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Abstract

The k-independence number of a graph G, denoted as ay(G), is the
order of a largest induced k-colorable subgraph of G. In [S. Spacapan, The
k-independence number of direct products of graphs, European J. Combin.
32 (2011) 1377-1383] the author conjectured that the direct product G x H
of graphs G and H obeys the following bound

ap(G x H) < ap(G)|V(H)| + ap(H)|V(G)] - ar(G)ow(H),

and proved the conjecture for £k = 1 and k£ = 2. If true for £ = 3 the
conjecture strenghtens the result of El-Zahar and Sauer who proved that
any direct product of 4-chromatic graphs is 4-chromatic [M. El-Zahar and
N. Sauer, The chromatic number of the product of two 4-chromatic graphs
is 4, Combinatorica 5 (1985) 121-126]. In this paper we prove that the
above bound is true for k = 3 provided that G and H are graphs that have
complete tripartite subgraphs of orders a3(G) and as(H), respectively.
Keywords: independence number, direct product, Hedetniemi’s conjec-
ture.
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1. INTRODUCTION
The Hedetniemi’s conjecture was raised in [6] where the author conjectured that

X(G x H) = min {x(G), x(H)} .

Since the upper bound is achived by canonical colorings (colorings of factors lifted
to the product) the conjecture is equivalent to the following statement.
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Conjecture 1 (Hedetniemi’s conjecture). If G and H are not k-colorable, then
G x H is not k-colorable.

This is easy to prove for k = 1,2, and in [2] the authors proved it for k = 3.
A number of related conjectures, some stronger and some weaker, have been
proposed by many authors (see [16] and [10]), in particular recently we have
proposed in [9] a conjecture that bounds the maximum size of a subset of V(Gx H)
that induces a k-colorable subgraph. The k-independence number of G, denoted as
ai(G), is the order (number of vertices) of a largest induced k-colorable subgraph
of G. The following conjecture is given in [9].

Conjecture 2. For any graphs G and H,
ap(G x H) < ap(G)|V(H)| + ar(H)|V(G)| — ow(G) o (H).

The above conjecture is true for K = 1 and k£ = 2, the case kK = 1 gives an
upper bound for the independence number of G x H, and the case k = 2 gives
an upper bound for the order of a largest induced bipartite subgraph of G x H
(see [9]).

ar(G)|V (H)|

a(H) o (H)|V(G)]

Ozk(G)
G

The conjecture suggests that the order of a maximum induced k-colorable
subgraph of G x H is at most the size of the set colored by one canonical k-
coloring ay(G)|V(H)|, plus the size of the set colored by another canonical k-
coloring a(H)|V (G)|, reduced by the size of the intersection of these two sets,
see Figure 1. Observe that Conjecture 2 is stronger than Conjecture 1. To see
this assume that G and H are not k-colorable, that is ax(G) < |V(G)| and
ar(H) < |V(H)], as this is the case in Figure 1. Then according to Conjecture 2



ON 3-COLORINGS OF DIRECT PrODUCTS OF GRAPHS 393

we have ai(G x H) < |V(G x H)|, and hence G x H is not k-colorable. In
particular note that proving Conjecture 2 for £ = 3 improves the result by El-
Zahar and Sauer who proved that if G and H are not 3-colorable, then G x H is
not 3-colorable. In this paper we consider 3-colorings of G x H and prove that
the bound from Conjecture 2 holds for k = 3 provided that G and H are graphs
that have complete tripartite subgraphs of orders a3(G) and as(H ), respectively.

Several related results on independence number and the structure of maxi-
mum independent sets in direct products of graphs are given in articles [1, 3, 4, 7,
8,13, 12, 15] and [14]. We also mention that the fractional version of Hedetniemi’s
conjecture was recently proved in [17].

We start by giving definitions and by setting the notation which we use in
this and following sections. Let G = (V(G), E(G)) be a graph and

N(z) = {2 € V(G)|zz' € E(G)}

be the neighborhood of = in G. A coloring of a graph G is a function f : V(G) — C.
We use the set of colors C = {p, q,r} for every 3-coloring of a graph. A coloring
f is a proper coloring if f(x) # f(y) whenever x is adjacent to y. We say that a
coloring f is a totally proper coloring on a set Y C V(G) if for every y € Y we
have f(y) ¢ f(N(y)) (note that a totally proper coloring on Y is not necessarily
a proper coloring of G).

Let G = (V(G),E(G)) and H = (V(H), E(H)) be graphs. The direct product
G x H of graphs G and H is the graph with vertex set V(G x H) = V(G) x V(H)
where vertices (x1,y1) and (z2,y2) are adjacent in G x H if 129 € E(G) and
y1y2 € E(H). For ay € V(H) the G-layer GY is the set of vertices in V(G x H)
defined as follows

G’ ={(z,y) e V(G x H)|z e V(G)}.
Analogously we define an H-layer
H* = {(z,y) e V(G x H) [y € V(H)}.

We use pg : V(G x H) — V(G) and pg : V(G x H) — V(H) to denote the
projections from V(G x H) to V(G) and V (H), respectively. For a vertex (z,y) €
V(G x H) the G-neighborhood of (x,y) is defined as follows

Ng(z,y) = N(z) x {y},
and similarly, the H-neighborhood of (x,y) is

Np(z,y) = {z} x N(y).

Note that we have reserved the notation N(z) to denote the neighborhood of z
in G (or H), whereas Ng(x,y) and Ny (x,y) denote two subsets of the product.
Ifa e V(G),be V(H) and X C V(G x H) then we denote X N H* by X® and
X NGb by X
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s
Figure 1. The partition of J¥. The graph G is on the z-axis and H is on the y-axis.

