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Abstract

Ruskey and Savage asked the following question: Does every matching in
a hypercube @Q,, for n > 2 extend to a Hamiltonian cycle of @,,?7 Fink con-
firmed that every perfect matching can be extended to a Hamiltonian cycle
of @, thus solved Kreweras’ conjecture. Also, Fink pointed out that every
matching can be extended to a Hamiltonian cycle of @, for n € {2,3,4}.
In this paper, we prove that every matching in Q5 can be extended to a
Hamiltonian cycle of Q5.
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1. INTRODUCTION

Let [n] denote the set {1,...,n}. The n-dimensional hypercube @y, is a graph
whose vertex set consists of all binary strings of length n, i.e., V(Q,) = {u :
u=ul--u" and u’ € {0,1} for every i € [n]}, with two vertices being adjacent
whenever the corresponding strings differ in just one position.

The hypercube @, is one of the most popular and efficient interconnection
networks. It is well known that ), is Hamiltonian for every n > 2. This state-
ment dates back to 1872 [9]. Since then, the research on Hamiltonian cycles
in hypercubes satisfying certain additional properties has received considerable
attention [2, 3, 4, 6, 12].

A set of edges in a graph G is called a matching if no two edges have an
endpoint in common. A matching is perfect if it covers all vertices of G. A cycle
in a graph G is a Hamiltonian cycle if every vertex in G appears exactly once in
the cycle.

Ruskey and Savage [11] asked the following question: Does every matching
in @, for n > 2 extend to a Hamiltonian cycle of Q,,? Kreweras [10] conjectured
that every perfect matching of @, for n > 2 can be extended to a Hamiltonian
cycle of Q. Fink [5, 7] confirmed the conjecture to be true. Let K(Q) be the
complete graph on the vertices of the hypercube Q.

Theorem 1.1 [5, 7]. For every perfect matching M of K(Qy), there exists a
perfect matching F of Q,, n > 2, such that M U F forms a Hamiltonian cycle of

K(Qn).
Also, Fink [5] pointed out that the following conclusion holds.

Lemma 1.2 [5]. Every matching in Q,, can be extended to a Hamiltonian cycle
of Qn forn €{2,3,4}.

Gregor [8] strengthened Fink’s result and obtained that given a partition of
the hypercube into subcubes of nonzero dimensions, every perfect matching of
the hypercube can be extended on these subcubes to a Hamiltonian cycle if and
only if the perfect matching interconnects these subcubes.

The present authors [14] proved that every matching of at most 3n — 10 edges
in @, can be extended to a Hamiltonian cycle of @Q,, for n > 4.

In this paper, we consider Ruskey and Savage’s question and obtain the
following result.

Theorem 1.3. Every matching in Qs can be extended to a Hamiltonian cycle
of Qs.

It is worth mentioning that Ruskey and Savage’s question has been recently
done for n = 5 independently by a computer search [15]. In spite of this, a
direct proof is still necessary, as it may serve in a possible solution of the general
question.
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2. PRELIMINARIES AND LEMMAS

Terminology and notation used in this paper but undefined below can be found
in [1]. The vertex set and edge set of a graph G are denoted by V(G) and E(G),
respectively. For a set F' C FE(G), let G — F denote the resulting graph after
removing all edges in F' from G. Let H and H' be two subgraphs of G. We
use H + H' to denote the graph with the vertex set V(H) UV (H') and edge set
E(H)UE(H'). For F C E(G), we use H+ F to denote the graph with the vertex
set V(H)UV(F) and edge set E(H)UF, where V(F') denotes the set of vertices
incident with F'.

The distance between two vertices u and v is the number of edges in a shortest
path joining u and v in G, denoted by dg(u, v), with the subscripts being omitted
when the context is clear.

Let j € [n]. An edge in @, is called an j-edge if its endpoints differ in the jth
position. The set of all j-edges in @y, is denoted by E;. Thus, E(Q,) = U\, E;.
Let nglyj and Q}L—l,y with the superscripts j being omitted when the context
is clear, be the (n — 1)-dimensional subcubes of @, induced by the vertex sets
{u e V(Qn): v =0} and {u € V(Q,) : v/ = 1}, respectively. Thus, Q, — E; =

O | +QL |. We say that Q,, splits into two (n — 1)-dimensional subcubes Q¥ _,
and Q! ;| at position j; see Figure 1 for example.

