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Abstract

An L(2,1)-coloring (or labeling) of a simple connected graph G is a map-
ping f: V(G) — Z1T U{0} such that |f(u) — f(v)| > 2 for all edges uv of G,
and |f(u) — f(v)| > 1 if w and v are at distance two in G. The span of an
L(2,1)-coloring f, denoted by span(f), of G is max{f(v) : v € V(G)}. The
span of G, denoted by A(G), is the minimum span of all possible L(2,1)-
colorings of G. For an L(2,1)-coloring f of a graph G with span k, an
integer [ is a hole in f if [ € (0,k) and there is no vertex v in G such that
f(v) =1. An L(2,1)-coloring is a no-hole coloring if there is no hole in it,
and is an irreducible coloring if color of none of the vertices in the graph can
be decreased and yield another L(2,1)-coloring of the same graph. An irre-
ducible no-hole coloring, in short inh-coloring, of G is an L(2, 1)-coloring of
G which is both irreducible and no-hole. For an inh-colorable graph G, the
inh-span of G, denoted by Ainp(G), is defined as A\ (G) = min{span(f) : f
is an inh-coloring of G}. Given a function h : E(G) — N — {1}, and a
positive integer r > 2, the edge-multiplicity-paths-replacement graph G(rPy)
of G is the graph obtained by replacing every edge uv of G with r paths
of length h(uv) each. In this paper we show that G(rPy) is inh-colorable
except possibly the cases h(e) > 2 with equality for at least one but not
for all edges e and (i) A(G) =2, r =2 or (ii)) A(G) > 3,2 <r <4. We
find the exact value of A\;,,(G(rFy)) in several cases and give upper bounds
of the same in the remaining. Moreover, we find the value of A\(G(rP})) in
most of the cases which were left by Lii and Sun in [L(2,1)-labelings of the
edge-multiplicity-paths-replacement of a graph, J. Comb. Optim. 31 (2016)
396-404].
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1. INTRODUCTION

The channel assignment problem is to assign frequencies to a given group of
radio transmitters so that interfering transmitters are assigned frequencies with
at least a minimum allowed separation. Griggs and Yeh [4] mentioned that in
1988, Roberts (in a private communication to Griggs) proposed the problem
of efficiently assigning radio channels to transmitters at several locations, using
nonnegative integers to represent channels, so that close locations receive different
channels, and channels for very close locations are at least two apart. Motivated
by this problem, Griggs and Yeh [4] proposed the L(2,1)-coloring problem of a
graph as follows. The L(2,1)-coloring of a simple connected graph G is a vertex
coloring (or labeling) f : V(G) — Z* U {0} such that |f(u) — f(v)| > 2 for all
edges uv of G, and |f(u) — f(v)| > 1 if d(u,v) = 2, where d(u,v) is the distance
between vertices u and v in G. The span of an L(2,1)-coloring f of a graph G,
denoted by span(f), is equal to max{f(v) : v € V(G)}. The span of a graph
G, denoted by A(G), is equal to min{span(f) : f is an L(2,1)-coloring of G}.
An L(2,1)-coloring whose span is equal to the span of the graph is called a span
coloring.

Throughout the paper we consider simple connected graphs only. The maxi-
mum degree of a graph G is denoted by A(G) or simply A if no confusion arises.
Now we state a result by Chang and Lu [2] which will be used in the sequel.

Proposition 1 (Proposition 1, [2]). For any graph G, \(G) > A+ 1. Further, if
AMG) = A+ 1, then in any span coloring of G the mazimum degree vertices must
be colored with 0 (or A + 1) and its neighbors must be colored with 2 + i (or i),
i=0,1,...,A—1.

Fishburn and Roberts [3] introduced no-hole coloring of graphs. For a graph
G and an L(2,1)-coloring f of it with span k, an integer [ is called a hole in
f, if I € (0,k) and there is no vertex v in G such that f(v) = 1. An L(2,1)-
coloring of a graph is a no-hole coloring if there is no hole in it. Since frequencies
are typically used in a block, one may want to use all available frequencies in
that block. This is assured by a no-hole coloring. An L(2,1)-coloring f of a
graph G is called reducible if there exists another L(2,1)-coloring g of G such
that g(u) < f(u) for all vertices u € V(G) and there exists a vertex v € V(G)
such that g(v) < f(v). An L(2,1)-coloring is irreducible if it is not reducible.
An irreducible no-hole coloring is referred as inh-coloring and a graph is called
inh-colorable if there exists an inh-coloring of it. For an inh-colorable graph G
the lower inh-span or simply inh-span of G, denoted by Ajun(G), is defined as
Ainh(G) = min{span(f) : f is an inh-coloring of G}. Laskar and Villalpando [10]
introduced inh-coloring and studied some properties of it. Further, they obtained
upper and lower bounds of inh-span of unicyclic graphs and triangular lattices.
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Laskar et al. [9] proved that every tree T" different from a star is inh-colorable
with A\jpn(T) = A(T). Jacob et al. [7] studied irreducible no-hole coloring of bi-
partite graphs and Cartesian product of graphs.

Given a graph G and a function h : E(G) — N — {1} the h-subdivision of
G, denoted by Gy, is the graph obtained from G by replacing each edge uv in
G with a path of length h(uv). If h(e) = c for all e € F(G), then we refer G
as G(¢). Further, if r > 2 is an integer, the edge-multiplicity-paths-replacement
graph G(rPy) of G is obtained by replacing every edge uv of G with r paths of
length h(uv) each. In particular, if h(e) = c for all edges e € E(G), we denote
G(rPy) simply by G(rF.). The vertices of G in G,y or G(rP,) are called nodes.

Throughout the paper we follow some notations as given below.

Notation 2. For any graph G we take h as a function from E(G) to N — {1}.
The path of length &k in G(;) which replaces the edge uv in G is denoted by
uxl, 22, -2k 1v. The r paths of length k each in G(rP,) which replace the

uvtuv uv

edge uv in G are denoted by P,"L = u:rf}vzrﬁfv . -:Ufﬁflv, 1< <r.

The L(2,1)-colorings of G(y), for any graph G, are studied by Whittlesey et
al. [15], and Havet and Yu [5, 6]. The L(2,1)-colorings of subdivisions of graphs
are studied by L [11], Karst et al. [8] and Chang et al. [1]. Moreover, Mandal
and Panigrahi [13] have studied inh-coloring of subdivision graphs. An L(2,1)-
coloring f of G(3) is said to be a A-perfect labeling if f(u) = 0 for all nodes u and
span(f) = A(G) + 1 [1]. We state the following proposition by Chang et al. [1]
which will be used in the sequel.

Proposition 3 (Theorem 12, [1]). If G is a graph with A(G) > 4, then G(3) has
a A-perfect labeling.

Li and Sun [12] studied the L(2,1)-coloring of the edge-multiplicity-paths-
replacement graph G(rP.) of a graph G. The main results of them are given
in Table 1. They found the exact value of A(G(rP.)) in the following cases:
A(G) < 2; ¢ >3, A(G) > 4 is even; and ¢ > 5, A(G) > 3 is odd. For the
remaining cases they gave upper bounds to A(G(rP.)). From Proposition 1 we
get the following result.

Proposition 4. A\, (G(rPy)) > MNG(rPy)) > rA(G) + 1 where h(e) > 2 for
all e.

In this paper we show that for any graph G with h(e) > 3 and r > 2, G(rFy)
is inh-colorable and for A(G) > 2, G(rP,) is inh-colorable. We also prove that if
G is a graph with A(G) > 2, h(e) > 2 for all e in E(G) and h(e) = 2 for at least
one e but not for all, and r > 2, then G(rP) is inh-colorable except possibly
the following cases: A(G) =2, r = 2; and A(G) > 3,2 < r < 4. We find the
exact value of inh-span of some edge-multiplicity-paths-replacement graphs and
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G c r MG(rP.))
A(G) > 3 > 5 > 2] rAG) +1
1 > 2] < rAG) + 2
A(G) > 4 and A(G) is even 3,4 > 2 rA(G) + 1
A(G) > 3 and A(G) is odd 3 > 2| < rAG)+r+1
A(G) >3 2 > 2| < mY(G) + x(G)
2 > 2| < r(A(G)+1)+A(G)
Any graph G 3 > 2| < MG)+2r
2 > 2| < T()\(G(g))—l-l)—i-?”—Q
A(G) =2 > 3 > 2] 2r+1
P, with3<n<4 2 > 2 2r+1
P, withn >5 2 > 2 2r + 2
C,, with even n 2 > 2 2r +2
C,, with n > 5 and n is odd 2 2 6
2 3 8
2 >4 3r—2
Cs 2 2 6
2 > 3 3r—1
P > 3 > 4] r+1
> 7 3 4
3 <c<6| 3| 5
> 2 2 4
2 > 2 r+2

Table 1. Results in [12] on M(G(rP.)).

for the remaining we give upper bounds to the same. Moreover, we determine
the span of G(rP}) in most of the cases which were not obtained by Lii and Sun
[12]. An important point to be noted is that Lii and Sun [12] have considered
the graphs G(rP.) only, that is, all the edges of G are replaced by paths of the
same lengths. We have considered the graphs G(rP,), where different edges of G
may be replaced by paths of different lengths. The main results of the paper are
given in Tables 2 and 3.

2. INH-COLORABILITY OF GRAPHS G(rP,) WiTH A(G) =1

We first consider the case A(G) = 1, and so here the graph G is obviously Ps.
In this case we take r > 3 because for r = 2, Py(rP,) is a cycle. We also take
h(e) > 3 because Py(rP;), r > 2, is a complete bipartite graph, which is not
inh-colorable [3].
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A(G) h(e) r AMG(rPy)) | Theorem
A(G) =3 h(e) = 3 for all e > 3r+1 20

h(e) > 3 with h(e) > 3 | > 3r+1 22

for at least one edge
A(G) > 4 and | h(e) =3 for all e > rA+1 Corollary
A(G) is odd 27
A(G) >4 h(e) > 3 with h(e) >3 | > 2 | rA+1 28

for at least one edge

Table 2. Results of the paper on A(G(rPp,)).

Theorem 5. Forr > 3, \ipn(Pa(rP3)) =r+ 2.

Proof. Let Py = uv. We give an L(2,1)-coloring f to Py(rPs3) as follows. If
r =3 then f(u) — 4, f(v) = 5. f (al3) = 0. f (a21) — 2. f (33) = 1, f (u2) —
f(222) =0,and f (232) =3. If r > 4 then f(u) =0, f(v) =7+2, f (zi},) =i+1
for1 <i<r, f(x}ﬁj) =, andf(x?v) =1 —1for 2 <i <r. We check that f is
an inh-coloring of Py(rP3). Thus Ajp(Pa(rPs)) < r+ 2.

