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Abstract

In [C. Thomassen, Tilings of the torus and the Klein bottle and vertex-
transitive graphs on a fized surface, Trans. Amer. Math. Soc. 323 (1991)
605-635], Thomassen described completely all (except finitely many) regular
tilings of the torus S; and the Klein bottle N» into (3,6)-tilings, (4,4)-tilings
and (6,3)-tilings. Many authors made great efforts to investigate the crossing
number (in the plane) of the Cartesian product of an m-cycle and an n-cycle,
which is a special (4,4)-tiling. For other tilings, there are quite rare results
concerning on their crossing numbers. This motivates us in the paper to
determine the crossing number of a hexagonal graph Hs ,,, which is a special
kind of (3,6)-tilings.
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1. INTRODUCTION

In [13], Thomassen described completely all (except finitely many) regular tilings
of the torus S7 and the Klein bottle N2 into hexagons, quadrilaterals and triangles
in which the vertices have degree 3, 4 and 6, respectively. To be more specific,
let G be a connected d-regular graph (d > 3) and ¢ a collection of m-cycles in G,
assume that each edge of GG is contained in precisely two cycles in ¢ and that, for
each vertex v in GG, the edges incident with v can be labelled eq,es,.. ., eq such
that for each i = 1,2,...,d, there is a cycle in ¢ containing e; and e;+1 (where
eq+1 = e1). Then a surface S can be obtained by letting the cycles of ¢ be disjoint
convex polygons in the Euclidean plane pasted together by the graph G, and G
is said to be a (d,m)-tiling of S. Using Euler’s formula, Thomassen observed
that a regular tiling of the torus or the Klein bottle fit into three categories:
(3,6)-tilings, (4,4)-tilings and (6,3)-tilings.

Note that the Cartesian product of an m-cycle and an n-cycle, denoted by
C,,OC,, is a special kind of (4,4)-tilings. It is well known that C,,,0C,, can be
embedded in the torus whose genus is 1, but cannot be embedded in the plane.
Therefore, many authors made great efforts to determine the crossing number of
C,n0C,, in the plane. However, determining the crossing number of graphs is a
tedious problem [6], and only very few families of graphs whose crossing number
are known [3, 4, 8, 9, 14]. According to its difficulty, it is not surprising that
there are very few exact results concerning on the crossing number of C,,[JC,,
1, 2,7, 10, 12].

For other regular tilings, to the best of our knowledge, there are quite rare
results focus on determining their crossing numbers in the plane. Therefore, this
arises our intensive interest in studying the problem, and this contribution is
devoted to determine the crossing number of Hs,, which is a special kind of
(3,6)-tilings.

Figure 1. The embedding of the hexagonal graph Hj, of breadth three and length n
(n > 3) in the torus.
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2. DEFINITIONS

We shall introduce some basic definitions in this section.

All graphs considered here are finite, simple and connected. Let G be a graph
with vertex set V and edge set E. The crossing number cr(G) of a graph G is
the minimum number of pairwise intersections of edges in a drawing of G in the
plane. It is well known that the crossing number of a graph is attained only in
good drawings of the graph, which are the drawings where no edge crosses itself,
no adjacent edges cross each other, no two edges intersect more than once, and
no three edges have a common point. Let D be a good drawing of the graph G,
we denote the number of crossings in D by crp(G). If D is a good drawing of G
satisfying crp(G) = er(G), then D is an optimal drawing of G. In a drawing D, if
an edge is not crossed by any other edge, we say that it is clean in D, otherwise,
we say it is crossed. For definitions not explained here, readers are referred to [5].

Figure 1 shows the embedding of the hexagonal graph Hj,, of breadth three
and length n (n > 2) in the torus, it is seen that the number of 6-cycles in
the meridional (respectively, longitudinal) direction is three (respectively, n). To
be more specific, Hs,, is the graph with vertex set V(Hs,) = {ai, bj,¢i + i =
1,2,...,2n}, and edge set E(H3,) = {a;a;t1,bibit1,cicip1 = 1 =1,2,...,2n} U
{agi—1b2i—1,b2ic2i, coi—1a2; : i = 1,2,...,n}. The indices are expressed modulo
2n. See Figure 1. Clearly, the hexagonal graph Hs,, is 3-regular, and can be
viewed as by pasting together with 6-cycles. Thus, Hs,, is a special (3,6)-tiling.

