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Abstract

Several matrices can be associated to a graph, such as the adjacency
matrix or the Laplacian matrix. The spectrum of these matrices gives some
informations about the structure of the graph and the question “Which
graphs are determined by their spectrum?” is still a difficult problem in
spectral graph theory. Let U 2q

p be the set of graphs obtained from Cp by
attaching two pendant edges to each of q (q 6 p) vertices on Cp, whereas V 2q

p

the subset of U 2q
p with odd p and its q vertices of degree 4 being nonadjacent

to each other. In this paper, we show that each graph in U 2q
p , p even and

its q vertices of degree 4 being consecutive, is determined by its Laplacian
spectrum. As well we show that if G is a graph without isolated vertices
and adjacency cospectral with the graph in V p−1

p = {H}, then G ∼= H.

Keywords: Laplacian spectrum, adjacency spectrum, cospectral graphs,
spectral characterization.
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1. Introduction

Throughout this paper, we only consider simple graph G = (VG, EG), where
VG = {v1, v2, . . . , vn} is the vertex set and EG is the edge set. We call n = |VG| the
order of G and m = |EG| the size of G. We follow the notation and terminology
in [2] except if otherwise stated.

The adjacency matrix A(G) of G is an n × n matrix with the (i, j)-entry
equals to 1 if vertices i and j are adjacent and 0 otherwise. Let D(G) =
diag(d1, d2, . . . , dn) be the diagonal matrix of vertex degrees, where di is the
degree of vi in G for 1 6 i 6 n. The Laplacian matrix of G is defined as L(G) =
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D(G) − A(G), while the signless Laplacian matrix is Q(G) = D(G) + A(G).
Since A(G) and L(G) are real and symmetric, their eigenvalues are real num-
bers. The eigenvalues of A(G) and L(G) are called the eigenvalues and the
Laplacian eigenvalues of G, respectively. We denote them, respectively, by
λ1(G) > λ2(G) > · · · > λn(G) and µ1(G) > µ2(G) > · · · > µn(G) = 0. The spec-
trum of A(G) and L(G) are called the adjacency spectrum and the Laplacian spec-

trum of G, respectively. Two graphs are A-cospectral (respectively L-cospectral)
if they have the same adjacency spectrum (respectively Laplacian spectrum). A
graph is said to be determined by the adjacency (respectively Laplacian) spectrum
if there is no other non-isomorphic graph with the same adjacency spectrum (re-
spectively Laplacian spectrum).

Let Cn, Pn,K1,n−1 and Kn be the cycle, the path, the star and the com-

plete graph of order n, respectively. Let U2p
p be the graph obtained from Cp by

attaching two pendant edges to each vertex of the Cp, while U
2q
p is the set of

graphs which are obtained from Cp by attaching two pendant edges to each of

q (q ≤ p) vertices on Cp. Note that U
2p
p =

{

U
2p
p

}

. For p > 2 and 0 < q 6 p,

we denote by Ū
2q
p the graph in U

2q
p whose q vertices of degree 4 are consecutive,

whereas we let V
2q
p be the subset of U

2q
p with odd p and its q vertices of degree

4 being non-adjacent to each other. For instance, graphs U16
8 , Ū8

8 and G1 ∈ V 6
7

are depicted in Figure 1.

  U16
8 Ū8

8 G1

Figure 1. Graphs U16

8
, Ū8

8
and G1 ∈ V 6

7
.

Some structural properties can be deduced from their spectrum, however in
general we cannot determine a graph from its adjacency or Laplacian spectrum.
Dam and Haemers [10] proposed a natural problem: Which graphs are determined
by their spectrum? It is a difficult problem in algebraic graph theory. Spectral
characterizations of graphs (with respect to various matrices) did attract much
attention in the recent years; see [9, 10]. It has been conjectured by Haemers
that almost all graphs are determined by its spectrum. Truth of this conjecture
would mean that the spectrum can be used to identify a graph. The paradox is
that it is difficult to prove that a given graph is determined by its spectrum. Up
to now, many examples of cospectral but non-isomorphic graphs are reported;
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see [6]. However, only few of the graphs have been proved to be determined by
their spectra [10, 13, 19, 21, 22, 23].

