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Abstract

The harmonic index of a graph G, denoted by H(G), is defined as the
sum of weights 2/[d(u) + d(v)] over all edges uv of G, where d(u) denotes
the degree of a vertex u. In this paper we establish a lower bound on the
harmonic index of a tree T .
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1. Introduction

Let G be a simple connected graph with vertex set V = V (G) and edge set
E = E(G). The order |V | of G is denoted by n = n(G) and the size |E| of
G is denoted by m = m(G). For every vertex v ∈ V , the open neighborhood

N(v) is the set {u ∈ V (G) | uv ∈ E(G)}. The degree of a vertex v ∈ V is
dv = d(v) = dG(v) = |N(v)|. The minimum degree and the maximum degree of a
graph G are denoted by δ = δ(G) and ∆ = ∆(G), respectively. An leaf of a tree
T is a vertex of degree 1, a stem is a vertex adjacent to a leaf, whereas a strong

stem is a stem adjacent to at least two leaves. An end stem is a stem whose all
neighbors with exception at most one are leaves. For every two vertices x, y of a
tree T , we denote the unique (x, y)-path by xTy. A path P = u0u1 · · ·uk (k ≥ 1)
in G is called a pendant path if du0

≥ 3, duk
= 1 and the degree of any other
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vertex of the path is 2. To contract an edge e of a graph G, is to delete the edge
and then identify its ends. The resulting graph is denoted by G/e. Let Tn,∆ be
the family of trees T of order n and maximum degree ∆.

A large variety of degree based topological indices has been defined in the
mathematical and mathematico-chemical literature; for details we refer the reader
to [4, 6]. Here, we focus on the harmonic index. For a simple graph G, the
harmonic index of G, denoted H(G), is defined in [3] as the sum of weights
2/[d(u)+d(v)] of all edges uv of G. That is, H(G) =

∑

uv∈E(G)
2

d(u)+d(v) . For some

related works see [9, 17, 24–28, 30–33]. Wu et al. [20] established a lower bound
on H(G) of a graph with minimum degree two. Favaron et al. [5] investigated
the relation between graph eigenvalues of graphs and the harmonic index. Deng
et al. [1] considered the relation between H(G) and the chromatic index χ(G),
and proved that χ(G) ≤ 2H(G). Liu [13] proposed a conjecture concerning the
relation between the harmonic index and the diameter of a connected graph, and
showed that the conjecture is true for trees. Relationships between the harmonic
index and several other topological indices were established in [8, 22, 29]. For
additional results on this index, see [11, 12, 14–17,21].

In this paper we establish a lower bound for the harmonic index of a tree T
in terms of its order and maximum degree. Our result is an extension of some
well-known lower bound on the harmonic index of a tree T .

2. A Lower Bound on the Harmonic Index of Trees

In this section we prove the following lower bound for the harmonic index of a
tree T of order n with maximum degree ∆.

Theorem 1. Let ∆ ≥ 3 and T ∈ Tn,∆. If n ≡ r (mod ∆− 1), then

H(T ) ≥



































































































2
(

n(∆−2)
∆2

−1 + ∆−2
2∆−2 + n−(∆−1)2

2∆(∆−1)

)

if r = 0 and n > (∆− 1)(∆−2),

2
(

(∆−1)2−n

(∆−1)2 + n−∆+1
∆+1 + n−∆+1

2(∆−1)2

)

if r = 0 and n ≤ (∆− 1)(∆−2),

2
(

n(∆−2)+1
∆2

−1 + ∆−1
2∆−1 + n−1−∆(∆−1)

2∆(∆−1)

)

if r = 1 and n > (∆− 1)2 + 1,

2
(

∆(∆−1)−n+1
∆(∆−1) + n−∆

∆+1 + n−∆
(2∆−1)(∆−1)

)

if r = 1 and n ≤ (∆− 1)2 + 1,

2
(

n(∆−2)+2
∆2

−1 + n−∆−1
2∆(∆−1)