2. ON 3-COLORABLE SUBGRAPHS OF G x H

Let I C V(G x H) be a set that induces a 3-colorable subgraph of G x H and let
f be a proper 3-coloring of I. Let J C I be the set of vertices (x,y) that have
an H-neighbor (z,y’) € I such that f(z,y) = f(x,y’), and let K C I be the set
of vertices (z,y) that have a G-neighbor (2/,y) € I such that f(x,y) = f(2/,y).
That is

J = {(:U,y) € I|3(x,y') € I such that yy' € E(H) and f(x,y) = f(x,y')},

K ={(z,y) € I|3(«',y) € I such that 22’ € E(G) and f(z,y) = f(z',y)} .

Additionally, let M = I\ (J U K). Note that, by the definition of J and K,
we have J N K = 0 (since (z,y) € JN K would imply that (z,y) has a G-
neighbor and an H-neighbor colored by f(z,y), which is a contradiction since
these two neighbors are adjacent in G x H). It also follows from the definition
that for every x € V(G) and y € V(H) the projections of K* U M* to H and
JY U MY to G induce 3-colorable subgraphs. Moreover the projection of f/qy
(here f/qv denotes the restriction of f to G¥) to G, is a totally proper coloring on
pa(JY U MY). This means that for every x € pg(JY U MY) and every 2/ € N(x)
we have f(z,y) # f(«,y). Similarly, the projection of f,y= to H is a totally
proper coloring on py(K* U M?*). Tt follows from this discussion that

I+ M= > [JPUMY|+ > [KTUM?| < a3(G)|V(H)| + as(H)|[V(G)|
yeV(H) zeV(Q)

and hence

(| < az(G)V(H)| + az(H)[V(G)| = [M] < a3(G)|V(H)| + az(H)|V(G)].
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The aim of this paper is to improve the above bound to
1] < a3(G)|V(H)| + as3(H)|V(G)| — as(G)as(H).

This is done by making use of the fact that the projections of f/qy and f, g« are
totally proper colorings on pg(JY U MY) and py(K* U M*), and so we may add
some vertices to pg(JYUMY) and py(K*UM?™) and obtain proper 3-colorings of
some subgraphs that properly contain the sets pg(JY U MY) and pg(K* U M?).
By doing this we get az(H) = |[K*UM?®|+¢€, and a3(G) = [JY UMY|+ €, where
the sum of integers €, and €, is at least a3(G)as(H).

To realize the rough idea of the proof described in the previous paragraph
we need to define and analyze vertices of different types as this is done in the
sequel. For any S C C we define Jg and Kg as follows

Js ={(z,y) € J| f(Nu(z,y)) = S} and Ks ={(z,y) € K| f(Na(z,y)) = S}

We say that a vertex (z,y) € J is an S-type vertex if (z,y) € Jg or (z,y) € Kg.
(See Figure 1 where all possible types of vertices are shown, and where vertices in
the product are marked by their colors p, ¢ and r. Black vertices in the figure do
not belong to I, and so they have not been assigned a color.) So if, for example,
(x,y) € J is such that f(Ng(z,y)) = {p,q} we say that (z,y) is a pg-type vertex
and we denote the set of all such vertices by Jp,. If additionally f(z,y) = p we
say that (x,y) is a pg-type vertex, where we underline the color of the vertex
(z,y) (if f(z,y) = q we say that (x,y) is a pg-type vertex), and the set of all
such vertices is denoted by Jp,. So we have Jpqiz Jpq U Jpg. Similar notation and
terminology we use for the set K, where the G-neighborhood of a vertex defines
its type.

Let y € V(H) and JY = JNGY. There is a partition of JY into three sets such
that the projection of each set to GG is an independent set in G. The partition is
(see Figure 1)
= (T I O I 0 g YU (T 0T U T U ) U (T U T U T U T, ).

Suppose that A C V(G) and B C V(H) are sets that induce maximal 3-
colorable subgraphs of G and H, and let A = U?Zl A and B = U?Zl B’ be
partitions of A and B. If A and B induce complete tripartite graphs and f : I — C
is a proper 3-coloring of I C V(G x H), then for every color ¢ € C there is
an index i € [3] such that f~!(c) N (A x B) C A x B, or an index j € [3]
such that f='(c) N (A x B) C A x B’ (note that both cases cannot appear
simultaneously if f~!(c) N (A* x B7) # () for at least two indices i € [3] or two
indices j € [3]). Therefore all possible colorings (up to a permutation of color
classes and permutation of sets A', A2 and A3, and B!, B2 and B?) of (Ax B)N1I
are those given in Figure 2, where sets A’ x B7 are depicted by squares and colors
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Al A% A3 Al A% A3 Al A% A3

B2| ¢q q q r r r

Bl p|P|P pqg|pPq|pPq pagrpgrpqgr

B3| T T
BZlar| q | 4 r
Bt|pr|p | D paripq|pq

(d) (¢)
Figure 2. All possible colorings of A x B.

used on A’ x BJ are written within the squares. In this paper we study colorings of
the product shown in Figure 2 and prove that for every such coloring of (Ax B)NI
we have |I| < a3(G)|V(H)| + as(H)|V(G)| — as(G)as(H) (regardless of how f
colors the vertices in the complement of A x B). The motivation behind this
study is that these are all possible colorings of the product of complete tripartite
graphs A and B. However we drop the assumption that A and B induce complete
tripartite graphs in the main theorem below.

