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Abstract

A bipartite-split graph is a bipartite graph whose vertex set can be parti-
tioned into a complete bipartite set and an independent set. The bipartite-
splittance of an arbitrary bipartite graph is the minimum number of edges
to be added or removed in order to produce a bipartite-split graph. In this
paper, we show that the bipartite-splittance of a bipartite graph depends
only on the degree sequence pair of the bipartite graph, and an easily com-
putable formula for it is derived. As a corollary, a simple characterization
of the degree sequence pair of bipartite-split graphs is also given.
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1. INTRODUCTION

Let G be a simple graph with vertex set V(G) and edge set E(G). A subset
S of V(G) is complete if the subgraph G[S] induced by S is complete, and it is
independent if G[S] is a null graph (i.e., a graph without edges). A split graph
is a graph whose set of vertices can be partitioned into a complete set and an
independent set. Split graphs were introduced by Foldes and Hammer [1], who
proved that a graph is split if and only if it does not have an induced subgraph
isomorphic to Cy, Cs or 2K5, where C}, is a cycle on k vertices and 2K5 is the
disjoint union of two complete graphs K. The splittance o(G) of an arbitrary
graph G is the minimum number of edges to be added to, or removed from G
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in order to obtain a split graph. An explicit, easily computable formula for the
splittance (@) in terms of the degree sequence of G and a simple characterization
of the degree sequence of split graphs were presented by Hammer and Simeone [3].

Analogous problem is also studied for bipartite graphs in this paper. The
style of this paper closely follows that of [3]. Let G be a simple bipartite graph
with two partite sets X and Y, where |[X|=m and |Y|=n. If A= (a1,...,am)
(respectively, B = (b1,...,by)) is the non-increasing sequence of vertex degrees
for X (respectively, V), then the pair (A; B) is the degree sequence pair of G.
We say that (S1;S2) is a subset pair of (X;Y) if S € X and S C Y. A
subset pair (S1;52) of (X;Y) is complete bipartite if either S; = So = 0, or
S1 # 0, S2 # 0 and G[S1 U S] is a complete bipartite graph with two partite
sets S1 and Sz. A subset pair (S7;52) of (X;Y) is independent if G[S1 U Sa]
is a null graph. A bipartite-split graph is a bipartite graph whose two partite
sets can be partitioned into a complete bipartite subset pair and an independent
subset pair. The bipartite-splittance 7(G) of an arbitrary bipartite graph G is the
minimum number of edges to be added to, or removed from G in order to obtain
a bipartite-split graph. Clearly, G is bipartite-split if and only if 7(G) = 0. The
main result of this paper is to give an easily computable formula for the bipartite-
splittance 7(G) of a bipartite graph G in terms of the degree sequence pair of
G (Theorem 5). As a corollary, a simple characterization of the degree sequence
pair of bipartite-split graphs is also given (Corollary 6).

2. MAIN RESULT AND ITS PROOF
Let (S1;.52) be a subset pair of (X;Y), and let
8(S1:52) = 1511|152 — [E(G[S1 U Sa])| + [E(G[V(G) \ (51U S2)])].

It is easy to see that |S1]|S2| — |E(G[S1U S2])| is the number of edges to be added
to G[S1 U S| in order to make G[S; U Ss] into a complete bipartite graph, and
|E(G[V(G) \ (S1 U S2)])| is the number of edges to be removed from G[V(G) \
(S1 U S2)] in order to make G[V(G) \ (S1 U S2)] into a null graph.

Lemma 1. Let G be a bipartite graph with two partite sets X and Y. Then

T(G) = Slgr)r(l,léI‘lggY 8(S1;92)"
Proof. Clearly 7(G) < S(s1;8,) for all S € X and S; C Y. On the other
hand, let G’ be a bipartite-split graph, with the complete bipartite subset pair
(51;5%) and the independent subset pair (X \ S7;Y \ S%), obtained from G by
the addition or the removal of a minimum number of edges. Because of the
minimality assumption, no removed edge could have had an end-vertex in S]U.S5
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and no added edge could have had an end-vertex in (X \ S7) U (Y'\ S5), implying
that 7(G) = s(s;,5;)- Therefore, 7(G) = ming, cx,s,cv $(sy;5,)- |

Let A = (a1,...,am) and B = (b1,...,b,) be two integer sequences with
Yiriai =y bi,n>a > >a, >0andm >b >--->b, >0. If
there is a simple bipartite graph G such that (A; B) is the degree sequence pair
of G, then the pair (A; B) is bigraphic. The following well-known result is the
Gale-Ryser characterization of bigraphic pairs.

