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Abstract

The harmonic index of a graph G is defined as the sum of the weights
W of all edges uv of G, where d(u) denotes the degree of a vertex u
in G. In this paper, we present the minimum harmonic index for unicyclic
graphs with given diameter and characterize the corresponding extremal
graphs. This answers an unsolved problem of Zhu and Chang [26].
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1. INTRODUCTION

Let G be a simple graph with vertex set V(G) and edge set E(G). The Randi¢
index R(G), proposed by Randi¢ [16] in 1975, is defined as

1
R(G) = Y
WEZE(G) Va(u)d(v)

where d(u) denotes the degree of a vertex u of G. The Randi¢ index is one of the
most successful molecular descriptors in structure-property and structure-activity
relationship studies. Mathematical properties of this descriptor have been studied
extensively (see [8, 12, 13] and the references cited therein).

In this paper, we consider a closely related variant of the Randi¢ index, named
the harmonic index. For a graph G, the harmonic index H(G) is defined as
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This index first appeared in [4], and it can also be viewed as a particular case of
the general sum-connectivity index proposed by Zhou and Trinajsti¢ [25].

Favaron, Mahéo and Saclé [6] considered the relation between the harmonic
index and the eigenvalues of graphs. Zhong [21, 22|, Zhong and Xu [24] deter-
mined the minimum and maximum harmonic indices for simple connected graphs,
trees, unicyclic graphs and bicyclic graphs, and characterized the corresponding
extremal graphs. Wu, Tang and Deng [19] found the minimum harmonic index
for graphs (triangle-free graphs, respectively) with minimum degree at least 2,
and characterized the corresponding extremal graphs. Iranmanesh and Saheli
[14] computed the minimum and maximum harmonic indices for caterpillars with
diameter four. Deng, Balachandran, Ayyaswamy and Venkatakrishnan [3] con-
sidered the relation between the harmonic index and the chromatic number of
a graph by using the effect of removal of a minimum degree vertex on the har-
monic index. Deng, Balachandran and Ayyaswamy [2] obtained several results
relating the harmonic index and the largest eigenvalue of a graph. Shetty, Loke-
sha and Ranjini [17] considered the harmonic index of graph operations such as
join, corona product, Cartesian product, composition and symmetric difference
of graphs. The chemical applicability of the harmonic index was also recently
investigated by Furtula, Gutman and Dehmer [7], Gutman and ToSovié¢ [9]. See
[1, 5, 11, 15, 23, 26] for more information of this index.

Recently, Zhu and Chang [26] presented lower bounds of harmonic index for
trees and unicyclic graphs with given diameter; however, the lower bound for
unicyclic graphs in [26] is not sharp. In this paper, we determine the minimum
harmonic index for unicyclic graphs with n > 3 vertices and diameter d (1 <
d < n —2), and characterize the corresponding extremal graphs. The related
problems have been well-studied for several other topological indices, such as the
Randi¢ index [18], the signless Laplacian index [10] and the Hosoya index [20].

2. PRELIMINARIES

Let G be a graph. For any vertex v € V(G), we use Ng(v) (or N(v) if there is
no ambiguity) to denote the set of neighbors of v in G. A pendent vertex is a
vertex of degree 1. An edge incident with a pendent vertex is called a pendent
edge. For two distinct vertices u and v of G, the distance d(u,v) between u and
v is the number of edges in a shortest path joining u and v in G. The diameter
of G is the maximum distance between any two vertices of G. A unicyclic graph
is a connected graph with n vertices and n edges. We use C), to denote the cycle
on n vertices. We write A := B to rename B as A.

For any vertex v € V(G), we use G — v to denote the graph resulting from
G by deleting the vertex v and its incident edges. We define G — uv to be the
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graph obtained from G by deleting the edge uwv € E(G), and G + uv to be the
graph obtained from G by adding an edge uv between two non-adjacent vertices
u and v of G.

We now list some lemmas which will be used in later proofs. The first lemma
was proved in [23].

