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Abstract

The harmonic index of a graph G, denoted by H(G), is defined as the
sum of weights 2/[d(u) + d(v)] over all edges uv of G, where d(u) denotes
the degree of a vertex w. In this paper we establish a lower bound on the
harmonic index of a tree T
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1. INTRODUCTION

Let G be a simple connected graph with vertex set V' = V(G) and edge set
E = E(G). The order |V| of G is denoted by n = n(G) and the size |E| of
G is denoted by m = m(G). For every vertex v € V, the open neighborhood
N(v) is the set {u € V(GQ) | ww € E(G)}. The degree of a vertex v € V is
dy = d(v) = dg(v) = |N(v)|. The minimum degree and the maximum degree of a
graph G are denoted by 6 = §(G) and A = A(G), respectively. An leaf of a tree
T is a vertex of degree 1, a stem is a vertex adjacent to a leaf, whereas a strong
stem is a stem adjacent to at least two leaves. An end stem is a stem whose all
neighbors with exception at most one are leaves. For every two vertices x,y of a
tree T', we denote the unique (z,y)-path by 2Ty. A path P = uguy ---uy (k> 1)
in G is called a pendant path if d,, > 3, dy,, = 1 and the degree of any other
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vertex of the path is 2. To contract an edge e of a graph G, is to delete the edge
and then identify its ends. The resulting graph is denoted by G/e. Let T, A be
the family of trees T of order n and maximum degree A.

A large variety of degree based topological indices has been defined in the
mathematical and mathematico-chemical literature; for details we refer the reader
o [4,6]. Here, we focus on the harmonic index. For a simple graph G, the
harmonic index of G, denoted H(G), is defined in [3] as the sum of weights
2/[d(u)+d(v)] of all edges wv of G. That is, H(G) = }_,,cp(c) m. For some
related works see [9,17,24-28,30-33]. Wu et al. [20] established a lower bound
on H(G) of a graph with minimum degree two. Favaron et al. [5] investigated
the relation between graph eigenvalues of graphs and the harmonic index. Deng
et al. [1] considered the relation between H(G) and the chromatic index x(G),
and proved that x(G) < 2H(G). Liu [13] proposed a conjecture concerning the
relation between the harmonic index and the diameter of a connected graph, and
showed that the conjecture is true for trees. Relationships between the harmonic
index and several other topological indices were established in [8,22,29]. For
additional results on this index, see [11,12,14-17,21].

In this paper we establish a lower bound for the harmonic index of a tree T
in terms of its order and maximum degree. Our result is an extension of some
well-known lower bound on the harmonic index of a tree T'.

2. A LOwER BOUND ON THE HARMONIC INDEX OF TREES

In this section we prove the following lower bound for the harmonic index of a
tree T' of order n with maximum degree A.

Theorem 1. Let A >3 and T € Toa. If n =1 (mod A — 1), then

2
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For notational convenience, let h,, : F(T) — R denote a function defined by
ho(w) = 1/[d(u) + d(v)]. Hence H(T) =23 c g hw(e). We begin with some
lemmas.

Lemma 2. Let T € T, a. If u and v are two adjacent vertices each of degree at
least two in T with dp(u) + dr(v) < A+ 1, then there exists a tree T' of order n
with maximum degree A(T') such that H(T") < H(T).

Proof. Let T' := (T'/e) + up be the tree obtained from T by contracting the
edge ¢ = uv and adding a pendant edge up. Clearly, T’ is a tree of order n
with A(T”) < A(T). By the assumptions and the constriction of 7", we have
dr(u) < A—1,dr(v) < A—1,and dp(u) < A. If w € V(T) is a vertex with
maximum degree A(T'), then we have w ¢ {u,v} and dp(w) = dg(w). Hence
A(T") = A(T). Assume that d(u) = «, d(v) = 8, N(u) = {z1,...,Za-1,v},
N(v) ={yi,...,ys-1,u} and S = {zu|z € N(u)} U{yvly € N(v)}. Then we
have

Yy = ho(e) + — ! SR
2 - ste +a+6+;d(m)+a+;d(y¢)+6

e€cE(T)—

and

a—1 B—1
1 1 1 1
SH T/ = hw +—+ —+ .
2 " eeE%’:)—S ) a+p ;d(%’)‘l‘a-’-ﬁ—l ;d(yi)+a+ﬁ—1

Clearly H(T") < H(T) and the proof is complete. |

Lemma 3. Let T € T, a, let w and v be two vertices of T with dr(u) =a < =
dr(v) and let v € N(u) and y € N(v) such that v,y & uTv or x,y € uTv. If
dr(z) < dr(y), then there exists a tree T' of order n with mazimum degree A(T)
such that H(T") < H(T).