Deleting all the edges co;—1a9; (i = 1,2,...,n) from Figure 1, the resulted
graph is the hexagonal cylinder of breadth 2 and length n. In the hexagonal
cylinder, two cycles ajas - - - as,a1 and cica - - - concy are called peripheral cycles.

The hexagonal graph H,, , of breadth m and length n can be defined as: let
aias - -+ agpal and cica - - - capcy be two peripheral cycles of the hexagonal cylinder
of breadth m — 1 and length n, H,,, is obtained from the hexagonal cylinder
of breadth m — 1 and length n by adding all the edges ag;co;—1 (i = 1,2,...,n)
when m is odd, and by adding all the edges ag;co; (i = 1,2,...,n) when m is
even. Figure 2 is an embedding of H,,,, in the torus when m is even and m > 4.

It is easy to see that Hs, is planar, therefore, we begin to investigate the
crossing number of H,, , for m = 3, and get the main result.

Theorem 1. Forn > 2, cr(Hsz,) = n.

3. THE PROOF OF THEOREM 1

We shall proceed our proof of Theorem 1 by induction on n. The base case is
n = 2, which needs to be discussed firstly.

Lemma 2. cr(Hzz) = 2.
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Figure 2. The embedding of H,, , in the torus for m is even and m > 4.

Proof. Figure 3 shows a good drawing of H3 o in the plane, which indicates that
cr(Hs2) < 2. We prove the reverse inequality by assuming to the contrary that
there is a good drawing D of H3 5 with fewer than 2 crossings, then crp(Hso) =1
since Hsgo contains a subdivision of K33 whose crossing number is 1 [11], see
Figure 4. Thus, a planar graph can be obtained from D by removing one of the
crossed edge. Nevertheless, one can testify that, for any e € E(Hz2), H32 — e
contains a subdivision of K3 3. This contradiction completes the proof. [

Figure 3. A good drawing of Hs o Figure 4. A subdivision of K3 3.
in the plane.

For 1 < i < n, let F; = {agi—2a2i—1, a2i—1a2;, bai—2b2;—1, bai—1b2i, c2i—2¢2i—1,
C2i—1C2i, A2i—1b2;—1, b2;C2;, C2i—1a2; }, the indices are read modulo 2n. Then Fy, Fy,
..., Fy, is a partition of E(Hs,,), that is to say, E(Hs,) = U, F;, and F;NF; =
() for i # j.

Let D be a good drawing of Hs,, we define fp(F;) (1 < i < n) to be the
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function counting the number of crossings related to F; in D as follows:

1
fD(Fz) :ch(Fi,Fi)—|-§ Z CTD(E,F]‘).
1<j<n, j#i

By counting the number of crossings in D, we can get

n

Lemma 3. crp(Hsy) = > fp(F).
i=1

Lemma 4. cr(Hsz,) > n forn > 2.

Proof. We prove the lemma by induction on n. Lemma 2 enforces the inequality
holds for n = 2. Suppose that cr(Hsy) > k for k < n, and that there exists a
good drawing D of Hs ,, satisfying crp(Hs ) < n. Together with our assumption,
it has erp(Hs,,) = n — 1 since Hs,, contains a subdivision of Hs ;.

Let EO = {agi_leZ’_l,bQiCQi,CQi_lazi D= 1,2, PN ,n}. For any e Eo, it is
not difficult to see that H3, — e contains a subgraph homeomorphic to Hs3,_1,
therefore, e must be clean in D, otherwise, a good drawing of H3,_1 with less
than n — 1 crossings can be constructed from D by removing e.

By combining Lemma 3 with the fact that c¢rp(Hs,) = n — 1, there must
exist an ¢ (1 < ¢ < n) such that fp(F;) < 1. Without loss of generality, let
fD(FQ) < 1.