Theorem 3. Let G and H be graphs, A C V(G) and B C V(H) be sets that
induce mazimal 3-colorable subgraphs of G and H, and let A* and B® for i € [3]
be their color classes, respectively. Let I C V(G x H) be a set that induces a 3-
colorable subgraph of Gx H, and f : I — C a proper 3-coloring of I. If f restricted
to A X B is as in one of the cases from Figure 2, then |I| < a3(G)|V(H)| +
az(H)|V(G)| — a3(G)az(H).

The following corollary follows straightforward from Theorem 3 and the fact
that colorings from Figure 2 are the only colorings of products of complete tri-
partite graphs. Note however that a graph may have more than one maximal
3-colorable subgraph (which explains the formulation of the corollary).

Corollary 4. Let G and H be graphs. If there exist maximal 3-colorable subgraphs
of G and H that are complete tripartite graphs, then

a3(G x H) < a3(G)|V(H)| + a3(H)|V(G)| — az(G)as(H).
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3. PRELIMINARY RESULTS

Before we prove our main theorem we shall prove few preparatory results and set
the notation that we use in following claims. Let G be a graph and D C V(G) a
set that induces a maximal 3-colorable subgraph of G with parts (color classes)
Di i€ [3]. Let L C V(G) and g : L — C be a coloring of L (note that we do
not assume that g is a proper coloring). Additionaly let Y C L be the maximum
set such that ¢ is a totally proper coloring on Y. Let X = (L \Y)N D, and
Xt = XN D for i € [3] (see Figure 3). Let S be a subset of colors. We define

Xs={r e X|g(N(z)) = S}

For example, if g is a 3-coloring and p, ¢, are the colors, then X, denotes the
set of x € X such that g(N(x)) = {p, ¢}, and we say that z € X, is a pg-type
vertex. If also g(z,y) = p then we say that (x,y) is a pg-type vertex, and we
denote the set of such vertices by X,,,. Additionally let a

Ri={x e X :|g(N(x)) = i}.

So R; contains p-type, g-type and r-type vertices, Ry contains pg-type, pr-type
and gr-type vertices, and finally Rs contains pgr-type vertices, or equivalently
R = X, UX,UX,, Ry = Xpg UXp UXy and Ry = X4 This notations are
used in Claims 0, 1, 2 and 3.

Dl D2 D3 G \ D

L L L L

Figure 3. The definitions of D, L, X and Y.

The definitions from the above paragraph are applicaple to colorings of the
product in the following sense. Suppose I is a 3-colorable subset of V(G x H),
f I — C is a proper 3-coloring of I, and A, B induce maximum 3-colorable
subgraphs of G and H, respectively. For y € V(H) we observe the GY layer and
the set of vertices IY colored by f. Then we have the following (see the definitions
in the previous section).

e A is a maximal 3-colorable subgraph of GG, and, D is a maximal 3-colorable
subgraph of G (as defined above).

e The projection of IY to G is a subset of V(G), and, L is a subset of V(G) (as
defined above).
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e The projection of f,gy to G is a totally proper coloring of pg(JY U MY), and
pa(JY U MY) is a maximal such subset of pg (1Y), and, g is a totally proper
coloring of Y, and Y is a maximal such subset of L (as defined above).

o pa(KYN(Ax{y})) is the complement of pg(JY U MY) in p(I¥ N (A x {y})),
and, X is the complement of Y in L N D (as defined above).

Thus we see that sets A, 1Y, JY U MY and KY N (A x {y}) take the role of
D,L,Y and X, respectively. The coloring f,gs takes the role of g from the
previous paragraph. Alternatively, for an x € V(G), the sets B, I*, K* UM?® and
J* N ({z} x B) take the role of D,L,Y and X, respectively (and here note that
the projection of f,p= to H is a totally proper coloring of py (K* U M?)).

Claim 0. For every graph G we have a3(G) > |Y| + |Rs|/3 4+ 2|Rz2|/3 + | R1]|.

Proof. 1t follows from maximality of Y that every vertex z € X has a neighbor
2’ such that g(x) = g(2’). For every vertex x € X we define the list £(x) of
admissible colors as follows

L(z) ={ceClc=g(x)or c ¢ g(N(z))}.
For example if z € X, U X, U X, then L(z) = {p,q,7}, and if z € X, then

L(x) = {p,r}. Note that for every color ¢ € L(x) we have ¢ ¢ g(N(z)NY)
because g is a totally proper coloring on Y. Therefore any proper coloring g”
of vertices in F' C X from their lists yields a proper coloring ¢’ of FFUY, this
coloring is defined by ¢'(u) = g(u) for u € Y and ¢'(u) = ¢"(u) for v € F
(note that lists for vertices in X are defined in such a way that they do not
interfere with vertices in Y'). Every vertex x € R; has a list of size 3 because
g(N(x)) = {g(x)}. Similarly vertices in Re and Rj3 have lists of size 2 and 1,
respectively. We define three proper 3-colorings of three subsets Fy, F5 and F3 of
X as follows: color vertices in X', X2 and X3 from lists by p, ¢, and r respectively
(if a vertex does not have the designated color in the list it remains uncolored).
This coloring is depicted in Figure 4, where all types of vertices in X', X2 and
X3 are listed and written in the middle of the squares, and the color used for a
specific type of vertex is given in the upper right corner of the square. Call the
set of vertices colored this way Fy. Then color X', X? and X3 from lists by ¢, r,
and p respectively, and call the set of colored vertices Fy (see Figure 5). Finally
color X', X? and X3 from lists by 7, p, and ¢ respectively, and call the set of
colored vertices F3 (see Figure 6). Then we have