)

if r = 2,

2
(

n(∆−2)+r−∆+1
∆2

−1 + r−1
∆+r−1 + n−(r−1)∆−1

2∆(∆−1)

)

if r ≥ 3 and n ≥ ∆(r − 1) + 1,

2
(

(r−1)∆−n+1
r(∆−1) + n−r

∆+1 + n−r
(∆+r−1)(∆−1)

)

if r ≥ 3 and n < ∆(r − 1) + 1.
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For notational convenience, let hω : E(T ) → R denote a function defined by
hω(uv) = 1/[d(u) + d(v)]. Hence H(T ) = 2

∑

e∈E(G) hω(e). We begin with some
lemmas.

Lemma 2. Let T ∈ Tn,∆. If u and v are two adjacent vertices each of degree at

least two in T with dT (u) + dT (v) ≤ ∆+ 1, then there exists a tree T ′ of order n
with maximum degree ∆(T ) such that H(T ′) < H(T ).

Proof. Let T ′ := (T/e) + up be the tree obtained from T by contracting the
edge e = uv and adding a pendant edge up. Clearly, T ′ is a tree of order n
with ∆(T ′) ≤ ∆(T ). By the assumptions and the constriction of T ′, we have
dT (u) ≤ ∆ − 1, dT (v) ≤ ∆ − 1, and dT ′(u) ≤ ∆. If w ∈ V (T ) is a vertex with
maximum degree ∆(T ), then we have w 6∈ {u, v} and dT (w) = dT ′(w). Hence
∆(T ′) = ∆(T ). Assume that d(u) = α, d(v) = β, N(u) = {x1, . . . , xα−1, v},
N(v) = {y1, . . . , yβ−1, u} and S = {xu |x ∈ N(u)} ∪ {yv|y ∈ N(v)}. Then we
have

1

2
H(T ) =

∑

e∈E(T )−S

hω(e) +
1

α+ β
+

α−1
∑

i=1

1

d(xi) + α
+

β−1
∑

i=1

1

d(yi) + β

and

1

2
H(T ′) =

∑

e∈E(T )−S

hω(e)+
1

α+ β
+

α−1
∑

i=1

1

d(xi) + α+ β − 1
+

β−1
∑

i=1

1

d(yi) + α+ β − 1
.

Clearly H(T ′) < H(T ) and the proof is complete.

Lemma 3. Let T ∈ Tn,∆, let u and v be two vertices of T with dT (u) = α < β =
dT (v) and let x ∈ N(u) and y ∈ N(v) such that x, y 6∈ uTv or x, y ∈ uTv. If

dT (x) < dT (y), then there exists a tree T ′ of order n with maximum degree ∆(T )
such that H(T ′) < H(T ).

Proof. Let T ′ be the tree obtained from T by removing the edges ux, vy and
adding new edges vx, uy (see Figure 1). Clearly, T ′ is a connected graph of order
n with n − 1 edges and so T ′ is a tree. Also, we have dT (z) = dT ′(z) for each
z ∈ V (T ) and hence ∆(T ′) = ∆(T ). Let S = {ux, vy}. Then we have

1

2
H(T ) =

∑

e∈E(T )\S

hω(e) +
1

α+ dT (x)
+

1

β + dT (y)

and
1

2
H(T ′) =

∑

e∈E(T )\S

hω(e) +
1

β + dT (x)
+

1

α+ dT (y)
.

It follows from α < β and dT (x) < dT (y) that H(T ′) < H(T ).
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Figure 1. The switching process used in the proof of Lemma 3.

Lemma 4. Let T ∈ Tn,∆ be an extremal tree with the minimum harmonic index

in Tn,∆. If u and v are two vertices of T of degree α with 2 ≤ α ≤ ∆ − 1, then
there exists an extremal tree T ∗ with the minimum harmonic index in Tn,∆ such

that V (T ∗) = V (T ), dT (z) = dT ∗(z) for each z ∈ V (T ), and dT ∗(x) ≥ dT ∗(y) for
each x ∈ NT ∗(u)− V (uTv) and y ∈ NT ∗(v)− V (uTv).