Proof. Let T' be the tree obtained from T by removing the edges ux,vy and
adding new edges vz, uy (see Figure 1). Clearly, 7" is a connected graph of order
n with n — 1 edges and so T” is a tree. Also, we have dp(z) = dg(z) for each
z € V(T) and hence A(T") = A(T). Let S = {uz,vy}. Then we have

1H(T): > hule) + = - =

2 s a+dr(@) " B+dr(y)

and 1 1 !
SH(T) = ) hule) + + :
2 ccHNS B+dr(x)  a+dp(y)

It follows from « < 8 and dr(x) < dr(y) that H(T") < H(T). |
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Figure 1. The switching process used in the proof of Lemma 3.

Lemma 4. Let T € T, A be an extremal tree with the minimum harmonic index
in Toa- If w and v are two vertices of T' of degree a with 2 < o < A — 1, then
there exists an extremal tree T™ with the minimum harmonic index in T, A such
that V(T*) = V(T), dr(z) = dp+(2) for each z € V(T), and dp=(x) > dp=(y) for
each x € Np=(u) — V(uTv) and y € Np«(v) — V(uTv).

Proof. 1f dp(xz) > dr(y) for each z € Np(u) —V (uTv) and y € Np(v) —V (uTv),
then we are done. Let dr(x) < dr(y) for some x € Np(u) — V(uTv) and some
y € Nr(v) — V(uT'v). Assume T} to be the tree obtained from T by deleting the
edges ux,vy and adding new edges uy,vx. Clearly, V(1) = V(T) and dr(z) =
dr, (z) for each z € V(T') and hence Ty € T, a. Since dr, (u) = dr, (v) = «,
it is easy to verify that H(T) = H(Ty). Thus T} is a extremal tree with the
minimum harmonic index in 7, Ao. By repeating this process, we obtain a desired
tree T™. |

Lemma 5. If T € T, A is an extremal tree with the minimum harmonic index in
To,A, then T has at most one vertex of degree 1 <t < A.

Proof. Assume, to the contrary, that 1" has two distinct vertices u and v such
that 1 < d(u) = a < f = d(v) < A. Also, suppose that among two vertices
with this property we choose two distinct vertices u,v such that d(u,v) is as
small as possible. Let N(u) = {z1,...,za}, N(v) = {y1,...,ys}, S = {zu|z €
N(u)} U{yvly € N(v)} and K =} cpir)_g hw(e). Assume that z1,y1 € uT'v,
dyo 2 -+ 2 dgy and dy, > -+ > dy,. By Lemmas 3 and 4, we may suppose that
Apy >+ 2 dgy > dy, >+ > dy,. Let T' :=T — uzxe + v be the tree obtained
from T' by removing the edge uze and adding a new edge vxy (see Figure 2). We
show that H(T") < H(T). Consider four cases.

Case 1. wv € E(T) and d,, = d, = . Then 1 = v and y; = u. By definition

we have
o

1 1 1 < 1 1
“H(T)=K + —
R H(T) +2a+d$2+a+;d$i+a+zd ta

i—o Yi
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and

1 1 = 1

—“H(Th =K+ — -

2 (T) + +dx2+oz+1 z; dy, + o — +Zdyl—|—oz—|—1
Now, we have

1 /

§(H(T) H(T))

(03 (6% _1
:lZ: dg, +a +a-—1) +ZZ: dy, + o)(dy, + a+1)
+

(day + a)(dm +a+1)

1
_Z< dy;, + @ (d +a—1) _(dyi+a)(dyi+a+1))