Lemma 1. Let G be a nontrivial connected graph, and let uv € E(G) be such
that dg(u),dg(v) > 2 and Ng(u) N Ng(v) = 0. Let G' be the graph obtained from
G by contracting the edge uv into a new vertex w and adding a new pendent edge
ww' to w. Then H(G) > H(G').

Lemma 2. (i) For k > 1, the function f(z) = z(:r2+1) — (I+k)(i+k+1) is decreasing
for x > 3.

(ii) The function g(x) = 5> — %Jrg — 2(3‘;]0;21) is increasing for x > 2.
(iii) The function h(z) = xi” + 2(;”;14) - 72(9”;3)

(iv) The function l(x) = %4_2 + 2(;_;11) — 5 is decreasing for x > 3.

is decreasing for x > 3.

Proof. (i) Let fi(x) = J:(x2+1) =2_ -2 Then f(z) = fi(z) — fi(x + k). For
x > 3, we have

1 i _ 4
1(5[]) 3 (l’ + 1)3 > 07
and f'(x) = f{(z) — fi(z + k) < 0. So (i) holds.
(ii) For x > 2, we have
1 4 6 1 6 1
g(z) =5+ - > s == >0,

2 x+3)2 (@+22 2 (2+2?2 3

This proves (ii).
(iii) Let hy(z) = m% + 2(;53:—3). Then h(z) = hi(z + 1) — hi(x). For x > 3,
we have

8 12 —4(2® +92% 4+ 9z + 3)
Wi(z) = — — =2 = 0
1(®) (x+1)3 a3 z3(x +1)3 <

and h/(z) = h}(z + 1) — hi(x) < 0. So the assertion of (iii) holds.
(iv) For = > 3, we have
2 4 1 4 1 1

l,(x)zf(x+2)2+(x+1)2*§< B3+1)2 2

and hence (iv) holds. This proves the lemma. |
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Lemma 3. Let H be a nontrivial connected graph with u,u',v,v" € V(H) such
that 2 < dg(u) = s < 4, dyg(v) =t > 2, dg(') = dg(v') = 1 and uu’, 00" €
E(H). Let G be the graph obtained from H by attaching p—1 and g — 1 pendent
edges (p > q > 3) to v’ and V', respectively, and let G’ be the graph obtained from
H by attaching p and q — 2 pendent edges to u' and v', respectively. If either
p=gq and s <t orp>q, then HG) > H(G").

Proof. Let f(x) = ac(:r2+1) — (x+k)(i+k+1) with £ > 1. Then by Lemma 2(i), f(z)
is decreasing for x > 3. It is easy to see that

2 L 2Ap-1)  2e-1) 2)

H(G) - H(G") = <

p+s p+1 q+1 q-+t

< 2p 2(q —2) 2 >
(p+1)+ (p+1)+1 (q—1)+1 (¢g—1)+t

2 (2(1)—1) 2p>
= + —

p+s p+s+1 p+1 p+2

2 -2 2 2
) )

+1 q g+t q+t—1

4 n 4

(p+8)(p+8+1) P+D(+2) qlg+1)

B 2
(g+t—=1)(g+1t)

If p=gq and s <t, then

H(G) — H(G)

2 2 2 2
2<pp+1 p+1><p+2>>‘<<p+t—1><p+t>‘<p+s><p+s+1>>

V

(e~ Groovm) - (G770~ GromeD)
pp+1)  (p+1D)p+2) p+t-Dp+t) @G+Hp+t+1)
= f(p)—flp+t—1) >0 (withk=1).