100 1010 1011 001
10 110

1110 1111
0110; 0111

100 EE—— 010

0000 0010 0011 001
0 1
Q3 E4 Q3

Figure 1. @4 splits into two 3-dimensional subcubes Q9 and Q} at position 4.

The parity p(u) of a vertex u in Q,, is defined by p(u) = > °; u'(mod 2).
Then there are 2"~ ! vertices with parity 0 and 2"~! vertices with parity 1 in @Q,,.
Vertices with parity 0 and 1 are called black vertices and white vertices, respec-
tively. Observe that @), is bipartite and vertices of each parity form bipartite
sets of @Q,. Thus, p(u) # p(v) if and only if d(u,v) is odd.

A u,v-path is a path with endpoints u and v, denoted by P,, when we specify
a particular such path. We say that a spanning subgraph of G whose components
are k disjoint paths is a spanning k-path of G. A spanning 1-path thus is simply
a spanning or Hamiltonian path. We say that a path P (respectively, a cycle C)
passes through a set M of edges if M C E(P) (respectively, M C E(C)).
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Lemma 2.1 [13]. Let u,v,z,y be pairwise distinct vertices in Q3 with p(u) =
p(v) # p(x) = p(y) and d(u,x) = d(v,y) = 1. If M is a matching in Q3 — {u,v},
then there exists a spanning 2-path Py, + P,y in Q3 passing through M.

Lemma 2.2 [13]. Forn € {3,4}, let u,v € V(Qn) be such that p(u) # p(v). If
M be a matching in Q, — u, then there exists a Hamiltonian path in Q, joining
u and v passing through M.

3. PROOF OF THEOREM 1.3

Let M be a matching in Q5. If M is a perfect matching, then the theorem holds
by Theorem 1.1. So in the following, we only need to consider the case that M
is not perfect. Since Q5 has 2° vertices, we have |[M| < 15.

Choose a position j € [5] such that |M N Ej| is as small as possible. Then
|M N E;| < 3. Without loss of generality, we may assume j = 5. Split Q5 into Q§
and Q} at position 5. Then Q5 — E5 = Q% + Q4. Let a € {0,1}. Observe that
every vertex uy € V(QF) has in Q}fa a unique neighbor, denoted by u1_. Let
M, = M N E(QY). We distinguish four cases to consider.

Case 1. M N E5 = (). We say that a vertex u is covered by M if u € V(M).
Otherwise, we say that u is uncovered by M. Since M is not perfect in @5, there
exists a vertex uncovered by M. By symmetry we may assume that the uncovered
vertex lies in QY, and denote it by ug. In other words, ug € V(Q9)\ V(M). First
apply Lemma 1.2 to find a hamiltonian cycle C; in Q] passing through Mj. Let
v1 be a neighbor of u; on C] such that ujv; ¢ M. Since M is a matching, this is
always possible. Since p(ug) # p(vo) and My is a matching in Q4 — g, by Lemma
2.2 there exists a Hamiltonian path P, in Q} passing through M,. Hence
Puyv, + C1 + {uou1,vov1} — ujvy is a Hamiltonian cycle in @5 passing through
M, see Figure 2.

position 5

Figure 2. Illustration for Case 1.

Case 2. [MNE5| =1. Let MNE5 = {upu }, where uq € V(Q3). Let vy be a
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neighbor of u, in QF for @ € {0,1}. Then p(ug) # p(vo) and p(u1) # p(vi). Since
uour € M N Es, we have u, ¢ V(M,) for every a € {0,1}. In other words, M,
is a matching in § — u,. By Lemma 2.2 there exist Hamiltonian paths P, in
Q¢ passing through M, for every o € {0,1}. Hence P,y + Puyv, + {vou1,vov1}
is a Hamiltonian cycle in Q)5 passing through M.

Case 3. |M N E5| = 2. Let M N E5 = {upu1,vov1}, where uqy,ve € V(QF).
If p(up) # p(vo), then p(u1) # p(v1), the proof is similar to Case 2. So in the
following we may assume p(up) = p(vg). Now p(u1) = p(vi). In QF, since there
are already matched two vertices with the same color, we have | M, | < 6 for every
a € {0,1}. Thus, 37, [M N Ej| = [Mo| + |M1| < 12 and [M] < 14.