An odd (respectively even) sun graph is obtained by appending a pendant
vertex to each vertex of an odd (respectively even) cycle. A broken sun graph is
a graph obtained by deleting pendant vertices of a sun graph. In 2009, Boulet [3]
proved that the sun graph is determined by its Laplacian spectrum and an odd
sun graph is determined by its adjacency spectrum. Later in 2010, Mirzakhah and
Kiani [18] proved that the sun graph is also determined by its signless Laplacian
spectrum. Recently, Bu, Zhou, Li and Wang [5] proved that U

2p
p is determined

by its signless Laplacian spectrum when p 6= 32, 64. They also showed that U2p
p

is determined by its Lapacian spectrum.

Motivated from [3, 5, 18], in this paper we show that U
2p
p (respectively a

graph in Ū
2q
p with even p) is determined by its Laplacian spectrum. As well we

show that if G is a graph without isolated vertices and A-cospectral with the
graph in V

p−1
p = {H}, then G ∼= H.

2. Preliminaries

Throughout the text, we shall denote by Φ(B) = det(xI − B) the character-

istic polynomial of the square matrix B. In particular, if B = A(G), we de-
note Φ(A(G)) by φ(G;x) and call φ(G;x) the characteristic polynomial of G; if
B = L(G), we denote Φ(L(G)) by Γ(G;x) and call Γ(G;x) the Laplacian char-

acteristic polynomial of G. Let φ(G;x) = xn + a1x
n−1 + a2x

n−2 + · · · + an and
SPA(G) (respectively SPL(G)) be the adjacency spectrum (respectively Laplacian
spectrum) of the graph G. The line graph l(G) of a graph G has the edges of G as
its vertices and two vertices of l(G) are adjacent if and only if the corresponding
edges in G have a common vertex.

Some fundamental results about the adjacency spectrum and the Laplacian
spectrum are the following.

Lemma 2.1 [14]. If H is an induced subgraph of G, then λ1(H) 6 λ1(G).

Lemma 2.2 [12]. Let G be a graph with maximum degree ∆(G). Then λ1(G) >
√

∆(G).

Given a connected graph G, the number of closed walks of length k is denoted
by Sk(G).

Lemma 2.3 [7]. For a connected graph G, S0(G) = n, S1(G) = l, S2(G) = 2m,

S3(G) = 6c3, where n, l,m, c3 denote the number of vertices, the number of loops,

the number of edges and the number of triangles contained in G, respectively.
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Lemma 2.4 [8]. Let G be a graph on n vertices, c4 4-cycles and let ni be the

number of vertices of degree i. Then

S4(G) = 8c4 +
∑

i

ini + 4
∑

i

i(i− 1)

2
ni.

The following corollary is a direct consequence of Lemma 2.4.

Corollary 2.5. Let G be a graph on n vertices, m edges, c4 4-cycles and vertex

degrees d1, d2, . . . , dn. Then

S4(G) = 2
n
∑

i=1

d2i + 8c4 − 2m.

A graph is called an elementary figure if it is either a K2 or a cycle Cq, q > 3.
We call U a basic figure if all of its connected components are elementary figures.

Lemma 2.6 [7]. Let p(U) be the number of connected components of U and c(U)
the number of cycles in U . Then the coefficient ai of φ(G;x) is

ai =
∑

U∈Ui

(−1)p(U) · 2c(U), i = 1, 2, . . . , n,

where Ui is the set of basic figures with i vertices of G.

The following lemma is a consequence of Lemma 2.6.

Lemma 2.7 [7]. The length of the shortest odd cycle in G and the number of

such cycles are given by the smallest odd index p such that ap 6= 0.

Lemma 2.7 ensures that a graph is bipartite if and only if its adjacency
spectrum is symmetric.