Proof. If dT (x) ≥ dT (y) for each x ∈ NT (u)−V (uTv) and y ∈ NT (v)−V (uTv),
then we are done. Let dT (x) < dT (y) for some x ∈ NT (u) − V (uTv) and some
y ∈ NT (v)− V (uTv). Assume T1 to be the tree obtained from T by deleting the
edges ux, vy and adding new edges uy, vx. Clearly, V (T1) = V (T ) and dT (z) =
dT1

(z) for each z ∈ V (T ) and hence T1 ∈ Tn,∆. Since dT1
(u) = dT1

(v) = α,
it is easy to verify that H(T ) = H(T1). Thus T1 is a extremal tree with the
minimum harmonic index in Tn,∆. By repeating this process, we obtain a desired
tree T ∗.

Lemma 5. If T ∈ Tn,∆ is an extremal tree with the minimum harmonic index in

Tn,∆, then T has at most one vertex of degree 1 < t < ∆.

Proof. Assume, to the contrary, that T has two distinct vertices u and v such
that 1 < d(u) = α ≤ β = d(v) < ∆. Also, suppose that among two vertices
with this property we choose two distinct vertices u, v such that d(u, v) is as
small as possible. Let N(u) = {x1, . . . , xα}, N(v) = {y1, . . . , yβ}, S = {xu|x ∈
N(u)} ∪ {yv|y ∈ N(v)} and K =

∑

e∈E(T )−S hω(e). Assume that x1, y1 ∈ uTv,
dxα ≥ · · · ≥ dx2

and dyβ ≥ · · · ≥ dy2 . By Lemmas 3 and 4, we may suppose that
dxα ≥ · · · ≥ dx2

≥ dyβ ≥ · · · ≥ dy2 . Let T
′ := T − ux2 + vx2 be the tree obtained

from T by removing the edge ux2 and adding a new edge vx2 (see Figure 2). We
show that H(T ′) < H(T ). Consider four cases.

Case 1. uv ∈ E(T ) and du = dv = α. Then x1 = v and y1 = u. By definition
we have

1

2
H(T ) = K +

1

2α
+

1

dx2
+ α

+
α
∑

i=3

1

dxi
+ α

+
α
∑

i=2

1

dyi + α
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and

1

2
H(T ′) = K +

1

2α
+

1

dx2
+ α+ 1

+
α
∑

i=3

1

dxi
+ α− 1

+
α
∑

i=2

1

dyi + α+ 1
.

Now, we have

1

2

(

H(T ′)−H(T )
)

=
α
∑

i=3

1

(dxi
+ α)(dxi

+ α− 1)
+

α
∑

i=2

−1

(dyi + α)(dyi + α+ 1)

+
−1

(dx2
+ α)(dx2

+ α+ 1)

=
α
∑

i=3

(

1

(dxi
+ α)(dxi

+ α− 1)
−

1

(dyi + α)(dyi + α+ 1)

)

+

(

−1

(dy2 + α)(dy2 + α+ 1)
+

−1

(dx2
+ α)(dx2

+ α+ 1)

)

≤
α
∑

i=3

(

1

(dx2
+ α)(dx2

+ α− 1)
−

1

(dx2
+ α)(dx2

+ α+ 1)

)

+

(

−1

(dx2
+ α)(dx2

+ α+ 1)
+

−1

(dx2
+ α)(dx2

+ α+ 1)

)

≤
α
∑

i=3

(

2

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

)

+
−2

(dx2
+ α)(dx2

+ α+ 1)

≤
2(α− 2)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

+
−2

(dx2
+ α)(dx2

+ α+ 1)

=
−2dx2

− 2

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

< 0.

ad
d

rem
ove

unique pathu v

xα x3 x2 yβy3y2

u v

xα x3 x2 yβy3y2

T T ′

Figure 2. The switching process used in the proof of Lemma 5.