‘F1| + |F2’ + |F3‘ > ’Rg‘ + Q‘RQ‘ + 3|R1|,

so the size of at least one set, say Fi, is at least |R3|/3 + 2|R2|/3 + |R1|. We
conclude by a3(G) > Y|+ |F1| > |Y |+ |Rs|/3 +2|Rz|/3 + |R1|, which proves the
claim. O
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L D p p b b D D D
X p | a | r | pqg|pg|pr| pr| g | qr | P9 | P | pqr
) q q q q q q q q
X p | g | r | pg|pg|pr| pr|q | qr | PT | PIT | pgr
T r T T T T T T
X3 p | g | r | pg|pg|pr | pr| a | g |par|par| pgr
Figure 4. The set of colored vertices F}
. q q q q q q q q
X p | a | r | pqg|pg|pr|pr| qr| qr |pgr|per | pgr
T T T T T T T T
X? p | a | r |pa|pg|pr | pr|a | g |par|pgr | per
3 b b D D p p b b
X Pl g | r | pg | pg | pr| pr | Q| qr | par | par | pgr
Figure 5. The set of colored vertices F5
T T T T T T T T
X! p | a | v |pg|pg|pr| pr| a | q |par|pg | per
) p p D D p p p p
X P g | r | pg|pg|pr| pr|q | q |Pq|Pgr | pgr
3 q q q q q q q q
X Pl qa | r | pg|pg | pr| pr | g | qr | pqr|per | pgr

Figure 6. The set of colored vertices Fj.

We may apply the above claim to any 3-coloring of the GY layer of G x H
where sets A, 1Y, JY U MY and KY N (A x {y}) take the role of D,L,Y and X.
Using the notation from the introduction gives us the following.

Corollary 5. For every y € B we have
as(G) > |JYUMY| + |KY N (Ax B)|+|KYN(Ax B)|+|K!N(Ax B)|

+§(\Ky N(Ax B)|+|K}, N (Ax B)|+|KY. N (AxB)|)
1
+3 AXB)‘

| Khar N (

Claim 1. For every graph G we have
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(i) as(G) = Y|+ |Ri| + |Re N X1 + [ Xpq N X2| — | X, 0 X3
(i) a3(G) = Y|+ |Ri| — 3 |[Rin X3 + |[Re N X! |+ § |R2 N (X2 U X3).

Proof. We assume that ‘Rg NnxX 2‘ > ‘Rg NnX 3‘ (otherwise exchange the role of
X2 and X3 below). To prove (i) consider the coloring g; given in Figure 7. In
this figure rows 1, 2 and 3 correspond to vertices in X', X? and X3, respectively.
Each square represents a vertex type which is written in the center of the square,
and the color that we assign to a particular type of vertices is given in the upper
right corner of each square (if there is no color in the upper right corner, this
means that we don’t color this type of vertices). For every y € Y we define
91(y) = g(y), and note that to each vertex x € X the color ¢;(z) ¢ g(N(x)) or
g1(x) = g(z) is assigned (we use the same lists £(x) to color z as in the previous
claim). Hence if y € Y is adjacent to x € X we have gi(z) # g1(y) (follows
from the fact that g is a totally proper coloring on Y). It remains to prove that
g1 is a proper coloring when restricted to X. Since X is an independent set for
i € [3] we have to check the p-type and g-type vertices in X2 (since the restriction
of g1 to X' U X? is a proper coloringﬁ The p-type vertices in X 3 can only be
adjacent to p,pg, pr and pgr-type vertices in X'. The color of the first is ¢ and
the color of the latter is p, so they are assigned different colors by g1. Similarly
we argue for ¢-type vertices in X3, they can only be adjacent to ¢,pg, ¢r and
pqr-type vertices in X', which receive the color ¢ by g1. We conclude that g1
is a proper coloring and hence the bound (i) follows. In the sequel we use the
notation X’ Xp NX* (and similarly for other types of vertices). If |X5’ | + ‘Xg" +

‘ ‘—i—‘ ‘—i—‘XgE‘ > %(‘RlﬂX3‘+|R2ﬂX2}) then the coloring ¢;
in Flgure 7, together with % ‘Rg N XQ‘ > é ‘Rg N (X2 U X3)‘ which is obtained
from the initial assumption, proves (ii). If ‘Xf;" + X3+ ‘ng‘ + ‘X2 + ‘Xgr +
‘ng‘ > % (‘Rl N X3| + ‘Rg N XQ‘) then the coloring go in F{gure 8 together;)vith
2 |R2 N XQ‘ > 1 }Rg N (X*u X3)} proves (ii). If both the above inequalities fail

to hold, then we obtain that |X3| + )X2 |+ [X2] < § (1R 0 X3 + | B2 0 X))
which together with £ ’RQ N X2| ‘Rg N (X2 U X3)‘ and the coloring g3 in
Figure 9 imply (ii). O

We apply the above claim to the colorings of the product G x H, where H
takes the role of GG in the above claim.

Corollary 6. For every z € A we have
ag(H) > |[K*UM*|+|JE N (Ax B)|+|JF N (Ax B)|
+ |JFn (Ax (B'UB?)|+|J 0 (Ax BY)|+|J5 N (Ax B
+ [J5 0 (Ax BY| + |5 N (Ax B?)|.
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jZ q JZ D q D q q D jZ q

p q r | Pq | Pg | Pr | pr | 4r | qr | PqT | P9T | pqr
T T T T T T T

p q r | pPg | pg | PT | pr | 4" | qr | p4r | pqr | pqr
q jZ

p q r | pg | pPg | PT | pr | qr | qr | p4r | pqr | pqr

q q r r q q r q r q r
p q T | Pg | pPg | Pr | pr | 4" | qr | pgr | pqr | pqr
JZ D D D D D JZ
p q r | pPg | pPg | PT | pr | 9" | qr | pgr | pqr | pqr
r q
P q r | pq | pPg | pr | pr | Qv | qr | pqr | pqr | pqr

D D r D r D r D r D r

p q r | Pg | Pg | Pr | pr | qr | qr | pgr | pqr | pqr
q q q q q q q

p q r | pqg | Pg | pPr | pr | qr | qr | Pp9r | pqr | pqr
r D

P q r | pqg | pg | pr | pr | gv | qr | pqr | pqT | pqr

Figure 9. The coloring g3 of X.