Lemma 2.8 [11]. Let G be a bipartite graph with n vertices, let µ1(G) > µ2(G) >
· · · > µn(G) be the Laplacian eigenvalues of G and λ1(l(G)) > λ2(l(G)) > · · · >
λn(l(G)) be the adjacency eigenvalues of the line graph of G. Then µi(G) =
λi(l(G)) + 2 for 1 6 i 6 n.

Lemma 2.9 [15, 16]. Let G = (VG, EG) be a graph with maximum degree ∆(G).
Then we have

∆(G) + 1 6 µ1(G) 6 max

{

dvi(dvi +mvi) + dvj (dvj +mvj )

dvi + dvj
, vivj ∈ EG

}

,

where mvi is the average of the degrees of the vertices adjacent to vertex vi.
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Lemma 2.10 [20]. Let G be an n-vertex graph of size m with VG={v1, v2, . . . , vn}.
Put Xk :=

∑n
i=1[µi(G)]k. If G contains c3 triangles, c4 4-cycles and ti triangles

containing vertex vi, i = 1, 2, . . . , n, then

(1)

X0 = n, X1 = 2m, X2 = 2m+

n
∑

i=1

d2i , X3 =

n
∑

i=1

d3i + 3

n
∑

i=1

d2i − 6c3,

X4 =

n
∑

i=1

d4i + 6

n
∑

i=1

d3i + 2

n
∑

i=1

d2i − 8

n
∑

i=1

diti + 8c4 − 2m.

The join of two disjoint graphs G and H, denoted by G ∨ H, is the graph
obtained from G∪H by joining each vertex of G to each vertex of H by an edge.
A graph G = (VG, EG) is unicyclic if G is connected and |VG| = |EG|.

Lemma 2.11 [4]. Let G be a unicyclic graph with n (n > 6) vertices. If G is

determined by its Laplacian spectrum and G ≇ C6, then G∨Kr is determined by

its Laplacian spectrum for any positive integer r.

It is known [1] that the number of closed walks of length k > 2 in G is
∑

λ∈SPA(G) λ
k. Let M be a graph and k > 1 be an integer. Then a k-covering

closed walk in M is a closed walk of length k in M running through all the edges
of M at least once. For a graph G, let ζM (G) (or ζM for short) denote the
number of all distinct subgraphs (not necessarily induced) of G isomorphic to
M and let ζG(i) be the number of closed walks of length i in G. The number
of k-covering closed walks in M is denoted by wk(M) and we define the set
Mk = {M,wk(M) > 0}. As a consequence (see also in [4]), the number of closed
walks of length k in G is

(2)
∑

λ∈SPA(G)

λk =
∑

M∈Mk

wk(M)ζM (G).

Lemma 2.12 [17]. The number of closed walks of lengths 6, 7 for a graph G

are respectively determined as follows, where m is number of edges of G and the

graphs used are depicted in Figure 2.

ζG(6) = 2m+ 12ζG(P3) + 6ζG(P4) + 48ζG(C4) + 12ζG(C6) + 24ζG(K3)

+ 12ζG(K1,3) + 36ζG(Gh) + 12ζG(Gj) + 24ζG(Go).(3)

ζG(7) = 126ζG(C3) + 70ζG(C5) + 14ζG(C7) + 84ζG(Ga) + 14ζG(Gb)

+ 14ζG(Gc) + 14ζG(Gd) + 28ζG(Ge) + 42ζG(Gf ) + 28ζG(Gg)

+ 112ζG(Gh) + 84ζG(Hb).(4)
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          Ga Gb Gc Gd Ge Gf Gg Gh Go HbGj

Figure 2. Graphs related to ζG(6) and ζG(7).

3. Laplacian Spectral Characterizations of U
2p
p and Graphs in U

2q
p

It is known that two L-cospectral (respectively A-cospectral) graphs have the
same order and size. We know from [14], that a graph is connected if and only
if its Laplacian spectrum contains just one zero eigenvalue, whereas the number
of spanning trees in a connected graph G is 1

n

∏n−1
i=1 µi, where µ1 > µ2 > · · · >

µn−1 > µn = 0 are the Laplacian eigenvalues of G.

