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Abstract

The permanental polynomial 7(G,z) = Y.I'  b;z""" of a graph G is
symmetric if b; = b,,_; for each . In this paper, we characterize the graphs
with symmetric permanental polynomials. Firstly, we introduce the rooted
product H(K) of a graph H by a graph K, and provide a way to compute
the permanental polynomial of the rooted product H(K). Then we give
a sufficient and necessary condition for the symmetric polynomial, and we
prove that the permanental polynomial of a graph G is symmetric if and
only if G is the rooted product of a graph by a path of length one.
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1. INTRODUCTION

The graphs considered in this paper are simple undirected graphs. The vertex
set of a graph G is V(G) = {v1,...,v,}, the edge set of G is E(G) and |E(G)|
denotes the number of edges in G. The adjacency matrix A(G) = (aij)nxn of G
is a matrix such that a;; = 1 if v; is adjacent to v;, and a;; = 0 otherwise. The
permanental polynomial of G is [15]

(G, x) = per(xl — A(G)) = Zbixn_i,
i=0

where [ is an identity matrix of order n. For a matrix A = (aj)nxn,

per(A) = Z Ham(i);

oel'y i=1

where T'), denotes the set of all the permutations of {1,2,...,n}.
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A linear subgraph (or basic figure) U; of a graph G is a subgraph on i vertices
such that each component is a cycle or a single edge. It was proved that the
coefficients of the permanental polynomial of a graph can be expressed in terms
of linear subgraphs as follows [5, 11]:

(1) bi=(-1)" > 2¢W)  for 1<i<n,
U, cG

where the summation takes over all linear subgraphs U; of G, and ¢(U;) is the
number of cycles of U;. Particularly, bp = 1 and b, = (—1)"per(A(G)). In a
bipartite graph, no linear subgraph with an odd number of vertices exists, so the
permanental polynomial of a bipartite graph G can be expressed as 7(G,x) =
ZIL%?J bos "2

A matching of a graph G is a set of edges that have no common end-vertices.
The size of a matching is the number of edges contained in it. A perfect matching
of G is a matching covering all the vertices of G. Let m(G) denote the number
of perfect matchings of G. It holds for a bipartite graph G that [10]

b, = m?(G).

The permanental polynomial was first introduced to discriminate cospectral
graphs [11, 13], but it does not seem better than the characteristic polynomial
when it comes to distinguish trees [2]. Lately, it has been shown that the perma-
nental polynomial really performs better than the characteristic polynomial when
we use them to distinguish some non-tree graphs. For example, stars, complete
graphs and some of its edge-deleted subgraphs [14, 18].

The study on the coefficients of the permanental polynomials also attracted
much attention of graph-theoreticians [3, 4, 8, 7, 6, 12, 15, 16, 17]. For bipartite
graphs without cycles of length & = 0 (mod 4), the coefficients of the perma-
nental polynomial and characteristic polynomial were proven to have the same
magnitude [3], and the structure characterizations of such graphs were shown
in [7]. For a bipartite graph without even subdivision of K3 3, the permanental
polynomial can be expressed by the characteristic polynomial of some orientation
graph [15, 16]. Moreover, this result can be generalized to the permanental poly-
nomials of matrices. See [8] for details. Recently, we find that the permanental
polynomials of some graphs are symmetric. (A polynomial p(z) = > a;z" "
is said to be symmetric if a; = a,—; for each i.) For example, for the graphs G
and Gg shown in Figure 1, 7(G1,7) = 2% + 52 + 522 + 1 and 7(Ga, z) = 2%+
1028 43025 — 22° + 302* 41022 + 1. Now, an interesting problem arises naturally:
characterize the graphs whose permanental polynomials are symmetric. In this
paper, we will solve this problem.

Throughout this paper, P, means a path of length n and C,, means a cycle
of length n. A null graph is a graph without edges, and N,, denotes a null graph
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on n vertices. Let H be a graph on n vertices and K a rooted graph on m
vertices. Let K',..., K" be a sequence of n copies of K. The graph obtained by
identifying the i-th vertex of H with the root of K for each i is called the rooted
product of H by K, denoted by H(K).