Now we prove that Aj,n(Pa(rPs)) > 7+ 2. We know that A(Py(rP3)) =r+1
[12]. Suppose Aipn(P2(rP3)) = r+ 1 and ¢ is an inh-coloring of P»(rP;) with
span r + 1. If both the nodes are colored with 0 then 1 is a hole, and if both
the nodes are colored with r» + 1 then r is a hole. Hence one node, say wu, is
colored with 0 and the other node, say v, is colored with r + 1. Then for some
,1<i<r, g (a:f}v) = r + 1. This is a contradiction since d (:Uil v) = 2. Thus

uv?

Ainh(Pa(rP3)) > r+ 2 and we get A\jpn(Pa(rP3)) =r + 2. [

In the next three theorems we show that inh-span of Py(rPy), k > 4, r > 3,
coincides with its span as computed by Lii and Sun [12].

Theorem 6. For k >4, \jpp,(P2(4F)) = 5.

Proof. Let P, = uv. We first take k = 1 (mod 3). We give an L(2, 1)-coloring f;

to Py(4Py) as follows: f1(u) = f1(v) =0, f1 (afqlﬁ,) =2 f1 (x%ﬁ)) =5, f1 (3711;%) =3,

fi (:E}ﬁ;) =0, 5 or 3 according as j = 1, 2 or 0 (mod 3) for 4 < j < k — 1;

fi(a2) =3, fi(z2) =5, f1 (22) =2, fL (azii,) =0, 4 or 2 according as j = 1,
20r 0 (mod 3) for 4 < j < k—1; fi(z3) =4, fi (22) =1, fi (z3) = 5,
for f1 (:cii,) =0, 2 or 5 according as j = 1,2 or 0 (mod 3) for 4 < j < k — 1;
fi (a:ﬁg) =5, f1 (mfﬁ,) =1, f1 (xi%) =4, fi (:L’i]v) =0, 2 or 4 according as j = 1,

2 or 0 (mod 3) for 4 < j <k —1. It can be checked that f; is an L(2,1)-coloring.
We reduce f1 until we arrive at an irreducible coloring f]. In the coloring f1, u is
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colored with 0, its neighbors are colored with 2, 3, 4, 5, and 232 is colored with

1. Hence f] is an inh-coloring with span 5.
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A(G) h(e) r Xink (G(rPy)) Theorem|
A(G)=1, ie,G=PFP, |h(e)=3 > 3 r+2 5
hie) >4 4 5 6
4<h(e) <6 3 5 7
hie) > 7 3 4 7
h(e) > 4 > 5 r+1 8
AG)=2, | Pm,3<m<4|h(e) =2 > 2 2r+1 11
ie., Py, m>5 h(e) =2 > 2 2r 4+ 2 11
G =Py Py, m> h(e) > 2 with h(e) > 2> 3/< 3r+3 12
for at least one edge but
not for all
or h(e) =3 > 2 2r+1 13
Cm, Cs h(e) = > 2 2r 42 14
m >3 Cm, meven |h(e)= > 2/< 2r+3 15
Cm, modd |h(e) =2 > 2/< 3r+2 15
Com h(e) > 2 with h(e) > 2|> 3/< 3r+3 16
for at least one edge but
not for all
Cm,m>4 h(e) = 2(< 6 17
h(e) = > 3 2r+1 18
h(e) > 3 with h(e) > 3|> 2 2r+1 19
for at least one edge
A(G) =3 h(e) =3 > 2/< 3r+2 21
h(e) > 3 with h(e) > 3|> 2 3r+1 22
for at least one edge
x(G)+rx'(G)+3
if G is a bipartite
graph other than
A(G) >3 h(e) =2 > 2/< ( atree 24
X(G) + X' (G),
otherwise
h(e) > 2 with h(e) > 2|> 5/ < 2rA—r+5 25
for at least one edge but
not for all
A(G) >4 h(e) =3 > 21< rA+2 26
rA 4+ 1 (with some|26
conditions)
h(e) > 3 with h(e) > 3|> 2|  rA+1 28
for at least one edge
Table 3. Results of the paper on Ajp(G(rPp)).
Let kK = 2 (mod 3). We give an L(2, 1)-coloring fy to P»(4Py) as follows:
fQ(u) = f2 U) = 07 f?( 11) = 27 f2 (x'lll,?u) - 57 f2( u’u) 1 f ( ) 37
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fo (qufv) = 0,5 or 3 according as j = 2,0 or 1 (mod 3) for 5 < j < k — 1;

2,
F2 () = 3, F2 (%) = 1 fa(a%) = 5. fo(a%) = 2 fo(e%) = 0.4 or 2
according as j = 2,0 or 1 (mod 3) for 5 < j <k —1; fo (a;g%,) =4, fo (xi%) =1,
fo ($§f{,) =3, fo (xf’;;) =5, fo (:L‘Z%,) = 0,2 or 5 according as 7 = 2,0 or 1 (mod
3)for 5 < j<k—1; fo(zh) =5, fa(zlz) =3, fo(23) =1, fo(aft) = 4,
fo (miﬁ) = 0,2 or 4 according as j = 2,0 or 1 (mod 3) for 5 < j < k—1. It
can be checked that fs is an L(2,1)-coloring. We reduce fo until we arrive at an
irreducible coloring f}. In the coloring f3, u is colored with 0, its neighbors are
colored with 2, 3, 4, 5, and 232 is colored with 1. Hence f4 is an inh-coloring

with span 5.
Let £ = 0 (mod 3). We give an L(2 1)-coloring f3 to Py(4Py) as follows:

fa(u) = f3(v) = 0; f3(zh) = 2, f3(zlz) =5, fs(z3) = 3, f3(zly) = 1,
f3 (:c}g}) =4, fs3 (xuu) = 0,2 or 4 according as j = 0,1 or 2 (mod 3) for 6

<
J<k=1 fs(22) =4, fs(22) =1, f3(22) =3, f3(224) =5, f3(22Z) = 2,
/3 (xi%;) = 0,4 or 2 according as j = 0,1 or 2 (mod 3) for 6 < j < k — 1;

fi (@) = 3, f5 (a%2) = 1, fo (e) = 4, £ (ads) =2, fs (e33) = 5. f3 (aih) =
0,2 or 5 according as j = 0,1 or 2 (mod 3) for 6 < j < k—1; f3(z3}) = 5,
fa(wls) = 2 fa(ak) = 4 fa(oks) = 1, f3(od) = 3, fo (wia) = 0,5 or 3
according as j = 0,1 or 2 (mod 3) for 6 < j < k — 1. It can be checked that
f3 is an L(2, 1)-coloring. We reduce f3 until we arrive at an irreducible coloring
fi In f}, u is colored with 0, its neighbors are colored with 2, 3, 4, 5, and z32

is colored with 1. Hence f4 is an inh-coloring with span 5. Since A(P(4P;)) =5
[12] for k > 4, we conclude that \j,,(P2(4Py)) =5 for k > 4. |

In the theorem below we find the exact value of inh-span of P (rPy) for r = 3
and k > 4.

Theorem 7. The value of N\inp(P2(3P)) is 5 for 4 <k <6, and 4 for k >T7.

Proof. Let P, = uv. From the proof of Theorem 6 we see that for 4 < k < 6,
P5(3P;) can be given an L(2,1)-coloring ¢ with span 5 such that g(u) = 0,
g (x%%) = 1 and the neighbors of u are colored with 2, 3 and 4. We reduce g
until we arrive at an irreducible coloring ¢’. Then ¢'(u) =0, ¢’ (z32) = 1, and ¢’
assigns colors 2, 3 and 4 to neighbors of u. Since span g’ < 5, ¢’ is an inh-coloring.
Then for 4 < k < 6, N\jnn(P2(3Pg)) = 5 because \(P(3P)) = 5 [12] for the same
values of k.

For k > 7, Lii and Sun [12] have given an L(2,1)-coloring f to P»(3P) with
span 4 such that f(u) =0, f (azib) = 3, and the other neighbors of u are colored
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with 2 and 4. We reduce f until we arrive at an irreducible coloring f’. Then
f'(w) =0, f’ (22}) = 3, and f assigns colors 2 and 4 to the other neighbors of u.
Since span(f’) =4, f’(222) = 1. Thus f is an inh-coloring with span 4. Since
AN P2(3Py)) = 4 for k > 7 [12], we conclude that A\, (P2(3P;)) = 4 for the same
values of k. ]

Theorem 8. Forr >5 and k > 4, Aipn(Po(rPy)) =r+ 1.

Proof. Let the nodes of Py(rPy) be u and v. Lii and Sun [12] have given an
L(2,1)-coloring f to Py(rPy) in which f(u) = f(v) = 0, and for 1 < i < r,
f (xﬁ}y) =i+ 1and f (xzfv’l> =4 (mod r) + 2. We recolor the vertices :c?jv for
2 < j <k —2,and get the coloring g as below: for k =1 (mod 3), g (m%’f)) =1,
g (xi%) =4,q <x72jy> = 0,2, or 4 according as j = 1,2 0or 0 (mod 3),4 < j < k—2;
for k = 2 (mod 3), g(22) =5, g(23) =1, 9(a2) =4, ¢g <x72jq,> =0,2, or 4
according as 7 = 2,0 or 1 (mod 3), 5 < j <k—2; for k=0 (mod 3), g (x%%) =1,
g (1‘123)) =59 (:L‘%;) =2,9 (m%?}) =4,q (x%ﬁ@) = 0,2, or 4 according as 7 =0, 1 or

2 (mod 3), 6 < j < k —2. We reduce g until we arrive at an irreducible coloring,
say ¢’. In the coloring ¢’, u is colored with 0, its neighbors are colored with

2,3,...,7+ 1 and either 222 or 223 is colored with 1. Hence ¢’ is an inh-coloring
with span r + 1. Since A(Pa(rPy)) = r + 1 [12] we get the result. |

3. INH-COLORABILITY OF GRAPHS G(rP,) WITH A(G) = 2

In our next few results we need the following greedy algorithm.

Algorithm 9 (Greedy coloring). Let G be a graph whose few vertices might

have been colored before. Then

1. Order the vertices of the given graph as uj,uo,...,u, such that all colored
vertices (if any) appear at the beginning of the list.

2. Let u; be the first uncolored vertex that appears in the list.

3. Color u; with the smallest possible color k such that no lower indexed neighbor
of u; in the list is colored with k — 1, k or k + 1 and no lower indexed vertex
at distance two from w; is colored with k.