~1 -1
* <(dy2 + a)(dy, +a+1) " o+ )y + 0 + 1)>

<

b

1 1
<(dx2 +a)(dyy +a—1)  (dgy + ) (dg, + a + 1)>

Il
w

7

-1 -1
+
(dey + @)(dzy +a +1) (dey + a@)(dzy +a+ 1))

+
7N

- 2 —2
= ; <(dx2 Y a)(dey Fa—D(de, tat 1)> Tl ) (dyy Fa 1)
2o —2) . 9
T (dyy @) (dgy +a—1)(dy, +a+ 1) (dy, +a)(dy, + ¢+ 1)
B ~2d,, — 2
" oy T )(day T 0~ 1)(day T+ 1)

i th
...... wAE R @
@ ooo 000

Lo T3 T2 Y2 Y3 Yp Tq T3 T2 Y2 Y3 Yp

< 0.

T T

Figure 2. The switching process used in the proof of Lemma 5.

Case 2. wv € E(T), d, = a < 8 = d,. As above 1 = v and y; = u. By
definition we have
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1 1 1 e 1
+ + + +
a+fB  dyta dy, + 8 iz;dxi—l—a iz;dyi—l-ﬁ

and
1 1 1

+ +
a+pB dypt+ B+l dy+B+1

o 1 B 1
+ + .

1
SH(T) =K +

Now, we have

SUH(T") = H(T))

1
((d +a)(dy, +a—1) (dy, +ﬁ)d +6+1 ))

a—p3-1 —1
(dy, +ﬁ d - B+1) + (de, + )( dm2+ﬁ+1)+(dy2+ﬁ)(dy2+ﬁ+1)>

MEEMQ

+

i=a+1

IN

MQEMQ

(dg, + )( dw2 ta—1)  (do, + B)(da, +5+1)>

+

~1 a—p—-1 -1
(dy, w)(d A1) ((dzﬁa)(dzﬁﬁﬂ)+(dzz+6)(dzz+ﬁ+1)>

B—a+1)(a+B+2d,,) >
(dey + @)(dgy + a — 1)(dy, +B)(dmz +B8+1)

-1 (a_ﬁ)(dﬂlz +/6)_(a+6+2da:2>
(dy, + B)(dy, + B+1)  (day + ) (da, + B)(day, + 5+ 1)

(@a—=2)(f—a+1)(a+f+2ds,)
o (drz +a)(dm2 +a— 1)(d7"2 +ﬁ)(d$2 +ﬂ + 1)

a_/B +(a_ﬁ)(diz+ﬁ)_<a+6+2dI2)

_ (@ —=2)(8—a+1)(a+ B+ 2d,,)
 (day + @) (day + @ — 1) (day + B)(duy + B+ 1)

(o = B)(day + @) + (= B)(dy + B) — (a0 + B+ 2da,)
(dey + @)(dgy + 8)(dey, + 8+ 1)

~ (@-2)(B-a+1)(a+f+2d,,) (a— B —1)(a+ B+ 2d,,)

7

a+1

Wﬁ@

Mmm

+
i=a+1
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(a—2)(B—a+1)(a+B+2dy,)+ (a— B —1)(dey, + . —1)(a + B+ 2ds,)
(dey + @) (duy + B)(duy + B+ 1)(dz, + = 1)
(B—a+1)(a+ B+ 2dy,)(—ds, — 1)
 (dey + ) (day + B)(day + B+ 1)(dy, + = 1)

<0

Case 3. wv ¢ E(T) and d,, = d, = a. By the choice of u, v, we may assume
that d,, = d,, = A. We have

B

1 1 1 1 1 1 1
—-H(T)=K

(T) +a+A+a+A+dm+a+dy2+a+iz;dxi+a+iz;dyi+a
and

1 1 1 1 1

~H(T') = K

2 (") +a+A—1+a+A+1+dI2+a+l+dy2+04+1

o 1 o 1
+;dmi+a—1+§dyi+a+l'

Now, we have

SUH(T) — H(D)

1 +z‘“: —1
(dl’z + a)(drl +a— 1) i—3 (d% + a)(dyi +oa+ 1)