Case 2. uv ∈ E(T ), du = α < β = dv. As above x1 = v and y1 = u. By
definition we have
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1

2
H(T ) = K +

1

α+ β
+

1

dx2
+ α

+
1

dy2 + β
+

α
∑

i=3

1

dxi
+ α

+

β
∑

i=3

1

dyi + β

and
1

2
H(T ′) = K +

1

α+ β
+

1

dx2
+ β + 1

+
1

dy2 + β + 1

+
α
∑

i=3

1

dxi
+ α− 1

+

β
∑

i=3

1

dyi + β + 1
.

Now, we have

1

2
(H(T ′)−H(T ))

=

α
∑

i=3

(

1

(dxi
+ α)(dxi

+ α− 1)
−

1

(dyi
+ β)(dyi

+ β + 1)

)

+

β
∑

i=α+1

−1

(dyi
+ β)(dyi

+ β + 1)
+

(

α− β − 1

(dx2
+ α)(dx2

+ β + 1)
+

−1

(dy2
+ β)(dy2

+ β + 1)

)

≤

α
∑

i=3

(

1

(dx2
+ α)(dx2

+ α− 1)
−

1

(dx2
+ β)(dx2

+ β + 1)

)

+

β
∑

i=α+1

−1

(dyi
+ β)(dyi

+ β + 1)
+

(

α− β − 1

(dx2
+ α)(dx2

+ β + 1)
+

−1

(dx2
+ β)(dx2

+ β + 1)

)

=

α
∑

i=3

(

(β − α+ 1)(α+ β + 2dx2
)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)

)

+

β
∑

i=α+1

−1

(dyi
+ β)(dyi

+ β + 1)
+

(α− β)(dx2
+ β)− (α+ β + 2dx2

)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)

≤
(α− 2)(β − α+ 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)

+
α− β

(dx2
+ β)(dx2

+ β + 1)
+

(α− β)(dx2
+ β)− (α+ β + 2dx2

)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)

=
(α− 2)(β − α+ 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)

+
(α− β)(dx2

+ α) + (α− β)(dx2
+ β)− (α+ β + 2dx2

)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)

=
(α− 2)(β − α+ 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)
+

(α− β − 1)(α+ β + 2dx2
)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)
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=
(α− 2)(β − α+ 1)(α+ β + 2dx2

) + (α− β − 1)(dx2
+ α− 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)(dx2

+ α− 1)

=
(β − α+ 1)(α+ β + 2dx2

)(−dx2
− 1)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)(dx2

+ α− 1)
< 0

Case 3. uv 6∈ E(T ) and du = dv = α. By the choice of u, v, we may assume
that dx1

= dy1 = ∆. We have

1

2
H(T ) = K +

1

α+∆
+

1

α+∆
+

1

dx2
+ α

+
1

dy2 + α
+

α
∑

i=3

1

dxi
+ α

+

β
∑

i=3

1

dyi + α

and

1

2
H(T ′) = K +

1

α+∆− 1
+

1

α+∆+ 1
+

1

dx2
+ α+ 1

+
1

dy2 + α+ 1

+
α
∑

i=3

1

dxi
+ α− 1

+

β
∑

i=3

1

dyi + α+ 1
.