4. If all the vertices of the graph have received color then stop; otherwise set
1 =141 and go to 3.

The theorem below is obviously true.

Theorem 10. Algorithm 9 gives an L(2,1)-coloring of G if and only if the pre-
colored vertices of G satisfy constraints of L(2,1)-coloring in the graph G.
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Now we consider the case A(G) = 2. We note that simple connected graphs
with A(G) = 2 are paths P, and cycles C, only, m > 3. In Theorems 11 and
13 we show respectively that the inh-span of P, (rP>) and Py, (rPs) coincide with
their span which was computed by Lii and Sun [12].

Theorem 11. Let r > 2 and m > 3. Then

2T +—], fb7' 3 f; m f; 47

Ninh (P (rP2)) = { 2r4+2 for m > 5.

Proof. Lii and Sun [12] proved that A(Ps3(rP)) = 2r + 1. Let Py = ujugus.
We give an L(2,1)-coloring fi to P3(rP2) as below: fi(u1) = 1, fi(u2) = 0,
filug) =r+3, f1(al,,) =r+1+iand fi (25, )=i+1for1<i<r We
check that f; is an inh-coloring. Thus Ay,n(Ps(rPs)) = 2r + 1.

Lii and Sun [12] proved that A(Py(rP)) = 2r + 1. Let Py = wujususuy.
We give an L(2,1)-coloring fo to Py(rP) as below: fa(ui) = 1, fa(uz) = 0,
falug) = 2r+1, folus) = 3; fo(zll,,) =r+1+i, fo(zil,,) =i+1for 1 <i<r;
fo(@ll,,) =0, fa(x2l,,) =1, and fo (2iL,,) =7+i—1for 3 <i<r. We check
that fo is an inh-coloring and thus A, (Py(rPs)) = 2r + 1.

Li and Sun [12] proved that for m > 5, A(P,(rP)) = 2r + 2. Let P, =
ULUQ - + - Uy, We give an L(2, 1)-coloring f3 to P, (rP,) as below: fs(uy) = 2r+1,
fa(ug) = 0 if k is even, fs(ug) = 1 if & > 1 and k is odd, f3 (x}}wz) = 2,
f3 (xf}lw) = 2¢—1 for 2 < ¢ < r, and we color the remaining paths of length
ras0,(2i+2),1or1,(2i+1),0, where i« = 1,2,...,r. We check that f3 is an
inh-coloring and thus for m > 5, X\jpp (P (rFP2)) = 2r + 2. |

Theorem 12. If m > 3, r > 3, and h(e) > 2 with equality for at least one e but
not for all, then Py, (rPy,) is inh-colorable and Nijup (P (rPy)) < 3r + 3.

Proof. Let P, be the path ujug - - - uy,. Let By = {uv : uwv € E(P,,), h(uv) > 2}
and Fy = FE(P,,) — E1. Without loss of generality we assume that Eo has an ele-
ment other than u,,_1u,,. We first give a coloring f to the nodes w1, us, ..., un
in P, (rPy,) with the colors 0 and 1 such that L(2, 1)-coloring constraints are sat-
isfied. We choose an arbitrary edge ugugy1 in Eq. If f (u) = 0, then we rename
[ as f’, otherwise we define f'(u,) =1 — f(up) for 1 < p < m. We reduce the
colors of the colored vertices until color of no vertex can be reduced further and
get the coloring g. There is a vertex colored with 0, a vertex colored with 1, and

the maximum color used till now is 1. We color the vertex xvlﬁcu;cH greedily. Then

g (xll ) = 2. We color the vertices x’! 2 <14 <r, greedily in any order.

Uk Uk+1 UpUk+1"
Let S1 = {xﬁ}pupﬂ :p # kyupupr1 € Er,1 <0 < r}. We color the vertices in Sy
greedily in any order. The maximum color used till now is at most r + 2. Let
Sy = {xﬁ}pupﬂ SUpUpy1 € Fo,1 <1 < 7"}. Then we color the vertices in Sy greed-
ily in any order. No hole is created so far and the maximum color used is at least
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2r + 1 and at the most 3r 4+ 2. Let E5 = {uv : uv € E(G), h(uv) > 3}. For each

LCoss )
1 1 (ujujp1)=2 9
edge ujuji1 in E3 we color the vertices @2, 1 Tolu, 15+ Tujujsyi Ty
2p Th —2
23 (ujujqq)=2 ro r3 (ujujy1) - .
woujprr s Buguii s T Tadugy s oo Bugugid greedily in the list-

ed order. When such a vertex w is colored it has one colored neighbor and at most
two colored vertices at distance two. Hence g(w) < 5. We color the remaining
vertices greedily. When such a vertex w’ is colored it has two colored neighbors
and at most 2r colored vertices at distance two. Hence g(w') < 2r +6 < 3r + 3.
Since 5 < 2r+ 1 and 7 + 2 < 2r 4+ 1 no hole is created. Thus ¢ is an inh-coloring
of P,,(rPy,) with span at most 3r + 3. |

Theorem 13. For m >3 and r > 2, N\jpp (P (rPs)) = 2r + 1.
Proof. Let P, = ujus - - - u,,. We consider two cases depending on values of r.

Case 1. In this case we take r = 2. We give the following L(2,1)-coloring
fito Pp(rPs): for1 <k <m-—1, fi(ug) =0;for1 <k <m—2, fl( ) =4,

Ulcuk+1

fl( ukuk+l> 2 fl( Ukuk+1) 3 fl( ukuk_H) 5 f1<um> _5 fl( um 1um> =
4, f1< T2 1um) 2, fl( zo 1um> = 3 and f1< 2 1um) = 1. It can be
checked that f1 is an L(2,1)-coloring of P, (rP3). We reduce f; until we ar-
rive at an irreducible coloring, say fi. Since fi ( T2 1um> =1, fi(um-—1) = 0,

and d( T2 s um_1> = 2, the color of azquilum cannot be reduced and so

f1( T2 ) = 1. Now f{(u2) = 0 and its neighbors are colored with 2, 3,
4 and 5. Thus f] is an inh-coloring of P,,(2P;) with span 5.

Case 2. In this case we take r > 3. Here Lii and Sun [12] have given
the following L(2,1)-coloring fa to Pp(rP3): fa(ug) = 0 for 1 < k < m and

fg( uk’“«k+l> 2i and fy (x“kuk+1> = 2i (mod 2r) +3 for 1 < k < m — 1,

1 < ¢ < r. We note that fo (xutn 11)Zm> = 2r + 1. We recolor the vertices

:Eq(fm ll)um and u,, with colors 1 and 2r + 1, respectively, and get the coloring f3.

No vertex adjacent to :cq(fmffim has got the color 0 or 2. No vertex adjacent
to u,, has received color 2r or 2r + 1 and no vertex at distance two from wu,,

has got the color 2r + 1. Thus f} is an L(2,1)-coloring. We reduce f} until we

arrive at an irreducible coloring, say f4. Since f} (xgtn 11)um> =1, f5(um-1) =0

and d (:1719;1 11)um,um 1) = 2, we get fy (mutn 11)um> = 1. Since fY(u2) = 0 and
neighbors of uy are colored with 2,3,...,2r+1, f/ is an inh-coloring of P, (rPs)
with span 2r + 1.

Thus Aipn(Prn(rPs)) < 2r + 1. Since MNPy, (rPs)) = 2r + 1 [12], we get
)\inh(Pm(Tpg)) =2r+1. |
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The theorem below says that inh-span of Cs(rPs) is exactly one more than
its span [12].

Theorem 14. For r > 2, X\jpp(C3(rPs)) = 2r + 2.

Proof. Let C3 = ujugusui. We first prove that A\j,,(Cs(rPs)) < 2r+2. For this
we consider two cases depending on values of 7.

Case 1. In this case we take r = 2. Lii and Sun [12] have given the following
L(2,1)-coloring f1 to Cs(rPs): fi(ug) = 0for 1 < k < 3; fi <x}t}€uk+1 = 2,

fi (mllﬁcukﬂ) =4, f <x%‘}cuk+1) =3, h (x%iuwrl) =5fork=1,2; f1 (mi}%m) =2,
fi(z2,,) =4, f1 (mzlsm) =3and f (222, ) = 5. We recolor the vertices ug and
;17321u2 with colors 6 and 1 respectively and get the coloring ¢;. Since no vertex
adjacent to uo has got the color 5 and no vertex adjacent to x?flw has received
color 0 or 2, g; is an L(2,1)-coloring. If ¢g; is not an irreducible coloring, then we
reduce it until we arrive at an irreducible coloring, say ¢}. Since g; (a:%ﬁlw) =1,
g1(w1) = 0 and d(222,,,u1) = 2, we get g (z22,,) = 1. Since the vertex u;
is colored with 0, its neighbors are colored with 2, 3, 4, 5 and the vertex usg is
colored with 6, g} is an inh-coloring with span 6. Hence X;,,(C3(rP3)) < 2r + 2

for r = 2.

Case 2. In this case we take r > 3. Lii and Sun [12] have given the following
L(2,1)-coloring fa to Cs(rPs): fa(ur) = 0 for 1 < k < 3; and for 1 < i < r,
k=12, f (:L‘“ ) — 2 f (mil ) = 2i (mod 2r) + 3, fo (aiL,) = 2i

Uk Uk 41 UpUk 41
and fy (2lL,,) = 2i (mod 2r) 4+ 3. We note that fo (:E(J@;h) =2r+1. We

recolor the vertices us and :cq(fl;;h with colors 2r + 2 and 1, respectively, and

get the coloring ¢go. Since no vertex adjacent to wo is colored with 2r + 1 and
no vertex adjacent to x&ﬁ@%h is colored with 0 or 2, g9 is an L(2,1)-coloring. If
g2 is not an irreducible coloring, then we reduce it until we get an irreducible
coloring, say g). Since gg(xg@;h) =1,g2(uy) = 0 and d(:):(uE;)Q,ul) = 2, we get
g4 (:1:1(;;2)2) = 1. The vertex u; is colored with 0 and its neighbors are colored

with 2,3,...,2r + 1 and g¢5(ug) = 2r + 2. Thus g} is an inh-coloring with span
2r 4+ 2. Hence \jpp(Cs(rPs)) < 2r 42 for r > 3.