So we may assume p > q. Since 2 < s < 4 and t > 2, we conclude that

H(G) - H(G")
- 2 B 4 P 2
T +4H+5) @+DE+2) q¢+1) (¢+1)(g+2)
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( 2 >+ 2 - 2
glg+1) (¢+1)(g+2) (p+4)(p+5 (@+L+2)

_l’_

2
qq+1 q+(—q+1)][Q+(p—q+2)]>
2 >+ 2 B 2
qq+1 C(a+1)(g+2) (p+4)(p+5 (@+L{+2)

(withk=p—q+1>2)

+ f(q)

V

2 2 2
< (¢+1) (q+1)(q+2)> " p+4p+5  [(¢+1)+1[(g+1)+2]
f

q+3)

—~

2 2

2 2
glg+1) (q+1)(q+2>> T +5) g+ 2)a+3)

+< 2 B 2 )
(@+3)(q+4) [(¢+3)+@—q+D](¢+3)+(—q+2)]

2 _ 2 >_< 2 _ 2 )
q(¢+1) (¢+1)(g+2) (+2)(¢+3) (¢+3)(g+4)

4 4
R E TR DD e A

So the assertion of the lemma holds. [ ]

3. THE MINIMUM HARMONIC INDEX FOR UNICYCLIC GRAPHS WITH GIVEN
DIAMETER

Let %, be the set of unicyclic graphs with n > 3 vertices, and let %, 4 be the
set of unicyclic graphs with n vertices and diameter d, where 1 < d <n —2. In
this section, we determine the minimum harmonic index for graphs in %, 4, and
characterize the corresponding extremal graphs.

Let U, 2 be the unicyclic graph with n vertices obtained by attaching n — 3
pendent edges to one vertex of a triangle, and let U,, 3 be the unicyclic graph with
n vertices obtained by attaching n — 4 and one pendent edges to two vertices of
a triangle, respectively. For 4 < d < n — 2, let U,, 4 be the unicyclic graph with
n vertices obtained by attaching n — d — 1 pendent edges and a path of length
d — 3 to two non-adjacent vertices of Cy, respectively (see Figure 1).



434 L. ZHONG

n—3

Unp Ungs Upa (4<d<n-2)

Figure 1. The graphs U, 4 (2 <d <n —2).

It was proved in [22, 23} that U, 2 and U,, 3 are the extremal graphs with the
2(n 3)

minimum harmomc index — + + % and the second-minimum harmonic

n+1
index Tﬂ + + Z(n 4) + 190 for graphs in %,, respectively. Since %, 1 = {Cs},
Un2 € Unp and Umg € U3, we see that C3, U,2 and U, 3 are the extremal
graphs with the minimum harmonic index for graphs in %1, %,2 and %, 3,
respectively. In the following arguments, we will show that U, 4 is the extremal
graph with the minimum harmonic index for graphs in %, ¢ for 4 < d < n — 2.
For convenience, we define the following function
4 2n—d—-1) d—5
(p(n’d)_H(Un’d)_n—d—&-fS n—d+2 T

with A:=2 (ifd=4)or A:=2 (if 5<d<n-—2).

For 4 § d<n-—2let Uﬁy be the set of unicyclic graphs in %, 4 obtained
by attaching a path of length [ (I > 1) to one vertex of C,,_;, and let U2, be
the set of unicyclic graphs in %, 4 obtained by attaching two paths vivs - - '7US+1
and vgy1—¢ -+ vgug+1 of length s and t (s, > 1) to two vertices vs41 and vg11—¢
of Cp_s—¢, respectively. Note that it is possible vs41 = vgr1-¢ (i-e., s+t = d).
For4 <d <n—4,let U; 3 4 be the set of unicyclic graphs in %, 4 obtalned by
connecting a path of length l between a vertex of C},_;_; and a non-pendent vertex
vs41 of a path vivy - VsVs1Vs12 - Vg4 of length d (1 > 1,1 < s < d—1).
See Figure 2 for an illustration.

Lemma 4. Let G € %,q (4 < d < n—2) and such that G contains at least
one pendent vertex. If G —v € Up—1,4-1 for any pendent vertex v € V(G), then
H(G) > ¢(n,d) with equality if and only if d=n—2 and G = Uy, p—2.

+A

Proof. If G contains at least three pendent vertices, then there must exist some
pendent vertex v € V(G) such that G —v € %,_14, a contradiction. So we
conclude that G contains one or two pendent vertices. This implies that G €
U%’ aY Un 2 YU, 3 .d- We consider three cases according to the structure of G.

