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Abstract
The Wiener index W (G) of a connected graph G, introduced by Wiener
in 1947, is defined as W(G) = >_, ,cv(c) da(u,v), where de(u,v) is the
distance (the length a shortest path) between the vertices v and v in G.
For S C V(G), the Steiner distance d(S) of the vertices of S, introduced
by Chartrand et al. in 1989, is the minimum size of a connected subgraph
of G whose vertex set contains S. The k-th Steiner Wiener index SWi(G)
of G is defined as SW(G) = > scv(e d(S). We investigate the following
|S|=k

problem: Fixed a positive integer k, for what kind of positive integer w does
there exist a connected graph G (or a tree T') of order n > k such that
SWi(G) = w (or SWi(T) = w)? In this paper, we give some solutions to
this problem.
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1. INTRODUCTION

All graphs in this paper are assumed to be undirected, finite and simple. We
refer to [3] for graph theoretical notation and terminology not specified here. A
distance is one of basic concepts of graph theory [4]. If G is a connected graph
and u,v € V(G), then the distance d(u,v) = dg(u,v) between u and v is the
length of a shortest path connecting v and v. For more details on this subject,
see [13].

The Wiener index W(G) of a connected graph G is defined by

W(G) = Z da(u,v).

u,veV(G)

Mathematicians have studied this graph invariant since the 1970s in [11]; for
details see the surveys [10, 33], the recent papers [2, 7, 14, 17, 15, 20] and the
references cited therein. Information on chemical applications of the Wiener index
can be found in [27, 28].

The Steiner distance of a graph, introduced by Chartrand et al. in [6] in
1989, is a natural and nice generalization of the concept of the classical graph
distance. For a graph G = (V, F) and a set S C V of at least two vertices, an
S-Steiner tree or a Steiner tree connecting S (or simply, an S-tree) is a subgraph
T = (V',E') of G that is a tree with S C V’. Let G be a connected graph
of order at least 2 and let S be a nonempty set of vertices of G. Then the
Steiner distance d(S) among the vertices of S (or simply the distance of S) is the
minimum size of a connected subgraph whose vertex set contains S. Note that if
H is a connected subgraph of G such that S C V(H) and |E(H)| = d(S), then
H is a tree. Clearly, d(S) = min{|E(T)|: S C V(T')}, where T is a subtree of G.
Furthermore, if S = {u, v}, then d(S) = d(u,v) is nothing new, but the classical
distance between u and v. Clearly, if |S| = k, then d(S) > k—1. For more details
on Steiner distance, we refer to [1, 5, 6, 8, 13, 26].

In [23], we proposed a generalization of the Wiener index concept, using
Steiner distance. Thus, the k-th Steiner Wiener index SWi(G) of a connected
graph G is defined by

SWi(G) = > d(S).

SCV(G)

IS|=k
For £ = 2, the Steiner Wiener index coincides with the ordinary Wiener index.
It is usual to consider SWy, for 2 < k < n — 1, but the above definition implies
SWi(G) =0 and SW,,(G) = n —1 for a connected graph G of order n. For more
details on Steiner Wiener index, we refer to [23, 24, 25].

A chemical application of SW), was recently reported in [16].
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It should be noted that in the 1990s, Dankelmann et al. in [8, 9] studied
the average Steiner distance, which is related to our Steiner Wiener index via
SWi(G)/(})-

The seemingly elementary question: “Which natural numbers are Wiener
indices of graphs?” was much investigated in the past; see [12, 19, 21, 29, 31, 32].
We now consider the analogous question for Steiner Wiener indices.

Problem. Fixed a positive integer k, for what kind of positive integer w does
there exist a connected graph G (or a tree T') of order n > k such that SWj(G) =
w (or SWi(T) = w)?

For k = 2, the authors have nice results in [30, 32|, completely solved a
conjecture by Lepovi¢ and Gutman [22] for trees, which states that for all but
49 positive integers w one can find a tree with Wiener index w. This is different
from our problem for trees, since here we consider graphs or trees with order n.

2. THE CASESk=n AND k=n—1

At first, let us consider the case k = n.
If G is a connected graph or a tree of order n, then for k = n, SWy(G) = n—1.
Thus the following result is immediate.

Proposition 2.1. For a positive integer w, there exists a connected graph G or a
tree T of order n such that SWy,(G) = w or SWy,(T) = w if and only if w =n—1.

For the case k = n — 1, we need the following results in [23].
Lemma 2.2 [23]. Let T be a tree of order n, possessing p pendant vertices. Then
SWy—1(T)=n(n—1)—p
irrespective of any other structural detail of T'.

Lemma 2.3 [23]. Let K, be the complete graph of order n, and let k be an integer
such that 2 < k <n. Then

SWi(Ky) = (Z) (k—1).