Now we prove that Ay, (C3(rPs)) >2r+2. From Proposition 4, Aj,,(Cs(rPs))
> 2r + 1. Suppose Ainn(C3(rPs)) = 2r + 1 and g3 is an inh-coloring of C3(rP3).
From Proposition 1 the vertices w1, u9,u3 are colored with 0 or 2r + 1. If all
the vertices wuj,us and ug are colored with 0, then no vertex in Cs(rPs) will be
colored with 1. Hence at least one of uy, u9,us is colored with 2r + 1. Similarly,
at least one of uy,u9,us is colored with 0. If two nodes, say wui, us, receive the
color 0 then wug receives the color 2r + 1. Now from Proposition 1, a neighbor of
us in C3(rP3), say v, is colored with 0. Since v is at distance two from u; or ug,
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this is a contradiction. We also get a contradiction if two nodes are colored with
2r + 1. Thus A\jup(C3(rPs)) > 2r + 2 and we get Ajpn(Cs(rPs)) = 2r + 2. [

In the following theorem we show that C,,(rPs) is inh-colorable and give an
upper bound to its inh-span.

2r +3 if mis even,

Theorem 15. Forr > 2, we have X\jpp(Cp(rPs)) <
- int(Cm(rF2)) {3r+2 if m is odd.

Proof. Let Cy, = ujug---unu;. For even m, we give an L(2,1)-coloring fi to
Cn(rPy) as below: f1(ug) = 0 for odd k; fi(ug) = 1 if & # m and k is even;
Filum) = 2r + 3; fl(xil ) —2%i+1forl<k<m-1,1<i<rand

U W41
k odd; fi (xi}kukﬂ) =2i+2forl1 <k<m-21<1i<r and k even; and

fi (xf}mm) = 2¢ for 1 < i < r. We check that f; is an inh-coloring and thus
Ainh (C (1 P2)) < 2r + 3 for m even. For odd m, we give an L(2,1)-coloring f>
to Cp(rPy) as below: fo(ug) = 0 for odd k, k # m; fo(ug) = 1 if k is even;

fg(um)ZQ;ﬁ(l‘il ):2¢+1foroddkand1§i§r;fg(xil >=2i+2

UpUk+1 UpUk+1
foreven k and 1 < i < r, and fo (:cf}mul) =2r+2-+ifor 1 <4 <r. We check
that fs is an inh-coloring and thus Ay, (Ch, (rPs)) < 3r + 2 for odd m. (]

Theorem 16. If m > 3, r > 3, and h(e) > 2 with equality for at least one e but
not for all, then Cy,(rPy) is inh-colorable and Xiyn(Cr,(rPr)) < 3r + 3.

Proof. Let C,, be the cycle ujug - - - upui. Let By = {uv : wv € E(Cy,), h(uv) >
2} and FEy = E(C,,) — E1. For our convenience we call the edge w11 as Uy, tm4+1
too. We first give a coloring f to the nodes ui,us, ..., uy in Cy(rP),) using
the colors 0 and 1 only such that L(2,1)-coloring constraints are satisfied. This
is possible since h(e) > 2 for at least one edge e of C,,. We choose an arbi-
trary edge ugugiq in Eqp. If f(ur) = 0, then we rename f as f’, otherwise
we define f'(up,) = 1 — f(up) for 1 < p < m. We reduce the colors of the
colored vertices until color of no vertex can be reduced further and get the col-
oring g. There is a vertex colored with 0, a vertex colored with 1, and the
maximum color used till now is 1. We color the vertex xl1 greedily. Then

Uk Uk+1
g (xi}cqu) = 2. We color the vertices @y}, ,,,

Let S1 = {xﬁ}pupﬂ ip€[lk—1U[k+1,m],upups1 € E1,1 <i <r}. We color
the vertices in S7 greedily in any order. The maximum color used till now is at
most 7 + 2. Let Sy = {xf}pupH :p € [1,m],upups1 € Ep,1 < i < r}. Then we
color the vertices in Sy greedily in any order. No hole is created till now and
the maximum color used is at least 2r + 1 and at the most 3r + 2. Let F3 =
{uv : wv € E(G), h(uv) > 3}. For each edge uju;y1 in E3 we color the vertices

1o 1 In(ujujyi)—2 29 23 Zh(ujujgr)=2 T

3 2
ujujirr Tujujpnr oo Tujujpd » Tujuji Pujujen 0 Pujug v Lujug

2 <14 <r, greedily in any order.

X
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; Th(u;u, 1)—2 . . . .
g Tuguy e greedily in the listed order. When such a vertex w is

colored it has one colored neighbor and at most two colored vertices at distance
two. Hence g(w) < 5. We color the remaining vertices greedily. When such a
vertex w’ is colored it is adjacent to two colored vertices and there are at most 2r
vertices at distance two from it. Hence g(w’) < 2r+6 < 3r+3. Since 5 < 2r+1
and r+2 < 2r + 1, no hole is created. Thus ¢ is an inh-coloring of C,,(rP},) with
span at most 3r + 3. [

The theorem below gives an upper bound to inh-span of C,,(2P3), m > 4,
which is one more than the exact value of its span [12].

Theorem 17. For m > 4, \ipn(Cr(2P3)) < 6.

Proof. Let Cp, = ujug - upui. For m > 4, Li and Sun [12] have given the
following L(2,1)-coloring f to Cp,(2Ps): f(ug) =0for 1 <k <m; f (
—3f<a? ):5f0r1§k§m—1;and

2 f (xUkUkJrl) = 4 f <xukuk+1) UpUk+1

f($umul) = 2, f( umul) = 4, f( umul) = 3 and f( Ty m) = 5. We recolor
the vertices uo and x?flw with colors 6 and 1, respectively and get the coloring
g. Smce no vertex adjacent to ug has got the color 5 and no vertex adjacent
to 222, has received the color 0 or 2, g is an L(2,1)-coloring. If g is not an
irreducible coloring we reduce it until we arrive at an irreducible coloring, say ¢'.

Since g (z22,,) =1, g(w1) =0 and d (222,,,u1) = 2, we get ¢ (222,,) = 1. The
vertex wu; is colored with 0 and its neighbors are colored with 2, 3, 4 and 5. Thus
¢’ is an inh-coloring with span 6 and hence A, (C,(2P3)) < 6 for m > 4. |

ukUkJrl) -

In the next theorem we show that inh-span of C,,(rPs3) is equal to its span
[12] for m > 4 and r > 3.

Theorem 18. For m >4 and r > 3, A\ipp(Cr(rP3)) = 2r + 1.

Proof. Let Cy, = ujug---unuy. We give an L(2,1)-coloring f to Cp,(rPs) as
follows: f (u1) = f (u2) =2r+1and f (ug) =0for 3 <k <m; f (z.!,,) =0and
f(xf}lw) =qfor2<i<r, f( u1u2) =r+iforl <z<r—1andf( u1u2) = 0;

f(xu2u5)—landf(u2u3)2r+zfor1<7,<r f(u5u4)=27'+1and
f(ziL,,) =ifor2<i<r; f(x =r+i+lforl <i<r; f(x —i+1

uzUg UkukJrl)

andf( UkUkH)—T—I—z+1for1<z<rand4<l<:<m—1,f( T ul):i+1

for1<i<wr; f(ai2 ,)=r+ifor1<i<r—1;and f (272, )=1

Now we check that f is an L(2,1)-coloring. We note that either a node is
colored with 0 and its neighbors are colored with 2,3,...,2r + 1 or a node is
colored with 2r 4+ 1 and its neighbors are colored with 0,1,...,2r — 1. In the
coloring f, if a node is colored with 0 (respectively 2r + 1), no vertex at distance

U3U4)
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two from it is colored with 0 (respectively 2r+1). Now ‘f ( u1u2 u1u2 ’ =
r+ Land [f (23,,) = f (2i2,,)][ =7 for 2 <i < v [f (2ih,) — f(muw:a)} =
for 1 <i<w, (U3u4) f(u3U4)}_T_1a‘nd|f(u3u4)_f(xusu4)‘_r+l
for 2 <i<r, ‘f<$ukuk+1 —f xukukH ):rfor1<z<rand4§k§m—1,

|f (= umul) f (=2 ul)‘ =r—1forl<i<r—land|f (2} ,)—f (a2, )] ="
Thus ’f )—f( )‘ > 2 for every edge uv of C), and 1 <7 < r. Hence f is
an L(2, 1)—coloring. In C,, (7 P3) every vertex is either a maximum degree vertex or
adjacent to a maximum degree vertex. We have span(f) = 2r 4+ 1 and maximum
degree of C),(rPs) = 2r. Thus f is an irreducible coloring. Since f ( u2u3) =1,
ug is colored with 0 and its neighbors are colored with 2,3,...,2r + 1, and f
is an inh-coloring with span 2r + 1, we get A\jpn(Ch(rP3)) < 2r + 1. Since
AMChn(rPs)) = 2r + 1 [12], we get Njpp (Cr(rPs)) = 2r + 1. |

If G is any graph with A =2 and h: E(G) — N —{1,2} with h(e) > 3 for
at least one e, then the next theorem gives span as well as inh-span of G(rFy),
and shows that both the spans are equal.

Theorem 19. For any graph G with A = 2, r > 2, and h(e) > 3 with strict
inequality for at least one e, \ipn(G(rPp)) = AM(G(rPy)) = 2r + 1.

Proof. Here G is either a path P,, = ujug - - - u,;, or cycle Cp, = uiug - - - U1,
m > 3. For our convenience we call the edge u,,u1 as upumt1 too. We give an
L(2,1)-coloring to G(rPy) in three cases depending on values of r. In all these
cases, upug,1 is an arbitrary edge of G.