2 -1 -1
+ - +
(Oé—‘rA)(O[—l—A—l)(Oé—f—A-i—l) (dm +O‘)(dﬂﬂ2+a+1) (dy2+0‘)(dy2+a+1)

[
NE

(2

Il
w

« 1 1
: ; ((du +0)(doy +a—1)  (dp, +0)(do, + 0+ 1))

2 2
T A atA D)t A+D) ([t )(de tatD)
2a — 2) 2
T ta)dnta—1D){de,+at]) @+ D atb-—DatArl)
2
 (dy, + ) (dy, + a+1)
2a—2) — 2dy, +a — 1) 2
T U ta)dn,va—D{ds,+a+]) @+ D (atb-DlatAtl)
B ~2d,, — 2 2

oo v ) s ta—Ddotatl) @rdatd-—DatadtD)
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—2d,, — 2 2
+
(dlz + a)(dwz +o— 1)(d$2 + o+ 1) (a + dﬂlz)(a + dﬂvz - 1)(04 + dﬂ&z + 1)
—2d,,

< 0.
(dg12 +a)(dy, + o —1)(dyy, + @+ 1)

Case 4. wv ¢ E(T) and d,, = o < f = d,. As in Case 3, we may assume that
dy, = dy, = A. By definition we have

1 1 1 1 1
— K+ N
;dxl—i-a Zdyl—{—ﬁ a+ A ﬂ—|—A Aoy + ' dy, +
and
1H(T’)—K+§:1+§: 1 n 1 N 1
2 - Hdpta-1 ~d,+6+1 a+A-1 [+A+]1

1 1
+ + .
dpy +B+1 " dy, +B8+1

Then we have

SUH(T) — H(T))

o & -1 1
; do, +a)d +a—1) +ZZ dy, + B)(dy +B+1)+(a+A)(a+A—1)

~1 N a—B-1 N ~1
B+A)B+A+T)  (dey +@)(duy + B+ 1) (dy, +B)(dy, + B+ 1)

- 1
§§<d12+a d$2+a_1) (d12+5)(dm2+5+1)>
b 1 1
ZZ s t D) A 1 B+ (@t D)@t A1)
-1 a—B-1 ~1
BLA)B+A+D) | (doy+ ) oy 841D (doy + B) (o, + B+ 1)
(@ =2)((dey + B)(day + B+ 1) = (du, +)(ds, +a— 1)) a—f
B (dey + @) (dgy + @ = 1)(dgy, + B)(dey, + B+ 1) (dey + B)(dey + B+ 1)
1 -1 (a_B_l)(dIQ +5)_(d$2+a)

@t M@ +A—1)  BrDBIATLD | (o + a)(day + B)(dey + B +1)
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B (a0 —2)(B—a+1)(a+B+2d,,) 1

 (day + ) (day + @ = 1)(day + B)(day + B+1)  (a+A)(a+A—1)

+ -1 +(Oé—ﬂ)(d$2 +ﬁ)_(a+ﬂ+2dl’2)+<a_6)(dl’2+a)
B+A)B+A+T) (dwy + ) (day + B)(de, + 5+ 1)

_ (a=2)(B—a+1)(a+p+2d,,) 1

© (day + ) (day + @ = 1)(day + B)(day + B+1)  (a+A)(a+A—1)

N —1 N (=B —1D(a+B+2dy,)

(B+A)YB+A+1)  (dey + )(dey + B)(dy, + B+ 1)

(a=2)(B—a+1)(a+B+2ds,) + (dey +a—1)(a =B —1)(a+ B+ 2d,,)
(day + @)(day + @ — 1)(dz, + B)(dz, + 8+ 1)

1 1

T arAetrAa-) T BFrABEATD

_ (4B +2d,)(B—a+1)(—ds, — 1) 1

© (day + Q) (day + @ = 1) (day + B)(day + B+1)  (a+A)(a+A-1)
—1

RCEINICEYSY

(a+ﬂ + 2d$2)(/8 — o+ 1)(_da:2 _1) + 1 + -1
A+ A+a-D)A+BA+8+1)  (a+A)a+A—1)  (B+A)(B+A+1)
(+B+2dg,)(B—a+1)(=de, = 1)+ (a+ B+ 2A0)(B —a+1)