When we apply (ii) of Claim 1 to the coloring of the product we get the

following corollary.

Corollary 7. For every v € A we have

ag(H) > |[K*UM*|+|JEn (A x (B'UB?)|+|Jfn(Ax (B'UB?)|

JEA(Ax (B UBY)| + 2 (|50 (Ax BY)| + |7 0 (Ax BY)|
+ [JEn (Ax BY)|) +|JE 0 (Ax BY)|+|J5n (A x BY)]

% BY)| + 5 (75,0 (Ax (U BY)]

x (B°UB?)|+ |Ji.n (Ax (B*UBY)]).

+ | ar

n(A
+ |75 (A
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Claim 2. For every graph G we have
(1) a3(G) > Y|+ [Ri| + | Xgr 0 X + | Xpr N X2 + | Xpg N X3
(i) a3(G) > Y]+ [R| + | Xpg N X + [ Xgr N0 X2| + | X 0 X3

Proof. The coloring that proves the bound (i) is given in Figure 4, and the
coloring in Figure 6 proves (ii). O

When we apply (i) to the coloring f of the product G x H we get the following
corollary.

Corollary 8. For every v € A we have
as(H) > |[K*UM*|+|JE N (Ax B)|+ |JFN(Ax B)|+ |Jf N (Ax B)|
+ [J5n (Ax BY| + |75 0 (Ax BY)| + |, N (Ax B)|.
When (ii) is applied we get the following.
Corollary 9. For every y € B we have
az(G) > [JY UMY+ |KYN (A x B)|+|KYN(Ax B)|+ |KY N (A x B)|
+ |KY N (A x B)|+ |KY. N (4% x B)| + |KY. N (A% x B)|.
Claim 3. For every graph G, any colors ¢,d € C and any i € [3] we have
a3(G) = [V +[Rif + 5 !R2\ +5 \XZ E

Proof. Without loss of generality assume i = 1,¢ = p and d = q. We shall prove
that a3(G) > |Y|+|Ry| + 5| Ra| + 5 | X},| . We distinguish two cases.

Case 1. | Xh| + |Xb| = |XL| +|x 1\+\ + x|+ | x5

this case consider the coloring g; given in Flgure 10 here only the colors of
vertices in X are given, for vertices y € Y we define gl(y) = g(y)) Assume

without loss of generality that ’ } < ‘X ’ and | X ‘ ) + ‘ng‘ + ‘ ’ + ’X ’ >

‘ng ‘ + ‘ng‘ HX;’ZH }Xg’z . (If any of this two inequalities is not true we may alter

the coloring ¢; given in Figure 10 and proceed the same way. If |X;£ ‘ > ‘X;z ,
then color X1 and X! by ¢, do not color X1 ., and color X3 by p. The color of
all other Vertlces remains the same as in Flgure 10. If the second inequality is
not true just exchange the role of X2 and X? and proceed the same way.) The
size of the set colored by ¢ is at least

\Y]+]X,,|+|Xq\+\XTH‘XQ}(J’Jr‘Xl ‘+’X1 + X4,

‘X

1
b (3] ] 12 1 X + X3+ 135+ 1x5)
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Since ’Xér + ‘Xglr > ‘X;z‘ + ‘X;E‘ + ‘X;T + ‘XQZT + ’Xé’r + }Xg’r and ‘X;z‘ <
‘X(}t , we find that
|+ [
1
25 (ol P 1l Pl o 33+ o+ [

and ‘X (}ﬁ‘ > % (‘Xgﬁ} + ‘X (}ED . Combining these two inequalities with the above
bound on the size of the set colored by ¢, we find that this size is at least
Y|+ |Ri|+ 3|Ro| + 3 |X;q‘ which completes this case.

1 1 1 1 2 2 3
Case 2. | Xh| + | X8| < |XL| + | x4| + | X2 |+ |x2| + | x5 In

this case consider the coloring go given in Figure 11. Assume that

+ )X;T :

2 2
X2, |+ | X2

+ ‘XQQ

X5+ [+ [

|5 + | X5,

> x5, |+ | x5, +|X2] + | X2,

+ ‘Xg

R ARRS AR e

(if not exchange the role of X2 and X? in Figure 11, and color X2 as X? is colored
in Figure 11, and vice versa). So the size of the set colored by g9 is

Y]+ 1]+ 1| + X+ | X | + || + X5 + [ X0] + |3,

+[xz,

+ ’XQQ

X2+ x|+ xS

+ |5+ | X5

It follows (with an analogous calculation as in the previous case) from the above
assumptions that the size of the set colored by gs is at least |Y|+ [Ri| + 3| Ro| +

% |X;q , which completes the proof. O
) p q p p q p q p
X p | g | r | pg|pg | pr| pr|q | qr |pqr|pgr| pgr
T T T T T T T
X? p | g | r |pg|pg|pr | pr|a | g |par|par| per
5 q p q
X p | g | r | pqg|pg|pr|pr| g | qr |pqr|pgr| pgr

Figure 10. The coloring g; of X.