Case 1. In this case we take r = 2. We give an L(2,1)-coloring ¢; to
G(rPy) as follows: g1(u) = 0 for all nodes u of G(rFy); if h(ugpukr1) = 3, then

91( ukukﬂ) 2, 91( ukukH) 4, 91( “kuk+1> 5, and gl( ukuhﬂ) = 3;
if h(urury1) = 6, then gl< ukuk+1) 2, 91( ukuk+1> 5, 91( “kuk+1> _
3, gl( ukukﬂ) =1, 91( ukuk“) = 4, gl< ukukﬂ) 5, 91( ukukﬂ) _
g1 ( ukuk+1) 0, g1 ( ule) 5, and ¢ ( UkukJrl) = 3; for h(ugugy1) > 4,
h(ukugi1) # 6: if h(upug+1) = 0 (mod 4) then gy (ﬂftkukﬂ) =0,2,5 or 3 accord-

w

)

ingas j =0,1,2or 3 (mod 4) and gl(ariiukﬂ) =0,5,1or 4 according as j =0, 1,2
or 3 (mod 4); if h(uguky1) =1 (mod 4) then g; ( ukuk+1> =2, 01 ( Ukuk+1> =5,
gl( ukuk+1) =1, g1< uwk+1) = 3 and for j > 5, ¢ (l',b]kuk+1> = 0,2,5 or
3 according as j = 1,2,3 or 0 (mod 4), g (le ) 5, gl( ukuk+1) = 3,

Uk Uk+1

. 2
g1 ( Ukuk+1) =1, g1 ( Ukuk+1) =4 and for j > 5, g1 <xujkuk+1) =0,5,1 or 4 ac-
cording as j = 1,2,3 or 0 (mod 4); if h(ugugs+1) = 2 (mod 4), then ¢; (

Ukuk+1>
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2, gl( Uk;uk+1> =4, gl( ukuk_,_l) 0, gl( ukuk_,_l) =5, gl< ukuk_,_l) =3

and for j > 6, ¢ (xllﬁkukﬂ) = 0,2,5 or 3 according as j = 2,3,0 or 1 (mod

4) gl( ukuk+1> 5 91< ukuk-H) 3 gl( ukuk-H) = 0 91( ukuk+1) = 2’

g1 ( ukuk+1> =4 and for j > 6, ¢1 (:cijkukﬂ) =0,5,1 or 4 according as j7 = 2, 3,0
or 1 (mod 4); if h(ugugy1) = 3 (mod 4), then g; ( uwk+1) 2, g1 ( ukqu) =

5 gl( Ukuk+1> 3 gl( Ukuk+1> O gl( ukuk+1) 5 91< Ukuk+1) =3

and for j > 7, ¢1 <x11fkuk+1) = 0,2,5 or 3 according as j = 3,0,1 or 2 (mod

4) 91< ukuk_H) 5 91( ukuk+1> 1 91< ukuk+1) 4 91< ukuk+1> = O’

g1 ( ukuk_H) =2, 0 ( ukum) =4 and for j > 7, ¢ (:rij,;ukﬂ) = 0,5,1 or 4
according as j = 3,0,1 or 2 (mod 4).

For every edge uv in G the L(2,1)-coloring constraints are satisfied within
the paths P,ﬁ for 1 <+ < 2 and colors assigned to neighbors of a node are different.
Hence ¢; is an L(2, 1)-coloring with span 5. Now we reduce g; until we arrive
at an irreducible coloring, say ¢;. We prove that ¢} is a no-hole coloring. From
the way ¢; is defined there is at least one vertex w colored with 1 and lying at
distance two from a vertex colored with 0 in g;. Hence ¢j(w) = 1. A vertex in
G(rPy,) with degree 4 is colored with 0 and its neighbors are colored with 2, 3, 4,
5. Thus g} is an inh-coloring with span 5.

Case 2. In this case we take r = 3. Now we give an L(2,1)-coloring go to
G(rPy) as follows: go(u) = 0 for all nodes u of G(rPy); if h(ugugy1) = 3 then

g2 ( ukuk-u) i+1 » 92 (xukuk-;-l) =i+4forl <t < 3; if h(ukukJrl) =1 (mOd
3) then g2 (xukuk+1> 2, 92( ukuk+1> 7, 92< ukuk+1) 5, gQ( ukuk+1) =

3 g2< Ukuk+1) - 1 92( ukuk+1) 6 gQ( Ukuk+1> = 4 92( ukuk+l> = 1’
92( ukuk+1) =7 forl1 <i<3andj > 4, 92<.’L'ukuk+1> =0,i+1ori+4

according as j = 1,2 or 0 (mod 3); if h(uguks1) = 2 (mod 3) then go ( ) =

Ukuk+1

2 92( ukuk+l) = 7 92 ( ukuk+1) = 1 92 ( ukuk+1> = 5 92 ( ukuk_H) = 37
92( ukuk_H) = 1 92( ukuk+1> = 4 gQ( ukuk+1) = 6 92( Ukuk+1) = 4’
92( ukuk+1) —1, 92( ukw) _3, gg( WMI) — 7, for1<i<3andj>5,
gg($ukuk+1) =0,i+1 ori+4 according as j = 2,0 or 1 (mod 3); if h(ugug41) > 6
and h(ugury1) = 0 (mod 3), then go ( ukuk+1> = 2, ¢ ( ukuk+1> = 5,

g2( ukuk+1) = O g2< ukuk+1) = 2 g2< ukuk+1) = 5 g2< ukuk+1) = 37
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gQ (mukuk+1> = 17 92 (w%iuk+1) = 47 g2 (xqu;iuk_,_l) = 27 g2 (xziuk+1) = 67
( ) = 47 92 (xgiuk+1) = 17 92 (xgiuk+1) = 37 92 (xgiuk+1) = 57

g2 (:pfﬁcqu) =7, and go (:L'ifkqu) = 0,241 or ¢ + 4 according as j = 0,1
or 2 (mod 3), where 1 <7 <3 and j > 6.

For every edge wv in G the L(2,1)-coloring constraints are satisfied within
the paths P,’; for 1 <14 < 3 and colors assigned to neighbors of a node are different.
Hence g2 is an L(2,1)-coloring with span 7. Now we reduce g until we arrive
at an irreducible coloring, say ¢g5. We prove that ¢} is a no-hole coloring. From
the way g9 is defined there is at least one vertex w’ colored with 1 and lying at
distance two from a vertex colored with 0 in go. Hence gj(w’) = 1. A vertex in
G(rPy,) with degree 6 is colored with 0 and its neighbors are colored with 2, 3, 4,
5, 6, 7. Thus g4 is an inh-coloring with span 7.

Case 3. In this case we take r > 4. We give an L(2,1)-coloring gs to
G(rPy) as follows: ga(u) = 0 for all nodes u of G(rP); g3 (xf}kqu) =i+1

and g3 <:n;hk(5,’§i’;“)‘1> =r+i+1for1 <i<r. L(21)-coloring constraints

are satisfied for the colored vertices so far. We take an edge u/v' of G such
that h(u'v’) > 3 and assign g3 (a;i?v,> = 1. Since no vertex adjacent to :ci?v, is
colored with color 0 or 2, L(2,1)-coloring constraints are satisfied for the colored
vertices. The maximum color used till now is 2r + 1. We color the remaining
vertices greedily. If z is such a vertex then it has two neighbors and there are two
vertices at distance two apart from it. Hence g3(z) < 8. Thus span(gs) = 2r + 1
because r > 4. Now we reduce g3 until we arrive at an irreducible coloring, say
g5. A vertex in G(rP),) with degree 2r is colored with 0 and its neighbors are

colored with 2,3, ...,2r-+1. Since g3 (xi?v,> =1,g3(v/) =0and d (xi?v,, u') =2,

22 ) = 1. Hence g4 is an inh-coloring with span 2r + 1.

we get g4 (mu,v,

Combining all these cases we conclude that G(rP) is inh-colorable and
Xinh (G(rPp)) < 2r+1. Thus from Proposition 4 we get Ainpn (G(rPp)) =AG(rPyr))
=2r+1. [

4. INH-COLORABILITY OF GRAPHS G(rP),) WiTH A(G) > 3

In this section we first consider the case A(G) = 3. In Theorem 20 below we
find the exact value of span of G(rPs), r > 2, which were not computed by Lii
and Sun [12]. Moreover, this value of A(G(rPs)) agrees with A (G(g)) for r = 1,
computed by Chang et al. [1], for some graphs G.

Theorem 20. If G is a graph with A(G) = 3, then forr > 2, \(G(rP3)) = 3r+1.
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Proof. We first consider the graph G 3. Let S =V (G(3)) — V(@G). Since every
vertex in S is at distance two apart from at most two other vertices in S, we can
give a coloring f to vertices in S using colors 0, 1 and 2 only such that vertices
at distance two in G(3y have different colors.

Now we give an L(2,1)-coloring g to G(rP3). We assign g(u) = 0 for all
u € V(G). For every edge uv of G we assign colors to the vertices z’l, and 22,
1 <i<r,asbelow: if f(z},) = f(22,) =0 then g (zi}) =3i—1for 1 <i<r,
g(z2) =3r—1and g (22) =3i—4for 2 <i <r;if f(zy,) =[(22,) =1
then g(zi1) = 3i for 1 <i <r, g(xl2) = 3r and g(z2)) = 3i — 3 for 2 < i < r; if
f(zy) = f(22,) =2, then g (2},) =3i+1for 1 <i<r, g(z;2) =3r+1and

g (:EZu?v =3t—2for2<¢<rif f (xilw) =0and f (az%v) =1, theng (1‘1}1)) =3i—1
for 1 <i<r, g(z2) =3rand g (2%2,) =3i —3 for 2 <i<r;if f(zy,) =1and
f (x%w) =2, then g (atf}v) =3ifor1<i<r,g (:zllj)) =3r+landyg (acffv) =3i—2

for 2 <i<wr;if f(zl,) =0and f(22,) =2, then g (%) =3i —1for 1 <i<r
and g (22) =3i+1for 1 <i<r.

For any edge uv of G and for 1 <i <7, |g(2%,) — g(z%2,))] > 2. Colors of the
vertices of G(rP3) adjacent to a node are distinct. Colors of the nodes are 0 and
colors of the other vertices are greater than or equal to 2. Hence g is an L(2,1)-
coloring with span 3r+ 1. Thus A\(G(rPs)) < 3r + 1. Now from Proposition 4 we

get A(G(rPs)) = 3r + 1. |

The theorem below gives an upper bound to inh-span of G(rPs), r > 2. We
note that this bound agrees with the upper bound of A;,;, (G (3)) given by Mandal
and Panigrahi [13] for r = 1.

Theorem 21. If G is a graph with A(G) = 3, then for r > 2, G(rPs) is inh-
colorable and Ny, (G(rPs)) < 3r + 2.

Proof. We consider the same L(2, 1)-coloring g of G(rP3) as given in the proof of
Theorem 20. Note that g has a hole only at 1. Also note that colors of neighbors
of a vertex colored with 2 lies in the set {0,4,3r — 1,3r}. Let u be a vertex in G
with deg(u) = 3 if G is a regular graph and deg(u) # 3 otherwise. From the way
g is defined, we get that u is adjacent to a vertex in G(rP3) that is colored with
2, 3 or 3r + 1. We consider three cases depending on colors of neighbors of u.