(a) (b)
Figure 1. (a) G1 = Pg(Pg), (b) GQ = C5(P2)

The rest of this paper is organized as follows. In Section 2, we derive the
permanental polynomial of the rooted product of two graphs. As a corollary, we
obtain the permanental polynomial of the rooted product of a graph by P». In
Section 3, we give a criterion for the symmetric polynomial, and then we prove
that the permanental polynomial of a graph G is symmetric if and only if G is
the rooted product of a graph by P.

2. THE PERMANENTAL POLYNOMIAL OF THE ROOTED PRODUCT OF TwO
GRAPHS

Firstly, we deduce the permanental polynomial of the rooted product of a graph
H by a graph K. Following this, we show the permanental polynomial of the
rooted product of a graph H by Ps.

Let H be a graph with a root u and let K be a graph with a root v. The
graph H — u denotes the one obtained from H by deleting the vertex u. The
coalescence H - K is the graph obtained from H and K by identifying the two
roots u and v. It has been proved that [1]

m(H -K,z)=n(H,z)n(K —v,2) + 7(H — u,x)7(K, )
—an(H —u,z)m(K — v, z).

The permanental polynomial of the coalescence H - K can be derived by
the permanental polynomials of H, K and their subgraphs. How about the
permanental polynomial of the rooted produdt H(K)? To answer this ques-
tion, we introduce the polynomial p(G,x,y). For a given polynomial p(G,z) =
S g @iz associated with a graph G, we define the polynomial p(G,z,y) to
be S8 a;x" Tyt
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Theorem 1. Let H be a graph on n vertices and K a rooted graph on m vertices.
Let v be the root of K. Then the permanental polynomial of the rooted product
H(K) is

(2) m(H(K),z) =n(H,n(K,z),m(K — v,x)).

Proof. Suppose n(H(K),z) = > a;z"™ . We show that if there is a linear
subgraph contributing m to the coefficient of ™™~ on the right side of equation
(2), then there is a corresponding one contributing m to the coefficient a; of 2™~
on the left side of equation (2).

For a linear subgraph U; of H(K), each component of U; either belongs to
H or belongs to one of the n copies of K. Thus, we may write U; as UY U UU
--- U U", where UZ-0 is a linear subgraph of H, and each Uij is a linear subgraph
of the j-th copy of K for 1 < j < n (here the symbol i in Uij does not mean the
number of vertices of UZJ) Denote the end-vertices of H by uq,...,u,. If ux € Uio7
then wuy ¢ Uz-k. Thus we view Uik as a linear subgraph of H — v when uy € UZ-O.
We can see that U; and Ui0 U UZ-1 U---UU* form a one-to-one correspondence
between the linear subgraphs of H(K) and the union of linear subgraphs of H, s
copies of K and t copies of K — v with s, > 0 and s+t = n.

We write m(H, x) as > 7_ybjz" 7. Then

(3) m(H,m(K,z),m(K —v,z)) = > bi[r(K,2)]" I [r(K —v,z)].
j=0

Now we consider the contributions of linear subgraphs of H, the copy of K and the
copy of K —v. We know that U? contributes (—1)IU212eU7) ¢ byop- If ug ¢ U?,
then UF contributes (—1)|Uik|20(Uzk) to the coefficient of 2™~ IUfl of m(K,x). If
ugp € U?, then UF contributes (—1)|Uzk|2c(Uik) to the coefficient of 2™~ 1=IUfl of
m(K — v,z). By equation (3), the product of all the individual contribution of
Uik for k > 0 is exactly the contribution of Ui0 U Ui1 U---UU]" to the right side of
equation (2). Explicitly, it is

(_1)21@0 |Uik|22k20 C(Uik)xnm_‘UiOI_ZkZI UF|
— (_1)Zk20 ‘UikIQEkZO C(Uik)x"m—Zkzo [UF|

(f1)|Ui|20(Ui)xnm—\Ui| — (71)1'26(Ui)xnm—z”

which is exactly the contribution of U; to the left side of equation (2). ]

For a graph H with a root v and a graph K with a root v, H U K U (u,v)
denotes the graph formed from H and K by joining an edge between u and wv.
Suppose that the graph H has n vertices. Let K1, K2, ..., K" be a sequence of
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copies of K. The graph formed by joining an edge between the i-th vertex of H
and the root of K* for each i is called the rooted join of H by K, denoted by
H ~ K. Tt holds for the permanental polynomial of H U K U (u,v) that [1]

(4) m(HUKU (u,v),z) =n(H,z)n(K,z) + 7(H —u,z)n(K — v, ).
As a corollary of Theorem 1, we obtain the following.