Lemma 2.4 [23]. Let G be a connected graph of order n, and let k be an integer
such that 2 < k <n. Then

()= =sm@ <e-n(; 7).

Moreover, the lower bound is sharp.



86 X. L1, Y. Mao AND I. GUTMAN

From the previous results, we can derive the following proposition.

Proposition 2.5. For a positive integer w, there exists a connected graph G of
order n such that SW,_1(G) = w if and only if n®> —2n < w < n? —n — 2.

Proof. By Lemma 2.4, if G is a connected graph of order n, then
nn—2) < SW,_1(G) < (n+1)(n—2).

Therefore, n? —2n < w < n? —n — 2.

By Lemma 2.3, SW,,_1(K,) = n? — 2n.

Let T be a tree of order n with p pendant vertices with 2 < p <n — 1. By
Lemma 2.2, SW,,_1(T) = n? —n—p, and thus for any integer w with n? —n— (n—
1) < w < n?—n—2, there exists a tree T of order n such that SW,,_1(T) = w. =

From the proof of Proposition 2.5 the next result immediately follows.

Proposition 2.6. For a positive integer w, there exists a tree T' of order n such
that SW,,_1(T) = w if and only if n> —2n+1<w <n? —n — 2.

3. THE CASEk=n-—-2

Similarly to Lemma 2.2, we can derive the following result.

Lemma 3.1. Let T be a tree of order n, possessing p pendant vertices. Let q
be the number of vertices of degree 2 in T that are adjacent to a pendant vertewz.
Then

1
(1) SWy—o(T) = §(n3—2n2+n—2np—|—2p—2q).

Proof. For any S C V(T) and |S| =n—2, let S = {u,v}. If dp(u) = dr(v) = 1,
then dp(S) = n — 3, and this case contributes to SW,,_o by

u,vGS’
dr (u)=dr(v)=1

If dr(u) > 2 and dp(v) > 2, then dr(S) = n — 1, and this case contributes

t0 SWy_s by
S dr(s) = (”;p)(n_ 1).

w,vES
dr(u)=2, dr(v)>2

Suppose that dr(u) = 1 and dr(v) > 2. If dp(u) = 1, dp(v) = 2 and
uwv € E(G), then dr(S) =n—3. If dr(u) =1, dr(v) > 3 and uv € E(T), then



INVERSE PROBLEM ON THE STEINER WIENER INDEX 87

dr(S) =n—2. If dp(u) = 1, dr(v) > 2 and wv ¢ E(T), then dr(S) = n — 2.
Therefore, this case contributes to SW,_o by

> dr(S) = > dr(S) + > dr(S) + > dr(S)

u,veS u,veS,uveEE(T) w,veS,uveEE(T) u,veS,uvgE(T)
dr(u)=1, dr(v)>2 dr(u)=1, dr(v)=2 dr(u)=1, dr(v)>3 dp(u)=1, dr(v)>2

=qn—-3)+pP-q¢n—-2)+pn—p—1)(n-2).

From the above argument, we have

(e (7)o

+(-a)(n—-2)+prn—-p-1)(n-2)

SWi_o(T)

= 1(713—277,2—I—n—2np—i—2p—2q).

2 |

Li et al. obtained the following sharp lower and upper bounds of SWy(T)
for a tree T'.

Lemma 3.2 [23]. Let T be a tree of order n, and let k be an integer such that
2<k<mn. Then

<Zj><n1>§SWk<T>f(’€”@ID'

Moreover, among all trees of order n, the star S, minimizes the Steiner Wiener
k-index, whereas the path P, mazximizes the Steiner Wiener k-index.

For trees, we have the following result.

Theorem 3.3. For a positive integer w, there exists a tree T of order n (n > 5),
possessing p pendant vertices, such that SW,_o(T) = w if and only if w =
%(n?’ -2+ n—2np+2p— 2q) , where q is the number of vertices of degree 2 in

T that are adjacent to a pendant vertex, and one of the following holds:
(1) 2<g<[*3 andg<p<n—q-1
(2) g=1and3<p<n-—-2

(3) q=0and4<p<n-—1.

Proof. Suppose that w = %(n?’ —2n%+n—2np+2p— 2q), where 0 < ¢ < L"T_lj,
g <p<n-—q—1. Let Ki,_1 be a star of order p, and let v be the center of
Kip—1. Then Kip_l is a graph obtained from K7 ,_1 by picking up ¢ — 1 edges
and then replacing each of them by a path of length 2. Note that K7 ,_; is a
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subdivision of Ky ,—1. Let G be a graph obtained by K7 ,_; and a path P,,—;—g12
by identifying v and one endvertex of the path. Clearly, G is a tree of order n
with p pendant vertices, and there are exactly ¢ vertices of degree 2 in T such
that each of them is adjacent to a pendant vertex. From Lemma 3.1, we have
SWp—o(T) = 5(n® —2n? + n — 2np + 2p — 2q) = w, as desired.