Lemma 3.1. Let G be a graph L-cospectral with a graph H in U
2q
p . Then G is

a unicyclic graph of girth p.

Proof. Since H is connected, G is connected. Then Lemma 3.1 follows from the
facts: A unicyclic graph is connected and its size equals its order. The number
of spanning trees of a unicyclic graph equals the length of the cycle contained in
it.

The following Lemma follows directly from Lemma 2.9.

Lemma 3.2. Let G be a graph L-cospectral with a graph in U
2q
p , ∆(G) be the

maximum degree of G. Then ∆(G) 6 5.

Theorem 3.3. Let G be a graph L-cospectral with a graph H in U
2q
p with p > 2

and 1 6 q 6 p. Then G is also in U
2q
p .

Proof. We first show that G has the same degree sequence with that of H. By
Lemmas 3.1 and 3.2, G is a unicyclic graph of girth p with ∆(G) 6 5. Let ni

be the number of vertices of degree i, i = 1, 2, 3, 4, 5, of G. On the one hand,
by Lemma 2.10,

∑

di,
∑

d2i ,
∑

d3i can be determined by the SPL(G). Hence, in
view of (1), if p > 4,

∑

d4i can be also determined by the SPL(G). On the other
hand, for the graph H, let d′i denotes the degree of vi in H, i = 1, 2, . . . , n. Then
we have

∑

d′i = 2q + 2(p− q) + 4q = 2p+ 4q,
∑

d′2i = 2q + 4(p− q) + 16q = 4p+ 14q,
∑

d′3i = 2q + 8(p− q) + 64q = 8p+ 58q,
∑

d′4i = 2q + 16(p− q) + 256q = 16p+ 242q.
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Note that G,H are L-cospectral. Hence, we have















n1 + n2 + n3 + n4 + n5 = p+ 2q,
n1 + 2n2 + 3n3 + 4n4 + 5n5 = 2p+ 4q,

n1 + 4n2 + 9n3 + 16n4 + 25n5 = 4p+ 14q,
n1 + 8n2 + 27n3 + 64n4 + 125n5 = 8p+ 58q.

(5)

Solving (5), we get















n1 = 2q + n5,

n2 = p− q − 4n5,

n3 = 6n5,

n4 = q − 4n5.

(6)

If p = 3, then q 6 3. Note that n4 > 0; hence we have 4n5 6 q 6 3, n5 = 0.
So we get n1 = 2q, n2 = p− q, n4 = q, n3 = n5 = 0.

If p > 4, then we have

n1 + 16n2 + 81n3 + 256n4 + 625n5 = 16p+ 242q.(7)

Substituting (6) into (7) yields n5 = 0. So we get n1 = 2q, n2 = p−q, n4 = q, n3 =
n5 = 0.

Thus G and H have the same degree sequence. If there are q′ < q vertices of
degree 4 belonging to the p-cycle in G, then n2 > p− q′ > p− q, a contradiction.
Therefore, there are just q vertices of degree 4 on the cycle Cp, whence G is

in U
2q
p .

This completes the proof.

Note that U
2p
p =

{

U
2p
p

}

; the following result is a direct consequence of

Theorem 3.3, which is one of the main results obtained by Bu et al. in [5].

Corollary 3.4 [5]. U
2p
p is determined by its Laplacian spectrum.

Corollary 3.5. U
2p
p ∨Kr is determined by its Laplacian spectrum for any posi-

tive r.

Proof. It follows immediately from Lemma 2.11 and Corollary 3.4.