Corollary 2. For a graph H and a graph K with a root v, the permanental
polynomial of the rooted join of H by K 1is

m(H ~ K,x)=n(H,zr(K,z) + (K —v,z),7(K, x)).
Proof. Let K+e denote the graph obtained from K by adding an edge e incident
to the root vertex v. By equation (4), we have m(K+e,z) = (K, z)+7(K—v, z).
We can see that the graph H ~ K is the rooted product of H by K +e. It follows
from Theorem 1 that

m(H~K,z)=n(H(K +e),x) =n(H,n(K +e,z),n(K,x))
=n(H,zr(K,z) + n(K —v,z),7(K,x)). m
Corollary 3. Let H be a graph on n vertices. Then
m(H(Py),z) =a"w <H,x + ;) .

Proof. Suppose n(H,z) = > 1 biz" . We know that m(P,z) = 22 + 1 and
w(Py — v,x) = x, where v is any vertex of P». Following Theorem 1, we have

m(H(P),z) =n(H,n(Py,z), 7(Py —v,z)) = Zbi(x2 4 1)n7ixi
i=0

n o n 1 n—i 1
= z" Zbi(a:2—|— DTt =2y b <x+x) =a"r <H,x + x>

i=0 =0

As applications of Corollary 3, we deduce the permanental polynomials of
P, (P,) and C),(P,). It is known that w(P,,z) = ZE& ("._i):c”*% and 7(Chp,x) =

7

ST (i gn=2i (), where by(C) = —2 when n is odd and by, (Ch)

n—i\ 1%
=4 when n is even [9]. Then Corollary 3 implies

L5]

T(Pa(Po),z) =™y <nl—z> <$+ i)n—%

=0
and
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3. THE GRAPHS WHOSE PERMANENTAL POLYNOMIALS ARE SYMMETRIC

In this section, we give first a sufficient and necessary condition for the symmetric
polynomial. Then we provide some helpful lemmas, which will play important
roles in the proof of our main result. Based on these, we characterize the graphs
with symmetric permanental polynomials.

Theorem 4. A polynomial p(z) = Y. ja;z"" of degree n is symmetric if and
only if p (%) =z "p(x).

Proolf. Since p(z) = > 1", az;;x”_", we have p (1) = i qia:i_" =" ZZZO aixi'.
If p (5) = :L‘_’"fp(:n) =x "y rgaa" Tt =27y " jap—x’ holds, then Y T ja;x’
=Y 1 an—iz". It is obvious that a; = a,—_; for each i. Thus the polynomial p(z)
is symmetric.

If p(x) is symmetric, then a; = a,,—; holds for each i. Thus we have p (%) =

Y jat =Y Jap—iat =Y et = a7 (). u

Let M be any matching of a graph G. A path P = vy, v,..., v, (m is even)
in G is said to be an M-augmenting path if the edge (v;,v;y1) € M for odd i
and the edge (v;,v;+1) ¢ M for even i. For two graphs G and H, the symmetric
difference of G and H contains only the edges that are in exactly one of G or H,
and is denoted by GAH.

To prove the main result, we need to consider the matchings with one edge
less than the perfect matching. The lemma below describes the structure property
of such a matching.

Lemma 5. Let G be a graph on 2n vertices with exactly one perfect matching
M. Then each matching of sizen — 1 in G can be obtained either by deleting an
edge of M or by MAP, where P is an M-augmenting path in G.

Proof. Let M,,_1 be any matching of size n — 1 in G. We prove that if M,,_; is
not obtained from M by deleting an edge, then M,,_; is the symmetric difference
of M and some M-augmenting path P in G.