Choose a position k € [4] such that |M N Ej| is as small as possible. Then
|M N Eg| < 3. Without loss of generality, we may assume k = 4. Let a € {0, 1}.
Split QF into Qg‘o and le at position 4. For clarity, we write Qg‘o and le as

gL and QgR, respectively, see Figure 3. Then Q} — B4 = Qg‘L + Q%R. Let

M,s = M, N E(Q$°) for every § € {L, R}. Note that every vertex s,z € V(Q5%)
has in Q3% a unique neighbor, denoted by s, g, and every vertex tog € V(Q$T)
has in Qg‘L a unique neighbor, denoted by ¢,z

By symmetry, we may assume |My N Ey4| < |My N Ey|. Since |M N Ey| =
|MoN Ey|+|M;NEy| < 3, we have | MoN Ey| < 1. Since up € V(QY), without loss
of generality we may assume ug € V(Q9F). Now u; € V(QiF). We distinguish
two cases to consider.

Q30L \ / QIL
. 3
— 11 | ¢ | [T
pOSitiOI’l 4 .- ) A A . Efﬁ\j\ ...... A A R S
L —] : |
o IER o
: 3
0 : 1
Q4 position 5 Q4

Figure 3. Qs splits into four 3-dimensional subcubes Q%%, Q3%, QiF and QL.

Subcase 3.1. vg € V(QF). Now vy € V(Q1iF).

Subcase 3.1.1. MyNE4 = (. Apply Lemma 1.2 to find a Hamiltonian cycle Cy
in Q} passing through M. Since u1 has only one neighbor in Q:I,)R, we may choose
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a neighbor x1 of uy on C; such that x; € V(QéL). Similarly, we may choose a
neighbor y; of v; on C; such that y; € V( %R). Since {upui,vov1} € M, we
have {ujzi,my1} N M = 0. Since p(ug) # p(xo) and Myz is a matching in

gL — up, by Lemma 2.2 there exists a Hamiltonian path P4, in QgL passing
through Myz. Similarly, there exists a Hamiltonian path P,y in QgR passing
through Myg. Hence Pyyuo + Pygyo + C1 + {uou1, zo1, vov1, Yoy1 } — {wiz1, viya }
is a Hamiltonian cycle in Q5 passing through M, see Figure 4.

o o
3
position 4
o 0"
3

0 position 5 1
0, 0,

Figure 4. Illustration for Subcase 3.1.1.

Subcase 3.1.2. ‘MO N E4‘ =1. Nowl < ’Ml ﬂE4’ < 2. Let MynEy =
{sors0r}, where so5 € V(Q%). Since p(ug) = p(vo) and p(sor) # p(sor), without
loss of generality, we may assume p(ug) = p(vo) = p(sor) # pP(Sor)-

First, we claim that there exists a Hamiltonian cycle C in Q} passing through
M, such that the two neighbors of v; on C both belong to V( éR).

If |M; N E4| =2, then |M N Ey| = 3. So |M N E;| = 3 for every i € [4]. Since
|Ma| < 6 for every a € {0, 1} and [Mo|+|Mi| = 3,y [MNE;|, we have [Mq| =6
for every a € {0,1}. Let M1 N Eq = {ai1ra1r, birbir}, where ai5,b15 € V( §5).
Then p(ais) # p(bis) for every § € {L, R}. (Otherwise, if p(ais) = p(b1s), then
|My5| < 2. Moreover, either p(u1) = p(aiz) = p(biz) or p(v1) = p(a1r) = p(b1r),
so |[Mir| < 1or |Mg| <1. Thus, |M;| <2+ 1+2 =25, a contradiction).

If My N Ey =1, let MyNEy = {airair}, where aj5 € V( %5). Since aip
has three neighbors in Q%R, we may choose a neighbor b1g of a1r in Q:I,,R such
that bi1r # vi. Now p(ais) # p(bis) for every 6 € {L, R}.