Setting i = 1,c = p and d = ¢, we arrive at the following corollary.
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T T T T T T T
Xt p | a | v |pe|pg|p | pr| a | g |per|per| pgr
) p p p p p p p
X p | a | r | pg|pg | pr| pr | q | qr | pqr|pqr| pgr
5 q q q q q q q
X p | g | r | pg | pg | pr| pr | g | qr | pqr | par | pgr

Figure 11. The coloring g, of X.

Corollary 10. For every y € B we have
as(G) > |JyuMy\+|Kym<AxB)|+\Kym(AxB)\ +|KY N (A x B)|
+ = \Ky N(Ax B)|+ |KY N (Ax B)|+ |KY. N (Ax B)|)

+ 5|1r<;,fqm(A x B)|.

4. PROOF OF THE MAIN THEOREM

We begin by deriving an upper bound for the size of I, and we use the notation
from the introduction.

I+ (M= > [KTuUM* [+ Y [JYUMY

zeV(Q) yeV(H)
= [KTUMY[+ ) K UM+ > [TV UMY+ [TV UMY
x€EA z€A yeB yEB
= [IN(AxB)|+|MN(AxB)|+ Y [(K"UM")N(Ax B)|
z€A
+ ) J(PUMY) N (A B)| 4+ Y [KTUMT[+ > [JY UMY
yeB x€A yEB

and therefore

I = [IN(AxB)|+ > |E"n(Ax B)|+ Y |JYN(Ax B)|

z€A yeB
+ Y IKTUMT| 4+ [JY UMY~ [M N (AxB)|
z€A yeB

<INAXB)|+ > |KYN(AxB)[+ Y |J"N(Ax B)
yEB €A
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< |IN(AxB)[+> |KYN(AxB)+> |J°N(Ax B)

yEB z€A
+ Y IETUMT| 4+ Y UMY
z€A yeB
= [IN(AxB)[+> (|KYN(AxB)|+[JYUMY|)
yeEB
+ > (JJ N (A x B)| + KU M™|).

x€A
To prove the theorem it remains to prove that
IN(AxB)|[+ > (IKYN(Ax B)|+|JYUMY|)
yeB
(1) + > (|[J"N (A x B)| + [K™ U M™))
z€A

< a3(G)|V(H)| + a3(H)|V(G)| — a3(G)as(H).

In order to prove (1) we give in each of the five cases, (a), (b), (c), (d) and (e)
shown in Figure 2, two upper bounds for | N (A x B)| of the following form

(2) 1IN (Ax B)| < a3(G ZZ%US“ (A x B)|
j=1S5CC

and

(3) IIN(Ax B)| < as(G szs |Ks N (A" x B)|
i=1 SCC

where the coefficients Bé, 'yfg for S C C and i, j € [3] are declared and explained
later for each case individually. Combining both inequalities (2) and (3) we can
(upper) bound [I N (A x B)| by

3
az(G)as(H) — A Yy BL |Jsn (A x BY)|

(4) jzl SCC
- AQZZWg |Ksn (A" x B)|
i=1 SCC

where A7 and Ay are two constants such that A; + Ay < 1, and these constants
will also be declared later. Then we also bound the other two terms that appear
on the left side of (1) as follows
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> (JJ" N (A x B)| + K" UM

€A

(5) 3 | -
< (IV(G)| - as(G))as(H) + A1 > > L |Jsn (A x B7)|

7j=1S8CC

and
ST (IKYN (A x B)| +[JY U MY|)

6 s |
< (V(H)| — as(H)as(G) + A2 Y > % [Ks N (A" x B)|

i=1 SCC

which gives (when combining (4), (5) and (6)) the desired result (1). Note that

3
’J’CO(AXB)]:ZZ}J§D(AxBj)].

j=1S8cc

To prove (5) it suffices to show that for every x € A we have

3
|77 N (A x B)| + |[K"UM"| < as(H)+ A1 Y Y BL|JEN (Ax BY)),
j=18cc
which is equivalent to

3
(7) as(H) > |[K" UM+ > (1—MpL) [JEn (A x BY)|.
j=158CC

Similarly, to prove (6) it suffices to show that for every y € B we have

3
(8) az(G) = [JYUMY|+> > (1 - Ayvs) |[KEn (A" x B)).
i=1 SCC
Now we are ready to give the values of the coefficients Bg and 'yg for S C C such
that (2), (3), (7) and (8) are fulfilled. The values are given in Table 1.

Case (a). We first consider the coloring from Case (a) (see Figure 2 where
in each case sets A', A%, A% are arranged horizontally from left to right, and
B!, B2, B3 vertically from bottom to top), and prove the bounds (2), (3), (7)
and (8) for this case. To prove (2) note that for every y € B! the projections of
U= (JpgUJpr)N(Ax BY) and V = (J§ U Jhr) N (A x BY) to G are independent
sets in G, and for every (z,y) € U UV we have p € f(Ng(z,y)). Since f(A X
B') = p we find that Ng(U) N (A x B') and Ng(V) N (A x B') have empty
intersections with I. Since A is a maximum tripartite subgraph of G we find that
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Case: | (a) | (b) | (¢) | (d) | (e)
Bri€2 | 0| 0] 0] 01O
Blhje | 0] 0| 0] 0|0
BljeR2 | 0| 0] 0] 0|0
i 0] 0] 1] 0 |3/4
i 0] 0] 1] 0 |3/4
By 0 [3/2] 1 | 0 [3/4
1
a0 o el 0
pr
o 0] 0[]0 ]0 0
. 3/2] 0 |3/2]3/2]3/2
2 0 [3/2[3/2] 0 |3/2
2
S aLAEaREL
5373 [3/2 [ 3/2 | 3/2 | 32
pr
o 3/23/213/2|3/2|3/2
BharjeB| 3 | 3 | 3 | 3| 3
Wi€B 00000
vpt€B 00000
vaieB ol o] o] 0] o0
Yog L1 [ 1]0]0
Yor 1 1 1 [3/2] 1
Yar 1 1 1 [3/2] 1
Yoq L1 |1 [3/2]1
Vor 11 [ 1 ]3/2]|1
Yar 1 1 1 [3/2| 1
Yog L1 [ 1 ]3/2]|1
Yor 1 1 1 [3/2] 1
Yar 1 1 1 [3/2] 1
Yot €B ] 3 [ 3 ]3] 3] 3