Now, we have

1

2
(H(T ′)−H(T ))

=

α
∑

i=3

1

(dxi
+ α)(dxi

+ α− 1)
+

α
∑

i=3

−1

(dyi
+ α)(dyi

+ α+ 1)

+
2

(α+∆)(α+∆− 1)(α+∆+ 1)
+

−1

(dx2
+ α)(dx2

+ α+ 1)
+

−1

(dy2
+ α)(dy2

+ α+ 1)

≤

α
∑

i=3

(

1

(dx2
+ α)(dx2

+ α− 1)
−

1

(dx2
+ α)(dx2

+ α+ 1)

)

+
2

(α+∆)(α+∆− 1)(α+∆+ 1)
−

2

(dx2
+ α)(dx2

+ α+ 1)

=
2(α− 2)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

+
2

(α+∆)(α+∆− 1)(α+∆+ 1)

−
2

(dx2
+ α)(dx2

+ α+ 1)

=
2(α− 2)− 2(dx2

+ α− 1)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

+
2

(α+∆)(α+∆− 1)(α+∆+ 1)

=
−2dx2

− 2

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

+
2

(α+∆)(α+∆− 1)(α+∆+ 1)
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≤
−2dx2

− 2

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

+
2

(α+ dx2
)(α+ dx2

− 1)(α+ dx2
+ 1)

≤
−2dx2

(dx2
+ α)(dx2

+ α− 1)(dx2
+ α+ 1)

< 0.

Case 4. uv 6∈ E(T ) and du = α < β = dv. As in Case 3, we may assume that
dx1

= dy1 = ∆. By definition we have

1

2
H(T ) = K +

α
∑

i=3

1

dxi
+ α

+

β
∑

i=3

1

dyi + β
+

1

α+∆
+

1

β +∆
+

1

dx2
+ α

+
1

dy2 + β

and

1

2
H(T ′) = K +

α
∑

i=3

1

dxi
+ α− 1

+

β
∑

i=3

1

dyi + β + 1
+

1

α+∆− 1
+

1

β +∆+ 1

+
1

dx2
+ β + 1

+
1

dy2 + β + 1
.

Then we have

1

2
(H(T ′)−H(T ))

=

α
∑

i=3

1

(dxi
+ α)(dxi

+ α− 1)
+

β
∑

i=3

−1

(dyi
+ β)(dyi

+ β + 1)
+

1

(α+∆)(α+∆− 1)

+
−1

(β +∆)(β +∆+ 1)
+

α− β − 1

(dx2
+ α)(dx2

+ β + 1)
+

−1

(dy2
+ β)(dy2

+ β + 1)

≤

α
∑

i=3

(

1

(dx2
+ α)(dx2

+ α− 1)
−

1

(dx2
+ β)(dx2

+ β + 1)

)

+

β
∑

i=α+1

−1

(dx2
+ β)(dx2

+ β + 1)
+

1

(α+∆)(α+∆− 1)

+
−1

(β +∆)(β +∆+ 1)
+

α− β − 1

(dx2
+ α)(dx2

+ β + 1)
+

−1

(dx2
+ β)(dx2

+ β + 1)

=
(α− 2)((dx2

+ β)(dx2
+ β + 1)− (dx2

+ α)(dx2
+ α− 1))

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)
+

α− β

(dx2
+ β)(dx2

+ β + 1)

+
1

(α+∆)(α+∆− 1)
+

−1

(β +∆)(β +∆+ 1)
+

(α− β − 1)(dx2
+ β)− (dx2

+ α)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)
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=
(α− 2)(β − α+ 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)
+

1

(α+∆)(α+∆− 1)

+
−1

(β +∆)(β +∆+ 1)
+

(α− β)(dx2
+ β)− (α+ β + 2dx2

) + (α− β)(dx2
+ α)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)

=
(α− 2)(β − α+ 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)
+

1

(α+∆)(α+∆− 1)

+
−1

(β +∆)(β +∆+ 1)
+

(α− β − 1)(α+ β + 2dx2
)

(dx2
+ α)(dx2

+ β)(dx2
+ β + 1)

=
(α− 2)(β − α+ 1)(α+ β + 2dx2

) + (dx2
+ α− 1)(α− β − 1)(α+ β + 2dx2

)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)

+
1

(α+∆)(α+∆− 1)
+

−1

(β +∆)(β +∆+ 1)

=
(α+ β + 2dx2

)(β − α+ 1)(−dx2
− 1)

