size, minimum / maximum degrees and minimal non-pendant vertex
degree. In addition, we obtain some bounds on PB(G) in terms of Randié,
Zagreb and other degree based topological indices of G.

Keywords: Randi¢ index, Zagreb indices, Banhatti indices, product con-
nectivity Banhatti index.
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1. INTRODUCTION

All graphs considered in this paper are finite, connected, undirected without loops
and multiple edges. Let G = (V, E) be a connected graph with n vertices and m
edges. The degree dg(v) of a vertex v is the number of vertices adjacent to v.
The degree of an edge e = uv in G is defined by dg(e) = dg(u) + dg(v) — 2. We
refer to [5] for undefined term and notation.

A molecular graph is a graph such that its vertices correspond to the atoms
and edges to the bonds. Chemical graph theory is a branch of Mathematical
chemistry which has an important effect on the development of the chemical
sciences. A single number that can be used to characterize some property of
the graph of a molecule is called a topological index for that graph. There are
numerous molecular descriptors, which are also referred to as topological indices,
see [3] that have found some applications in theoretical chemistry, especially in
QSPR/QSAR research.

One of the best known and widely used topological index is the product-
connectivity index (or Randi¢ index, connectivity index) by Randi¢ [11], who
has shown this index to reflect molecular branching. The product connectivity
index of a graph G is defined as P(G) = X, ,cpc) m. Motivated by

Randié¢ definition of the product connectivity index, the sum connectivity index

was initiated by Zhou and Trinajstic [14] and [15], which is defined by S(G) =
1 . .. o 1.

Y e B(@) Jicm e For more details on these type of connectivity indices,

we refer to [1, 2] and [10].

The first and second K Banhatti indices of a graph G are defined as B1(G) =
Youelda(u) + dg(e)] and By(G) = Y, . lda(u)dc(e)], where ue means that the
vertex u and edge e are incident in G. The K Banhatti indices were introduced
by Kulli in [6]. The K Banhatti indices are closely related to Zagreb - types
indices. For more details on these two types of indices refer to Gutman et al., [4].
Also, recently many other indices were studied, for example, in [7] and [8].

Here, we initiate the study on this new topological index of a graph as follows.
The product connectivity Banhatti index of a graph G is defined as PB(G) =
D e m, where ue means that the vertex u and edge e are incident in G.

2. SOME STANDARD CLASSES OF GRAPHS
Proposition 1. Let C, be a cycle with n > 3 vertices. Then
PB(C,) =n.

Proof. Let G = C), be a cycle with n > 3 vertices. Every vertex of a cycle C), is
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incident with exactly two edges and the number of edges in C,, is n. Consider

1 1
PB(G) = +
T D, VT Ve
77 7l
= N =n.
2x2 2x2 -
Proposition 2. Let K,, be a complete graph with n > 3 vertices. Then
vn—1

PB(K,) = Y~

Vovn =2

Proof. Let G = K,, be a complete graph with n > 3 vertices. Every vertex of
K, is incident with exactly (n — 1) edges. Consider

1 1
PpLG) = Z Vida(u dG . w%; K,y LV dc(w)da(e) ! \/dG(U)dG(e)]
_ n(n—1) 1 N 1 ]
2 Vin—=1)x(2n—-4) +/(n—1)x (2n—4)
_ nyn—1
CV2yn-2

Proposition 3. Let K, s be a complete bipartite graph with 1 <r < s and s > 2
vertices. Then
TS+ S\/T
PB(K,) = u
Vr+s—2
Proof. Let G = K, , be a complete bipartite graph with r 4 s vertices and

rs edges such that |Vi| = r, |Vo| = s, V(K, ) = Vi U Vi, Every vertex of V)
is incident with s edges and every vertex of Vs is incident with r edges. Let

Vi ={ui,ug,...,u,} and Vo = {v1,va,...,vs}. Consider
1 1
_I_
Z\/dG )dg(e o uvezE:K” [\/dg ale) \/dg(v)dg(e)
1 1 rv/s + s\/1
=7rs + = .
Vsx(r+s—2)  /rx(r+s—2) Vr+s—2
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Corollary 4. Let K, , be a complete bipartite graph with r > 2 vertices. Then

V2 X 1
Vi1

Corollary 5. Let Ki s be a star with s > 2 vertices. Then

PB(K,,) =

PB(K,,) = \‘/[g

Proposition 6. If G is an r-regular graph with n > 3 vertices, then

PB(G) = \f%

Proof. Let G' be an r-regular graph with n > 3 vertices and % edges. Every
vertex of G is incident with r edges. Consider

PB(G) =

1 1
Z Vda(u dG o uvZG:E(G) [w/dg(u)dg(e) * Vda(v)da(e)

nr 1 1 T
2 | /rx (2r—2) +\/rx(2r—2)]_\/§\/r1' .