Table 1. Values of ﬁfg and 7% for S C C.
|INa(U) N (A" x BY)| > |U] and [Ng(V) N (A x BY)| > |V] for i € [3]. Assume

that |U| > |V|. Since |[Ng(U)N(Ax B')| > 3|U| we find that |[Ng(U)N(Ax BY)| >
3(JU| + V) and therefore

|NG(U) (AXB)‘> (\Jyﬂ(AxB)\+\Jgrﬂ(AxBl)‘)

+3[J%, N (Ax BY)|.

pgr
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Since Ng(U) N (A x BY)N 1T = () we find that for every y € B! we have

3 . _
[0 (Ax B)| < a3(G) = 5 (|5, 0 (A x BY| +|J4 n (A x BY)|)
— 3[4, N (Ax BY.

Note that the same bound is true (and with the same proof) for the coloring
in Case (d). Similarly (by observing sets U = (Jj U Jigr) N (A x B?) and
V' = (J§UJger) N (A x B?) and deducing similar claims as above) we prove that
for every y € B? we have

1Y (A x B)| < as(G) — g (|72, 0 (A x B2)| + |21 (A x B2)])
—3|J%,. N (Ax B%)|.

and (by observing sets U"” = (J(‘?TUngr)ﬂ(fleQ) and V" = (JgrUngr)ﬂ(fleQ)
we find that) for every y € B3

11V N (A x B)| < a3(G) — g (|7 N (A x B*)|+|J4 N (A x B?))|)
— 3[4 (4 % B
Combining all three bounds we get

IN(AxB)| = ) [IYN(Ax B)| < as(G)as(H)
yeEB

3 - _ _
- 5(‘Jpqﬁ(AXBl)}"“JPTm(AXBl)D _3‘Jpqrm(AXBl)‘

2 (g 1 (A% B[ 4 |Tyr 01 (A % B)]) = 8| pge 1 (A x B?)]

%(\me(A><B3)}+\qu([1><B3)|) — 3 |Jpgr N (A x BY)].

This is exactly the bound (2) with coefficients ﬁg as given in the first column of
Table 1 (again note that this bound applies also for the coloring in Case (d), so
this also proves inequality (2) for Case (d)).

Now we prove (3). Let a € A and consider the sets U = (K7, UK, UK;qu) N

(Ax B)and V = (K2, UKZ UKZ )N (A x B). Note that for every (z,y) € U
we have p € f(Ng(z,y)) and for every (z,y) € V we have q € f(Ng(z,y)).
Moreover the projections of both sets to H are independent sets in H. Therefore
INg(U)N (A x BY)| > |U| and since p € f(Ng(x,y)) for all (z,y) € U we find

that (Ng(U) N (A x BY)N T = §. Similarly (Ng(V)N (A x B?))NI = () and
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| #(V)N(Ax B?)| > |V|. Finally let Z = K% . We have (Ng(Z)N(Ax B*))NI
0 and |[Ny(Z) N (A x B3)| > |Z|. Since

U+ V|+ 12| = |K}, N (Ax B)|+|Ki N (AxB)|

+ |K; AxB\+3\ N(Ax B)|

pgr

we find that

IN(AxB)| =Y [I"N(AxB)| < as(G)as(H) — |Kpg N (A x B)|
T€EA
— |Kp N(Ax B)| = |Kg N (A x B)| = 3|Kpgr N (A x B)|.

This is exactly the bound (3) with coefficients v% as given in the first column of
Table 1.

It remains to prove (7) and (8). If we choose A; = 2/3 and Ay = 1/3 then
(7) and (8) follow from Corollaries 8 and 5.

Case (b). The bound (3) is the same as in Case (a), and we use sets U =
Ky, UK UKy, V =K; UK; UK}, and Z = K. to prove (3) (an analogous
arumentation as in Case (a) Works). Next we prove (2). To prove (2) note
that for every y € B? the projections of U = (J§ U Ji U Jigr) N (A x B3)
and V = (JY UJg UJ U Jow) N (A x B?) to G are independent sets in G.
Since A is a maximum tripartite subgraph of G and the projections of U and V
induce independent sets in A, we find that |A| > 3|U| and |A| > 3|U|, and so

|A| > 3(JU| +|V). Therefore

| A >

| W

|(J, U Ty UJs uJY) N (Ax BY)|+3|JL,. N (Ax BY).

Since
0=|1YN(Ax B*)| = a3(G) — |A]

we find that for every y € B> we have
1Y N (A x B)| < a3(G) — % |(JE, U Js U JE uJY) N (Ax B?)|
_3‘ pqr (AXB?))"

This inequaity explains the coefficients ng, B3 o qu, 32 and qur We prove, anal-
ogously as in Case (a), that for every y € B? we have

190 (A x B < as(@) — 2 (|40 (Ax BY)| + |71 (A x B)))

- 3| ﬂ(AxBQ)

pgr
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which explains coefficients 2T and Bfm. Also for every y € B! we have

pr’

1Y N (A x B)| < as(G) - 3|J%, N (Ax BY)|,

explaining the coeficient 38},,. If we set A1 = 2/3 and Ay = 1/3 then (7) follows
from Corollary 6 and (8) follows from Corollary 5.

