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Abstract

Given a graph H, the Turdn function ex(n, H) is the maximum number
of edges in a graph on n vertices not containing H as a subgraph. For two
graphs G and H, an H-decomposition of G is a partition of the edge set of
G such that each part is either a single edge or forms a graph isomorphic
to H. Let ¢(n,H) be the smallest number ¢ such that any graph G of
order n admits an H-decomposition with at most ¢ parts. Pikhurko and
Sousa conjectured that ¢(n, H) = ex(n, H) for x(H) > 3 and all sufficiently
large n. Their conjecture has been verified by Ozkahya and Person for all
edge-critical graphs H. In this article, we consider the gem graphs gem, and
gemy. The graph gem, consists of the path P, with four vertices a, b, ¢, d and
edges ab, bc, cd plus a universal vertex u adjacent to a, b, ¢, d, and the graph
gemy is similarly defined with the path Ps on five vertices. We determine
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the Turdn functions ex(n, gem,) and ex(n,gem;), and verify the conjecture
of Pikhurko and Sousa when H is the graph gem, and gems;.

Keywords: gem graph, Turan function, extremal graph, graph decomposi-
tion.
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1. INTRODUCTION

Given a graph H, the Turdn function ex(n, H) is the maximum number of edges
in a graph on n vertices, and not containing a copy of H as a subgraph. The
important result of Turdn [13] states that when H = K, is the complete graph
on r > 3 vertices, we have ex(n, K;) = t,_1(n). Here t,_1(n) denotes the number
of edges in the Turdn graph of order n, T,_i(n), which is the unique complete

(r — 1)-partite graph on n vertices where every partition class has either {%J

or [Tf—l-‘ vertices. Moreover, T,_1(n) is the unique extremal graph on n vertices

that has the maximum number of edges not containing K, as a subgraph. For
general graphs H, the Turdn function ex(n, H) has been well studied by numerous
researchers, which led to many important results and open problems in extremal
graph theory. For example, when H = Cy is the even cycle of length 2k, where
k > 2, the exact determination of the function ex(n,Cy) is still a wide open
problem. It has been conjectured that ex(n, Car) = (cx + o(1))n' /% for some
constant ¢ > 0, and this conjecture is only known to be true for k = 2,3,5. See
for example [8] and the references therein. When H = P is the path of order
k > 3, Faudree and Schelp [5] have determined the function ex(n, P;) exactly.
In order to obtain ex(n, P;), we can take the graph on n vertices containing as
many disjoint copies of K;_1 as possible, and a smaller complete graph on the
remaining vertices. For odd k, this graph is the unique Pj-free extremal graph
attaining ex(n, Py), and for even k and certain values of n, there are other such
extremal graphs. Here we state the result of Faudree and Schelp as follows, which
will be useful in this paper.

Theorem 1.1 [5]. Letk >3 andn = a(k—1)+b, wherea >0 and 0 < b < k—1.
Then ex(n, Py) = a(kgl) + (g) Moreover, a Py-free graph on n vertices attaining
ex(n, Py) is aKy_1 UKy, the disjoint union of a copies of Kx_1 and one copy
of Ky.

For two graphs GG and H, an H -decomposition of G is a partition of the edge
set of G such that each part is either a single edge or forms a graph isomorphic to
H. Let ¢(G, H) be the smallest possible number of parts in an H-decomposition
of G. It is easy to see that, for non-empty H, we have ¢(G,H) = e(G) —



TURAN FUNCTION AND H-DECOMPOSITION PROBLEM FOR GEM GRAPHS 719

pu(G)(e(H)—1), where py(G) is the maximum number of pairwise edge-disjoint
copies of H that can be packed into G and e(G) denotes the number of edges
in G. Dor and Tarsi [3] showed that if H has a component with at least three
edges, then the problem of checking whether a graph G admits a partition into H-
subgraphs is NP-complete. Thus, it is NP-hard to compute the function ¢(G, H)
for such H. Here we study the function

¢(n, H) = max{¢(G, H) | v(G) = n},

which is the smallest number ¢ such that any graph G of order n admits an
H-decomposition with at most ¢ parts.

This function was first studied, in 1966, by Erdds, Goodman and Pdsa [4],
who were motivated by the problem of representing graphs by set intersections.
They proved that ¢(n, K3) = ta(n). A decade later, this result was extended by
Bollobés [2], who proved that ¢(n, K,) = t,_1(n), for all n > r > 3.

General graphs H were only considered recently by Pikhurko and Sousa [9].
They proved the following result.

Theorem 1.2 (See Theorem 1.1 from [9]). Let H be any fized graph of chromatic
number r > 3. Then,
$(n, H) = ex(n, H) + o(n?).

Pikhurko and Sousa also made the following conjecture.

Conjecture 1.3 [9]. For any graph H of chromatic number r > 3, there exists
no = no(H) such that ¢(n, H) = ex(n, H) for all n > ny.

A graph H is edge-critical if there exists an edge e € E(H) such that y(H) >
X(H — e), where x(H) denotes the chromatic number of H. For r > 4 a clique-
extension of order r is a connected graph that consists of a K,_1 plus another
vertex, say v, adjacent to at most r — 2 vertices of K,_1. Conjecture 1.3 has been
verified by Sousa for some edge-critical graphs, namely, clique-extensions of order
r >4 (n >r) [11] and the cycles of length 5 (n > 6) and 7 (n > 10) [10, 12].

Later, Ozkahya and Person [7] verified the conjecture for all edge-critical graphs
with chromatic number r > 3. Their result is the following.

Theorem 1.4 (See Theorem 3 from [7]). For any edge-critical graph H with
chromatic number r > 3, there exists ng = no(H) such that ¢p(n, H) = ex(n, H),
for all n > ng. Moreover, the only graph attaining ex(n, H) is the Turdn graph
Tr—1(n).

Recently, as an extension of OZkahya and Person’s work, Allen, Bottcher, and
Person [1] improved the error term obtained by Pikhurko and Sousa in Theorem
1.2. In fact, they proved that the error term o(n?) can be replaced by O(n?~%)
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for some a > 0. Furthermore, they also showed that this error term has the
correct order of magnitude. Their result is indeed an extension of Theorem 1.4
since the error term O(n?~) that they obtained vanishes for every edge-critical
graph H.

Conjecture 1.3 has also been verified by Liu and Sousa [6] for the k-fan graph
Fy,, which is the graph on 2k + 1 vertices consisting of k triangles intersecting in
exactly one common vertex. Observe that x(F)) = 3 and for k£ > 2 the graph Fj,
is not edge-critical. Thus, the result of Liu and Sousa is not a particular case of
Theorem 1.4 by Ozkahya and Person.

In this article, we consider the gem graphs gem, and gems, defined as follows.
For the graph gem,, we take the path P, with vertices a, b, ¢, d and edges ab, bc, cd
and add a universal vertex u adjacent to a, b, c,d. Similarly for the graph gems,
we take the path P; with vertices a,b,c,d,e and edges ab, bc, cd, de and add a
universal vertex u adjacent to a,b,c,d,e. See Figure 1 below. For convenience,
we write abed 4+ v and abede + u for these two graphs.

u u
a b c d a b c d e

Figure 1. The graphs gem, and gems.

In Section 2, we will determine the Turdn functions ex(n, gem,) for n > 6,
and ex(n, gems) for n > 8. Then, in Section 3, we will prove Pikhurko and Sousa
conjecture for these two gem graphs. That is, we will show that ¢(n,gem,) =
ex(n,gem,) for n > 6, and ¢(n,gems) = ex(n,gems) for n > 8. Note that
x(gem,) = x(gems) = 3, and that gem, and gems are not edge-critical graphs.
Thus, our results are again not implied by Theorem 1.4.