(dx2
+ α)(dx2

+ α− 1)(dx2
+ β)(dx2

+ β + 1)
+

1

(α+∆)(α+∆− 1)

+
−1

(β +∆)(β +∆+ 1)

≤
(α+ β + 2dx2

)(β − α+ 1)(−dx2
−1)

(∆ + α)(∆ + α−1)(∆ + β)(∆ + β + 1)
+

1

(α+∆)(α+∆−1)
+

−1

(β +∆)(β +∆+1)

=
(α+ β + 2dx2

)(β − α+ 1)(−dx2
− 1) + (α+ β + 2∆)(β − α+ 1)

(∆ + α)(∆ + α− 1)(∆ + β)(∆ + β + 1)

=
(β − α+ 1)((α+ β + 2dx2

)(−dx2
− 1) + (α+ β + 2∆))

(∆ + α)(∆ + α− 1)(∆ + β)(∆ + β + 1)
.

Since α+ β + 2dx2
< 2∆ + 2dx2

and −dx2
− 1 ≤ −2, we deduce that

(α+β+2d)(−dx2
−1)+(α+β+2∆) < −4∆−4dx2

+(α+β+2∆) < −4dx2
< 0

and hence 1
2(H(T ′)−H(T )) < 0.

Thus all cases lead to a contradiction since T has the minimum harmonic
index. This completes the proof.

Lemma 6. Let T ∈ Tn,∆ be an extremal tree with the minimum harmonic index

in Tn,∆ where ∆ ≥ 3, n = (∆− 1)k + r and 0 ≤ r ≤ ∆− 2. If ni is the number

of vertices of T of degree i for each i = 1, 2, . . . ,∆, then the following hold:

1. if r = 0, 1, then n∆ = k − 1, n∆−2+r = 1 and n1 = n− k,

2. if r = 2, then n∆ = k and n1 = n− k,

3. if r ≥ 3, then n∆ = k, nr−1 = 1 and n1 = n− k − 1.
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Proof. Let ni be the number of vertices of T of degree i for each i = 1, 2, . . . ,∆.
Then n1 + n2 + · · ·+ n∆ = n and n1 + 2n2 + . . .+∆n∆ = 2n− 2 and hence

(1) n2 + 2n3 + · · ·+ (∆− 1)n∆ = n− 2.

By Lemma 5 we have n2 + n3 + · · ·+ n∆−1 ≤ 1 that yields

(2) n2 + 2n3 + · · ·+ (∆− 2)n∆−1 ≤ ∆− 2.

Assume nt = 1 if n2 + n3 + · · ·+ n∆−1 = 1.

(1) If r = 0, 1, then we deduce from (1) that n2+n3+ · · ·+n∆−1 = 1 and so

(t− 1) + (∆− 1)n∆ = (∆− 1)k + r − 2 = (∆− 1)(k − 1) + (∆− 3 + r).

This implies that n∆ = k − 1, nt = n∆−2+r = 1 and n1 = n− k.

(2) If r = 2, then we conclude from (1) and (2) that n2+n3+ · · ·+n∆−1 = 0
and so n∆ = k and n1 = n− k.

(3) Let r ≥ 3. Then we have

(t− 1) + (∆− 1)n∆ = (∆− 1)k + r − 2,

and this implies that n∆ = k, nt = nr−1 = 1 and n1 = n− k − 1.

Let Ei,j denote the set of all edges having a vertex of degree i at one end and
a vertex of degree j at the other end and let εi,j = |Ei,j |.

Lemma 7. Let T ∈ Tn,∆ be an extremal tree with the minimum harmonic index

in Tn,∆ and let T have a vertex v of degree t with 1 < t < ∆. Then ε1,t is as

small as possible.