Lemma 3.6. Given two integers p, q with p ∈ N\{0, 1, 2, 3, 4, 5, 7} and 1 < q <

p− 1, let G be a graph in U
2q
p \

{

Ū
2q
p

}

. Then we have

∑

λ∈SPA(l(G))

λ7 <
∑

λ∈SPA(l(Ū2q
p ))

λ7.
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Proof. In view of (2), we have

(8)
∑

λ∈SPA(l(G))

λ7 =
∑

M∈M7

w7(M)ζM (l(G)),

where M7 = {C3, Ga, Gb, Gc, Ge, Gg, Gh, C7} if p = 6 and M7 = {C3, Ga, Gb, Gc,

Ge, Gg, Gh} otherwise. Graphs Ga, Gb, Gc, Ge, Gg, Gh are depicted in Figure 2.
As an odd closed walk necessarily runs through an odd cycle, it is routine

to check that if M ∈ M7 is a subgraph of l(G) or l
(

Ū
2q
p

)

, then M contains at

most 2 triangles or M contains one and only one 7-cycle. Only the graphs C3 and
Ga, Gb, Gc, Ge, Gg, Gh ∈ M7 depicted in Figure 2 and the 7-cycle C7 can arise as

subgraphs of l(G) and l
(

Ū
2q
p

)

, and the 7-cycle C7 can arise if and only if p = 6.

In view of (4), we have

w7(C3) = 126, w7(Ga) = 84, w7(Ge) = 28, w7(Gb) = 14,

w7(Gc) = 14, w7(Gh) = 112, w7(Gg) = 28.

For the graph l
(

Ū
2q
p

)

with q < p− 1, we count the number of its subgraphs

isomorphic to C3 (respectively Ga, Gb, Gc, Ge, Gg, Gh) as follows.

ζC3
= 4q, ζGa = 2 · 9(q − 2) + 2 · 6(q − 2) + 2 · (2 · 7 + 4 + 6) = 30q − 12,

ζGb
= 2 · 21(q − 2) + 2 · 6(q − 2) + 2 · (2 · 11 + 2 + 6) = 54q − 48,

ζGc = 2 · 18(q − 4) + 2 · 18(q − 4) + 2 · (2 · 16 + 18 + 16 + 2 · 10 + 10 + 12)

= 72q − 72,

ζGe = 2 · 12(q − 2) + 2 · 6(q − 2) + 2 · (2 · 7 + 1 + 6) = 36q − 30,

ζGg = 3 · 6(q − 2) + 2 · 3 · 3 = 18q − 18, ζGh
= 6q.

Moreover, ζC7
= 2qδ6p and w7(C7) = 14, where δ6p = 1 if p = 6 and 0 otherwise.

Thus we have

(9)
∑

λ∈SPA(l(Ū2q
p ))

λ7 =
∑

M∈M7

w7(M)ζM
(

l
(

Ū2q
p

))

= 6972q − 4032 + 28qδ6p.

We call H the chain of K4 if H is the line graph of a tree obtained by
appending two pendant vertices to each vertex of degree 2 of a path (see Figure
3 for an example) and we define the length of a chain of K4 as the number of K4

contained in it.
Let l1, l2, . . . , lr (r > 2) be the maximal lengths of the chains of K4 con-

tained in l(G). Note that G ∈ U
2q
p \

{

Ū
2q
p

}

; hence we have
∑r

i=1 li = q. For
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Figure 3. A chain of K4 of length 6.

the graph l(G), we count the number of its subgraphs isomorphic to Ga (resp.
Gb, Gc, Ge, Gg, C3, C7, Gh) as follows.

ζGa(l(G)) =
r

∑

i=1

[2 · 9(li − 2) + 2 · 6(li − 2) + 2 · (2 · 7 + 4 + 6)] = 30q − 12r,

ζGb
(l(G)) <

r
∑

i=1

(2 · 21li + 2 · 6li) = 54q,

ζGc(l(G)) <
r

∑

i=1

(2 · 18li + 2 · 18li) = 72q,

ζGe(l(G)) =
r

∑

i=1

[2 · 12(li − 2) + 2 · 6(li − 2) + 2 · (2 · 7 + 1 + 6)] = 36q − 30r,

ζGg(l(G)) =

r
∑

i=1

[3 · 6(li − 2) + 2 · 3 · 3] = 18q − 18r,

ζC3
(l(G)) =

r
∑

i=1

4li = 4q, ζC7
(l(G)) = 2qδ6p, ζGh

(l(G)) =
r

∑

i=1

6li = 6q.