Theorem 2 [2, 4]. The pair (A; B) is bigraphic if and only if Zle a; < kl+
Yo bi foreachk=1,...,mand L =1,...,n

By the symmetry, Theorem 2 can be stated that the pair (A; B) is bigraphic
if and only if Zf:1bi < £k+2£k+1ai foreach £ =1,...,nand k=1,...,m
Therefore, we have the following.

Corollary 3. If the pair (A; B) is bigraphic, then Zle a; + Zle b; < 2k( +
D1 @i+ Yy bi foreachk=1,... . mandl=1,...,n

Definition. Let (A; B) be a bigraphic pair. Define

iy <2k:£ Zal Zb+2az+2b>

i=k+1 i=0+1
for 1 <k <mand 1 < /¢ < n, my = max{ila; > ¢} for 1 < ¢ < ay and
ny = max{ilb; > 1}. If
mm{ \E =1,. } < 7'(7A;B),

then we define L € {1,...,a1} so that 7, ( L = mln{ ’B)M =1,...,a1}. If

min{mﬂ 0=1,. }>7'1,n1 )
then we define L = nq and mp, = 1.
Lemma 4. If the pair (A; B) is bigraphic, then

(a) T(A;B)EOforeachkzl omandl=1,....n

B attains its minimum value when k = my;

(b)
(¢c) for a givent € {a1+1,...,n}, Tk?;B)
(d) min {Tkg )|k:—1 mandle,---a”}:min{min{ w )M_l

T)’Lg E
A;B)| _ (4B)
al}, TLm =T, L -

b) for a given £ € {1,...,a1}, Tk g7

attains its minimum value when k = 1;
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Proof. (a) is a consequence of Corollary 3. As for (b), a direct computa-
tion shows that, for 1 < k < m, we have that 7',&2 B) _ T(AlBe) =0 —a It
is easy t;) see that Tl(?f) > 72(? B) > 0 > 77(72 f) and 7'151/2 f) < T,Sf;fl)’z <

- <7 ( KB). Hence 7, K’B) attains its minimum value when k& = my. As for
¢), we have that 74 B) e ap for 1 < k < m, implying that

k.l k—1,0

1(‘2 B) < 2(‘2 B) << T(AZB). Hence Tk(;?;B) attains its minimum value when

k = 1. As for (d), we have that 7'1(’23) 1(’231) =1—byfora +1< /¢ <n,

implying that Tl(ﬁﬁ)l > e > Tl(?LlB) and Tl(A B) <. < T(A;B) Hence 7‘1(12 B)
mln{Tl(Z )|€ =a1+1,. n} Thus by (b) and (c), min {TIE,Z )]k‘ =1,.

andﬂzl,...,n} —mln{mm{T |€—1 al},mln{ﬁe |€—a1+1
,n}} = min {mln {Tmez |0 = 1,...,a1} 7'1(’?113)} = Téii). [ |

We now give the main result of this paper as follows.

Theorem 5. If G is a bipartite graph with two partite sets X and 'Y and (A; B)
is the degree sequence pair of G, then 7(G) = min { min {7‘7(;4@;?)’5 =1,... ,al},
T(A;B)} — (A:B)

1,n1 -~ '‘mpg,L"

Proof. Let (S1;52) be any subset pair of (X;Y'), where |X| = m and |Y| = n.
Then

Z da(z) + Z da(y) = 2|E(G[S1U S2])| + eq(S1 U S, V(G) \ (S1 U S2)),

€S YyES2

where eq (51 US2, V(G) \ (S1US2)) denotes the number of edges in G having one
end-vertex in S; U S and the other end-vertex in V(G) \ (S1 U S2). Thus,

S(s1;82) = [S1l[S2] = [E(G[S1 U Sa])| + [E(G[V(G) \ (51U S2)])]
3 (21S1][S2] = 2| E(G[S1 U So])| + 2| E(G[V(G) \ (S1 U S2))))

_ ;(2rsl|sgr— S de@) - X del) ¢ Y dala) + T dG<y>).