Proof. It follows from Lemma 5 that deg(u) = 1 or ∆ for each u ∈ V (T )− {v}
and hence E(T ) = E1,t ∪ E1,∆ ∪ Et,∆ ∪ E∆,∆. By definition we have

1

2
H(T ) =

ε1,t

1 + t
+

ε1,∆

1 + ∆
+

εt,∆

t+∆
+

ε∆,∆

2∆

=
ε1,t

1 + t
+

n1 − ε1,t

1 + ∆
+

t− ε1,t

t+∆
+

n− 1− n1 − εt,∆

2∆

=
ε1,t

1 + t
+

n1 − ε1,t

1 + ∆
+

t− ε1,t

t+∆
+

n− 1− n1 − t+ ε1,t

2∆

= ε1,t

(

1

1 + t
+

1

2∆

)

− ε1,t

(

1

1 + ∆
+

1

t+∆

)

+

(

n1

1 + ∆
+

t

t+∆
+

n− 1− n1 − t

2∆

)



The Smallest Harmonic Index of Trees with ... 509

= ε1,t

(

2∆ + t+ 1

2(1 + t)∆
−

2∆ + t+ 1

(1 + ∆)(t+∆)

)

+

(

n1

1 + ∆
+

t

t+∆
+

n− 1− n1 − t

2∆

)

= ε1,t(2∆ + t+ 1)

(

1

2∆(1 + t)
−

1

(1 + ∆)(t+∆)

)

+

(

n1

1 + ∆
+

t

t+∆
+

n− 1− n1 − t

2∆

)

= ε1,t(2∆ + t+ 1)

(

t+∆+ t∆+∆2
− 2∆− 2t∆

2∆(1 + t)(1 + ∆)(t+∆)

)

+

(

n1

1 + ∆
+

t

t+∆
+

n− 1− n1 − t

2∆

)

= ε1,t(2∆ + t+ 1) ·
(∆− 1)(∆− t)

2∆(1 + t)(1 + ∆)(t+∆)
+

(

n1

1 + ∆
+

t

t+∆
+

n− 1− n1 − t

2∆

)

.

Since (∆−1)(∆−t)
2∆(1+t)(1+∆)(t+∆) > 0 and T is an extremal tree with the minimum har-

monic index in Tn,∆, we conclude that ε1,t is as small as possible.

Proof of Theorem 1. Let T ∗ ∈ Tn,∆ be an extremal tree with the minimum
harmonic index in Tn,∆. We consider four cases.

Case 1. r = 0. Then n∆ = k − 1, nt = n∆−2 = 1 and n1 = n− k by Lemma
6. We have also ε1,∆ = n−k−ε1,t, εt,∆ = ∆−2−ε1,t and ε∆,∆ = k−∆+ε1,t+1.
Consider two subcases.

Subcase 1.1. k = n
∆−1 > t = ∆ − 2, that is, n > (∆ − 1)(∆ − 2). We

conclude from Lemma 7 that ε1,t = 0 and hence ε1,∆ = n− k, εt,∆ = ∆− 2 and
ε∆,∆ = k −∆+ 1. Therefore,

1

2
H(T ∗) =

n− k

1 + ∆
+

∆− 2

t+∆
+

k −∆+ 1

2∆
=

n− k

∆+ 1
+

∆− 2

2∆− 2
+

k −∆+ 1

2∆
.

Subcase 1.2. k = n
∆−1 ≤ t = ∆−2, that is, n ≤ (∆−1)(∆−2). Then we must

have ε1,t = t− n∆ = t− k + 1 = ∆− k − 1 which implies that ε1,∆ = n−∆+ 1,
εt,∆ = k − 1 and ε∆,∆ = 0. Therefore,

1

2
H(T ∗) =

∆− k − 1

1 + t
+

n−∆+ 1

1 +∆
+

k − 1

t+∆
=

∆− k − 1

∆− 1
+

k − 1

2∆− 2
+

n−∆+ 1

∆+ 1
.