Together with (8) we have

∑

λ∈SPA(l(G))

λ7 =
∑

M∈M7

w7(M)ζM (l(G))

< 6972q − 2352r + 28qδ6p 6 6972q − 4704 + 28qδ6p,

where the last inequality follows by r > 2. Thus comparing with (9) it yields

∑

λ∈SPA(l(G))

λ7 <
∑

λ∈SPA(l(Ū2q
p ))

λ7,

as desired.

Theorem 3.7. The graph Ū
2q
p with even p > 2, 0 < q < p is determined by its

Laplacian spectrum.

Proof. Let G be a graph L-cospectral with Ū
2q
p for some fixed p, q, where p > 4

is even and 0 < q < p. By Theorem 3.3, G is in U
2q
p . If q = 1 or q = p− 1, then
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∣

∣

∣
U

2q
p

∣

∣

∣
= 1 and hence G is isomorphic to Ū

2q
p in this case. So in what follows, we

consider 1 < q < p− 1.

 Ū4
4 H

Figure 4. Graphs Ū4

4
and H belonging to U 4

4
.

Case 1. p = 4. In this case, we obtain q = 2 and U 4
4 =

{

Ū4
4 , H

}

, where
Ū4
4 , H are depicted in Figure 4. By direct calculation, we have

Γ
(

Ū4
4 ;x

)

= x8 − 16x7 + 98x6 − 296x5 + 477x4 − 416x3 + 184x2 − 32x,

Γ(H;x) = x8 − 16x7 + 98x6 − 296x5 + 481x4 − 424x3 + 188x2 − 32x.

which implies that Ū4
4 and H are not L-cospectral. Hence, G ∼= Ū4

4 .

Case 2. p > 6. Note that G and Ū
2q
p are bipartite; hence by Lemma 2.8 we

have l(G) and l
(

Ū
2q
p

)

have the same adjacency spectrum. If G ≇ Ū
2q
p , then by

Lemma 3.6 we have

∑

λ∈SPA(l(G))

λ7 <
∑

λ∈SPA(l(Ū2q
p ))

λ7,

a contradiction.

This completes the proof.

By Lemma 2.11 and Theorem 3.7 the next result follows immediately.

Corollary 3.8. The graph Ū
2q
p ∨ Kr is determined by its Laplacian spectrum,

where p > 2 is even, 0 < q < p and r is a positive integer.

4. Adjacency Spectral Characterizations of Graphs in V
2q
p

In this section we study the adjacency spectral characterizations of graphs in
V

2q
p . For convenience, let λ(k)(G) denote an adjacency eigenvalue λ of graph G

with multiplicity k.

The corona G1 ◦G2 is obtained by taking one copy of G1 and |VG1
| copies of

G2, and by joining each vertex of the ith copy of G2 to the ith vertex of G1 by
an edge, i = 1, 2, . . . , |VG1

|.
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Lemma 4.1 [1]. Let G1 be a graph with n1 vertices, G2 be an r-regular graph

with n2 vertices. Then the adjacency spectrum of G1 ◦G2 is

{

λi(G1) + r ±
√

(r − λi(G1))2 + 4n2

2
, i = 1, 2, . . . , n1

}

∪
{

λ
(n1)
j (G2), j = 2, 3, . . . , n2

}

,

where the exponent (n1) denotes the multiplicity of eigenvalues λj , j = 2, 3, . . . , n2.

Lemma 4.2. If G is A-cospectral with a graph in U
2q
p , then λ1(G) 6 1+

√
3 and

∆(G) 6 7.

Proof. Assume that G,H are A-cospectral with H ∈ U
2q
p . The adjacency spec-

tra of Cp and 2K1 are 2 cos 2πi
p

(i = 1, 2, . . . , p) and 0(2), respectively. Note that

U
2p
p = Cp ◦ 2K1. Hence, by Lemma 4.1 we have λ1

(

U
2p
p

)

= 1 +
√
3. It is clear

that H is a subgraph of U2p
p . Then Lemma 4.2 follows directly from Lemmas 2.1

and 2.2.

Lemma 4.3. Let G be a graph A-cospectral with H ∈ U
2q
p , p odd and q 6 p.