The following two cases are considered.

Case 1. fp(F3) = 0. That is to say, all the edges of F, are clean in D. Note
that the subgraph induced on six edges, {agay4, ascs, cscq, caby, babs, bsas}, of Fy
is a 6-cycle, thus, the subdrawing of the 6-cycle partite the plane into two faces.

We conclude that vertices by and ¢y must lie in the same face since bycy € Ej.
Without loss of generality, assume that both b, and ¢ lie in the interior face Int C.
Moreover, the vertex as should also lie in Int C', otherwise, the path ascicy will
cross the boundary of the 6-cycle.

Consider now the edge baco, it is clean in D since baco € Ey. Therefore, the
subdrawing of FyU{baco} must be as shown in Figure 1. The face Int C has been
divided into two regions, with vertices as and ¢4 do not lie on the boundary of
the same region. Hence, the path asciconcon_1 -+ - c5eq will cross Fy at least once,
which is contradicts with fp(Fz) = 0.

Case 2. fp(F») > 0. From the definition of fp, it has fp(Fh) = % and
crp(Fa, F») = 0, which means that exactly one edge of Fy is crossed in D, and
that F5 does not have internal crossing in D.

By the analogous arguments to those of Case 1, the subdrawing of the 6-cycle
azagcscabsbszaz partite the plane into two faces, moreover, the vertices by and cs
should lie in the same face since the edge bocy is clean in D. Without loss of
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Figure 5. The subdrawing of Fy U {baca}.

generality, assume that both by and ¢y lie in the interior face Int C'. By adding
two edges bobs and cocy without any internal crossing occurred in Fs, and by
adding the clean edge bacy, one can see that the face Int C' has been divided into
two regions, denoted as z and y. See Figure 5.

Consider the vertex ao. If ag lies in the exterior face ExtC, then the two
edge-disjoint paths asai1b1be and ascice will cross the boundary of the 6-cycle at
least once respectively, contradicts with fp(F) = % If as lies in the region y,
then there will be at least one internal crossing in F> made by the edge asas,
which is impossible. Hence, as must lie in the region x.

Now consider the vertices as and b5, they must lie in the same region since
asbs € Ey. The following three subcases are discussed according to in which
region do as and b5 lie.

Subcase 2.1. Both as and b5 lie in Ext C. Notice that vertices as and as
do not lie on the boundary of a same region, thus the two edge-disjoint paths
a2a1a97,02n,—1 * * * a5 and ascycoycon—1 - - - cgbgbsas will cross at least once with the
edges of Fy, respectively, which implies fp(F2) > 1, contradicts with fp(F») = %

Subcase 2.2. Both as and b5 lie in the region x. Remind that the edge boco
is clean in D, therefore, the edge bsbs and the path cqcscgbgbs will cross at least
once with the edges of Fs, respectively, which is impossible.

Subcase 2.3. Both a5 and bs lie in the region y. By the analogous arguments
to that of Subcase 2.2, the edge asas and the path asaqas,as,_1 - - - a5 will cross
at least once with the edges of Fy, respectively, which is absurd.

All the above contradictions confirm that cr(Hs,) > n. |

Lemma 5. cr(Hyp) < (m—2)n forn > 2.
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Figure 6. A good drawing of H,, , Figure 7. A good drawing of H,, ,
when m is odd. when m is even.

Proof. For m is odd (respectively, even), Figure 6 (respectively, Figure 7) demon-
strates a good drawing of H,, ,, in the plane with exactly (m—2)n crossings. Thus,
cr(Hpmpn) < (m—2)n. |

According to Lemmas 4 and 5, Theorem 1 is easily followed.

Acknowledgments

The authors would like to express their sincere thanks to Prof. Fu Ji Zhang for
bringing the references to their attention. This work was supported by Hunan
Provincial Natural Science Foundation of China (No0.2018JJ2454 & 2017JJ2055),
Hunan Education Department Talent Foundation (No.16B028), Science and Tech-
nology program of Changsha (No. K1705021 & K1705079) and NSFC(No. 6177-
2088).