Suppose that there are ki edges (u1,v1),..., (ug,vg) of M,_1, which are
different from the edges in M, and the remaining edges of M,,_; are the same as
some edges in M. Let S1 = {(uj,v;)|1 < i < k}. Denote by ugy; and vg4q the
two vertices in GG, which are not incident to any edge of M,,_;. Since G admits
a perfect matching, there must be a set So of k+ 1 edges in M, which join these
vertices uy, ..., ug, ugr1 and vy, ..., Vg, vpr1. Denote by H the subgraph induced
by the edges in S1 U S3. We can see that exactly two vertices of H are of degree
one and the other 2k vertices of H are of degree two. Thus H is either a path
P of odd length or a union of cycles and a path P! of odd length (denoted by
C'U---uCkUPY). Clearly, the edges in each cycle C? are alternate with edges
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in S; and S, and so do for the edges in P or P'. Moreover, the end-vertices of P
(respectively, P1) are ug 1 and vy 1, which are incident to edges of M. Thus each
cycle C* is of even length, and P (respectively, P!) is an M-augmenting path.
For the case in which H = C' U --- U CF U P!, there exist at least two perfect
matchings in G. This contradicts that G has exactly one perfect matching. For
the case in which H is an M-augmenting path P, we have M,,_1 = MAP. [

In the following, we use m;(G) to denote the number of matchings of size i
in G. Based on Lemma 5, we derive the consequence below.

Corollary 6. Let G be a graph on 2n vertices with exactly one perfect matching
M. Letl be the number of M -augmenting paths in G. Then

Mp—1(G) =n+1.

The next lemma provides a lower bound of the number of matchings with
one edge less than the perfect matching.

Lemma 7. Let G be a graph on 2n (n > 2) vertices with symmetric permanental
polynomial. Then

(i) there is exactly one perfect matching M in G;
(ii) there is no triangle in G, which contains an edge of the perfect matching M ;

(iii) mp—1(G) > |E(G)|, and equality holds if and only if G = H(P,) with H a

graph on n wvertices.
(b) (c)

Figure 2. (a) G3 = NQ(PQ), (b) G4 = PQ(P2)7 (C) G5.

(a)

Proof. Since the permanental polynomial of G is symmetric, we have ba, = by
= 1. By equation (1), we know that no linear subgraph Us, with at least one
cycle exists in G. Otherwise, by, > 1 holds. As bs, = 1, there is exactly one
linear subgraph Us, whose components are all single edges, and such a linear
subgraph is exactly a perfect matching of G, denoted by M. Thus statement (i)
is obtained.

For the edges in G, denote the n edges of the perfect matching M by
(ur,v1),..., (un,vy). If G is bipartite, then there is no triangle in G. Thus
we only need to consider the case in which G is non-bipartite. Suppose to the
contrary that there is a triangle C'3 in G containing the edge (us,vs). Denote



240 W. L1

the other end-vertex of C3 by wy (respectively vy), where k£ € {1,...,n} and
k # s. Then the union of the triangle C3 and edges (u;,v;), for 1 < i < n and
i # s, k, is a linear subgraph of G on 2n — 1 vertices. Thus bs,—1 # 0 by equation
(1). However, by = 0. This contradicts that the permanental polynomial of G is
symmetric. Therefore, statement (ii) is proved.

Now, we show that statement (iii) holds for G. For the case n = 2, there are
three simple graphs with exactly one perfect matching (see Figure 2), and only
two graphs G3 = Na(P,) and G4 = P»(P,) have symmetric permanental poly-
nomials. Clearly, it holds that m,_1(G3) = |E(G3)| and m,—1(G4) = |E(G4)|-
Thus we assume n > 3. Denote by Ej the set of edges in G that are not in M.
It is clear that |[E(G)| = n+ |E1|. We can see that the number of M-augmenting
paths of length three in G is equal to the number of edges in F1.

If at least one end-vertex of each matching edge in M is of degree one in
G, then it is obvious that G = H(P»), where H is the graph obtained from G
by deleting one end-vertex of degree one of (u;,v;) for each i. Moreover, in this
case there is no M-augmenting path of length greater than three. By Corollary
6, it holds that m,_1(G) =n+1=n+ |E1| = |E(G)|, where [ is the number of
M-augmenting paths in G.

u, U u, u, U, u,

v, Ve v, V. Vc____e_z___-vt
(a) (b)

M} 1/[_V u/ ur l,{Y ul

v, vy v, v, vs_ e, v,

Figure 3. Cases of e; U eg U (t, v,) U (us,vs) U (ug, v¢) with an M-augmenting path of
length 5.