Then

(i) The coefficient at, t odd, t 6= p, of φ(G;x) is zero;

(ii) The coefficient ap of φ(G;x) is non-zero;

(iii) The length of the shortest odd cycle of G is p and G has one and only one

p-cycle.

Proof. (i) As t is odd, by Lemma 2.6, a basic figure with t ( 6= p) vertices nec-
essarily contains an odd cycle, and it becomes clear that there are no such basic
figures in H.

(ii) The length of the shortest odd cycle of H is p and we apply Lemma 2.7.

(iii) It is a direct consequence of Lemma 2.7.

Lemma 4.4. Let G be a graph A-cospectral with H ∈ U
2q
p , p odd and q 6

p
2 .

(i) A connected component of G different from an isolated vertex cannot be

bipartite.

(ii) If G has no isolated vertices, then G is unicyclic.

Proof. (i) Let λ be a non-zero eigenvalue of the adjacency matrix of G. Note
that φ(G;−λ) = (−1)n(φ(G;λ)−2apλ

n−p) = (−1)n+1 ·2apλn−p; hence by Lemma
4.3 we have φ(G;−λ) 6= 0. Thus we obtain that if λ 6= 0 is an eigenvalue of
G, then −λ is not an eigenvalue of G. A connected component of G different
from an isolated vertex cannot be bipartite, since otherwise there would exist
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an eigenvalue λ such that −λ is also an eigenvalue (based on the fact that the
spectrum of a bipartite graph is symmetric).

(ii) According to (i), each connected component of G is non-bipartite, which
implies each connected component must contain an odd cycle. By Lemma 4.3,
the length of the shortest odd cycle of G is p and G has one and only one p-cycle.
Note that |VG| = p + 2q 6 2p; it ensures that G cannot have more than one
connected component. Thus G is unicyclic.

Lemma 4.5. Let G be a graph without isolated vertices and A-cospectral with

H ∈ U
2q
p , p odd and q 6

p
2 . Then there are no vertices at distance d > 1 from

the p-cycle and a vertex of G is at distance 1 from the p-cycle if and only if it is

a pendant vertex.

Proof. In view of Lemmas 4.3 and 4.4, we obtain that G is connected and
unicyclic, Cp is the unique cycle contained in G. It is routine to check that
ap+2 = 0 (based on Lemma 4.3). Combining with Lemma 2.6, we get that
Cp∪K2 is not a subgraph of G. Therefore, there do not exist vertices at distance
d > 1 from the p-cycle in G. It involves that a pendant vertex is at distance 1
from the p-cycle and that a vertex at distance 1 from the p-cycle is necessarily a
pendant vertex.

Lemma 4.6. Let G be a graph without isolated vertices and A-cospectral with

H ∈ V
2q
p and q 6

p−1
2 . Then G ∈ V

2q
p .

Proof. By Lemmas 4.3–4.5, G is a unicyclic graph containing a p-cycle and each
pendant vertex of G is at distance 1 from the p-cycle. Let di (respectively d′i)
denote the vertex degree of vi in G (respectively H).

By Lemma 4.2, we have ∆(G) 6 7. Let ni be the number of vertices of
degree i, i = 1, 2, . . . , 7, of G. On the one hand, G,H are A-cospectral, based
on

∑

λ2
i = S2(G) = 2|EG| =

∑

di, and we obtain that SPA(G) determines
∑

di
(respectively

∑

d′i). Note that G,H contain no 4-cycle, by Corollary 2.5, SPA(G)
also determines

∑

d2i (respectively
∑

d′2i ). On the other hand, for the graphH we
have

∑

d′i = 2q+2(p−q)+4q = 2p+4q and
∑

d′2i = 2q+4(p−q)+16q = 4p+14q.
So we get











n1 + n2 + n3 + n4 + n5 + n6 + n7 = p+ 2q,

n1 + 2n2 + 3n3 + 4n4 + 5n5 + 6n6 + 7n7 = 2p+ 4q,

n1 + 4n2 + 9n3 + 16n4 + 25n5 + 36n6 + 49n7 = 4p+ 14q.