For the above two cases, since M5 is a matching in Qé‘s — a1s, by Lemma
2.2 there exist Hamiltonian paths P, ,, in Qé‘s passing through M for every
d € {L,R}. Let C1 = Py, by, + Paysbir +{a10a1r, birbir}. In the former case,
since {vov1,airair,birbir} C M, we have v; ¢ {ai1r,bir}. In the latter case,
since {vgvi,a1rair} € M, we have v # a1g, and therefore, vi ¢ {a1r,bir}.
Hence C; is a Hamiltonian cycle in Q} passing through Mj such that the two
neighbors of v; on C; both belong to V(Q1iF), see Figure 5(1).
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Next, choose a neighbor 1 of u; on C7 such that z; € V(QéL) and choose a
neighbor y; of v; on Cj such that yg # sor. Since Myg is a matching in QgR — 1,
by Lemma 2.2 there exists a Hamiltonian path P, ,, in QgR passing through
Mg, see Figure 5(2). Since sor ¢ {vo,yo}, we may choose a neighbor tgr of sor
on Py, such that tor, # xo. Now ug,xo, sor,tor, are pairwise distinct vertices
in Q3" and p(ug) = p(sor) # p(x0) = p(tor), and d(u,z0) = d(sor,tor) =
1. Since Myy, is a matching in Q3% — {uo,sor}, by Lemma 2.1 there exists
a spanning 2-path Py z, + Psy.t,, i QgL passing through Myr,. Hence P, ., +
Pso 1 tor +Pogyo +C1+{uou1, xow1, vov1, Yoy1, Sorsor, tortor} —{u1r1, viy1, sortor }
is a Hamiltonian cycle in Q5 passing through M, see Figure 5(2).

QIL
3

position 5

O}

OR position 5 Q] R
3

1R
2 ’ (&)

Figure 5. Illustration for Subcase 3.1.2.

Subcase 3.2. vg € V(QIF). Now vy € V(QLL). Let 1 be the unique vertex
in Q%L satisfying d(x1,v1) = 3. Then d(z1,u;) = 1. Since M; is a matching
in Q} — uy, by Lemma 2.2 there exists a Hamiltonian path P,,,, in Q! passing
through Mj. Since v1 has only one neighbor in QéR, we may choose a neighbor 11
of v; on P, ., such that y; € V( %L) Since d(x1,v1) = 3, we have y; # x1. Then
uy, 1, v1, Y1 are pairwise distinct vertices, and p(u1) = p(v1) # p(x1) = p(y1), and
d(uy,x1) = d(v1,y1) = 1, and the same properties also hold for the corresponding
vertices ug, 2o, Vo, Yo- If we can find a spanning 2-path P, , + P, in QY passing

ugTo
through My, then Py .+ P) .+ Puz, + {uou1, zow1,vov1, yoy1} — viyr is a
Hamiltonian cycle in Q)5 passing through M. So in the following, we only need
to show that the desired spanning 2-path P/ .+ P/ exists. We distinguish

0ZL0 voYo
several cases to consider.

Subcase 3.2.1. |MyN E4| = 1. Since Mz, is a matching in QgL —{up, v}, by
Lemma 2.1 there exists a spanning 2-path Py, + Pyyy, in Q%" passing through
Myr,. Let My N Ey = {sorsor}, where so5 € V( ga). Without loss of generality
assume Sor, € V/(Pyyy,). Choose a neighbor ¢y, of sor, on Pyyy,. Since sorsor € M,
we have sortor, ¢ M. Since Myg is a matching in QgR — S0Rr, by Lemma 2.2 there
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exists a Hamiltonian path Ps ¢, in QgR passing through Mygr. Let P/ =

wUoTO
/ / /
Pugwo and P, = Pugyo + Psgptor +150L50R, tortor} — sortor. Then P, . + Py

is the desired spanning 2-path in Qg, see Figure 6.

position 4= =

QOR
3

position 5

Figure 6. Illustration for Subcase 3.2.1.

Subcase 3.2.2. Mo N E4 = (. It suffices to consider the case that My, is
maximal in Q¥ — {ug, v} and My is maximal in QJ%. In Q9% since p(ug) =
p(vo), we have ug,vy are different in two positions, so there is one possibility
of {ug,vo} up to isomorphism. Since d(xg,vg) = 3, the vertex zg is fixed by wvy.
Since d(yo, vg) = 1, there are two choices of yg up to isomorphism. Thus, there are
two possibilities of {ug, vo, Zo, Yo} up to isomorphism, see Figure 7(a)(b). When
{ug, v, To, Yo} is the case (a), since Moy, is a maximal matching in Q3% — {ug, vo},
there are three possibilities of My, up to isomorphism, see Figure 7(1)—(3). When
{uo, vo, xo,y0} is the case (b), there are seven possibilities of Moy, see Figure
7(4)-(10). In QI%, there are three non-isomorphic maximal matchings, denoted
by Pi, P, and Pj, see Figure 8.