Case 1. G e Un1 4 In this case, we have

if =1,

1
57
— 2 ifl1>2.

15°

H(G) = {

IS I3
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Ud  Vd+1
-———e *——ae

1 2
U’n,d U'n ,d
Vs vy U1
———o
— ’_{
[E—
1 -——r—e
Vs+2 Ud  Vd+1
3
Un,d

Figure 2. The graph sets U}Lw U,27d (4<d<n-—2)and Uf:”d (4<d<n-—4).

n

Case 2. G € Ui 4 By symmetry between s and ¢, we may assume that
s>t >1. If s+t =d, then we have s > t > 2; for otherwise, it is easy to see
that G — vg41 € %,—1,4, which contradicts the assumption of the lemma. Hence
H(G) = % — . (Note that n — d > 3 in this subcase.) If s +¢ =d — 1, then we

see that
n 3 : —
H(G) = 2_§7 %fs>t—1,
5 — 39, if s>t >2 (and hence d > 5).
If2<s+t<d—2, then
-2 ifs=t=1,
H(G) = %—%, if s >t =1 (and hence d > 5),
2— & ifs>t>2 (and hence d > 6).

(Note that n —d >3 if s=t=1and d > 5.)

Case 3. G € U?,. In this case, we have s,d — s > 3 (and hence d > 6);
otherwise, there exists some pendent vertex v € {v1,v44+1} such that G — v €
Uy —1,4, & contradiction. Then

n_ T ifl=1
2 300 1 )
H(G):{”—4 1> 2
2 15 - =

(Note that n —d > 4 in this case.)
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It is easy to check that for all possible cases, we always have

if d =4,
ifd>bandn—d=2,
ifd>5and n—d> 3.

=
8
AV
IS I3 IS
|
[} Dj\»—‘ (S]]

HKE-@@A)z<Z—§)—<n_i+3+2f:f;;)+4;5+§>
_((n=4+5 4 2[(mn—4)—-1]\ 11
_< 2 (n—4)+3 (n—4)+2> 5
(
0

245 4 2.(2-1)\ 1
2 2+3 2+2 5
(by Lemma 2(ii) with x =n —4 > 2)

with equalities if and only if G' € U,%A, s=t=1landn—4=2ie,G=Usy.
So the assertion of the lemma holds. If d > 5 and n — d = 2, then

noo1 1 20n—d—1) d—5 28
_ D [ TE
H(G) w@d%_<2 3> (n_d+3+ n—d+2 2'+w>
_(n—d+5 4 2n—-d-1)\ 11
N 2 n—d+3 n—d+2 5

2+5 4 2.(2-1) 11_0
2 2+3 242 5

with equality if and only if G € Ufmﬂ7 s+t <n-—-4and s >t =1, ie,
G = Uy n—2. Hence the lemma holds. If d > 5 and n —d > 3, then

n 2 4 2(n—d—-1) d-5 28
H(G) — >\ -2 ) - 15
(G) ﬂmd%_<2 5> (n_d+3+ n—d+z | 2 +LJ

:<<n—d>+5_ 4 2[<n—d>—1]> 34

2 n—d)+3 (n—d)+2 ) 15
Z(3+5 4 2%3—D> 34

2  3+43 342 ) 15

4
=1 0 (by Lemma 2(ii) with x =n —d > 3).

This completes the proof of the lemma. [
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We now prove the main result of this paper.

Theorem 5. Let G € U, q (4 <d<n—2). Then H(G) > ¢(n,d) with equality
if and only if G = U, 4.

Proof. We prove the theorem by induction on n. If n = d 4+ 2, then G contains
one or two pendent vertices and G € U}w,2 U Uﬁ’nf? Hence the assertion follows
from the proof of Lemma 4. So we may assume n > d+ 3 and the result holds for
smaller values of n. For convenience, we may also assume that G is the extremal
graph with the minimum harmonic index for graphs in%,, 4. Let C' be the unique
cycle in G and let P := vjvg - --vquge1 be a path of length d in G such that the
distance d(v1,v4+1) between vq and vg4 is d.