Case 1. Here u is adjacent to a vertex colored with 3r + 1. Let g (xf}vl) =
3r + 1. Then g (zi2,) # 2. We give an another L(2,1)-coloring g; to G(rP3)
as follows: g1(y) = g(y) if y # u, 2%}, and gy (¢%,,) = 1. Since 2!}, is adjacent
to u and z;2, only, and the vertex z}, receives the color 1, the L(2,1)-coloring
constraints are satisfied so far. We color the vertex u with the least available
color such that L(2,1) coloring constraints are satisfied. Since u is not adjacent
to any vertex colored with 3r + 1 in g1, g1(u) < 3r + 2. Now we reduce g;

until we arrive at an irreducible coloring ¢j. Then span(g]) < 3r + 2. Since
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g1 (z,) =1, g1(v1) = 0 and d (2%, ,v1) = 2, color of z}, cannot be reduced,
and so ¢} (;1:21”1) = 1. There is a vertex of degree 3r in G(rP3) colored with 0 and

its neighbors are colored with 2,3,...,3r + 1. Hence ¢} is an inh-coloring.

Case 2. Here u is not adjacent to any vertex colored with 3r+1 and adjacent
to a vertex colored with 2. Let g (xlulm) = 2. Then g (a:Z2 ) # 2. We give an

uv:
another L(2,1)-coloring go to G (rPs3) as follows: g¢2(y) ZQg(y) if y # u, xf}w
and g2 (a:f}vz) = 1. Since xf}vg is adjacent to u and xffm only, and the vertex
3}, is colored with 1, the L(2,1)-coloring constraints are satisfied so far. Then
we color the vertex u with the least available color such that L(2,1)-coloring
constraints are satisfied. Since u is not adjacent to any vertex colored with 3741,
g2(u) < 3r 4+ 2. Now we reduce go until we arrive at an irreducible coloring g.
Then span(gs) < 3r + 2. Since g (2,,) = 1, ga(v2) = 0 and d (21}, v2) = 2,
color of xf}w cannot be reduced, and so g (xf}vz) = 1. There is a vertex of degree

3r in G(rPs3) colored with 0 and its neighbors are colored with 2,3,...,3r + 1.
Hence ¢/ is an inh-coloring.

Case 3. In this case, u is not adjacent to any vertex colored with 3r + 1 or 2.
Then v is adjacent to a vertex colored with 3. Let g (zi4,) = 3. Then g (z12,,) #
2. We give an another L(2,1)-coloring g3 to G (rPs3) as follows: g3(y) = g(y) if
y # u, xf}vg and g3 (mi}vg) = 1. Since xf}vg is adjacent to u and xiu?v?) only, and the
vertex ;). is colored with 1, the L(2,1)-coloring constraints are satisfied so far.
Then we color the vertex u with the least available color such that L(2,1)-coloring
constraints are satisfied. Since u is not adjacent to any vertex colored with 3741,
g3(u) < 3r 4+ 2. Now we reduce g3 until we arrive at an irreducible coloring g;.
Then span(gy) < 3r + 2. Since g3 (2,,) = 1, gs(vs) = 0 and d (21}, v3) = 2,
color of xf}vs cannot be reduced, and so g4 (xf}vs) = 1. There is a vertex of degree
3r in G (rPs) colored with 0 and its neighbors are colored with 2,3,...,3r + 1.
Hence ¢ is an inh-coloring.

Combining all these cases we get that G(r Ps) is inh-colorable and A, (G(r Ps3))
<3r+2 [

In Theorem 22 below we find span as well as inh-span of G(rP,), where r > 2
and h(e) > 3 with strict inequality for at least one e. Moreover, here we settle
the case h(e) = 4, for all e, which was left by Lii and Sun [12].

Theorem 22. If G is a graph with A(G) = 3, r > 2 and h(e) > 3 with strict
inequality for at least one e, then \inn(G(rPy)) = M(G(rPy)) = 3r + 1.

Proof. We choose an edge /v’ in G such that h(u'v") > 3. We first consider the
graph G(3). Let S =V (G(3)) — V(G). Since every vertex in S is at distance two
from at most two other vertices in S, we can give a coloring f to S using the
colors 0, 1 and 2 only such that vertices at distance two get different colors and
f (xi,v,) =7 (m2 ) = 1. Then we give an L(2,1)-coloring g to G (rPs) following

u’'v’
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the same method of coloring in the proof of Theorem 20. Now we consider two
cases depending on values of 7.

Case 1. In this case we take r = 2. We give a coloring ¢ to G(rP) as below.
For any edge uv of G and for i = 1,2, g1 (213,) = g (zi,) and ¢ (a:fﬁ,(““)*l) =
g (1‘2}7}) To color the remaining vertices we have the following subcases depending
on values of g; (acil ) and g1 (:UZL("”A) for ¢ = 1,2 and an arbitrary edge uv in G.

uv

Z-h('uxu)fl

Subcase 1. g1 (xlulv) =2, g1 (J;m, ) = 5. Then g; assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3), then ¢y (xfjv) =0,20r5
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g; (21,) = 2,
g1 (xﬁfv) =7 ¢ (xﬁfv) =5, and for j > 4, g1 (IL‘ZJU) = 0,2 or 5 according as
j=1,20r 0 (mod 3). If h(uv) = 2 (mod 3) then g; (z%,) = 2, g1 (z2,) =T,
g1 (xijv) =3, g1 (mffv) = 5, and for j > 5, ¢1 (mi{v) = 0,2 or 5 according as
j=2,00r1 (mod 3).

Subcase 2. g1 (x?ulv) =2, 0 (mi’ﬁ””)*l) = 6. Then g; assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢; <xi{v> =0,20r6
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g; (z,) = 2,
g1 (xifv) =4, ¢ (xﬁfv) = 6, and for j > 4, g1 <w§jv) = 0,2 or 6 according as
j=1,20r 0 (mod 3). If h(uv) = 2 (mod 3) then gy (zi}) = 2, g1 (z12) = 4,
g1 (acﬁfv) =1, g (x?jv) = 6, and for j > 5, g1 (:UZ%,) = 0,2 or 6 according as
j=2,00r1 (mod 3).

Subcase 3. g1 (:L'Zlv) =3, 0 (:UZL(“”)_I) = 5. Then ¢y assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y <:B2{1,) =0,30rb
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g; (z,) = 3,
g1 (22) =1, g1 (23) = 5, and for j > 4, g (a:ﬁ{v> = 0,3 or 5 according as
j=1,20r0 (mod 3). If h(uv) = 2 (mod 3) then g; (z%,) = 3, g1 (z2,) = 1,
g1 (xij”v) =7 ¢ (acﬁfv) = 5, and for j > 5, g1 <wffy> = 0,3 or 5 according as
 =2,0 or 1 (mod 3).

Z'h(uv)—l

Subcase 4. g1 (wﬁ}v) =2, g1 (:vm, ) = 4. Then g; assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y (ac:ffu) =0,20r 4
according as j = 0,1 or 2 (mod 3). If A(uv) = 1 (mod 3), then g1 (z%,) = 2,
g1 (z2,) =6, g1 (2%3,) = 4, and for j > 4, ¢ <m2{v) = 0,2 or 4 according as
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j=1,20r0 (mod 3). If h(uv) = 2 (mod 3) then g; (z%,) = 2, g1 (z%2,) = 6,
g1 (a:fjv) =1 ¢ (mffv) = 4, and for j > 5, ¢1 (l’;ﬂ)) = 0,2 or 4 according as
j=2,00r1 (mod 3).

Subcase 5. g1 (xﬁ}v) =5 g ( Zh(’“’) 1) = 7. Then g1 assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y (wﬁffo =0,50r7
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g (z%,) = 5,
g1 (azi}v) =1 g (J:L?’v) =7, and for j > 4, g1 <:c2{v) = 0,5 or 7 according as
J 1,2 or 0 (mod 3). If h(w) = 2 (mod 3), g1 (zl,) = 5, g1 (2%2) = 1,
) = 3, gl( ) =7, and for j > 5, g1 <w§{v) = 0,5 or 7 according as
2,0 or 1 (mod 3).

it

Subcase 6. g1 (a:lulv) = 3, g1< Zh(”” 1) = 6. Then g; assigns colors to
the remaining vertices as follows. If h(uv) = 0 (mod 3) and h(uv) > 6 then
g1 (xgv) =3, 51 (xﬁfu) =L a (xifv) =4, 0 (:L‘ffv) =20 (‘,L‘zf””) = 6, and for
j>6, 0 (xifv) = 0,3 or 6 according as j = 0,1 or 2 (mod 3). If A(uv) =1 (mod
3), then g; (:rﬁ}v) =3, 0 (wﬁfv) =1, 0 (xﬁfv) =6, and for j > 4, g1 (x%) =0,3
or 6 according as j = 1,2 or 0 (mod 3). If A(uwv) = 2 (mod 3), then g; (z%,) = 3,
g1 (xffv) =1, ¢n (a:ffv) =4, ¢ (ac?fv) =6, and for 7 > 5, ¢1 (CL‘ZJU) =0,3 or 6
according as j = 2,0 or 1 (mod 3).

Subcase 7. g¢1 (JUZIU) =3, 5 (»”Uu};;(w) 1) = 7. Then g; assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y (x:ﬁ,) =0,30r7
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g; (z4,) = 3,
g1 (z2) =1, g1 (2%,) = 7, and for j > 4, g (a::fv> = 0,3 or 7 according as
j=1,20r0 (mod 3). If h(uv) = 2 (mod 3) then g; (z%,) = 3, g1 (z2) = 1,
g1 (xifv) =4, ¢ (xffv) = 7, and for j > 5, g1 (wfffu> = 0,3 or 7 according as
j=2,00r1 (mod 3).

Subcase 8. g1 (z%,) =4, g1 (JJZL(”” 1) = 6. Then g1 assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y (:cffv> =0,40r6
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3), then g; (z%,) = 4,
g1 (:L'ﬁfv) =10 (x?lfv) = 6, and for j > 4, g1 (:1:2%) = 0,4 or 6 according as
j=1,20r0 (mod 3). If h(uv) = 2 (mod 3) then g (z%,) = 4, g1 (z2,) = 1,
g1 (azi}v) =3, g1 (:z:ffv) = 6, and for 5 > 5, g1 <m2{v) = 0,4 or 6 according as
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j=2,00r1 (mod 3).
Subcase 9. g1 (z%,) =4, g1 (wiﬁfu“)*l) = 7. Then g¢; assigns colors to the

remaining vertices as follows. If h(uv) = 0 (mod 3) then ¢y (:cffv> =0,40r7
according as j = 0,1 or 2 (mod 3). If h(uv) = 1 (mod 3) then g; (21,) = 4,
g1 (:cﬁfv) =1 ¢ (acffv) =7, and for j > 4, g1 (:J:Zujv) = 0,4 or 7 according as
j=1,2o0r 0 (mod 3). If h(uv) = 2 (mod 3) thep g (ziL) =4, g1 (22) =1,
g1 (z%,) = 3, g1 (24) = 7, and for j > 5, ¢ <m2{v) = 0,4 or 7 according as
j=2,00r1 (mod 3). .