3. BoOUNDS ON ProDUCT CONNECTIVITY BANHATTI INDEX

First, we start with couple of bounds in PB(G) in terms of the Randié (or,
product connectivity) index P(G) of a graph G.

Theorem 7. For any connected graph G with n > 3 wvertices,

(i) PB(G) # P(G),
(i) PB(G) > P(G).

Proof. (i) For if PB(G) = P(G), we have

Vda(u) + v/da(v) 1
e:ugE(G) Vida(e)y/da(u)da(v) ugE(G)dg(u)dg(v)
& Vdg(u) + Vda(v) = da(u) + dg(v) — 2
& dg(u) + da(v) + 2v/da(u)dg(v) = ( +da(v) — 2
& Vda(u)da(v) =
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which is a contradiction as \/dg(u)dg(v) > 0. Hence the result follows.
(ii) We have

1

1
Z Vda(u dG o uvze:E(G) [\/dg(u)dg(e) N \/d(;(v)dg(e)]
Z 1 [\/dg(u)—i—\/dg(’u)] .

PB(G) =

\/dc ) +da(v) —2 da(u)da(v)

e=weE(G

Clearly, \/ dg(u) + \/ dg(v) > \/ dg(u) + dg(v) — 2 for any connected graph G
with n > 3 vertices. This 1mphes that —WW > 1. Therefore PB(G) >
) dg (u)+da(v)—2
ZGZU’UGE(G) W Hence PB(G) > P(G) follows. |
In order to prove our next result, we make use of the following definition of
the modified second Zagreb index, M3 (G), to obtain the lower and upper bound
of PB(G) in terms of degrees, Randi¢ index P(G) and M3 (G).
The modified second Zagreb index [13] of a graph G is defined as

M) = Y !

weE(G) dG(u) dG(U)

Theorem 8. For any connected graph G with n > 3 wvertices and no pendant
vertices,

(i) /229 P(G) < PB(G) < /2219 P(G),

(i) /sty 6(G) M3 (G) < PB(G) < /7255 A(G) M3(G).

Proof. Let G be a connected graph with n > 3 vertices and no pendant vertices.
Clearly,

2000G) = 1) < dg(u) +da(v) —2 < 2(A(G) -1

V2(/6(G) — 1) < V/dg(u) +da(v) —2 < V2(/A(G) —1)

1 1 1
V2(VAG) = 1) — da(u) +da(v) =2 ~ V2(/5(G) 1)

~—

IA
IN

Also, 24/0(G) < \/dg(u) + v/da(v) < 2y/A(G), and

1 1 o1
AG) ™ Vig(w)da(v) ~ 8(G)
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We have,

B \/dG \/dG 1
PB(G) = uv; \/dG +dg(v) —2 [\/dg ] ‘

(i) By virtue of the above facts, we see that

2V s —Th@ = PBO) < WA pg

T V2/8(G) -1
25 2A(G)
1/ _1 )< PB(G) < ”WP(G)
(ii) Also 0(G) < \/dg(u) dg(v) < A(G). We have

PEG) = Y Vida(u) + /da () [\/dg(u)d(;(v)]'

WeB(G \/dG +dg(v) — dg(u)da(v)

By virtue of the above facts, we see that

2VG) 5y mpc) < PBG) < —2Y2G) Ay M6

V3/AG) <1 T
Are 8@ M(6) < PB(G) < | P A6 M3 (6,

Thus the results follow. [ ]

To prove our next result, we make use of the following definition of the sum
connectivity Banhatti index SB(G) to obtain the upper bound and characteriza-
tion of PB(QG).

The sum connectivity Banhatti index of a graph G is defined as

Zm

where ue means that the vertex v and edge e are incident in G. This connectivity
based index is put forward by Kulli et al. [9].

Theorem 9. For any (n, m)-connected graph G with §(G) > 2 and n > 3 vertices,
PB(G) < SB(G).

Further, equality is attained if and only if G = C,,.
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Proof. Let G be a connected graph with §(G) > 2 and n > 3 vertices. Then

da(u)dg(e) > dg(u )+dc()

ZW Zm

PB(G) < SB(G).