Our notations throughout the paper are fairly standard. For a vertex v in a
graph G, the neighbourhood of v, denoted by N (v), is the set of vertices in G that
are adjacent to v. The degree of v is deg(v) = |N(v)|, and the minimum degree
and mazimum degree of G are §(G) and A(G), respectively. For a set U C V(G),
let deg(v,U) denote the number of vertices in U that are adjacent to v, and let
G|U] denote the subgraph of G induced by U.

2. TURAN FUNCTION FOR THE GEM GRAPHS

In this section, we will determine the Turén functions ex(n, gem,) for n > 6, and
ex(n, gems) for n > 8. Furthermore, we will determine the extremal graphs in
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each case. That is, we will determine all gem,-free graphs on n > 6 vertices with
ex(n, gem,) edges, and all gemy-free graphs on n > 8 vertices with ex(n, gems)
edges.

2.1. Turan function for gem,

We will now determine the function ex(n,gem,). In order to state our result, we
first define the family of graphs F,, 4, which will consist of all the extremal graphs.
Let n > 6 and F, 4 be the family of graphs on n vertices as follows. For n = 0
(mod 4), let G° be the graph obtained by taking the Turdn graph T(n) and
embedding a maximum matching into a class of Tx(n). For n = 1 (mod 4), let
G and G2 be the graphs obtained by embedding a maximum matching into the
smaller class and the larger class of Ty (n), respectively. For n = 2 (mod 4), let G2}
and G?2 be the graphs obtained by embedding a maximum matching into a class
of Ty(n), and into the larger class of the complete bipartite graph K, /21 /2415
respectively. For n = 3 (mod 4), let G2 be the graph obtained by embedding a
maximum matching into the larger class of Ta(n). Let the vertex classes of GO
be A% and BY, with similar notations for the other graphs. Let F, 4 = {GY},
Fna ={G, G2}, Fo 4 = {G?,G??} and F, 4 = {G3} for n =0,1,2,3 (mod 4),
respectively. Figure 2 below shows the graphs of F, 4. Note that in G2 we have
an unmatched vertex in the class B2, and similarly for G2! with the class B2

0 n 11 Y. n 12 n

1)
oI eI
4]

(a) n =0 (mod 4) (b) n =1 (mod 4)

w3
—

el x|l a I

(¢) n =2 (mod 4) (d) n =3 (mod 4)

Figure 2. The graphs of F, 4.
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It is easy to see that every graph of F, 4 is gemy-free. Let G € F, 4, and
suppose that there exists a copy of gem, in G, say abcd + u. We may consider
in turn whether « is in the independent class of G, or in the class containing the
maximum matching. In each case, we can easily verify that no four neighbours
of u form a path P, in G, which is a contradiction. Also, for any graph of F, 4,
by adding an edge, we obtain a graph that contains a copy of gem,. Indeed, let
G € Fy.4. Since n > 6, if an edge cu is added to the independent class of GG, then
we may find an edge ab and another vertex d in the other class. If an edge bu is
added to the class of G containing the maximum matching, then we may assume
that du is an edge in the matching, and choose vertices a, ¢ in the other class. In
both cases, we have abed + v is a copy of gem,.

We can easily check that for n > 6, all graphs of F,, 4 have the same number
of edges. Thus for G € F,, 4, we let e,, denote the number of edges in the graph
G. Then, we can easily check that the number of edges of G is

an +VLJ { 0 ifn=0,1,2 (mod 4),

(1) e(G) = en = {4 4 1 if n =3 (mod 4).

Moreover, for n > 7, G € F, 4 and G’ € F,,_1 4, we have

0 ifn=0,1,2 (mod 4),
1 if n =3 (mod 4).

n

() eG)—el@) =en—en1=|5]+ {

We have the following result for the Turan function ex(n, gemy).

Theorem 2.1. Forn > 6, we have

n2J +LnJ+{ 0 if n=0,1,2 (mod 4),

ex(n,gemy,) = e, = {4 1 if n=3 (mod 4).

4

Moreover, the only gemy-free graphs with n vertices and ex(n,gem,) edges are
the members of Fp 4.

We will prove Theorem 2.1 by induction on n. We first prove the base case
as follows.

Lemma 2.2. ex(6,gem,) = eg = 10 and the only gemy-free graphs with siz
vertices and 10 edges are Ggl and G%Q.

Proof. It suffices to prove that, for any graph G with six vertices and eg = 10
edges, either G contains a copy of the graph gem,, or G € Fg4 = {G2!, G3*}.
Then for any graph G’ with six vertices and e(G’) > 11, we can take a spanning
subgraph G C G’ with e(G) = eg = 10, so that either G contains a copy of gem,,
or G € Fg4. In either case, G’ contains a copy of gem, and we are done.
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Let G be a graph with six vertices and eg = 10 edges. Note that G has
either a vertex of degree 5, or two vertices of degree 4. Otherwise, we have
e(G) < [3(445-3)] =9 <10 = e, a contradiction.

Suppose first that G has a vertex u with deg(u) = 5. By Theorem 1.1, we
have ex(5, Py) = (g’) + (g) =4. We have ¢(G —u) =10 —-5=5> 4 = ex(5, P4),
and thus G — u contains a copy of the path Py, which together with u, form a
copy of gem, in G.

Now, suppose that G has two vertices of degree 4, say u and v. Let x1, x2, 3,
x4 be the remaining four vertices, and assume that G does not contain a copy of
gem,. Suppose first that uv € E(G). If u and v have three common neighbours,
say r1,T2,r3, then we must have z;x4 € E(G) for i = 1,2,3, so that G = GZL.
If w and v have two common neighbours, say x1,z2, then let uzs,vzy € E(G)
and uxry,vrs € F(G). We see that only the edges x1x9, 2324 can be added to
avoid creating a copy of gem,, so that G can only have at most nine edges,
a contradiction. Now, suppose that uwv ¢ FE(G). Then G contains all edges
between {u,v} and {z1,z2,x3,24}. If G does not contain a copy of gem,, then
the remaining two edges must be independent within {1, z2,23, 24}, so that
G = G2

We conclude that either G contains a copy of gemy, or G € Fg 4, as required.

|
We are now able to prove Theorem 2.1.

Proof of Theorem 2.1. Let n > 6. The lower bound ex(n,gem,) > e, fol-
lows instantly by considering any graph of F,4. We prove the upper bound
ex(n,gem,) < e, by induction on n. Lemma 2.2 proves the result for n = 6. Now
suppose that n > 7, and the theorem holds for n — 1. We will prove that if G is a
graph on n vertices and e(G) = e, then either G contains a copy of gemy, or G is
one of the graphs of F,, 4. This clearly implies the upper bound ex(n, gem,) < e,
and thus the theorem for n. Indeed, if we have a graph G’ with n vertices and
e(G') > ey, then by taking a spanning subgraph G C G’ with e(G) = e,, we see
that either G contains a copy of gemy, or G € F,, 4. In either case, G’ contains a
copy of gem,.

First, suppose that 6(G) < |%] and let v € V(G) be a vertex of minimum
degree. Then by (2), we have
(3) e(G—v) = e(G) — deg(v) = en = | 7| = n-t.
If e(G—wv) > ep—1, then by induction, G —v, and thus G, contains a copy of gem,.
Next, e(G — v) = e,—1 holds if and only if deg(v) = LgJ and e, — e,_1 = L%J
The latter condition holds for n # 3 (mod 4). By induction, either G — v, and
thus G, contains a copy of gem, and we are done, or G — v € F,_1 4, and we
must consider the following cases.
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Case 1. n =0 (mod 4). We have G —v = G3_, with classes A3 | and
where [A3 || = 2 — 1 and [B3_,| = %, and B}_, containing a perfect
matching. Since deg( ) = 7, if N( )= B3 |, then G = GY. Otherwise, if v has
neighbours ¢ € A _; and u E Bn 1, then abcv + u is a copy of gem, in GG, where

ac A3\ {c} and b€ B3_, is the vertex adjacent to u.