(10)

By Lemma 4.5, the vertices of G of degree strictly greater than 1 are exactly
the vertices on the p-cycle. Hence, we have

n2 + n3 + n4 + n5 + n6 + n7 = p.(11)
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From (10) and (11), we have



















n1 = 2q,

n2 = p− q − n5 − 3n6 − 6n7,

n3 = 3n5 + 8n6 + 15n7,

n4 = q − 3n5 − 6n6 − 10n7.

(12)

If p = 3, then q = 1. As n4 > 0, we have 3n5 + 6n6 + 10n7 6 q = 1,
n5 = n6 = n7 = 0. So we get n1 = 2, n2 = 2, n3 = 0, n4 = 1, n5 = n6 = n7 = 0.
Thus G ∼= Ū2

3 , which is in V 2
3 , as desired. So, in what follows we consider p > 5.

According to the structure of G (respectively H), it is routine to check that
only the graphs K2, P3, P4,K1,3 ∈ M6 can arise as subgraphs of G (respectively
H). In view of (3), we have

w6(K2) = 2, w6(P3) = 12, w6(P4) = 6, w6(K1,3) = 12.

As graph H is in V
2q
p , q 6

p
2 , we get

ζK2
(H) = |EH | = p+ 2q, ζP3

(H) =
∑

(

di
2

)

= p+ 5q,

ζP4
(H) = p+ 4q, ζK1,3

(H) =
∑

(

di
3

)

= 4q.

In view of (2), we have
∑

λ∈SPA(H)

λ6 =
∑

M∈M6

w6(M)ζM (H) = 20p+ 136q.

Similarly, for the graph G, we have

(13)

ζK2
(G) = |EG| =

n1 + 2n2 + 3n3 + 4n4 + 5n5 + 6n6 + 7n7

2
,

ζP3
(G) =

7
∑

i=1

(

i

2

)

ni = n2 + 3n3 + 6n4 + 10n5 + 15n6 + 21n7,

ζK1,3
(G) =

7
∑

i=1

(

i

3

)

ni = n3 + 4n4 + 10n5 + 20n6 + 35n7,

ζP4
(G) > p+ 2n1.

The equality in (13) holds if and only if the vertices of G of degree strictly greater
than 2 are not adjacent to each other.

Once again, by (2) we have
∑

λ∈SPA(G)

λ6 =
∑

M∈M6

w6(M)ζM (G)

> 6p+ 13n1 + 14n2 + 51n3 + 124n4 + 245n5 + 426n6 + 679n7
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with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other.

Note that
∑

λ∈SPA(H) λ
6 =

∑

λ∈SPA(G) λ
6 (based onG,H being A-cospectral).

Hence,

(14) 13n1 + 14n2 + 51n3 + 124n4 + 245n5 + 426n6 + 679n7 6 14p+ 136q,

with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other.

Substituting (12) into (14), we get

n5 + 4n6 + 10n7 6 0,(15)

with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other, whereas (15) implies that n5 = n6 = n7 = 0, hence
n3 = 0 and n1 = 2q, n2 = p− q, n4 = q (based on (12)). Therefore, G is in V

2q
p ,

as desired.

Based on Lemma 4.6, one can deduce the main result in this section directly.

Theorem 4.7. Let G be a graph without isolated vertices and A-cospectral with

H ∈ V
p−1
p . Then G ∼= H.
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[9] M. Cámara andW.H. Haemers, Spectral characterizations of almost complete graphs,
Discrete Appl. Math. 176 (2014) 19–23.
doi:10.1016/j.dam.2013.08.002

[10] E.R. van Dam and W.H. Haemers, Which graphs are determined by their spectrum?
Linear Algebra Appl. 373 (2003) 241–272.
doi:10.1016/S0024-3795(03)00483-X

[11] M. Doob, Eigenvalues of graphs, in: L.W. Beineke, R.J. Wilson (Eds.), Topics in
Algebraic Graph Theory (Cambridge University Press, 2005).
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