Clearly, equality is attained

Now, we obtain the lower bound of PB(G) in terms of the order n, §(G) and
A(G) of a graph G.

Theorem 10. For any (n,m)-connected graph G with n > 3 vertices,
n (5(G)

V2A(G —1)

Further, equality is attained if and only if G is reqular.

Proof. We have

PB(G) >

1
PB(G) =
) e:u’uze:EG [\/dG(U)dG(e)

DD

1
u€V(G) veN (u) \/dG ’U) ! \/dG(U)dG(uv)] ’

where N(u) = {v € V(G) : wv € E(G)},

1 1 1
S 2 2 ve%: \/dG [\/de(u)+ dG(U)]

ueV (G

v
DO | =

de(u) 1 1
ue;(G) \/dg(u) +A(G) -2 [\/dG(u) " \/A(G)
NN (@) " 2 S nd(Q)
-2 \/i\/A(G) -1 \/A(G) a \/QA(G)(A(G) -1) '

Further, equality is attained if and only if dg(u) + dg(v) = 26(G) = 2A(G),
for each wv € E(G), which implies that G is a regular graph. [ |

3
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Now, we obtain lower and upper bounds of PB(G) in terms of order n.

Let a;; be the number of edges of a connected graph G, which joins the
vertices of degree i and j, where 1 <i < j < A(G) and n; denotes the number of
vertices with degree i in G for i = 1,2, ..., A(G). Further, let 7y = L

Lemma 11. If x <y with x,y > 0, then xi > yi, where xi o)

Proof. Since x < y, we have Jx(x+i—2) < Jyly+i—2), ﬁ >
|

1

———=— . Hence the result follows.
y(y+i—2)

For instance, we have
[T R
V1a+i-2) L i—1
1

1 _
V202+i-2) /24

and so on.

Theorem 12. For any connected graph G with n > 3 wvertices and no pendant

vertices,
nyv/2
(n—1)(n—2)

Further, equality holds in lower bound if and only if G =2 C3 and an equality holds
in upper bound if and only if G = C,, n > 3.

< PB(G) < n.

Proof. Let G be a connected graph with n > 3 vertices and A(G) < n —1. If
. . 1 1
G has no pendant vertices, we have 6(G) > 2. Since NS > T and by

Theorem 10, the desired lower bound of PB(G) follows. For obtaining the upper
bound of PB(G), we consider

1
PB(G) = -
() M,EZE:(G) Vda(u)de(e)

2<i<A(G) 3<i<j<A(G)
From the above lemma, for z <y, xi > yi, we have 2i > 3i > ---. Therefore
PB(G) < 2| > wy|2i+2| Y w2
2<i<A(G) 3<i<j<A(G)

< 2(n2+n3+--~+nA(G)) 2¢, since nq =0.
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But as i > 2, 21 < % Therefore PB(G) < 2n (%) = n. The equality case
attains directly from Proposition 1. [

Next, we obtain lower and upper bounds of PB(G) in terms of the size m,
minimum degree §(G) and the maximum degree A(G) of G.

Theorem 13. For any connected graph G with n > 3 wvertices and no pendant
vertices,

m 20(@G)
A\ A -1 =BG =

Further, equality in both lower and upper bounds is attained if and only if G is
reqular.

Proof. Let G be a connected graph with n > 3 vertices and no pendant vertices.
Clearly,

2(6(G) — 1) < dg(u) + da(v) —2 < 2(AG) — 1)

VR(/S(G) 1) < Vo) + da(v) - 2 < V2(VAG) 1)
1 1 1

VAVA@ D) © Vol Tdelo) 2~ Va/a@ 1)
Also, 24/8(G) < \/da(u) + /dg(v) < 24/A(G), and

1 1 < 1
A(G) da(wyda(v) ~ 6(G)

IN

By virtue of the above facts, we have

1 \/dg(u)-i-\/dG(U)]
PB(G) =
) uUEZE(G) Vida(u) +da(v) -2 [ de(w)dg (v)

< 1 2my/A < 2A(G)
T V2/6(G) -1 6(G) - 6(G) EE

Thus the upper bound follows. Similarly, PB(G) > IR ) 7 follows. Sec-
ond part is obvious as for a regular graph G with §(G) = A(G). |

Now, we obtain lower and upper bounds of PB(G) in terms of the minimum
and maximum degrees, the number of pendant vertices and minimal non-pendant
vertices of G.
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Theorem 14. For any (n,m)-connected graph G with n pendant vertices and
minimal non-pendant vertex degree 01(G),