Conversely, for any tree T' of order n (n > 5) with p pendant vertices, from
Lemma 3.1, SW,,_o(T) = %(n‘3 —2n%> +n—2np+2p— 2q). We now show that
p, q satisfy one of (1),(2),(3). Clearly, p > 2,0 < ¢ < L”T_IJ and ¢ < p.

Claim 1. p+q¢<n-—1.

Proof. Assume, to the contrary, that p + ¢ = n. Then T is a path of order n.
Since n > 5, it follows that there exists a vertex of degree 2 having no adjacent
pendant vertex, which contradicts to p + ¢ = n. O

If ¢ > 2, then it follows from Claim 1 and ¢ < pthat ¢ <p<n—q—1. If
q = 1, then it follows from Claim 1 that 2 < p < n — 2. Furthermore, if p = 2,
then T is a path of order n. Since n > 5, it follows that ¢ = 2, a contradiction.
If ¢ = 0, then it follows from Claim 1 that 2 < p < n — 1. Furthermore, if p = 2,
then T is a path of order n. Since n > 5, it follows that ¢ = 2, a contradiction.
If p = 3, then T is a tree of order n. Since n > 5, it follows that ¢ > 1, a
contradiction. ]

4. THE CASE FOR GENERAL k
For trees, we have the following result.

Theorem 4.1. Let T be a graph obtained from a path P, and a star Sp—iy1 by
identifying a pendant vertex of P, and the center v of Sp—i+1, where 1 <t <n-—1
and k <n. Then

n—1 t n n—t+1 n
s (") = () - (2« () e ()
Proof. For any S C V(T) and |S| =k, if S C V(Sp—t+1) — v, then dg(S) = k.
There are (",') such subsets, contributing to SWj, by k("."). If S C V(P),
then it contributes to SWy by (k — 1)(2111) from Lemma 3.2. Suppose that
SNV(P) # 0 and SN (V(Sp—t+1) —v) # 0. Let |SNV(Sp—t+1 — v)| = 1,
|ISNV(P)| = k—iand P, = ujusg - - - ug, where v = uy. Without loss of generality,
let SNV(FP) = {uj,,uj,,...,uj, ,}, where 1 < j; < jo < -+ < jy—; < t. Then
k—i<jr_; <t Let jp_;j=7. Thendg(S)=i+j—1,and k —i < j <t. Once
the vertex u; is chosen, we have (lg]—;i) ways to choose uj,, uj,,...,uj _, ;. In



INVERSE PROBLEM ON THE STEINER WIENER INDEX 89

this case, we contribute to SWj, by



nnnnnnnn
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= =0y y) = e-n ) () () ()
() () G () ()
N RETAR
“en ) () (1) ()
() (i) + () () -e-n (")
Hot) () ) G- G) ()
()
oG r () () - () () e ()
:t<n;1>_(kL)_(kil%(ﬁﬁ?““”(@' .

The following corollary is immediate from Theorem 4.1.

Corollary 4.2. For a positive integer w, there exists a tree T of order n such
that SWi(T) = w if

n—1 t n n—t+1 n
“’_t< k )_<k+1>_<k+1>+< k1 >+(k_1)<k)’
where 1 <t <n-—1and k <n.

For general graphs, we have the following.

Theorem 4.3. Let G be a graph obtained from o clique K,—, and a star Sypi1
by identifying a vertex of K,—, and the center v of Sp+1. Fork <r <n—1-—k,

SWk(G):(n—n(Z:D - <”_]:_1>.
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Proof. For any S C V(G) and |S| =k, if S C V(K,,—,), then dg(S) = k — 1.
There are (",") such subsets, contributing to SWj by (k — 1)(","). If S C
V(S41) — v, then dg(S) = k. There are (}) such subsets, contributing to SW,
by k(}). Suppose that SNV (K,—,) # 0 and SN (V(Sp41) —v) # 0. Ifv € S,
then dg(S) = k — 1. There are (Z:;j) (;) such subsets, contributing to SWj, by
(k—1)3F 1 (7D (0). v ¢ S, then dg(S) = k. There are (.”_") (%) such

subsets, contributing to SWy by k Z’;;i (”;;1) (). Then

xT

SWi(G)

_ (k_n(“;’”)+k<,’;>+<k—1>§<2:;j><;>

r=1

Caen(17) (I

as desired. m
The following corollary is immediate from Theorems 4.1 and 4.3.

Corollary 4.4. For a positive integer w, there exists a connected graph G of
order n such that SWi(G) = w if w satisfies one of the following conditions.
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(1) w= t(”;l) —(,5)) - (k:b—l) + (n_tﬂ) +(k—1)(}), where 1 <t <n—1 and

k+1 k+1

k<n.

(2) w=(n-— 1)(2:}) — ("_g_l), where k <r <n—1—Fk and k <n.
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