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Abstract

Several matrices can be associated to a graph, such as the adjacency
matrix or the Laplacian matrix. The spectrum of these matrices gives some
informations about the structure of the graph and the question “Which
graphs are determined by their spectrum?” is still a difficult problem in
spectral graph theory. Let %qu be the set of graphs obtained from C), by
attaching two pendant edges to each of ¢ (¢ < p) vertices on C), whereas ”f/p2q
the subset of %qu with odd p and its ¢ vertices of degree 4 being nonadjacent
to each other. In this paper, we show that each graph in 02/}72‘1, p even and
its g vertices of degree 4 being consecutive, is determined by its Laplacian
spectrum. As well we show that if G is a graph without isolated vertices
and adjacency cospectral with the graph in ”i/pp*1 = {H}, then G = H.
Keywords: Laplacian spectrum, adjacency spectrum, cospectral graphs,
spectral characterization.
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1. INTRODUCTION

Throughout this paper, we only consider simple graph G = (V, Eg), where
Vo = {v1,v2,...,v,} is the vertex set and F¢ is the edge set. We call n = |V| the
order of G and m = |FE¢| the size of G. We follow the notation and terminology
in [2] except if otherwise stated.

The adjacency matriz A(G) of G is an n x n matrix with the (7, j)-entry
equals to 1 if vertices ¢ and j are adjacent and 0 otherwise. Let D(G) =
diag(dy,ds, . ..,d,) be the diagonal matrix of vertex degrees, where d; is the
degree of v; in G for 1 < i < n. The Laplacian matriz of G is defined as L(G) =
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D(G) — A(G), while the signless Laplacian matriz is Q(G) = D(G) + A(G).
Since A(G) and L(G) are real and symmetric, their eigenvalues are real num-
bers. The eigenvalues of A(G) and L(G) are called the eigenvalues and the
Laplacian eigenvalues of G, respectively. We denote them, respectively, by
M(G) 2 X2(G) = -+ = An(G) and 11 (G) > p2(G) = -+ 2 pn(G) = 0. The spec-
trum of A(G) and L(G) are called the adjacency spectrum and the Laplacian spec-
trum of G, respectively. Two graphs are A-cospectral (respectively L-cospectral)
if they have the same adjacency spectrum (respectively Laplacian spectrum). A
graph is said to be determined by the adjacency (respectively Laplacian) spectrum
if there is no other non-isomorphic graph with the same adjacency spectrum (re-
spectively Laplacian spectrum).

Let Cy, Py, K1 n—1 and K, be the cycle, the path, the star and the com-
plete graph of order n, respectively. Let Up2p be the graph obtained from C), by
attaching two pendant edges to each vertex of the (), while %qu is the set of
graphs which are obtained from C), by attaching two pendant edges to each of

q (¢ < p) vertices on C,,. Note that @/fp = {ng}. For p >2and 0 < ¢ < p,

we denote by qu the graph in %pzq whose ¢ vertices of degree 4 are consecutive,
whereas we let “//,32‘1 be the subset of %qu with odd p and its g vertices of degree
4 being non-adjacent to each other. For instance, graphs U816, 088 and G; € ”//76
are depicted in Figure 1.

U6 U G1
Figure 1. Graphs Ug® U8 and G, € 7.

Some structural properties can be deduced from their spectrum, however in
general we cannot determine a graph from its adjacency or Laplacian spectrum.
Dam and Haemers [10] proposed a natural problem: Which graphs are determined
by their spectrum? It is a difficult problem in algebraic graph theory. Spectral
characterizations of graphs (with respect to various matrices) did attract much
attention in the recent years; see [9, 10]. It has been conjectured by Haemers
that almost all graphs are determined by its spectrum. Truth of this conjecture
would mean that the spectrum can be used to identify a graph. The paradox is
that it is difficult to prove that a given graph is determined by its spectrum. Up
to now, many examples of cospectral but non-isomorphic graphs are reported;
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see [6]. However, only few of the graphs have been proved to be determined by
their spectra [10, 13, 19, 21, 22, 23].

An odd (respectively even) sun graph is obtained by appending a pendant
vertex to each vertex of an odd (respectively even) cycle. A broken sun graph is
a graph obtained by deleting pendant vertices of a sun graph. In 2009, Boulet [3]
proved that the sun graph is determined by its Laplacian spectrum and an odd
sun graph is determined by its adjacency spectrum. Later in 2010, Mirzakhah and
Kiani [18] proved that the sun graph is also determined by its signless Laplacian
spectrum. Recently, Bu, Zhou, Li and Wang [5] proved that ng is determined
by its signless Laplacian spectrum when p # 32,64. They also showed that ng
is determined by its Lapacian spectrum.

Motivated from [3, 5, 18], in this paper we show that ng (respectively a
graph in qu with even p) is determined by its Laplacian spectrum. As well we
show that if G is a graph without isolated vertices and A-cospectral with the
graph in 7" = {H}, then G ~ H.