REFERENCES

[1] J. Adamsson and R.B. Richter, Arrangements, circular arrangements and the cross-
ing number of C7 x Cp,, J. Combin. Theory Ser. B 90 (2004) 21-39.
doi:10.1016/j.jctb.2003.05.001

[2] L.W. Beineke and R.D. Ringeisen, On the crossing numbers of products of cycles
and graphs of order four, J. Graph Theory 4 (1980) 145-155.
doi:10.1002/jgt.3190040203

[3] D. Bokal, On the crossing numbers of Cartesian products with paths, J. Combin.
Theory Ser. B 97 (2007) 381-384.
doi:10.1016/j.jctb.2006.06.003

[4] D.Bokal, On the crossing numbers of Cartesian products with trees, J. Graph Theory
56 (2007) 287-300.
doi:10.1002/jgt.20258

[5] J.A. Bondy and U.S.R. Murty, Graph Theory (Springer, New York, 2008).


http://dx.doi.org/10.1016/j.jctb.2003.05.001
http://dx.doi.org/10.1002/jgt.3190040203
http://dx.doi.org/10.1016/j.jctb.2006.06.003
http://dx.doi.org/10.1002/jgt.20258

554 J. WANG, Z.D. OUYANG AND Y.Q. HuANG

[6] M.R. Garey and D.S. Johnson, Crossing number is NP-complete, STAM J. Algebraic
Discrete Methods 4 (1983) 312-316.
doi:10.1137/0604033

[7] M. Klesé, R.B. Ritcher and 1. Stobert, The crossing number of Cs x C,,, J. Graph
Theory 22 (1996) 239-243.
doi:10.1002/(SICT)1097-0118(199607)22:3(239:: AID-JGT4)3.0.CO;2-N

[8] D.J. Ma, H. Ren and J.J. Lu, The crossing number of the circular graph C(2m +
2,m), Discrete Math. 304 (2005) 88-93.
doi:10.1016/j.disc.2005.04.018

[9] T.H. Pak, The crossing number of C(3k + 1;{1,k}), Discrete Math. 307 (2007)
2771-2774.
doi:10.1016/j.disc.2007.02.001

[10] R.B. Richter and G. Salazar, The crossing number of Cg x C,,, Australas. J. Combin.
23 (2001) 135-143.

[11] R.B. Richter and J. Sirdn, The crossing number of K3, in a surface, J. Graph
Theory 21 (1996) 51-54.
doi:10.1002/(SICI)1097-0118(199601)21:1(51:: AID-JGT7)3.0.CO;2-L

[12] R.D. Ringeisen and L.W. Beineke, The crossing number of C3 x C,, J. Combin.
Theory Ser. B 24 (1978) 134-136.
doi:10.1016,/0095-8956(78)90014-X

[13] C. Thomassen, Tilings of the torus and the Klein bottle and vertez-transitive graphs
on a fized surface, Trans. Amer. Math. Soc. 323 (1991) 605-635.
doi:10.1090/50002-9947-1991-1040045-3

[14] Y.S. Yang, X.H. Lin, J.G. Lu and X. Hao, The crossing number of C(n;{1,3}),
Discrete Math. 289 (2004) 107-118.
doi:10.1016/j.disc.2004.08.014

Received 22 July 2017
Accepted 11 October 2017


http://dx.doi.org/10.1137/0604033
http://dx.doi.org/10.1002/\(SICI\)1097-0118\(199607\)22:3<239::AID-JGT4>3.0.CO;2-N
http://dx.doi.org/10.1016/j.disc.2005.04.018
http://dx.doi.org/10.1016/j.disc.2007.02.001
http://dx.doi.org/10.1002/\(SICI\)1097-0118\(199601\)21:1<51::AID-JGT7>3.0.CO;2-L\n
http://dx.doi.org/10.1016/0095-8956\(78\)90014-X
http://dx.doi.org/10.1090/S0002-9947-1991-1040045-3
http://dx.doi.org/10.1016/j.disc.2004.08.014
http://www.tcpdf.org