BB

n—1»

Case 2. n =1 (mod 4) We have G —v = GY_, with classes A% | and B?

n—1>
where |A 1] = [BY || = 251, with BY_, containing a perfect Inatchlng. Since
deg(v) = , it follows that if N(v) = BY_, then G = GL!, and if N(v) = A% _,

then G = G12 Otherwise, v has a nelghbour in both A% and BY |, so that as

in Case 1, G contains a copy of gem,.

n—1»

Case 3. n =2 (mod 4). We have G —v € {G}',,G}2,}. Suppose first that
G—v = G |. Then the classes of G—v are Al | and B}L 1» where [A}L | =% -1
and |B}L,| = %, with A;! | containing a perfect matching. Since deg(v) = ”, it
follows that if N(v) = B}Ll 1, then G = G2L. Otherwise, v has a neighbour in both
AM and B, and G contains a copy of gem, as in Case 1. Now suppose that
G—-—v= Glal. Then the classes are A2, and B}% |, where |Al? || =2 — 1 and
|B}?,| = %, with B}?, containing a maximum matching with one unmatched
vertex, say w. Since deg(v) = %, it follows that if N(v) = B}?, then again
G = G?' and if N(v) = A2 U{w} then G = G?2. Otherwise, v has a neighbour
in both A2 | and B2\ {w}, and again as in Case 1, G contains a copy of gem,.

Next, suppose that 6(G) > |%| + 1. In view of (1), if n is even, then we

have e(G) > 2(% +1) > e,. If n =1 (mod 4), then e(G) > [% (|2]+1)] =
L%QJ + L%J 4+ 1 > e,. We have a contradiction in these cases. Now let n = 3

2

(mod 4). We have e(G) > [2 (|2 +1)] = L%J + |%] 4+ 1= e,. We must have
equality, and thus G is a (L%J + 1)—regular graph. Let v € V(G), so that by (2)

(4) e(G—v) =e(G) —deg(v) = ey, — Q%J + 1) =enp_1.

By induction, either G — v, and thus G, contains a copy of gem,, or G — v €
Fn—1,4. If the latter holds, then G —v € {Gn 1»G%2—1} Suppose first that
G —v = G2 |. The classes are A2' | and B2 |, where |42 || = |B2 || = 21
with Bfll_l contalmng a maximum matching with one unmatched vertex, say w.
Since deg(v) = 5! + 1, in order for G to be (|%]| + 1)-regular, we must have
N(v) = A% U {w}. This gives G = G3. Now, suppose that G —v=G*%2 .
The classes are A22 | and B22 |, where |A22 | = 2 =241,
with B22 | containing a perfect matching. Again smce G is (L J + 1)—regular, we

must have N(v) = B2 || and this also implies G = G3.

n—1s

This completes the proof of Theorem 2.1. [
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2.2, Turan function for gemy

We will next determine the function ex(n,gems). Analogously, we first define
the family of graphs F,, 5, which will consist of all the extremal graphs. Let
n > 8 and F,5 be the family of graphs on n vertices as follows. For n > 11,
we let Fp5 = Fpa. For n = 8,9,10, the family F, 5 will consist of all graphs
of F,,4 and some additional graphs. Let G, be the graph obtained by adding
one edge into each class of Ty(n). Also for n = 8, let G§ be the graph obtained
by embedding two vertex-disjoint triangles into the larger class of the complete
bipartite graph K. For n =9, let G§j be the graph obtained by taking G§ and
joining another vertex to the four unmatched vertices within the classes of G§.
As before, let A and B{ be the classes of G§, with similar notations for the other
graphs. Figure 3 below shows these additional graphs. Let Fg5 = {GY, Gk, G4},
}—9,5 = {G51)17G$1927 vag}v and }—10,5 = {G%(l)vG%%)a /10 :

w9 s

e I s I

Bé Bé’

’ 1 ’
/ " \ /
]| ao H‘ w1
By

Figure 3. The additional graphs in F,, 5 for n = 8,9, 10.

Note that every graph of F, 5 is gems-free. Indeed, let G € Fp,5. If G &
{G4,GY, Gy, Gy, G}, then G is gemy-free as before, so that G is gems-free.
Suppose that G € {G§,G¢, Gy, Gy, Gy} and G contains a copy of gems, say
abede + u. It is easy to check that in each choice for G, whichever vertex of G is
chosen for u, we have that u does not have five neighbours that form a path Ps
in . This is a contradiction.

Also, by adding an edge to any graph of F;, 5, we obtain a graph that contains

!

a copy of gems. To see this, let G € F,, 5. Suppose first that G & {G§, G5, Gy,
9:G1o}. Then similar to before, since n > 8, it follows that if an edge cu is
added to the independent class of GG, then we can find two independent edges

ab, de in the other class. If an edge bu is added to the class of G containing the
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maximum matching, then we may assume that du is an edge in the matching,
and choose vertices a, ¢, e in the other class. In both cases, we have abcde + u is
a copy of gems. Next, the case G € {G§, Gy, G’} can be considered similarly,
according to whether or not the added edge is incident with an edge within a
class of G. Now, consider G = G§. If the edge bu is added into Af, then let cde
be a triangle and a be another vertex in Bf. If an edge is added into Bf, then
there exists a path abede of order 5 in BY, and we let u € A{. In both cases,
abcede + u is a copy of gems. Finally, consider G = G§. Since G contains G§ as
a subgraph on A§ U BY, it follows that if an edge is added into A§ or B{, then
we have a copy of gemy. Thus, we may assume that the edge au is added to G,
where a is an end-vertex of the edge in Ay, and u is the vertex outside of AU BY.
Then if ¢,e € Ay and b, d € By are the neighbours of u in Gy, we have abede + u
is a copy of gems.

We can easily check that for n > 8, all graphs of F,, 5 have the same number
of edges, which is also the same as the number of edges in any graph of F, 4.
Thus, we may also let e,, denote the number of edges in any graph of F,, 5. Then,
equations (1) and (2) remain true. That is, for G € F;, 5, we have

o o[l TR

and for n > 9, G € F,, 5 and G’ € F,,_1 5, we have

nJ { 0 ifn=0,1,2 (mod 4),

(6) e(G) —e(G') = en —en1 = L§ 1 if n =3 (mod 4).

We have the following result for the Turdn function ex(n, gemsy).

Theorem 2.3. Forn > 8, we have

n? n 0 if n=0,1,2 (mod 4),
|+ L3+

ex(n, gems) = e, = \‘4 1 if n=3 (mod 4).

Moreover, the only gems-free graphs with n vertices and ex(n,gems) edges are
the members of Fp 5.

As before, Theorem 2.3 will be proved by induction on n. We first prove the
base case, which will involve a bit more of case analysis than in Lemma 2.2.

Lemma 2.4. ex(8,gemy) = eg = 18 and the only gems-free graphs with eight
vertices and 18 edges are G3, G% and GY.

To prove Lemma 2.4, the following lemma will be useful.
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Lemma 2.5. Let H be a graph with vertex set AU B, where A = {x,y} and
B = {z1, 22,23, 24}. Suppose that vy,xzy € E(H), and H also contains all edges
between {x,y} and {z1, 29, z3}. Suppose that H[B] contains two edges fi, f2, and
either z4 belongs to at least one of fi, fa, or yzq4 € E(H). Then H contains a

copy of gems.

Proof. First, if z4 belongs to one of fi, fo, then we may assume that either
fi = 2120, fa = 2324 or fi = 2120, fo = 2224 Or f1 = 2124, fo = 2224. Then
2129Y%3%24+T O 23Y21 2224+ OF 23Yz12422+2 is a copy of gem;y in H, respectively.