It was proved in [22] that C), is the extremal graph with the maximum
harmonic index for graphs in %,. So we deduce that G contains at least one
pendent vertex. Then by Lemma 4, we may further assume that there exists at
least one pendent vertex v € V(G) such that G —v € %,—1 4. Let V* be the set
of all such pendent vertices in G (and hence V* # ().

Let v € V* be a pendent vertex and let uwv € E(G). Then d(u) = p > 2.
Since G € %, 4, we have p < n—d+ 1. Let N(u) = {v,u1,...,up—1} with
d(u;) = p; for each 1 < i < p—1. We choose v and u such that there are as many
as possible vertices in N(u) with degree at least 2. (Note that N(u) contains at
least one such vertex.)

Suppose there are at least two vertices in N(u) with degree at least 2 (and
hence p > 3). Let G’ := G—v. Then G’ € %,,_1 4. Since the function m_erf:—l
is increasing for £ > 1 and by the induction hypothesis, we have

/ 2 S 2 2
H(G)ZH(G)JFWJF;(NM a (p—1)+pi>

> o(n—1,d) + —2 +2< 2 _ 2 )+(p_3)<2_2>

4 p+1 p+2 p+1 p+1 p
4 2[(n—-1)—d—-1] d-5
= A
<(n—1)—d+3 -1 —-d+z 2
4 2(p—4 2(p—3
n n (p—4) 2(p-3)
p+2 p+1 P
4 2(n—d—-2) d-5
> A
_<n—d+2+ n—d+1 * 2 +>
N 4 2[(n—d+1)—4 2[(n—d+1)—3
n—d+1)+2 (n—d+1)+1 n—d+1
(by Lemma 2(iii) with x =p <n—d+1)
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B 4 2(n—d—1) d-5 B
7n—d+3+ n—d+ 2 + 2 +A=¢n,d)

with equalities if and only if G' = U,,_14, p = n — d + 1, exactly two vertices
in N(u) have degree 2 and the other p — 3 vertices in N(u) have degree 1, i.e.,
G = U, 4. Hence the assertion of the theorem holds. By the choice of v and u,
we may assume that

(1) for any vertex u € |J, ey« N(v), there is exactly one vertex in N(u) with
degree at least 2.

We claim that
(2) u € {v2,vq} for any vertex u € (J,cy« N(v).

For otherwise, suppose there exists some vertex u € J, ¢y« N(v) such that u ¢
{va,v4}. If u € {v1,v441}, say u = vy, then P’ := P +wuv (with v € V*) would be
a shortest path of length d + 1 between v and v441, which implies that G ¢ %, 4,
a contradiction. Then by (1), we have u ¢ V(P) UV (C). Let G” be the graph
obtained from G by contracting the unique non-pendent edge incident with u into
a new vertex w and adding a new pendent edge ww’ to w. Then G” € %, 4. Now
by Lemma 1, we see that H(G) > H(G"), contradicting the assumption that G
has the minimum harmonic index for graphs in %, 4. This proves (2).

By (2), we conclude that every pendent vertex in G is adjacent to either vo
or vg. We also claim that

(3) either (J, ey« N(v) = {va} or ey« N(v) = {va}.

Suppose to the contrary that |J ey« N(v) = {v2,va} (by (2)). Then by
(1) and (2), we know that d(v2),d(vq) > 3, 2 < d(v3),d(vg—1) < 4 and all
pendent vertices in G (including v; and v441) are contained in V*. Without loss
of generality, we may assume by symmetry that d(ve) = d(vg) and d(v3) < d(vg—1)
or d(vz2) > d(vgq). Let G” := G — vqvg4+1 + v2v4+1. Then G” € %, 4. But now,
it follows from Lemma 3 that H(G) > H(G"), which contradicts the assumption
that G has the minimum harmonic index for graphs in %, 4. So the assertion of
(3) holds.