k = 2 k = 3 k = 4

Figure 3. ∆ = 5, r = 0, t = ∆− 2 = 3, n = (∆− 1)k = 8, 12, 16.
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Case 2. r = 1. As in Case 1, we have n∆ = k − 1, nt = n∆−1 = 1,
n1 = n − k, ε1,∆ = n − k − ε1,t, εt,∆ = ∆ − 1 − ε1,t and ε∆,∆ = k −∆+ ε1,t. If
k = n−1

∆−1 > t = ∆− 1 that is n > (∆− 1)2 + 1, then as in Subcase 1.1. we have
ε1,t = 0, ε1,∆ = n− k, εt,∆ = ∆− 1, ε∆,∆ = k −∆ and by definition we have

1

2
H(T ∗) =

n− k

∆+ 1
+

∆− 1

2∆− 1
+

k −∆

2∆
.

If k ≤ t = ∆−1 that is n ≤ (∆−1)2+1, then we have ε1,t = ∆−k, ε1,∆ = n−∆,
εt,∆ = k − 1 and ε∆,∆ = 0. Hence

1

2
H(T ∗) =

∆− k

1 + t
+

n−∆

1 +∆
+

k − 1

t+∆
=

∆− k

∆
+

n−∆

∆+ 1
+

k − 1

2∆− 1
.

Case 3. r = 2. In this case we have n∆ = k, n1 = n− k, ε1,∆ = n1 = n− k
and ε∆,∆ = (n− 1)− (n− k) = k − 1. It follows from definition that

1

2
H(T ∗) =

n− k

∆+ 1
+

k − 1

2∆
.

Case 4. r ≥ 3. By Lemma 6 we have n∆ = k, nt = nr−1 = 1 and n1 =
n − k − 1. Also we have ε1,∆ = n − k − 1 − ε1,t, εt,∆ = r − 1 − ε1,t and
ε∆,∆ = k − r + ε1,t + 1. An argument similar to that described in Case 1 shows
that

1

2
H(T ∗) =

n− k − 1

∆ + 1
+

r − 1

∆ + r − 1
+

k − r + 1

2∆

if k = n−r
∆−1 ≥ t = r − 1 that is n ≥ ∆(r − 1) + 1, and

1

2
H(T ∗) =

r − k − 1

1 + t
+

n− r

∆+ 1
+

k

∆+ t
=

r − k − 1

r
+

n− r

∆+ 1
+

k

∆+ r − 1

when k < t = r − 1 that is n < ∆(r − 1) + 1.

Replacing k by n−r
∆−1 in all cases, we arrive at the bounds of Theorem 1. This

completes the proof.

Applying Theorem 1, we can get two corollaries in the following.

Corollary 8. Let T be a tree of order n and maximum degree ∆. If ∆ ≥ 3 and

n = (∆− 1)k + r, 0 ≤ r ≤ ∆− 2, then

H(T ) ≥ 2

(

n(∆− 2) + r

∆2 − 1
+

n−∆− r + 1

2∆(∆− 1)

)

with equality if and only if n− 2 = (∆− 1)k and n∆ = k.
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Corollary 9 ( [10]). For any tree T of order n ≥ 3,

H(T ) ≥
2(n− 1)

n

with equality if and only if T is a star.

In Figure 4, we determine the harmonic index of all trees of order 6 and 7
with maximum degree at least 3.

∆ = 3 ∆ = 3 ∆ = 3 ∆ = 4 ∆ = 5

H = 77

30
H = 7

3
H = 79

30
H = 11

5
H = 5

3

∆ = 3 ∆ = 3 ∆ = 3 ∆ = 3 ∆ = 3 ∆ = 4 ∆ = 4 ∆ = 4 ∆ = 5 ∆ = 6

H = 46

15
H = 47

15
H = 14

5
H = 29

10
H = 16

5
H = 14

5
H = 27

10
H = 87

35
H = 16

7
H = 12

7

Figure 4. The harmonic index of all trees T of order 6 and 7 with ∆(T ) ≥ 3.
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