Next, if yz4 € E(H) and z4 does not belong to fi and fa2, then we may assume
that fi = 2122 and fa = 2923. Then 2;2023y24 + x is a copy of gemy in H. [ |

Proof of Lemma 2.4. Let G be a graph with eight vertices and eg = 18 edges.
As in Lemma 2.2, it suffices to prove that either G contains a copy of gems, or
G € Fss = {GY,G%, G4}, Let A = A(G) be the maximum degree of G. Note
that 5 < A < 7, otherwise if A < 4, then e(G) < L% -8-4J =16 < 18 = eg, a
contradiction. Let dy > dy > -+ > dg be the degree sequence of G. Let u € V(G)
be a vertex of maximum degree, so that deg(u) = A = d;. We consider three
cases according to the value of A.

Case 1. A = 7. By Theorem 1.1, we have ex(7, P5) = (;1) + (g) = 9. Thus
e(G—u) =18—-7=11>9 = ex(7, P5), and there exists a copy of the path Ps
in G’ — u, which together with u, form a copy of gemy in G.

Case 2. A = 6. Let v € V(G) \ {u} be a vertex with deg(v) = da. Note
that deg(v) = 6 or deg(v) = 5, otherwise e(G) < [$(6+7-4)| = 17 < 18 = es,
a contradiction.

Subcase 2.1. deg(v) = 6. Suppose first that uv ¢ E(G). We have e¢(G —
{u,v}) = 18 = 2-6 = 6. If there exists z € V(G) \ {u,v} with at least three
neighbours in V(G) \ {u,v,x}, say x1,x9,x3, then xjuxovrs + = is a copy of
gems in G. Otherwise, since e(G — {u,v}) = 6, we see that every vertex of
V(G) \ {u,v} must have exactly two neighbours in V(G) \ {u, v}, and thus, the
subgraph G — {u, v} must be either Cg or two vertex-disjoint copies of Cs. If the
former, then there is a copy of P5 in G — {u,v}, which together with u, form a
copy of gems. If the latter, then G = G¥.

Now, suppose that uv € E(G). Observe first that v and v have at least
four common neighbours in V(G) \ {u,v}. If G[N(u) \ {v}] contains two edges,
then Lemma 2.5 implies that G contains a copy of gems. Otherwise, we may
assume that G[N(u) \ {v}] contains at most one edge. If y is the vertex not
adjacent to v in G, then y has at most five neighbours in N(u) \ {v}. Therefore,
we have e(G — {u,v}) < 1+ 5 = 6. This is a contradiction, since we have
e(G—{u,v})=18—-1-2-5="1.
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Subcase 2.2. deg(v) = 5. Let w € V(G)\ {u, v} be a vertex with deg(w) = ds.
Note that deg(w) = 5, otherwise, e(G) < [2(6+5+6-4)] = 17 < 18 = es.
Thus, without loss of generality, we may assume uv € E(G), so that e(G —
{u,v}) =18 —-1—-5—4 = 8. Let y be the vertex not adjacent to u. Suppose that
G does not contain a copy of gems.

Let vy ¢ E(G). Then v has exactly four neighbours in N(u) \ {v}, and by
Lemma 2.5, G[N(u) \ {v}] contains at most one edge, so that e(G — {u,v}) <6,
a contradiction.

Now let vy € E(G). Let x1, x2, x5 be the common neighbours of u and v, and
21, z2 be the remaining two vertices, so that uzy, uze € E(G) and vz, vze & E(G).
Again by Lemma 2.5, each of y, 21, 2o has at most one neighbour in {x1,x2,z3}.
If there are no edges between {y, 21,22} and {z1,z2,23}, then e(G — {u,v}) <
6, a contradiction. Otherwise, if there exists an edge between {y,z1,22} and
{x1,29,23}, then by Lemma 2.5, there are no edges in G[{x1,x2,x3}]. Since
there are at most three edges in G[{y, z1, 22}] and at most three edges between
{y, 21, 22} and {x1,z9, z3}, we have e(G — {u,v}) < 6, another contradiction.

Case 3. A =5. We have dj = dy = d3 = dy = A = 5, otherwise, ¢(G) <
L%(3 -5+5- 4)J = 17 < 18 = eg. This means that, we may assume there exists
v € V(G) \ {u} with deg(v) = 5 and wv € E(G), so that e(G — {u,v}) =
18 —1—-2-4 =9. If G contains a copy of gems, then we are done, so assume
otherwise.

Suppose first that v and v have four common neighbours, say x1, x2, 3, 4.
Let y1,y2 be the remaining two vertices. By Lemma 2.5, G[{z1, z2, x3,x4}] con-
tains at most one edge. If there is exactly one edge, say z1x2 € F(G), then there
are 10 edges already in G. The edges between {y1,y2} and {x1,x2,x3, 24}, as
well as y1y2, may possibly be present, and since e(G) = 18, exactly one of these
nine edges is not present. Suppose first that y;yo € F(G). We may assume that
Y121, Y122, Y221 € E(G), but then wvxay1y2 + x1 is a copy of gems. Otherwise,
if y1y2 ¢ E(G), then we have G = G§. Finally, if there does not exist an edge
in G[{z1,z2,x3,24}], then a similar edge count shows that G contains all edges
between {y1,y2} and {x1,x9, 23,24}, as well as y;y2. This gives G = Gg.

Next, suppose that u and v have three common neighbours, say x1, x2, 3. Let
Y, 21, z2 be the remaining vertices, where uz1,vze € E(G) and uy, vy, uzs,vz1 &
E(G). By Lemma 2.5, each of 21, zo has at most one neighbour in {z1,z2,x3}.
If there exists an edge between {z1, 20} and {1, z2, 23}, then again by Lemma
2.5, there are no edges in G[{z1,z2,x3}]. Since there are at most three edges
in G[{y, z1, 22}], and at most five edges between {y, 21, 22} and {z1,x2, 23}, we
have e(G — {u,v}) < 8, a contradiction. Otherwise, suppose that there are no
edges between {z1, 22} and {z1,22,23}. Then we have deg(z;) < 3 for i = 1,2.
This implies that the remaining six vertices must each have degree 5, otherwise
e(G) < |3(5-5+4+2-3)] =17 < 18 = eg. In particular, we have z;z; € E(G)
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for 1 <i# j<3andyz; € E(G) for i = 1,2,3. But then uvzoxsy + x; is a copy
of gemy.

Finally, suppose that u and v have two common neighbours, say xi, xs.
Let y1,y2, 21, 22 be the remaining vertices, where uy;, uys,vz1,vz2 € E(G) and
uzi,uze, vy, vys ¢ E(G). Suppose first that there are at most two edges in
Gl{z1,22,y1,92}], and at most two edges in G[{z1,x2, 21,22}]. Since there are
at most four edges between {y1,y2} and {z1, 22}, we have e(G — {u,v}) <
2-2+4+4 = 8, a contradiction. Now, suppose that there are at least three
edges in Gl{z1,22,y1,y2}]. If z1y1,9192 € E(G) or x1y1,z2y2 € E(G), then
T2VX1Y1Y2 + U Or Y1x1vT2y2 + u is a copy of gems. Thus, we may assume that
122, 1Y1, T2y1 € F(G) and z1y2, x2y2, y1y2 € E(G). If there are at most two
edges in G[{x1, x2, 21, 22}|, including z1x2, then since there are at most four edges
between {y1, 42} and {z1, 22}, we have e(G — {u,v}) <3+ 144 = 8, a contradic-
tion. Thus, there are at least three edges in G[{z1, z2, 21, 22}], and by similarly
considering the edges in G[{x1, z2, 21, 22 }], we may assume that x121, 2221 € E(G)
and 122, 222, 2122 € E(G). But now, yjuzavz; + 1 is a copy of gems.

Therefore, we conclude that either G contains a copy of gems, or G € Fg 5.
This completes the proof of Lemma 2.4. [

We are now able to prove Theorem 2.3. The proof is generally similar to that
of Theorem 2.1 but with a little more case analysis.