Note that the colors of the vertices L, and T ~! remain unchanged. We
reduce g1 until we arrive at an irreducible coloring gj. Now we prove that ¢}

is a no hole coloring. Since f (xi,v,) =f (ac,i,v,) =1 we get g1 <mi}v,> = 3 and
g1 (:):i’,lq(}}w)_l> = 6. Thus ¢; (xlljv,> = 1. Since g1(u') = 0 and d (xi?v,,u’) =2,
12
u'v’
degree vertex is colored with 0 and its neighbors are colored with 2, 3, 4, 5, 6 and
7. Hence ¢} is an inh-coloring with span 7.

color of the vertex x}ﬁv, cannot be reduced and so g} <x = 1. A maximum

Case 2. In this case we take r > 3. We give a coloring ga to G(rPy,) as below.
For any edge uv of G, go (zi,) = g (2!,) and g2 (x%“”Fl) =g(z2),1<i<r.

uv

Since go (mi}v,> = 3 and g9 (aci%’,‘”Fl) = 3r we take g9 (qujv,) = 1. Then we
color the remaining vertices greedily in any order. If w is such a vertex, then
it has two neighbors and there are two vertices at distance two from it. Hence
g2(w) < 8. Since r > 3, we get 3r + 1 > 8. Thus span(g2) = 3r + 1. We reduce

g2 until we arrive at an irreducible coloring ¢g5. Now we prove that g} is a no
hole coloring. Since g, (a:quv,> =1, g2(v/) =0 and d <x12 u’) = 2, color of the

u'v’?

12

1 .
vertex «,7 , cannot be reduced and so gj (:cu,v,) = 1. A maximum degree vertex

is colored with 0 and its neighbors are colored with 2,3,...,3r 4+ 1. Hence ¢} is
an inh-coloring with span 3r + 1.

From these two cases we conclude that G(rP},) is inh-colorable and A(G(rFy))
< Ninh(G(rPy)) < 3r + 1. Thus from Proposition 4 we get X\j,p(G(rPy)) =
MG (rPp)) =3r+ 1. |

We state the following lemma by Mandal and Panigrahi [13] which will be
used in our next few results.

Lemma 23 [13]. Let f be an irreducible coloring of a graph G. Then no two
consecutive numbers can be holes in f. Further, if | is a hole in f then every
vertex colored with I + 1 is adjacent to a vertex colored with I — 1.
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Now we consider graphs G with A(G) > 3. The theorem below gives upper
bound to A\jup(G(rPs)) which agrees with the upper bound of \;,p (G(Q)) given
by Mandal and Panigrahi [13], for » = 1. If G is either a tree or a non-bipartite
graph then the bound agrees with the upper bound of A\(G(rP,)) given by Lii
and Sun [12].

Theorem 24. Let G be a graph with A(G) > 3. Then for r > 2, G(rPs) is
inh-colorable and

X
X

where x(G) and x'(G) are respectively the chromatic number and edge chromatic
number of G.

G)+rX'(G)+3 if G is a bipartite graph other than a tree,
G

(
/\mh(G(TPQ)) < { (G) + TX/( ) otherwise,

Proof. Let G be a bipartite graph other than a tree. Now let f{ be an edge
coloring of G starting with color 1 and ending with x/(G). Mandal and Panigrahi
[13] have given an inh-coloring f1 to G(2). We describe the coloring f1 below.

Let y be a vertex in G of degree at least 3 and yi,y2,ys be its neighbors
with degree of y; greater than or equal to 2. Let y11 be a neighbor of y; different
from y. We give an L(2,1)-coloring ¢ to G(9) as below. ci(y) = 1, e1(y;) = 0
and ¢ (:L‘;yl) =i+2fori=1,2,3, ¢1 (mélyu) =2 and ¢1(y11) = 4. We color all
the uncolored vertices in V(G) with the colors 0 and 1 so that L(2,1)-coloring
constraints are satisfied in G(9) and any vertex in V(G) colored with 1 is at dis-
tance 2 in G (o) from a vertex colored with 0. We color the remaining uncolored
vertices of G(9) with the colors 6,7,...,x'(G) + 5 such that L(2, 1)-coloring con-
straints are satisfied. We reduce ¢; until we arrive at an irreducible coloring f;.
Mandal and Panigrahi [13] have proved that f; is an inh-coloring of G o) with
span less than or equal to x(G) + x'(G) + 3 and greater than 4 such that color
of each node is less than or equal to 4.

Let span(f;) = M. Let S1 = V(G) U {zl}, : w € E(G)} and 5] =
V(G(rP2))—S1. We give an L(2, 1)-coloring g1 to G(rP,) as below: g1(u) = fi(u)
for all w € V(G), g1 (zf) = fi(azl,) for all edges uwv of G, and we assign
g1 (2i8) = x(G) + X'(G) + 3 + (i — 2)X'(G) + f{(uv) for 2 < i < r. Then all
the vertices adjacent to a node have different colors. Since colors of nodes are
less than 5 and colors of vertices in S} are greater than 5, g1 is an L(2, 1)-coloring.
We reduce g; until we arrive at an irreducible coloring ¢7. In this process color
of vertices in S| are only reduced. We prove that g} is a no-hole coloring. Let [
be a hole in ¢f. Then I > A\; + 1 > 6. From Lemma 23, a vertex colored with
I+ 1 is adjacent to a vertex colored with [ — 1. A vertex colored with [ 4 1 lies
in S] and it is adjacent to vertices in V(G) only. Hence | —1 < 4. This is a
contradiction. Hence ¢} is an inh-coloring with span(¢;) < x(G) + rx/'(G) + 3
and A\inn (G(rP)) < x(G) + Y (G) + 3.
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Next let G be a tree. We take a leaf s of G. Let t be the vertex adjacent to
s. We give an L(2,1)-coloring g2 to G(rP,) as below. We color the vertex ¢ with
color 0. We color the vertices z;!, 71, ..., z}} and s with colors 2,3, ...,7+1 and
r + 3 respectively. We order the uncolored nodes of G(rP,) in increasing order
of their distances from ¢ and color them greedily. We note that colors 0 and 1
are only used by these nodes. We order the remaining vertices of of G(rP) in
increasing order of their distance from ¢ and color them greedily. When such a
vertex w is colored it is adjacent to two vertices colored with 0 and 1 and there
are at most rA —1 colored vertices at distance two from it. Thus ga(w) < rA+2
and so span(g2) < rA+2. Now g5 is an irreducible coloring and the only possible
hole is r 4+ 2. But a neighbor of ¢ is colored with 4 2. Thus gs is an inh-coloring.
Since 7A + 2 = x(G) + X (G), we get Ainn (G(rP)) < x(G) + Y (G).

Finally, let G be not a bipartite graph. Now let f; be an edge coloring of
G starting with color 1 and ending with x’(G). Mandal and Panigrahi [13] have
given an inh-coloring f3 to G(3). We describe the coloring f3 below.

Let ¢ be a proper coloring of G which uses x(G) colors starting from 1
such that color of no vertex can be reduced. There is at least one vertex z
colored with 1 and adjacent to at least one vertex of every other color class.
Let 21,22, ..., 2y(q)—1 be vertices adjacent to z and colored with 2,3,...,x(G),
respectively. From c we construct an L(2, 1)-coloring c3 of G(9) as below. c3(u) =
c(u)—1ifu € V(G) and ¢35 (z1,,) = 3. If x(G) = 3 we do not assign color to z,,
now. If x(G) > 3 then ¢z (z1,,) = 4. If x(G) =4 we do not assign color to z1_,

1
now. If x(G) > 4 then for 3 < i < x(G)—2, e3(z1,,) = i+2 and 3 (‘Tizx(c)q) =2
For any uncolored vertex 2’ in G(9) we define c3(2") = x(G) + f’(e.r), where e./ is
the edge of GG that is subdivided by z. If c3 is not irreducible we reduce cg until
we arrive at an irreducible coloring f3. Mandal and Panigrahi [13] have proved
that f3 is an inh-coloring of Gy with span less than or equal to x(G) + x'(G)
and greater than x(G) — 1 such that color of each node is less than or equal to
x(G) - 1.

Let span(f3) = X3. Let S5 = V(G) U {zl} : w € E(G)} and S} =
V(G(rPy)) — S3. We give an L(2,1)-coloring g3 to G(rP) as below: gz(u) =
f3(u) for all u € V(G), g3 (z1}) = f3(zl,) for all edges uv of G, g3(ai,) =
X(G) + (i — 1)X'(G) + f4(uv) for 2 < i < r. Then g3 is an L(2,1)-coloring be-
cause all the vertices adjacent to a node have different colors, all nodes have
colors less than x(G), and colors of vertices in S5 are greater than x(G). We
reduce g3 until we arrive at an irreducible coloring g5. In this process color of
vertices in S5 are only reduced. We prove that g5 is a no-hole coloring. If [ is
a hole in ¢4, then I > A3 +1 > x(G) + 1. From Lemma 23, a vertex colored
with [ 4+ 1 is adjacent to a vertex colored with [ — 1. A vertex colored with [ + 1
lies in S5 and is adjacent to vertices in V(G) only. Hence [ —1 < x(G)—1. This is
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a contradiction. Hence g4 is an inh-coloring with span(gs) < x(G) + rx/(G) and
Ainn(G(rPy)) < x(G) + X' (G). =

Theorem 25. Let G be a graph with A(G) >
at least one e but not for all. Then for r >
)\mh(G(TPh)) < 2rA —r + 5.