Vo (b)

Yy Yy Yo

ORI W) R R TR

Uy » L,

Vo

U}

U, L Uy

X,

=
S
&t
&
F s
&t

A Yo Vo Yo Vo Yo vy

(6) (7) ®)

Yo vy Yo

) (10)

Figure 7. All possibilities of {ug, vo, Zo, Yo, Moz} up to isomorphism.



MATCHINGS EXTEND TO HAMILTONIAN CYCLES IN 5-CUBE 225

Before the proof, we point out that if Mg is isomorphic to the matching P;
or P, then there exists a Hamiltonian cycle in QgR passing through Myr U {e}
for any e ¢ Myg, see Figure 9.

(R) (R) (R)

Figure 8. Three non-isomorphic maximal matchings in QJ%.

(-1 -2 #-3) ®-1) -2

Figure 9. Hamiltonian cycles passing through Mog U {e} for any e ¢ Mg in Q9 when
My is isomorphic to P; or Ps.

First, suppose that Myg is isomorphic to P;. Since My is a matching in
9L — {ug,vo}, by Lemma 2.1 there exists a spanning 2-path Py z, + Py, in
9L passing through Myy. Since |E(Pugzy + Pogyo)| = 6 > |Mor| + |Mog|, there

exists an edge sortor, € E(Puyzo + Pogyo) \ Mor such that sortor ¢ Mor. Choose
a Hamiltonian cycle Cog in Q9 passing through Mor U {sortor}. Hence Py, +
Pyoyo + Cor + {sorsor, tortor} — {Sortor, sortor} is the desired spanning 2-path
in QY. (Note that the construction is similar to Subcase 3.2.1, so the readers may
refer to the construction in Figure 6.)

Next, suppose that Myp is isomorphic to P». We say that a set S of edges
crosses a position i if SNE; # 0. If {ug, vo, 0, Yo, Mor } is isomorphic to one of the
cases (2)—(10) in Figure 7, then we may choose a spanning 2-path Pz, + Puyy,
in Q3L such that the set E(Pyyumy + Pogyo) \ MoL crosses at least two positions,
see Figure 10(2)—(10). Since all the edges in Mg lie in the same position, there
exists an edge sortor, € E(Puyzy + Puoyo) \ Mor such that sortor ¢ Mogr. If
{uo, vo, xo,y0, Mo} is isomorphic to the case (1) in Figure 7, then we may
choose two different spanning 2-paths Pz, + Pugyo in @5F such that the two
sets E(Puyzo + Pooyo) \ Moz cross two different positions, see Figure 10(1-1), (1-
2), and therefore, at least one of them is different from the position in which Myg
lies. Thus, we may choose a suitable spanning 2-path P ., + Py, such that
there exists an edge sortor € E(Puozo + Pooyo) \ Mor and sortor ¢ Mor. The
remaining construction is similar to the above case.

Last, suppose that Mg is isomorphic to P;3. Without loss of generality, we
may assume My C (E2 U E3).
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If {uo, vo, xo, Yo, Mor } is isomorphic to the case (5) or (8) in Figure 7, we may
choose a spanning 2-path Pz, + Puyy, in QJF passing through Mgy, such that
(E(Puozo + Pooyo) \ Mor)NEy # 0, see Figure 11. Let sortor, € (E(Puyzo + Pooyo) \
Myr) N Eq. Then sortor € E1. One can verify that there exists a Hamiltonian
cycle Cor in QI passing through Mog U {sortor}. Hence Pz, + Pyoyo +Cor +
{sors0r, tortor} — {sortor, Sortor} is the desired spanning 2-path in Q9.

rt u u e N
\ 0 0 0
\ Xo \ Xy \ o \x Xo
Yo Y 1 Y Yo—
N\ X
Yo 1-1 Vo 1-2) Yo ) Vo 3) Yo
u, A u, u, e u,
\ 0
\| o =1%o Xo S& Xy
— —
v, Yo v, Yo v, Yo vy Vo v Yo

O (7 ®) ) *@10)

Figure 10. Spanning 2-paths Pz, + Puoy, in Q5% with the possible edges sortor,
lined by \\.