Proof of Theorem 2.3. Let n > 8. Again, the lower bound ex(n,gems) > e,
follows by considering any graph of F,, 5. We prove the upper bound ex(n, gemy) <
en by induction on n. Lemma 2.4 proves the result for n = 8. Now suppose that
n > 9, and the theorem holds for n — 1. As before, it suffices to prove that if G
is a graph on n vertices and e(G) = ey, then either G' contains a copy of gems,
or G € ./—"7175.

First, suppose that 6(G) < |%] and let v € V(G) be a vertex of minimum
degree. Then exactly as in (3), we have e(G — v) > e,—1. Again we are done
unless e(G — v) = e,—1, whence deg(v) = L%J and e, — €p_1 = L%J, and n # 3
(mod 4). By induction, either G — v, and thus G, contains a copy of gemy and
we are done, or G —v € F,_1 5, and we must consider the following cases.

Case 1. n =0 (mod 4). We have G — v = G3_, with classes A3_; and
B} |, where |A?_| = % — 1 and |By_,| = %, and B?_, containing a perfect
matching. We have deg(v) = %. If N(v) = Bi_, then G = GY. Otherwise, if v
has neighbours ¢,d € A3 | and u € B3_,, then abcvd + u is a copy of gemy in G,
where a € A3 _;\ {c,d} and b € B3 _; is the vertex adjacent to u. If v has exactly
one neighbour u € A3 |, then since |B3_;| = 5 >4, we can find a,b,c,d € B3,

such that ab, cd,bv, cv € E(G). We have abved + u is a copy of gems in G.
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Case 2. n =1 (mod 4). If n > 13, we have G —v = GY_,. If n = 9, we have
G-ve {Gg7 ,87G/8/}

Subcase 2.1. n > 9 and G —v = GO_,. The classes of G — v are AY | and
Bg_l. Since |Bg_1| = "T_l > 4, this subcase can be considered by combining the
arguments used in Case 2 of Theorem 2.1 and in Case 1 above. We find that
either G contains a copy of gemy, or G € {GL!, GL2}.

Subcase 2.2. n =9 and G — v € {G§, G§}. Suppose first that G — v = G,
so that the classes of G — v are Ag and B with |Ag| = |Bg| = 4, and each class
containing one edge, say cu and ab are the edges in Ag and B;. We have deg(v) =
4. If N(v) = A or N(v) = B§, then G = Gy, and if N(v) = (A3UBg)\{a,b, c, u},
then G = Gy. Otherwise, let d € B \ {a,b}. We may assume that uv € E(G),
and either av € E(G) or dv € E(G). Then vabed + w or abedv + u is a copy of
gems.

Now, suppose that G — v = G¢. The classes of G — v are A and B{ with
|AZ| = 2, |B{| = 6, and there are two vertex-disjoint triangles embedded into
B{. Let Af = {b,d} and acu be one of the triangles in B{. We have deg(v) = 4.
If bu,dv € E(G), then we may assume that wv € E(G). We have abedv + u is
a copy of gems. Otherwise, v has at least three neighbours in B, and we may
assume that av,uv € E(G). Then vabed + u is a copy of gems.

Case 3. n =2 (mod 4). If n > 14, then we have G —v € {GLL |, G2 |}, TIf
n = 10, then we have G — v € {G{, G2, Gy, G4}

Subcase 3.1. n > 10 and G —v € {G}|,G2,}. If G —v = G|, then

n—1»
A | =2-1>4. IfG—v = G}2,, then G—v has the class B}? | which contains
a maximum matching with an unmatched vertex, say w. We have |B}2 ,\ {w}| =
5 — 1 > 4. Since deg(v) = %, this subcase can be considered by combining the
arguments used in Case 3 of Theorem 2.1 and in Case 1 above. We find that

either G contains a copy of gems, or G € {G2!, G22}.

Subcase 3.2. n =10 and G — v € {G, G§}. Suppose first that G — v = Gy,
so that the classes of G —v are Aj and Bj, with |Aj| = 4, |Bgy| = 5, and each class
containing one edge. We have deg(v) = 5. If N(v) = B, then G = G,. If v has
a neighbour which is incident with the edge in Ag or the edge in By, then as in the
argument in the first part of Subcase 2.2, G contains a copy of gems. Otherwise,
N(v) consists of the five vertices not incident with the two edges within Af and
Bj. Therefore, if b,d € Ay and a,c,e € By are these five neighbours of v, then
abede 4+ v is a copy of gemy.

Now, suppose that G —v = G§. The graph G — v consists of two sets Ay and
B{ where |Ag| = |By| = 4, with one edge in each set, say fi in Aj and f> in By,
and another vertex, say z, joined to the four vertices not incident with f1, fo. Let
b,d € A and a,c € By be the neighbours of z in G —v. We have deg(v) = 5.
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Again, if v has a neighbour in each of Af and By where at least one is incident
with f1 or fo, then by the argument in Subcase 2.2, G' contains a copy of gems.
Otherwise, we may assume that N(v) = A U {z} or N(v) = {a,b,¢c,d, 2}, and
abedv + z is a copy of gems.

This concludes the case when 6(G) < [%].

Next, suppose that §(G) > L%J + 1. Then exactly as in the proof of Theorem
2.1, we must have n = 3 (mod 4), and that G is a (L%J + 1)—regular graph. Again
for v € V(G), we have e(G—v) = e,_1, using exactly the same argument as in (4).
By induction, either G—wv, and thus G, contains a copy of gems, or G—v € Fj,_1 5.
If the latter holds, then for n > 15 we have G —v € {G2L,,G?2 |}, and for n = 11

n—1»
we have G — v € {G3},G32, G} If n > 11 and G — v € {G?L |,G?%,}, then as
in the proof of Theorem 2.1, the fact that G is a (L%J + 1)—regular graph implies
that G = G3. Otherwise, we have n = 11 and G—v = G;,. Then G is a 6-regular
graph, which means that N(v) consists of the six vertices not incident with the
two edges within A}, and Bj,. Therefore, if a,c,e € A}, and b,d € Bj, are
neighbours of v, then abede 4 v is a copy of gemy.

This completes the proof Theorem 2.3. [

3. DECOMPOSITIONS OF GRAPHS INTO GEM GRAPHS AND SINGLE EDGES

Recall that for a fixed graph H, ¢(n, H) denotes the smallest integer ¢ such that
any graph on n vertices admits an H-decomposition with at most ¢ parts. In
this section we will verify Pikhurko and Sousa conjecture (Conjecture 1.3) for the
gem graphs gem, and gemy. That is, we will show that ¢(n, gem,) = ex(n, gem,)
for n > 6, and ¢(n, gems) = ex(n, gems) for n > 8.

3.1. gemy-decompositions

We begin by considering gem,-decompositions, and prove the following result.

Theorem 3.1. For n > 6 we have

¢(n, gemy) = ex(n, gemy).
Moreover, the only graphs attaining ex(n,gemy) are the members of Fy 4.

Proof. Let n > 6. The lower bound ¢(n,gem,) > ex(n,gem,) holds by consid-
ering any graph of 7, 4. We prove the matching upper bound. By Theorem 2.1,
we know that ex(n,gem,) = e, for n > 6. Let G be a graph on n > 6 vertices.
We must prove that ¢(G,gem,) < ex(n,gem,) = e,, with equality if and only if
G e .Fn74.

We proceed by induction on n. For n = 6, if e(G) < eg = 10, then we can
simply decompose G into single edges to obtain ¢(G, gem,) < eg. Otherwise, let
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10 = eg < e(G) < 15. By Theorem 2.1, we either have G € Fg 4, or G contains a
copy of gemy. If G € Fg 4, then e(G) = eg = 10 and we must decompose G into
single edges, thus, ¢(G,gem,) = eg as required. If G contains a copy of gemy,
then ¢(G,gemy) <1+ e(G) — e(gemy) < 9 < 10 = eg. Thus, the theorem holds
for n = 6.