By (3) and by symmetry between vp and vgq, we may assume that | J, oy« N(v)
= {va}. Let u = vy be defined as above with v = v; € V* and u,—1 = v3. Since G
is a unicyclic graph and by (1) and (2), we have 3 < p < n —d and all vertices in
{u1,...,up—2} are pendent vertices in V*. Let G* := G — {uy,...,up—2}. Then
G* € YU,—pi2,4 and G* contains at most two pendent vertices. (One pendent
vertex is v; and the other possible pendent vertex is vgi1.) This implies that
G* e Ul q Y Ur2zfp+2,d uus 4+ We consider three cases according to the

n7p+2, ?’pr+2,
structure of G*.
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Case 1. G* € Uﬁ g In this case, we have [ > 2. Then

_p+27
2 2p=1) | n—p _ 1 e
e
o 2 2(p—1) - 3 .
m‘f— Pl +¥_T0’ lfl>2

439

Case 2. G* ¢ U1’2L—p+2,d' In this case, we have s > 2 and t > 1. If s+t = d,
then ¢ > 2; for otherwise, it is easy to check that G := G —vg11 € %,—1,4, which

implies that vgy1 € V* and vg € (J,cy« N(v), contradicting (3). Hence

2 2(p—1) - 1 : _
G~ T T =2
- 2 4 2=  np 1 jre>3
P2 pF1 2 27 =
If s+t=d—1, then
2 2(p—1) — 3 : —
H(G) = 3t e Ty 1 fs=2andt>2,
A r L ifs>Sandt=1,
Fat IR isz3and iz,
If 3<s+t<d-2, then
A o2 ifs=2andt=1,
2 2(p—1) — 1 . _
HG) =) 7T e TR e Hs=2andtz2
G frlemr 4 ifs>3adt=1,
i mr B s >3andt>2

Case 3. G* € U;z’_p+27d. In this case, we have s,d — s > 2. Then

p+3 1 "’%—%, ifs=2andl =1,
H(G) = %))+z%z+liz+:22_§’ ?fS:QandIZQ,
et T T T 6 ifs>3andl =1,
z%"’_%;i:)"'%—%a if s>3and > 2.

p+1 2

2 2(p=1) . n—p _ 1 q;
p+4+ | + = 3 Since

2 2(p—1) - 1 2 2(p—1) - 2
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B_C:< 2%}@—U+n—p_v_< 2%}@—U+n—p_ﬁ

p+2 p+1 2 2 p+3 p+1 2 5
2 1 2 1 1
= — < - —=—-—<0
(p+2)(p+3) 10~ (3+2)-3+3) 10 30
and
2 2p—1) n-p 1 2 2p—1) n—-p 1
B_D— L2 mop 1Y L2 nop 1
p+2  p+1 2 2 p+4 p+1 2 3
4 1 4 1 11
- < — s =— <0,
(p+2)(p+4) 6~ (3+2)-(3+4) 6 210

we deduce that B < C' and B < D. Then it is easy to calculate that for all
possible cases, we always have H(G) > B. Therefore

o(n, d) > B —¢(n,d)

1)+nfp_1 B 4 +2(n7d71)+d75+A
p+ 2 p-l—l 2 2 n—d+3 n—d+2 2

2[(n—d)—1]+n—(n—d) 1)

v

(n—d)+1 2 2

(n—d—l) d—5
A
(n d—|—3 n—d+2 * 2 *
(

by Lemma 2(iv) with z =p <n —d)

2n—-d-2) 2(n-d-1)
2—-A
( n— d+3 n—d+2 + n—d+1 +

8
S T —d+ n—d+2mn—d+3 >4

8 29
> _ 12-A="_A>
= T B+1)-(3+2)-(3+3) 15

But this implies that H(G) > H (U, q), contradicting the assumption that G has
the minimum harmonic index for graphs in %, 4. This finishes the proof of the
theorem. -
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