3, h(e) > 2, and h(e) = 2 for
5, G(rPy) is inh-colorable and

Proof. Let uv be an edge in G with h(uv) > 2 and deg(u) > deg(v). We give
a coloring f to vertices in G(rPy) as below: f(u) = f(v) = 0, and uncolored
nodes of G(rPy) are colored greedily using Algorithm 9 in any order. Let ¢
be the maximum color used by f till now. When a node is colored it has no
colored neighbor and there are most A colored vertices at distance two from it.
Also there exist at least two nodes distance two apart from each other. Hence
1 < ¢ < A. We color the vertex xll greedily and get f (xib) =2 Ife=1
then the maximum color used till now is 2 and no hole is created. If ¢ > 1
then there is a vertex y; in V(G) colored with ¢ — 1. Since the coloring is
obtained greedily, y; is at distance two from at least ¢ — 1 vertices in V(G), say,
21,%2,...,%c—1 colored with 0,1,...,c — 2, respectively. We color the vertices

x;}ZI,x;}@, e :L'Zlﬁz _, greedily in the order they are listed. Then the colors
c—2,c—1,c, f( y121) f (%m) seon f (xylzc 2) and f (xylz 1) are all distinct

and one of them is ¢ + 1. Therefore, ¢ + 1 is not a hole. Hence the maximum
color used till now is at least ¢ + 1 and no hole is created. Let V; = {z%, :
h(uivy) = 2,1 < i < r} We color the vertices in V; greedily in any order.
No hole is created till now. We color the vertices xil, 2 < i < r, greedily in
any order. We choose a maximum degree vertex w of G, where w # v. This
is possible since deg(u) > deg(v). We color the uncolored vertices adjacent to
w greedily in any order. No hole is created till now and the maximum color

used so far is at least rA + 1, since w is a maximum degree vertex. Let Vo =
{x } U {mww s h(wvg) > 2} U { Tyl + h(uzvg) > 2 xi’éi}f”‘”’)_l ¢ Vg} and V3 =
{9%3”3 : u3v3 eV, 1< < r} We color the uncolored vertices in V3 greedily
in any order. Let c¢; be the maximum color used by Vertlces in V3. No hole
is created till now. Let V; = {1:33(533”3)_1 f (2iL,,) = c1,aiL,, € Vg} and V5 =

uU3v3
{xﬁ?ﬁf”i”)_l DT, € Vg} We color the vertices in Vj greedily in any order. When
a vertex 23" " in V} is colored it can use any color other than f (vs), f (v3) +
1, f(us), f (x§}3y3) ?f (xu3vg) +1 and the colors of at most »A—r colored neighbors
of v3. Hence f (a?;};(;‘;fvg’) 1) < rA—7r+7<rA+2 No hole is created since

c1 > rA + 1. We color the remaining vertices in Vj greedily in any order. No
hole is created so far. Finally, we color all the remaining vertices greedlly in any
order. Let 2,5, be such a vertex. Number of vertices adjacent to ., is 2 and
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number of vertices at distance two from x,,, is also 2. Thus color of 2J,,, is at
most 8. Hence f is an inh-coloring of G(rP) and G(rPy) is inh-colorable.

We prove that span(f) < 2rA —r + 5. Color of a node is less than A + 1.
Let :6215% be a vertex such that h(usvs) = 2. Then us and vs have at most rA
neighbors each, of which r neighbors are common. Thus us and vs have at most
2rA — r neighbors in total. Hence number of vertices adjacent to :1:35,]5 is 2 and
number of vertices at distance two from it is at most 2rA — r — 1. Thus color
of xf}5v5 is at most 2rA —r + 5. Let :cf}ts% be a vertex such that h(ugve) > 2.

Number of vertices adjacent to x;} . is 2 and number of vertices at distance two

from it is at most rA. Thus color of zj., is at most rA + 6. Lgt a:ff}w be a

vertex not adjacent to uz or v7. Number of vertices adjacent to ;rfj}m is 2 and
number of vertices at distance two from 7., is 2. Thus color of zJ.,. is at most
8. Therefore span(f) < 2rA —r + 5 and hence the result follows. |

Finally, we consider graphs having maximum degree at least 4. In the theo-
rem below we obtain an upper bound of A\, (G(rPs)), r > 2, which agrees with
the upper bound of A, (G(3)) given by Mandal and Panigrahi [13], for r = 1.
Moreover, we find the exact value of A\, (G(rP3)) if A(G) is at least four times
the minimum degree of G.

Theorem 26. If G is a graph with A > 4, then for r > 2, G(rPs) is inh-colorable
and N (G(rPs)) < rA + 2. Further, if A > 46 then A\jpp(G(rP3)) = rA + 1,

where § is the minimum degree in G.

Proof. Let G1 be the subgraph of G(rPs) induced on the vertex set V(G)U {quﬂu :
j €{1,2},uv € E(G)}. Then Gy is isomorphic to G(3). According to Proposition
3 we get a A-perfect labeling f of G;. We note that 1 is the only hole in f
because nodes are colored with 0, vertices adjacent to a maximum degree vertex
are colored with 2,3,..., A + 1 and every vertex is either a node or adjacent to
a node. Now we use f to construct an L(2,1)-coloring g of G(rPs) with span
rA+1 as below: g(w) = f(w) if w € V(Gy), for all edges uv of G, 2 < i <r and
1<j<2,¢g (xffv) =g (xii,) + (i — 1)A. We check that g is an L(2, 1)-coloring
with span rA 4+ 1 and having a hole at 1. A maximum degree vertex in G(rP3)
is colored with 0 and its neighbors are colored with 2,3,...,rA + 1. Thus 1 is
the only hole in g. Let v’ be a minimum degree vertex of G. Let y be a vertex
having the maximum color among the neighbors of «' in G (rP3). Then y =] ,
for some neighbor v' of v/ in G. Thus (r —1)A4+2 <y (acz%v,) < rA+1 and
(r=1A+2<g(x7,) <rA+1. We give another L(2, 1)-coloring ¢’ to G (rP)
where ¢'(2) = g(z) if z # «/,2]},, and ¢’ (2]},,) = 1. Since no vertex adjacent
to x,;,, is colored with 0 or 2, L(2, 1)-coloring constraints are satisfied. Next, v’
is colored with the least available color such that L(2, 1)-coloring constraints are
satisfied by ¢’. Since no vertex adjacent to v’ is colored with rA+1, ¢'(u') < rA+42
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and thus span(g’) < rA+2. Again, the number of vertices adjacent to v’ is 7 and
the number of vertices at distance two from u is also 7§. Hence the number of
colors not available for ' is at most 479 and so ¢'(u’) < 4r§. Therefore, if A > 44
then ¢'(u') < rA+1 and so span(g’) = rA + 1. Now we reduce ¢’ until we arrive
at an irreducible coloring ¢g”. Since ¢’ (z!},,) =1, ¢'(v/) =0 and d (2]}, ,,v") = 2,
color of z} , cannot be reduced and so g” (2!} ,) = 1. There is a maximum degree
vertex in G(rP3) colored with 0 and its neighbors are colored with 2,3,...,rA+1
by ¢”. Thus ¢” is an inh-coloring of G(rPs) and X\j,n,(G(rP3)) < rA+2. Further,
by Proposition 4 if A > 46 then A\, (G(rPs)) = rA + 1. [ |

Lii and Sun [12] have found the exact value of A(G(rF3)), r > 2, when A(G)
is even. In the corollary below we find the same when A(G) is odd.

Corollary 27. If G is a graph with A(G) > 5, A(G) odd, then for r > 2,
MG(rP3)) =rA+1.

Proof. In the proof of Theorem 26 we have given an L(2, 1)-coloring g to G(rPs)
with span A + 1. Thus from Proposition 4 we get A\(G(rP3)) = rA + 1. |

In Theorem 28 below we find the exact value of span and inh-span of G(rPy)
(with some restrictions on h) which coincide with span and inh-span of G4, for
r = 1, given by Chang et al. [1] and Mandal and Panigrahi [13], respectively.
In particular, for A(G) odd we get the exact value of A(G(rPy)) which was not
found by Lii and Sun [12].

Theorem 28. If G is a graph with A(G) > 4, r > 2, and h(e) > 3 with strict
inequality for at least one e, then \inn(G(rPy)) = MG(rPy)) = rA + 1.

Proof. Here we consider the same L(2,1)-coloring g of G(rPs) that appears in
the proof of Theorem 26. Note that span of g is rA + 1 and g assigns color 0
to all nodes. Let uv/v’ be an edge in G such that h(u'v") > 3. Then we give an
L(2,1)-coloring ¢’ to G(rPy) as below. For any edge uv in G and for 1 <i <r,
g (zi) = g (a%,), ¢ (fc%““)_l) = g (z%,), and ¢’ (xi?v,) = 1 (this is possible
since ¢ <:1:Z}U,> >A+1and ¢ (xif”:,"”,)fl) > A +1). We color the remaining
vertices greedily in any order applying Algorithm 9. When such a vertex w is
colored it is adjacent to two vertices and there are two vertices at distance two
from it. Hence ¢'(w) < 8. Since r > 2 and A > 4, ¢'(w) < rA + 1. Thus
span(g’) = rA + 1. Now we reduce ¢’ until we arrive at an irreducible coloring
!

g”. We prove that ¢” is a no-hole coloring. Since ¢’ (xi'fv,) =1, 4¢0W) =0
and d (x22

2 2
S ) = 1, the color of z;7 , cannot be reduced and thus g” (m 2 ) =

u'v’
1. A maximum degree vertex is colored with 0 and its neighbors are colored

with 2,3,...,7A + 1 by ¢”. Hence ¢” is an inh-coloring with span rA + 1.
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Thus MG (rPy)) < Ainn (G(rP)) < rA 4+ 1. Now from Proposition 4 we get
Xinh (G(rPp)) = MG(rPy)) =rA+ 1. -

5. CONCLUDING REMARKS

In this paper we show that for any graph G with h(e) > 3 and r > 2, G(rP,) is
inh-colorable and for A(G) > 2, G(rP,) is inh-colorable. We also prove that if G
is a graph with A(G) > 2, h(e) > 2 for all e in E(G) and h(e) = 2 for at least
one e but not for all, and r > 2, then G(rP},) is inh-colorable except possibly the
following cases: A(G) = 2, r = 2; and A(G) > 3, 2 < r < 4. We have found
the exact value of \;,,(G(rPy)) in several cases and given upper bounds in the
remaining. However, some of the upper bounds given in the paper may not be
sharp. So the following problems remain open.

1. Is G(2P),) inh-colorable for any G with A = 2, h(e) > 2 for all edges and
equality for at least one but not for all?

2. Is G(rP,) inh-colorable for any graph G with A > 3, h(e) > 2 for all edges
and equality for at least one but not for all, and 2 < r < 47

3. Can the upper bound of A\, (G(rFy)), when A(G) =2, r > 2 and h(e) > 2
with equality for at least one e but not for all (Theorems 12 and 16) be
improved?

4. Can the upper bound of \j,n(G(rPr)), when A(G) > 3, r > 5 and h(e) > 2
with equality for at least one e but not for all (Theorem 25) be improved?

5. Whether A\, (G(rP3)) = rA + 1, for every graph G with A > 3 and r > 2
(Theorems 21 and 26)?

6. Is the upper bound 6 for A4 (Chn(2P3)), m > 4 (Theorem 17) sharp?

7. Can the upper bound for A\, (Cp,(rP2)) given in Theorem 15 be improved?
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