Now we consider the case that the end-vertices us; and vs of some matching
edge (us, vs) in M are of degrees at least two. Then in this case G is not the rooted
product of a graph by P,. Suppose that u, is adjacent to some vertex a (a # vy)
and v, is adjacent to some vertex b (b # us). By statement (ii), we have a # b. As
G has exactly one perfect matching, {a,b} # {u;,v;} forany ¢ € {1,...,n}. Thus
we assume a € {uy, v, } and b € {ug, v} for some r, ¢ € {1,...,n} and r # t. Then
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this leads to a graph in any of the forms shown in Figure 3. As each graph shown
in Figure 3 admits an M-augmenting path of length 5, there is an M-augmenting
path of length at least five in G. By Corollary 6, m,_1(G) = n + [. Since [ is
larger than the number of M-augmenting paths of length three in G, we have
mn—1(G) > n+ |E1| = |E(G)]. ]

The following is an upper bound of the number of matchings with one edge
less than the perfect matching.

Lemma 8. Let G be a graph on 2n vertices and (G, x) = 2320 bix®" =", Then
bon—2 > my_1(G).
Moreover, if G = H(P»), then equality holds, where H is a graph on n vertices.

Proof. By equation (1), ban—2 = >, @ 2¢(U2n—2) A matching M of size
n—1in G is a linear subgraph on 2n — 2 vertices. Since ¢(M) = 0, M contributes
one to ba,—9. Thus bay_o > m,—1(G).

If G = H(P,), we show that no linear subgraph Us,_o containing at least one
cycle exists in G. If not, suppose that there is a linear subgraph Us,,_s containing
a cycle C on k (k > 3) vertices. Since H(P,) has at least n vertices of degree one,
the vertices of C' must belong to H and those vertices of degree one adjacent to
V(C) do not lie in Usy,_9. Thus such a linear subgraph Us,_o contains at most
2n — k < 2n — 3 vertices. This contradicts that Us,,_2 has 2n — 2 vertices. Thus
all the linear subgraphs Us,_o in H(P;) contain only single edges. Therefore,
ban—2 = myp—1(G) holds for G = H(P;). [ ]

Now we characterize the graphs with symmetric permanental polynomials.

Theorem 9. Let G be a graph on 2n vertices. Then the permanental polynomial
of G is symmetric if and only if G = H(P,), where H is a graph on n vertices.

Proof. If n = 1, there are exactly two simple graphs P, and Ny on two vertices.
We know that Py = Ni(P,) and (P, z) = 22 + 1; while 7(Na, ) = 2. Thus for
the case n = 1, n(G, x) is symmetric if and only if G = Nj(P,). Thus we only
need to consider the case n > 2.

Sufficiency. By Corollary 3, m(H (P),z) = z"n (H,x + %), and so 7 (H (Pa),
1) = (%)nﬂ' (Hx+21) = a72a"r (Hx+ 1) = 272"x (H(P,),z). Since the
polynomial 7(H (P2),z) is of degree 2n, Theorem 4 implies that w(H(P),z) is
symmetric.

Necessity. Suppose 7(G,x) = Z?Zo b;x? =, Since 7(G, ) is symmetric, we
have by, = bp = 1 and by = by,—2 = |E(G)|. By Lemma 7(i), G admits exactly
one perfect matching. Let m,_1(G) be the number of matchings of size n — 1
in G. By Lemma 7(iii), we know m,_1(G) > |E(G)| = bz, and equality holds if
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and only if G = H(P,), where H is a graph on n vertices. By Lemma 8, we have
ban—2 > myu—1(G). Moreover, if G is the rooted product of a graph by P», then
equality holds. Thus, we get ba,—2 > b2, and equality holds if and only if G is
the rooted product of a graph H by P». Therefore, G = H(P;) is obtained. m
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