€S yESo zeX\S1 yeY\S2

By putting k = |S1] and ¢ = |S3|, we have that ) . da(z) < Z?:l a;,

> yes, day) < i1 bis Deex\si da(x) = Yl ai and 30 oy, da(y) =
> iy iq bio Tt follows that

k 4 m
5(51;5’2)2;<2k€_zai_2bi+ Zal+2b>—7k£
i=1 =1

i=k+1 i={+1



THE BIPARTITE-SPLITTANCE OF A BIPARTITE GRAPH 27

We notice that if we take S; to be the set of vertices with degree aq,...,ax
and S2 to be the set of vertices with degree by, ..., by, then s(g,,5,) = T,ﬁ?;B).
Therefore, by Lemmas 1 and 4, we have that 7(G) = ming, cx,5,CY 5(51:8) =

. (A;B) . . (A;B) __(AB)
MmN <k<m,1<0<n Ty g = mln{mln{ mM |€ =1,. } Tin), } = T, L
The proof of Theorem 5 is completed. [

Theorem 5 yields an easily computable formula for the bipartite-splittance
of a bipartite graph. For example, for 1 < r < m, let G be an r-regular bipartite
graph on 2m vertices with two partite sets X and Y, and let (A; B) be the

degree sequence pair of G. Then |[X| = |Y| = m, a1 = -+ = a,, = r and
by =--- = by =r. It is easy to compute that my =m for 1 </ <r and n; =m
and so T(Af) =1@ml —mr —tr+ (m—0Or) = (m—r)l for 1 < ¢ <r and
1(;1“3) = 1(2m—r—mr+(m—1)r) = m—r. Thus, 7(G) = min { min {T;;LZ;ZB)M =

1,...,7“} T(A;B)} =m-—-r.

> 'lng

Let G be a bipartite graph with two partite sets X and Y, where | X| =m
and |Y| = n. The proof of Theorem 5 yields a simple procedure (see Algorithm
1 on next page) for obtaining a bipartite-split graph from G with a minimum
number of additions or removals of edges. Moreover, we can easily analyze the
complexity of Algorithm 1 is O (max{mlogm,nlogn,mn}).

By the fact that G is bipartite-split if and only if 7(G) = 0, a simple char-
acterization of the degree sequence pair of bipartite-split graphs is an immediate
consequence of Theorem 5.

Corollary 6. Let (A; B) be a bigraphic pair, and let L and my, be defined as in
Definition. The (A; B) is the degree sequence pair of a bipartite-split graph G

if and only if 7' BL) 0, that is, > "4 a; + ziLzl bi=2mp L+ e+
Zz:L—i—l b

The following Corollary 7 is an immediate consequence of Corollary 6.

Corollary 7. If a bipartite graph G is bipartite-split, then every bipartite graph
with the same degree sequence pair as G is also bipartite-split.

Remark 8. The problem in this paper can directly be considered in general
graphs and is clearly hard in general graphs (for instance using a reduction from
minimum edge removing to make the graph bipartite). Tighter hardness results
in super classes of bipartite graphs would provide a nice motivation of the explicit
formula in the bipartite case.
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Algorithm 1:

Input: Bipartite graph G;

Output: Bipartite-split graph from Gj

Let two partite sets of G be X and Y; m = number of vertices in X; n =
number of vertices in Y

Determine the degree sequence pair (A4; B) of G so that A = (ay,...,an)
(respectively, B = (b1,...,by,)) is the non-increasing sequence of vertex
degrees for X (respectively, Y);

Index the vertices of G so that X = {z1,...,zn} with dg(z;) = a;, for
1<i<mandY ={yi1,...,yn} with dg(y;) = b;, for 1 < j <m;

mye = max{ila; > ¢}, for 1 </ < ay; ng = max{i|b; > 1};

A;B l
5 quz,g,e )= 3 <2m€£ = ai = bt D i1 @i T D i bi)7 for
A;B
1</t<a; Tl(m ) — % (2n1 —ar— > b+ > a + Z?:nlﬂ bi);
(4B) . (4;B) (4B) 1.
6 T,y =N T0 " Ty, an (3
7 if 7‘7%25) < 7'1(?1213) then

10

11
12

13
14

LL:r,mL:mT;
else
| L=ni,my=1;

fori=1,...,mp and j=1,...,L do
L Add edges to E(G) so that z; and y; are adjacent;

fori=mp+1,...mand j=L+1,...,ndo
L Remove edges from E(G) so that z; and y; are not adjacent.
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