A+a)(A+a-1)(A+B)(A+5+1)

_ (B—a+ (a4 B+2dy,)(—de, — 1) + (a+ B+ 24))
N A+a)(A+a—-1)(A+B)(A+8+1)

Since a + B + 2dy, < 2A + 2dy, and —dz, — 1 < —2, we deduce that
(a+p+2d)(—dy, — 1)+ (a+ [ +2A) < —4A —4dy, + (a0 + +2A) < —4d,, <0

and hence $(H(T") — H(T)) < 0.
Thus all cases lead to a contradiction since T' has the minimum harmonic
index. This completes the proof. [

Lemma 6. Let T € T, A be an extremal tree with the minimum harmonic index
in Toa where A>3, n=(A—1Dk+7r and 0 <r <A —2. Ifn; is the number
of vertices of T of degree i for each i =1,2,...,A, then the following hold:

1. if r=0,1, thenna =k —1, nao_oy, =1 and ny =n — k,

2. if r=2, thenna =k andny =n — k,

3. if r>3, thenna =k, np_1=1andn;=n—k—1.
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Proof. Let n; be the number of vertices of T" of degree i for each i =1,2,..., A.
Then ni +ng+---+na =nand ny +2n9 + ...+ Ana = 2n — 2 and hence

(1) ng+2ng+---+ (A —1)na =n—2.
By Lemma 5 we have no +ng 4+ --- + na_1 < 1 that yields
(2) no+2n3+---+ (A —2)na1 <A -2

Assumen; =1ifng+ng+---+na_1=1.
(1) If r = 0,1, then we deduce from (1) that ng +ns+---+na_1 =1 and so

(t—1)+(A—Dna=A—-1Dk+r—2=(A—1)(k—1)+ (A —3+7).

This implies that nA =k — 1, ny =na_24r =1l and n; =n — k.

(2) If r = 2, then we conclude from (1) and (2) that ng+ns+---+na—1 =0
and so na = k and n; = n — k.

(3) Let > 3. Then we have

(t—1)+ (A —1na = (A—Dk+r—2,

and this implies that na =k, ny=n,_1=1landny =n—k — 1. [

Let E; ; denote the set of all edges having a vertex of degree i at one end and
a vertex of degree j at the other end and let ¢; ; = |E; j|.

Lemma 7. Let T € Ty a be an extremal tree with the minimum harmonic index
in To,a and let T have a vertex v of degree t with 1 <t < A. Then €1 is as
small as possible.

Proof. 1t follows from Lemma 5 that deg(u) = 1 or A for each v € V(T') — {v}
and hence E(T) = E1; U Ey1 AU E A UFEa . By definition we have

1 €1t €1,A Et,A EA,A
—H(T) = : : : .
2 (T) 1+t+1+A+t+A+2A

€1, ni—eir  t—e1r  n—1—n1—en

1+t 1ra TEra T 2A
e, mi—¢&1e  t—eir o n—1—mni—t+e,
1+t 1+A t+A 2A

_ . 1 +L . 1 n 1 n ni " t Jrnflfmft
TE T T 2A AT A Tt A 1+A  t+A 2A
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. 2A+t+1_ 20+t +1 n ni n t +n—1—n1—t
T 20+ A T A+ A+ A) I+A  t+A 2A

_ 1 1 n1 t n—1—ny —t
_8”(%”“)(%(1“) (1+A)(t+A))+(1+A+t+A+ 2A )

B t+ A+ tA+ A? —2A — 2tA n1 t n—1-—n;—t
*5”(2A+t+1)( AL+ 1) (1+A)(E+A) > <1+A+t+A+ 2A >
_ (A=1)(A-1%) ni t n—1—ni—t
=enRATtH ) S T a s aers) T \ixa Tirat T oA :

. A—1)(A—t
Since 2A(1(+t)(1)J(rA)(t)+A)

monic index in 7, A, we conclude that €1, is as small as possible. u

> 0 and 7 is an extremal tree with the minimum har-

Proof of Theorem 1. Let T* € T, A be an extremal tree with the minimum
harmonic index in 7, . We consider four cases.