Now, let n > 7, and suppose that the theorem holds for n — 1. Let G be
a graph on n vertices. As before, if e(G) < e, then ¢(G, gem,) < e, simply
by decomposing G into single edges. If ¢(G) = e,,, then by Theorem 2.1, either
G contains a copy of gem,, in which case ¢(G,gem,) < 1+ e(G) — e(gemy) =
en — 6 < ey, or G € Fp4, in which case we can only decompose G' into e,, single
edges for a gem,-decomposition, and ¢(G, gem,) = e, as required.

Now, suppose that e(G) > ey, and let v € V(G) be a vertex of minimum
degree. If deg(v) < | %], then by equation (2) we have e(G—v) = e(G) —deg(v) >
en — L%J > en—1, that is, G —v € F,,_1,4 and by the induction hypothesis we have

¢(G —v,gemy) < ex(n —1,gemy) = e,_1.
Therefore, when going from G —v to G we only need to use the edges joining v to
the other vertices of G, and there are at most L%J of these edges at v. We have
n
¢(G,gem4) < ¢(G -0, gem4) + deg(v) <eép—1+ LEJ < én,
as required.

Therefore, we may assume that deg(v) > | %] + 1 and let deg(v) = |%| +m
for some integer m > 1. For every x € N(v), we have

deg(z, N(v)) > LgJ +m — (n— {gJ —m)
(7) :2LSJ+2m—n2 om — 1.

This means that G[N(v)] must contain a path P, on 2m vertices. Otherwise, if
the longest path in G[N(v)] has at most 2m — 1 vertices, say with an end-vertex
y, then all neighbours of y in N(v) must lie in the path, so that deg(y, N(v)) <
2m — 2, contradicting (7).

If m > 2, then the path P, contains L%”J = L%J vertex-disjoint paths of
order 4. Thus, we have L%J edge-disjoint copies of gem,, where each copy is
formed by a path of order 4, together with v. Let FF C G — v be the subgraph of
order n — 1 obtained by deleting the edges of the paths of order 4 from G — v.
By induction and (2), and since m > 2, we have

o(G,gemy) < ¢(F,gemy) + L%J + deg(v) — 4{%J

n
J < ep—1-+ \‘EJ <ep.

en—1+ LgJ —I—m—?{

m

2

IN
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To complete the proof it remains to consider the case m = 1. For this case,
we will repeatedly use the following claim.

Claim 3.2. Suppose that there exists a vertez z € V(G) with deg(z) = | %] +1,
and G has a copy of gem, with at least three edges incident to z. Then ¢(G,gem,)
< €ep.

Proof. Let F C G — z be the subgraph on n — 1 vertices obtained from G — z
by deleting the edges of the copy of gem,. By induction and (2), we have
n

d(G,gemy) < ¢(F,gemy) + 14 deg(z) =3 < ep_1 + bJ —1<ep,. .

We now consider three cases. Let N(v) = V(G)\ (N (v)U{v}), and note that

IN(v)] = gJ +1>4 and [N(v)| = [g] —2>2.
Case 1. G[N(v)] contains a path P of order 4. Then P and v form a copy of
gem,, and we have ¢(G, gem,) < e, by Claim 3.2.

Case 2. The order of the longest path in G[N(v)] is 3. Let z1zz2 be a path
of order 3 in G[N(v)].

Subcase 2.1. x1x9 € E(G). We have deg(z, N(v)) = 2, for otherwise G[N (v)]
would contain a P;. We must have deg(z,N(v)) > [2| +1—-3 > [N(v)| — 1.
Similarly for x1,x2. This implies that two of x, x1, 22 have a common neighbour
in N(v), say y € N(v) is a common neighbour of z,z1. Then zovr1y + x is a
copy of gem,, and by Claim 3.2 with z = v, we have ¢(G, gem,) < e,.

Subcase 2.2. z1x2 ¢ E(G). Let N(v) = {z,21,22,...,% /2 }. Fori =12,
we have deg(z;, N(v)) = 1, and

(8) deg(zi, N(v)) > gJ f1-2> [g} — 2= |N(v)|.

We must have equality to hold throughout, whence n is odd, deg(z1) = deg(z2) =
L%J +1, and both x1, x5 are adjacent to all vertices of N(v). If z has a neighbour
y € N(v), then zjvzoy+x is a copy of gem,, and again ¢(G,gem) < e, by Claim
3.2 with z = v.

Otherwise, suppose that # does not have a neighbour in N(v). Then deg(z) <
IN(v) U{v}| =1 = |%] +1, so that deg(z) = |%| + 1 and zz; € E(G) for all
1 <3< L%J Moreover, we have z;x; ¢ E(G) for all i # j, otherwise there
would exist a copy of P; in G[N(v)]. By a similar argument as in (8), we have
deg(z;) = | %] +1, and =; is adjacent to all vertices of N(v) forall1 < < [%2]. In
order to get a contradiction, suppose that there does not exist a path of order 3
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in G[N(v)]. Then the maximum number of edges in G[N(v)] is | $|N(v)||. Recall
that n is odd. We have

e(G)

IN

2AN )] = 1+ (N - DIN ) + | 5RO
2[5 [51(151-2)+ 5151 -2)]
e

by (1), which contradicts the assumption e(G) > ey. Therefore, G[N(v)] must
have a path of order 3, say y1y2y3. Note that |[N(v)| = [§] —2 > 3 and thus

we must have n odd and n > 9. Then, z1y122y3 + y2 is a copy of gem,, and by
Claim 3.2 with z = 21, we have ¢(G, gem) < e,,.

Case 3. The longest path in G[N(v)] has order 2. Note that this is indeed
the remaining case, since deg(z, N(v)) > 2m — 1 = 1 for all x € N(v) by (7).
Moreover, N (v) induces a perfect matching in G. Now by a similar argument as
in (8), we must have n odd, and for every z € N(v), we have deg(z) = | 4| +1
and x is adjacent to all vertices of N(v). Thus, we can find an edge x1z2 in
G[N(v)] and a common neighbour y € N(v) of 21, z5. Now, since vxay is a path
of order 3 in G[N(x1)], we are done by applying Case 1 or Case 2 with 1 in place
of v.
The induction step is complete, and this completes the proof of Theorem 3.1.
|
3.2. gemg-decompositions

By using the same ideas as in the proof of Theorem 3.1, but with more case
analysis, we will be able to prove a similar result for gems-decompositions. That
is, we will prove the following theorem.

Theorem 3.3. For n > 8 we have

¢(n, gems) = ex(n, gemy).
Moreover, the only graphs attaining ex(n,gems) are the members of F, 5.

Proof. Let n > 8. As before, we have ¢(n, gems) > ex(n,gems) by considering
any graph of F,, 5. By Theorem 2.3, to prove the matching upper bound, we must
prove that if G is a graph on n > 8 vertices, then ¢(G, gems) < ex(n, gems) = ey,
with equality if and only if G € F, 5.

We proceed by induction on n. For n = 8, if e(G) < eg = 18, then we
can simply decompose G into single edges to obtain ¢(G,gem,) < eg. Next,
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suppose that 18 = eg < e(G) < 25. By Theorem 2.3, we either have G € Fg s,
or G contains a copy of gems. If G € Fgs, then e(G) = eg = 18 and we must
decompose G into single edges, and ¢(G,gems) = es. If G contains a copy of
gems, then ¢(G,gems) < 1+ e(G) — e(gems) < 17 < 18 = eg. Finally, suppose
that 26 < e(G) < 28. Clearly, there exist two vertices z,y € V(G) of degree 7,
so that e(G — {z,y}) > 26 —1—2-6 = 13. Since ex(6,P5) = (3) + (3) = 7
by Theorem 1.1, this means that we can find two edge-disjoint copies of Ps in
G —{z,y}. These two copies of Ps, together with = and y, form two edge-disjoint
copies of gemy in G. Thus, ¢(G,gems) < 2 + e(G) — 2e(gemy) < 12 < 18 = eg.
The theorem holds for n = 8.