01+ VAG) +(m VD _ s 00EVBG) + (m =)V
VAG@G -1 T a@@E) -

Proof. We have

1 1
PB(G) =
) e:u;E(G)[ dg(u)dg(e) ! dG(U)dG(e)]

1 1
e=uve B(G):de(u)=1 [\/dG(U) 1 Ve (v)(da(v) — 1)]

N 3 1 [ 1L, 1 ]
e=uweE(G);dg(u),dg(v)#1 \/dG(e) \/dG(u) dG(U)

_ Z \/ dG + 1
e=uwveE(G \/dG \/dG

N Z 1 [ 1,1 ]
emuve (G ) o) V 46 (€) [ Vda(u) de(v)
n(v/01(G) + ) (m—n) 2

: V1(G)y/01(G) — V2/61(G —1 Vo (G)

Since 2(A(G) — 1) > dg(u) + dg(v) — 2 > 2(61(G) — 1)

1

1
7 VA 1 - da(e) + o fﬁ

1 1 < 1

VAG = Vet = Vhi©
n(l+ \/@) (m — 77)\/§
PB(G) > NN + V2/A(G)(A(G) — 1)

_ 1+ VAG)) + (m = n)v2
T VAGRG -

Thus the lower bound follows. [}

and . Thus the upper bound follows. Similarly,
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Remark 15. Equality is attained on both sides if and only if dg(u) = dg(v) =
A(G) = 61(G) for each wv € E(G) with dg(u),dg(v) # 1 and dg(v) = A(G) =
01(G) for each wv € E(G) with dg(u) = 1.

In order to prove our next result (lower bound) of PB(G) in terms of an
inverse edge degree of G, we make use of the following definition.
An inverse edge degree [12] of a graph G with no isolated edges is defined as

IED(G)= > !

e=uveE(Q) da (6)

Theorem 16. For any (n,m)-connected graph G with n > 3 and no pendant
vertices,

PB(G) > 2IED(QG).
Further, equality is attained if and only if G = C,.
Proof. Since 6(G) > 2, we have dg(u) < dg(e), for any e = wv € E(G). This
implies that dg(u) dg(e) < (dg(e))?. Therefore

PBG) = Y lde@da@) 2+ Y [de(v)da(e) 2

e=uwveE(G) e=wv€E(Q)

2 1
S
e=uwveE(G) dg(u’l)) e=uw€E(G) dG<€)

Thus the lower bound follows. Equality holds if and only if dg(u)dg(e) = (dg(e))?
& da(u) = da(e)

S GO, n

In order to prove our next result (lower bound) of PB(G) in terms of the
size m and second K Banhatti index By(G) of a graph G, we recall the following
facts.

If real valued function f(z) defined on an interval has a second derivative
f (x), then a necessary and sufficient condition for it to be strictly convex on
that interval is that f”(z) > 0. For positive integer k, if f(x) is strictly convex,

then (by Jensen’s inequality) we have f (Zle %) < f(x;) with equality if and
only if x1 = x9 = -+ = xy, and if — f(x) is strictly convex, then the inequality is

reversed.

Theorem 17. For any (n,m)-connected graph G with n > 3 vertices,

PB(G) > 2

~ VB (G)

Further, equality is attained if and only if G is a reqular graph.
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Proof. Let G be a connected graph with n > 3 vertices. Then

|
=

Z W ; [dG(u) dg(e

By Jensen’s inequality, ﬁ is a convex function for > 0, we have

N|=

5 [dc<u>2d£<ew . [Z dG(U2) ;‘fG(e)] )

ue ue

Therefore

[

PB(G) > 2m

de(w) da(e)] 2v2mym
Z om ] = Ve lda(w)da(e)]

ue

Thus the result follows. The equality case attains directly from Proposition 6. =

4. CONCLUSIONS

Being new topological index of a graph G in terms of incident vertex-edge de-
grees, the product connectivity Banhatti index is an invariant, whose properties
are relatively unknown. For the comparative advantages, applications and math-
ematical point of view, many questions are suggested by this research, among
them are the following.

1. Find the extremal values and extremal graphs of the product connectivity
Banhatti index.

2. Find the relationship between PB(G) and other degree based topological
indices.

3. Find the values of the product connectivity Banhatti index of all classes of
chemical graphs and compare with other degree based topological indices,
when A(G) < 4. Also, explore some results towards QSPR/QSAR Model.

4. Characterize the product connectivity Banhatti index in terms of other degree
based topological indices.
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