Casel. r=0. Then na =k —1,ny =na_o=1and n; =n — k by Lemma
6. We have also e o =n—k—ec1p, e0Ao =A—2—cjpandean =k—A+e+1.
Consider two subcases.

Subcase 1.1. 'k = "5 >t = A —2, that is, n > (A - 1)(A —2). We
conclude from Lemma 7 that €1 = 0 and hence egpo =n —k, e,a = A — 2 and
ea,A = k — A+ 1. Therefore,

EH(T*)_n—k+A—2+k—A+1_n—k+A—2+k—A+1
2 C14+A A 2A A +1 2A -2 2A
Subcase 1.2. k——_g = A—-2, thatis, n < (A—1)(A—2). Then we must
have g1y =t —na =t —k+1=A —k —1 which implies that ego =n - A +1,
et,An =k —1 and ea Ao = 0. Therefore,
1H(T*)*A_k_1 n—A+1+k—1 A—k:—l+ k-1 +n—A+1
1+t 1+A t+ A A-1 2A -2 A+1

£ KA EAN

Figure 3. A=5,r=0,t=A—-2=3, n=(A - 1)k =8,12,16.
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Case 2. r = 1. As in Case 1, we have nn = k—1, ns = na_1 = 1,
n=n—k,aa=n—k—cip,ega=A—-1—-cipand ean =k —A e If
k=21 >t=A—1thatisn > (A —1)%+1, then as in Subcase 1.1. we have
14 =0,e1Aa=n—Fk, e.a=A—1eaan=k— A and by definition we have

1 W on—k A-1 k-A
§H(T)_A+1+2A—1+ 2A

If k<t=A—1thatisn < (A—1)2+1, then we have et =A0A—k,e1ao=n—A,
eg.An =k —1and ea o = 0. Hence

1 A~k n—A k-1 A—k n—A k-1

I = 11t "1 AT A" A TAFI AT

Case 3. r = 2. In this case we have nn =k, ny =n—k,ega=n1=n—k
and ean = (n—1) — (n—k) =k — 1. It follows from definition that

n—k k-1

1
—H(T*) = .
AT =37+ 34

Case 4. r > 3. By Lemma 6 we have nn = k, ny = n,—1 = 1 and n; =
n—k—1. Also we have egpo = n—k —1—¢€1, ¢ga =17 —1— €14 and
ean =k —r+e1+ 1. An argument similar to that described in Case 1 shows
that

1 n—k—1 r—1 k—r+1
—H(T*) =
AT ) =T A, —17
ifk=2x%>t=r—1thatisn>A(r—1)+1, and
1 r—k—1 n—r k r—k—1 n—r k
SH(TY) = -
) = T asi T A r TAri Az

when k <t=r—1thatisn < A(r —1)+ 1.
Replacing k by z=7 in all cases, we arrive at the bounds of Theorem 1. This
completes the proof. ]

Applying Theorem 1, we can get two corollaries in the following.

Corollary 8. Let T be a tree of order n and maximum degree A. If A > 3 and
n=(A—-1k+r, 0<r<A-2, then

H(T)Z2<n(A—2)+r n—A—r+1>

AT_1 T 2A(A-D)

with equality if and only if n —2 = (A — 1)k and na = k.
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Corollary 9 ([10]). For any tree T of order n > 3,
2(n—1)

n

H(T) >

with equality if and only if T is a star.

In Figure 4, we determine the harmonic index of all trees of order 6 and 7
with maximum degree at least 3.

LY TX

A =3 A =3 A =3 A =4 A=5

_ 7 _ 7 _ 79 _ 1 _>5

H=1I H=1 H=1 H=1 H=13
A =3 A =3 A =3 A =3 A =3 A =4 A =4 A =4 A=5 A =6
_ 46 _ar _ 14 _ 29 _ 16 _ 14 _ 27 _ 87 _ 16 _ 12
H=35 H=3 H=7% H=3 H=7F H=% H=493 H=3m H=3 H=-5%

Figure 4. The harmonic index of all trees T' of order 6 and 7 with A(T") > 3.
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