Now, let n > 9, and suppose that the theorem holds for n — 1. Let G be
a graph on n vertices. As before, if ¢(G) < ey, then ¢(G, gems) < ey, simply
by decomposing G into single edges. If e(G) = e, then by Theorem 2.3, either
G contains a copy of gems, in which case ¢(G,gems) < 1+ e(G) — e(gemy) =
en — 8 < ey, or G € Fy, 5, in which case we can only decompose G into e,, single
edges for a gems-decomposition, and ¢(G, gems) = e, as required.

Now, suppose that e(G) > ey, and let v € V(G) be a vertex of minimum
degree. If deg(v) < [Z], then by equation (6), we have e(G — v) = ¢(G) —
deg(v) > e, — L%J > ep—1, that is, G —v € F,_15. By induction, we have
¢(G —v,gemy) < ex(n —1,gems) = e,—1. Thus, when going from G — v to G we
only need to use the edges joining v to the other vertices of G. We have

o(G,gems) < ¢(G — v, gems) + deg(v) < ep—1 + LgJ < e,.

Therefore, we may assume that deg(v) > | %] +1 and let deg(v) = | % | +m for
some integer m > 1. Asin (7), for every z € N(v), we have deg(z, N(v)) > 2m—1,

and that G[N(v)] must contain a path P, on 2m vertices.
2m

If m > 3, then the path P, contains LTJ vertex-disjoint paths of order 5.

Thus, we have L%”J edge-disjoint copies of gems, where each copy is formed by

a path of order 5, together with v. Let F' C G — v be the subgraph of order n — 1
obtained by deleting the edges of the paths of order 5 from G — v. By induction
and (6), and since m > 3, we have

¢(G, gems) < ¢(F), gems) + {?J + deg(v) — 5 F?J

n

2m n
€en—1+ L*J +m—4 {J < ep_1+ L

2

IN

<e,.
2 5 J = En

For the rest of the proof, let N(v) = V(G) \ (N(v) U {v}). Next, suppose
that m = 2, so that |[N(v)| = |%] +2 > 6 and [N (v)| = [5] — 3 > 2. If G[N(v)]
contains a path Ps of order 5, then this path together with v form a copy of gems.
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Let FF C G — v be the subgraph of order n — 1, obtained by deleting the edges of
the Ps. Then,

n

¢(G7gem5) S ¢(F7 gem5) +1+ deg(v) -5 S en—1+ LQ

|+2-4<en
Therefore, we may assume that the longest path in G[N(v)] has order 4. Let
x1Tow3x4 be such a path in G[N(v)]. Since deg(x1, N(v)) > 2-2—1 = 3, we
must have z1z3,x124 € E(G). Moreover, the only neighbours of z; in N(v) are
To, T3, T4, SO that

deg(x1, N(v)) > [gJ +2-4> {gw —3=|N(v)|.

We must have equality, so that n is odd, deg(z1) = L%J + 2, and z1 is adjacent
to every vertex of N(v). The same argument holds for x4, so that xz;,z4 have
a common neighbour y € N(v). Now, since vwazsrsy is a path of order 5 in
G[N(z1)], we are done by applying the previous argument with z; in place of v.

To complete the proof it remains to consider the case m = 1. As before, we
will repeatedly use the following claim which is analogous to Claim 3.2.

Claim 3.4. Suppose that there exists a vertex z € V(G) with deg(z) = | 5| +1,
and G has a copy of gems with at least three edges incident to z. Then ¢(G, gems)
< eépn.

Proof. Exactly the same as the proof of Claim 3.2. 0O

‘We now consider four cases. Note that we have

n — n
=|= > =|=-|—-22>3.
IN(v)] L2J+1_5 and |N(v)] [2] 2>3
Case 1. G[N(v)] contains a path P of order 5. Then P and v form a copy of

gems, and we have ¢(G, gems) < e, by Claim 3.4.

Case 2. The order of the longest path in G[N(v)] is 4. Let x1x2x324 be such
a path in G[N(v)]. It suffices to consider the following subcases.

Subcase 2.1. xx3,7104 € E(G). For i = 1,2,3,4, x; does not have a
neighbour in N(v) \ {z1, z2,x3, x4}, so that deg(z;, N(v)) < 3. Thus,

9) deg(zs, N(v)) > [gJ t1-4> {g] 4 =|N(@)| -2

If zox4 ¢ E(G), then we have deg(z;, N(v)) = 2, and deg(x;, N(v)) > |N(v)| —1
for j = 2,4. With (9), this implies that either x1,x9 or xza,x3 or z1,z3, have a
common neighbour y € N(v). Then, either x4vz372y + T1; Or T4VT1T2Y + T3;
or T4 vxar3y + 1, is a copy of gemsy, respectively. By Claim 3.4 with z = v, we
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have ¢(G,gems) < e,. Now, if zoz4 € E(G), then by (9), two of z1, 22, 23,24
have a common neighbour in N(v). We may assume that x1,x2 have a common
neighbour y € N(v). Then we have ¢(G, gemy) < e, by the same argument.

Subcase 2.2. x1x3 € E(G) and z124, 20204 ¢ FE(G). We see that x3 is the
only neighbour of z4 in N(v), so that

deg(z4, N(v)) = [%J t1-2> {g} —2=[N@)|.

We must have equality throughout, so that deg(z4) = L%J + 1 and n is odd.
Moreover, x4 is adjacent to every vertex of N(v). If x3 has a neighbour y € N(v),
then xjxovx4y + x3 is a copy of gems, and we have ¢(G, gems) < e, by Claim
3.4 with z = v. Now suppose that x3 does not have a neighbour in N(v). Let
T5,T6; - -, T|n/2|+1 e the remaining vertices of N(v). Then deg(z3) > L%J +1
implies that zsx; € E(G) for every i > 5. Moreover, we have x1z;, xox; ¢ E(Q)
for all ¢ > 5, otherwise we are in Subcase 2.1. This means that deg(z;) = L%J +1
and x; is adjacent to every vertex of N(v) for all i > 4. Also, note that for
i=1,2,
deg(zs, N(v)) > bJ +1-3= B] ~3=[N@)| - 1.

Suppose first that G[N(v)] contains a path of order 3, say y1y2ys. If n > 11
so that |N(v)| = |%] +1 > 6, then z4y125y326 + y2 is a copy of gems, and
we have ¢(G,gems) < e, by Claim 3.4 with z = x5. Now let n = 9, and
suppose that z1y1,z1y2 € F(G). Then x1y124y325 + y2 is a copy of gems, and
we have ¢(G, gems) < e, by Claim 3.4 with z = z4. Thus, we may assume that
T1Y1, T1Y3, To2y1, Toys € E(G) and z1y2,x2y2 ¢ E(G). It is easy to check that
G is the graph Gy with A§ = {1, 22, 4,25}, By = {v,z3,91,y3}, and ys is the
remaining vertex, so that ¢(G,gems) = eg = ex(9, gemy).

Now, suppose that G[N(v)] contains an edge, say y192. If o1 is adjacent to
every vertex in N (v), then we may assume that zoy; € E(G). Then z3vzoy1ys +
x1 is a copy of gems, and we have ¢(G, gems) < e, by Claim 3.4 with z = v.
Thus we may assume that x; and x5 are not adjacent to exactly one vertex in
N(v). Since there are at most |N(v)| edges in G[N(v)] and at most |[N(v)]|

edges in G[N(v)], we have

N |

e(G) < 2IN(v)[+2(IN(v)] = 1) + (IN(v)] = 3)[N(v)] + L
=2+ (5] -2)([5]-2) + |3 ((5]-2)]
n2 n
[

0]
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by (5) and since n is odd, which contradicts the assumption e(G) > e,. Finally,
if G[N(v)] does not contain an edge, then

e(G) < 2IN()[+ (IN(v)] = D|N(v)]
2

~2((3]+)+ (51 -2) = 5] 2

another contradiction.