Figure 11. The possible spanning 2-paths P, z, + Pu,y, such that

(E(Puoxo + onyo) \ M(]L) N El 7é @

0Yo

If {uo,vo, o, Yo, Mo} is isomorphic to one of the cases (3), (6), (7) or (10)
in Figure 7, then choose a spanning 2-path P, ., + Pygy, in QgL passing through
Moy, see Figure 12(3), (6), (7), (10). If (E(Puyzo + Pooyo) \ Mor) N E1 # 0, then
the proof is similar to the above case. If (E(Pyyz, + Puoyo) \ Mor) N E1 = 0, then
the set E(Pyyz, + Poyyo) \ Moz, crosses the positions 2 and 3, and therefore, Myg
has two choices for every case, see Figure 12. Then we can find a spanning 2-path
Pl oo + Ply, in Q) passing through Moy, see Figure 12.

If {wo, vo, 0, y0, Mor} is isomorphic to one of the cases (1), (2), (4) or (9)
in Figure 7, we observe that there exist two vertices in V(Q3F) at distance 3,
denoted by sor,tor, such that there is a spanning 2-path Pz, + Pygy, in QgL +
sortor passing through Moz U {sortor}, see Figure 13. Next, we can verify that
there exists a Hamiltonian path P .4, in QgR passing through Mygr. Hence
Puoao + Pogyo + Psgrtor +{S0LS0Rr, tortor} — sortor is the desired spanning 2-path
in QY.
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Case 4. |M N E5| = 3. Let M N E5 = {upuy, vov1, wows }, where uq, Vo, Wo €
V(QF%). Now |M N E;| = 3 for every i € [5] and |M| = 15. Hence there are two
vertices of {uq, Vo, ws} in one partite set and one vertex in the other partite set.
Otherwise, if p(uqs) = p(va) = p(wy), then |M,| < 5, and therefore, |M| < 13, a
contradiction. Without loss of generality, we may assume p(uq) = p(va) # p(wq)-

u, u, u, U, u, u,
_ _ \ \ \
Xo Xo Xo \[j Xo \D Xo
Y Y N Yo
v v Vo Yo Vo Yo Vo Yo
(] (i q
(3) (6)
/ N\ — A A
3-1 (3-2) 6-1) (6-2)
o Uy u, Uy o Uy
S L '[I]ﬂ Hwan
Vo ) Yo Yo Yo Vo Yo Yo (10) Yo Yo Yo Yo N
/O _ AR\ —

(7-1) (7- 2) 10- 1) 10- 2)

Figure 12. Spanning 2-paths P+ P/

uoxo VoYo

in Q) passing through Mj.

Q u,

Cm o @ e

Figure 13. Spanning 2-paths Py, + Pugy, in QY% + sortor, passing through
Mo U {sortoL}

Split QF into two 3-cubes Qg“L and Q%R at some position k such that u, €
V(Q$Y) and v, € V(QS$F). Without loss of generality, we may assume k = 4.
Since p(ua) = p(va) # p(wa), by symmetry we may assume w, € V(Q$Y). Since
|MoNEy|+|MiNE4| = |MNE4| = 3, by symmetry we may assume |MoNEy| < 1.
Let Mys = M, N E(Q$°) for every § € {L, R}.

Subcase 4.1. My N Ey = (). Since p(u1) # p(w1) and My is a matching in
Q}; — u1, by Lemma 2.2 there exists a Hamiltonian path P, ., in Qi passing
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through Mj. Since v; has only one neighbor in Q%L, we may choose a neighbor
y1 of v1 on Py, 4, such that y1 € V(QiF). Now yo € V(QIF) and p(ug) = p(vo) #
p(wp) = p(yo). Since Moz, is a matching in QgL —ug and Myg is a matching in
QgR — g, by Lemma 2.2 there exist Hamiltonian paths P, in QgL and Py, in

gR passing through My, and Myg, respectively. Hence Py, v, + Pugwo + Pooyo +
{uou1, wowr, vov1, Yyoy1 } — v1y1 is a Hamiltonian cycle in @5 passing through M,
see Figure 14.