Case (c). In this case (3) is proved as in Case (a). When we set Ay = 2/3
and Ay = 1/3 we find that (8) follows from Corollary 5 and (7) follows from
Corollary 7, so it remains to prove (2) to complete this case. Let y € B? and
assume without loss of generality, that ’Jy N (A X B3)| + |Jy ([l X BS)‘ >

(| (AxB)| +|J 0 (Ax B3|+ | N (Ax B)|). Let U = (J§ U Jj U
J U Jpr) N (A x B¥) and V = (JYUJSUJG UJfr ) N (A x B3). The projections
of U and V to G induce independent sets in A, so it follows from maximality of
A that |A| > 3|U| and |A| > 3|V|. Therefore |A| > 3(|U|+ |V|) and thus

0= 1Y (A x B%)| < as(G) ;(|U| V).

Now we use the initial asuumption |J5 N (4 x B3) |+ |[J¢ n (A x B3)| > 2(|Jfn

(Ax BY| +|J¢n (Ax B3| + |7 N (A x B)|) to get

VN (Ax B%)| < ag(G)—(\Jym(AxB3 |+ |JY N (A x BY)
+\Jyﬂ(A><B3\——(] N(Ax B%)|+|Jy. N (Ax B%))
+ |70 (Ax B%)| = 3|JL, N (Ax B%)].

Since also for every y € B? we have

1911 (4 B)| < as(@) — o (74,0 (A x B)| + |74 (A x BY)]

+ | 0 (A x B)[) =3[, 0 (A x B?)].

and for every y € B! we have

11N (A x BY)| < a3(G) —3|J%,. N (A x BY),

par
we find that (2) with coefficients Sg as given in Table 1 is fulfilled.

Case (d). The bound (2) is the same as in Case (a) and it was already proved,

so it remains to prove (3). Let x € A! and consider the sets U = (K UKg,.)N

(Ax B)and V = (KX UKZ )N (A x B). Note that for every (w y) € U we
have p,r € f(Ng(z, y)) and for every (x,y) € V we have ¢,r € f(Ng(z,y)).
Moreover the projections of both sets to H are independent sets in H. Thus

we have [Ny (U) N (A x BY)| > |U| and |[Ng(U) N (A! x B3)| > |U|, and since
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p,7 € f(Ng(z,y)) for all (x,y) € U we find that (Ny(U) N (Al x BY))n
(Ng(U)N(Ax B3))NT = . Similarly (Ng (V)N (A x B2)NT = (Ng(V)N(
B3))NI =, and [Ng(V)N (A' x B?)| > |[V] and |[Ny(V) N (A! x B3)| >
Putting all together we get

I —
Al x
V.

In (A x B) = Y |12 (A x B)| < |Ajas(H) — %(IKW (Al x B)|
xcAl
Ky 1 (A X B))) = 31 Kper N (AL x B)].

If 2 € A% U A? then the we set U = (K2, UKL UKL )N (AX B) and V =

(K;fg UKZ UKZ )N (Ax B) and derive similar claims as in Case (a) to obtain

In((A2uAd%) xB)| = > |I"n((A’UA®) x B)| < |A%U A%|as(H)
r€A2UA3
2 ([Bpa 1 (470 4%) x B)| + [ Ky 1 (4% U 4%) x B)|
+|Kgr N ((A2 U A%) x B)| — 3| Kpgr N ((A% U A®) x B)|.
Adding both inequalities we get (3) with coefficients 7% as declared in the fourth

column of Table 1. Finally when we set Ay = 2/3 and Ay = 1/3 we find that (8)
follows from Corollary 9 and (7) follows from Corollary 8.

Case (e). We first prove (2). Let y € B2 U B3 and assume without loss of
generality that [J¥ N (A x B3)| > |J¢ N (A x B¥)|. Let U = (JJ U Jgr U Jj U
Jhar) N (A x B¥) and V = (J¥ U J4 U J& U Jer) N (A x B3). Without loss
of generality assume that |U| > |V]. Since the projections of U and V induce
independent sets in A we find that |U| > |V| > |A?| for i € [3]. Note that for
every vertex (z,y) € V we have r € Ny (z,y) and so Ng(V)N (A x B3)NT = 0.
Since |[Ng(V) N (A x B®)| > V| we find that

1901 (A % B)| < a5(G) — (0] + V1),

and since |(JY U JY) N (A x B3)| > 3|(JFUJy U JY) N (A x B)| we find that

1901 (4 x BY)| < 03(@) — 2 (| (A x BY)| + |4 0 (Ax BY)|
0 (A x B))) = (00 (Ax BY)|+ [y 0 (A x BY)|
+ [J¥ N (A x BY)|) = 3|J4, N (Ax B

which proves (2).
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To prove (3) let z € A! and define U = (K% UKY )N (Ax B), V =

(Kg UK, )N (Ax B)and Z = K, N (A X B). Every vertex in UUV U Z has

in its G-neighborhood a vertex colored by r. So we have
11" N (A" x B)| < as(H) — (|K& 0 (A" x B)|+|KZ n (A x B)|)
- 3|Kz,. N (A" x B)|.

For # € A% U A3 the proof is analogous as in Case (a). In this case we set
A1 = Ay = 1/2, and so (8) follows from Corollary 10 and (7) follows from
Corollary 7. This completes the proof of the last case.
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