Subcase 2.3. xi1x4 € E(G) and x123, 20204 € E(G). For i = 1,2,3,4, z; does
not have a neighbour in N (v) \ {x1, x2, 3,24}, so that deg(z;, N(v)) = 2. Thus,

(10) deg(z:, N(v)) > [gJ +1-3> {g] —3=|N@)|-1.

If deg(z1, N(v)) = |N(v)|, then we can find y1,92 € N(v) such that y; is a
common neighbour of x1,z9, and ys is a common neighbour of x2,x3. Then
Y171v23Y2 + X2 is a copy of gemy, and we have ¢(G, gems) < e, by Claim 3.4 with
z = v. Otherwise, we must have equality in (10) for i = 1,2, 3, 4, so that n is odd,
and for i = 1,2, 3,4, we have deg(x;) = L%J + 1, and z; is not adjacent to exactly
one vertex in N(v). If n > 11 so that [N(v)| = [§] — 2 > 4, then we can again
find the vertices y1,y2 € N(v) and we are done as before. Now let n =9, so that
|N(v)] = 5, |[N(v)| = 3, and each x; has exactly two neighbours in N(v). If 21 and
T2 have two common neighbours in N (v), then we can again find y;,y2 € N(v) as
before and we are done. Otherwise, we may assume that N(v) = {z1, 22, 23} with
X121, L1229, T221, 2223 € E(G). If 2129 € E(G), then x4vzezi29 + x1 is a copy of
gems, and again ¢(G, gems) < e, by Claim 3.4 with z = v. A similar argument
holds if 2123 € E(G). Otherwise, we have at most one edge in G[N (v)], and since
there are exactly nine edges in G[N(v) U {v}] and at most 4 -2+ 3 = 11 edges
between N(v) and N (v), we have e(G) < 1+ 94 11 = 21 < 22 = eg, which is a
contradiction.

Subcase 2.4. wzix3,x124, 2904 ¢ E(G). We first note that xo is the only
neighbour of x; in N(v), so that

deg(z1, N(v)) > [%J r1-2> {g} — 2= |N(@)|.

We must have equality throughout, so that n is odd, deg(z1) = L%J + 1, and x
is adjacent to all vertices of N(v). The exact same properties hold for z4. Next,
suppose that xo has p neighbours in N (v)\{z1, z2, x3, 24}, where 0 < p < L%J -3.
Let S2 be the set of these p neighbours. We have

(11) deg(x2, N(v)) > LgJ +1-3—p= {gw —3—p.
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Now, 3 does not have a neighbour in S, otherwise there would exist a path of
order 5 in G[N(v)]. Thus, 3 has at most |[N(v)| —4—p = [ %] — 3 —p neighbours
in N(v) \ {z1,x2, 23, 24}. Let S3 be these neighbours of x3, so that Sy N S5 = (.
We have

— n n
(12) deg(z3, N(v)) > bJ +1-3- ([EJ ~3-p)=p+1.

Suppose that z2,73 have a common neighbour y; € N(v). Clearly, from
(11) and (12), at least one of xo,r3 has at least two neighbours in N(v). If
xo has this property, then x1, 72 have a common neighbour yo € N(v) \ {y1}.
Thus, y1z3vri1y2 + 2 is a copy of gems, and by Claim 3.4 with z = v, we have
#(G,gemy) < e,. A similar argument holds if z3 has at least two neighbours in
N(v), with x4 in place of z.

Thus, if 75,75 C N(v) are the sets of neighbours of x5, z3 in N(v), respec-
tively, then we may assume that 75 N T5 = (). Note that from (11) and (12), we
have

deg(ws, N(v)) +deg(as, N(v)) = | 5| =2 = [N(v)]

Thus, we must have equality above, as well as in (11) and (12). This means that
deg(z2) = deg(z3) = | 2] +1, and we have the partitions N (v)\ {z1, 22, 23, 24} =
S9US3 and N(v) = T, UTs. Clearly, there are no edges in G[Sy U Ss], otherwise
there would exist a path of order 5 in G[IN(v)]. Next, suppose that there is a path
of order 3 in G[N(v)], say y1y2y3. Suppose that yo € Ty. Then zox1y174Yy3 + Yo
is a copy of gems, so that by Claim 3.4 with z = x;, we have ¢(G, gems) < ep.
A similar argument holds if y, € T3. Otherwise, we have |[N(v)| — 1 edges in
G[N(v)], |N(v)| edges between {z3,z3} and N(v), and at most |5|N(v)|| edges
in G[N(v)]. By (5) and since n is odd,

e(G) < 2AN(W)| — 1+ [N(w)| + (V)| - 2)[N ()| + { |N<v>|J

o3+ 312+ (31 -9031-2)+ 3319
]

which contradicts the assumption e(G) > e,.

Case 3. The order of the longest path in G[N(v)] is 3. Let x1zx9 be such a
path in G[N(v)]. We consider the following subcases.

Subcase 3.1. z1x2 € E(G). We have deg(x, N(v)) = 2, for otherwise G[N (v)]
would contain a P;. Thus

deg(a, N(©)) = [ 5] +1-32 [2] =3 = [N(@)| - 1



740 H. Liu aND T. Sousa

Similar inequalities hold for xq,z5. If deg(z, N(v)) = |N(v)|, then there ex-
ist y1,y2 € N(v) such that y; is a common neighbour of z,z; for i = 1,2.
Then y1x1vx2y2 + x is a copy of gems, and by Claim 3.4 with z = v, we have
(G, gems) < e,. Otherwise, we have deg(x, N(v)) = |[N(v)| — 1, whence n is
odd and deg(x) = L%J + 1. We may assume that x, 1 have a common neighbour
y € N(v). Now, vxexiy is a path of order 4 in G[N(x)], and we are done by
applying Case 1 or Case 2 with x in place of v.

Subcase 3.2. x1x2 ¢ E(G). Let N(v) = {x,21,22,...,%n/2}. Fori=1,2,
we have o n n o
(13) deg(a;, N(v)) = |5 ] +1-22 [F] —2= N (v)

We must have equality to hold throughout, whence n is odd, deg(z1) = deg(z2) =
L%J + 1, and both x1, x5 are adjacent to all vertices of N(v). If z has neighbours
y1,y2 € N(v), then we are done as in Subcase 3.1. If z has exactly one neighbour
y € N(v), then we have

deg(z, N(v)\ {z, 21, 22}) > LgJ F1-4>1,

and we may assume that xxs € F(G). Then xi1yzovzs + x is a copy of gems,
and we have ¢(G, gems) < e, by Claim 3.4 with z = v. Otherwise, suppose that
x does not have a neighbour in N(v). We may apply the exact same argument
as in Subcase 2.2 of Theorem 3.1 to deduce that z; is adjacent to all vertices of
N(v) forall 1 <4 < |%], and G[N(v)] must contain a path of order 3, say y1y2ys.
Then x1y1x2y323 + y2 is a copy of gemy, and by Claim 3.4 with z = x2, we have
o(G, gems) < ey,

Case 4. The longest path in G[N(v)] has order 2. Note that this is indeed
the remaining case, since deg(z, N(v)) > 2m —1 =1 for all z € N(v). Moreover,
N (v) induces a perfect matching in G. By a similar argument as in (13), we must
have n odd, and for every « € N(v), we have deg(z) = | %] 4+ 1 and z is adjacent
to all vertices of N(v). Thus, we can find an edge z122 in G[N(v)] and a common
neighbour y € N(v) of 1, x9. Now, since vaay is a path of order 3 in G[N ()],
we are done by applying Case 1, Case 2 or Case 3 with x1 in place of v.

The induction step is complete, and this completes the proof of Theorem 3.3.
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