0L
3

1L
3

position 4

1R
3

OR
o

position 5

Figure 14. Illustration for Subcase 4.1.

Subcase 4.2. |M0 N E4| = 1. Now |M1 N E4’ = 2. Let MoN Ey = {SOLSOR}
and My N Ey = {a1ra1r, birbir}, where sps € V( 35) and ay5,b15 € V( %5).
Since |M| = 15, @5 has exactly two vertices uncovered by M, one in QgL and the
other in Q3. Thus, p(air) # p(biz), and p(v) # p(sor), and My, is a perfect
matching in Q%L — {uy,w1,a1r,b1p}. Since p(u1) # p(wy) and p(air) # p(bir),
without loss of generality, we may assume p(ui) = p(bir) # p(wi) = p(air).
Thus, p(v1) = p(air) # p(bir).

position 5

Figure 15. Hlustration for Subcase 4.2.

Since p(ug) # p(wp) and My, is a matching in QY — g, by Lemma 2.2
there exists a Hamiltonian path Py, in QgL passing through My, see Figure
15. Since sor, ¢ {uo,wo}, we may choose a neighbor tor, of sor, on Py, such
that top # vo. Since p(sor) # p(tor) and Myg is a matching in QgR — SOR,
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by Lemma 2.2 there exists a Hamiltonian path Py s, in QgR passing through
Myrg, see Figure 15. Since vy ¢ {sor,tor}, we may choose a neighbor yg of vy
on Py .t such that y; # bir. Now v1,y1,a1r,b1r are pairwise distinct vertices,
and p(v1) = p(air) # p(y1) = p(bir), and d(v1,y1) = 1, and My is a matching
in Qi — {v1, a1r}.

»a o)

1L
3

Figure 16. The spanning 2-path Py, a,; + Puw,b,, (0T Puyw, + Paypb,,) in Q3F.

If d(a1gr,bir) = 1, then by Lemma 2.1 there is a spanning 2-path P, ,, +
Py pbip in Q3T passing through Mg, see Figure 17(1). Since My is a perfect
matching in Q%)L —{uy,w1,a11,b11}, we have My U {ujwi,a11b11} is a perfect
matching in K(Q3L). By Theorem 1.1, there exists a perfect matching R in Q3%
such that My U{ujw1, a;pb1z}UR forms a Hamiltonian cycle in K ( %L) Hence
M1, UR forms a spanning 2-path in Q%L. Note that each path of the spanning 2-
path is an (R, M )-alternating path beginning with an edge in R and ending with
an edge in R. So the number of vertices in each path is even. Since Q)5 is a bipar-
tite graph, the two endpoints of each path have different parities. Hence one path
joins the vertices u; and aqr, and the other path joins the vertices w; and by,
see Figure 16 for example. Denote the spanning 2-path by P, 4,, + Pu,p,,- Note
that sortor §§ M and voyo ¢ M. Hence Py, +P50RtoR, +Puiais +Pw1b1L +PU1y1 +
P, nby e + {ou1, wowr, vovi, Yoy1, a1La1r, biLbir, sorsor, tortor } —{voyo, sortor }
is a Hamiltonian cycle in Q5 passing through M, see Figure 17(1).

OR : IR 0R
Q3 position 5 Q3 Q}
@ (2

position 5

Figure 17. Nlustration for Subcase 4.2.



230 F. WANG AND W. ZHAO

If d(air,b1r) = 3, then d(v1,b1g) = d(air,y1) = 1. Since Mg is a matching
in Q3% — {v1,a1r}, by Lemma 2.1 there is a spanning 2-path Py p, ;. + Pay s
in Q%R passing through Mg, see Figure 17(2). Since My U{ujair, wib11} is a
perfect matching in K(Q3L), similar to the above case, there is a spanning 2-path
Pyiw, + Pypp,, in QéL passing through M. Hence Pygw, + Psoptor + Poibip +
Py arn+Puiw, +Pay by H{uour, wows, vovt, yoyi, a1La1r, birbir, sorsor, tortor } —
{voyo, sortor} is a Hamiltonian cycle in Q5 passing through M, see Figure 17(2).
The proof of Theorem 1.3 is complete.
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