2. PRELIMINARIES

Throughout the text, we shall denote by ®(B) = det(zI — B) the character-
istic polynomial of the square matrix B. In particular, if B = A(G), we de-
note ®(A(G)) by ¢(G;z) and call ¢(G;x) the characteristic polynomial of G; if
B = L(G), we denote ®(L(G)) by I'(G; z) and call I'(G; z) the Laplacian char-
acteristic polynomial of G. Let ¢(G;x) = 2™ + ay1z" ! + aga™ 2 +--- + a, and
SP4(QG) (respectively SPr(G)) be the adjacency spectrum (respectively Laplacian
spectrum) of the graph G. The line graph [(G) of a graph G has the edges of G as
its vertices and two vertices of [(G) are adjacent if and only if the corresponding
edges in G have a common vertex.

Some fundamental results about the adjacency spectrum and the Laplacian
spectrum are the following.

Lemma 2.1 [14]. If H is an induced subgraph of G, then \i(H) < A\ (G).

Lemma 2.2 [12]. Let G be a graph with mazximum degree A(G). Then A\ (G) >
A(G).

Given a connected graph G, the number of closed walks of length £ is denoted
by Sk(G).

Lemma 2.3 [7]. For a connected graph G, So(G) = n, S1(G) =1, 52(G) = 2m,
S3(G) = 6¢3, where n,l,m,cs denote the number of vertices, the number of loops,
the number of edges and the number of triangles contained in G, respectively.
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Lemma 2.4 [8]. Let G be a graph on n wvertices, ¢4 4-cycles and let n; be the
number of vertices of degree i. Then

i(i

-1

S4(G) =8¢y + Zmz —I—4Z

The following corollary is a direct consequence of Lemma 2.4.

Corollary 2.5. Let G be a graph on n vertices, m edges, c4 4-cycles and vertex
degrees dy,da, . ..,d,. Then

Si(G) =2 di +8cy — 2m.
=1

A graph is called an elementary figure if it is either a K5 or a cycle Cy, ¢ > 3.
We call U a basic figure if all of its connected components are elementary figures.

Lemma 2.6 [7]. Let p(U) be the number of connected components of U and c¢(U)
the number of cycles in U. Then the coefficient a; of ¢(G;x) is

ai= Y (=120 =12, n,
Ue;
where %; is the set of basic figures with i vertices of G.

The following lemma is a consequence of Lemma 2.6.

Lemma 2.7 [7]. The length of the shortest odd cycle in G and the number of
such cycles are given by the smallest odd index p such that a, # 0.

Lemma 2.7 ensures that a graph is bipartite if and only if its adjacency
spectrum is symmetric.

Lemma 2.8 [11]. Let G be a bipartite graph with n vertices, let pi1(G) = p2(G)
-+ = pn(G) be the Laplacian eigenvalues of G and M\ (1(G)) = Xa(I(G)) = - --
M (l(G)) be the adjacency eigenvalues of the line graph of G. Then pu;(G)
Ai(l(G) +2 for1 <i<n.

[IA\VAA\Y,

Lemma 2.9 [15, 16]. Let G = (Vz, Eg) be a graph with mazimum degree A(G).

Then we have

dy, (dv; + ;) + dvj (dvj + m'Uj)
dy; + dy,

A(G)+1 < i (G) gmax{ ,vivjEEg},

where my, is the average of the degrees of the vertices adjacent to vertex v;.
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Lemma 2.10 [20]. Let G be an n-vertex graph of size m with Vg={v1,v2,...,vn}.
Put X =Y [wi(G)|*. If G contains c3 triangles, cy 4-cycles and t; triangles
containing vertexr vi, 1 = 1,2,...,n, then

n n n
Xo=mn, X1=2m, Xo=2m+» di, Xg=) d}+3) d} —6es,
L =1 =1

=1
Xy=> d}+6) di+2) d7—8> dit; +8cs — 2m.
=1 =1 =1 =1

The join of two disjoint graphs G and H, denoted by G V H, is the graph
obtained from G U H by joining each vertex of GG to each vertex of H by an edge.
A graph G = (Vg, Eq) is unicyclic if G is connected and |Vg| = |Eq]|.

(1)

Lemma 2.11 [4]. Let G be a unicyclic graph with n (n > 6) vertices. If G is
determined by its Laplacian spectrum and G 2 Cg, then GV K, is determined by
its Laplacian spectrum for any positive integer .

It is known [1] that the number of closed walks of length &£ > 2 in G is
ZAGSPA(G) Ne. Let M be a graph and k > 1 be an integer. Then a k-covering
closed walk in M is a closed walk of length & in M running through all the edges
of M at least once. For a graph G, let (a/(G) (or (ps for short) denote the
number of all distinct subgraphs (not necessarily induced) of G isomorphic to
M and let ((i) be the number of closed walks of length 7 in G. The number
of k-covering closed walks in M is denoted by wg(M) and we define the set
My = {M,wi(M) > 0}. As a consequence (see also in [4]), the number of closed
walks of length k in G is

(2) DN =Y w(M)Cu(G).

AESPA(G) MeMy

Lemma 2.12 [17|. The number of closed walks of lengths 6,7 for a graph G
are respectively determined as follows, where m is number of edges of G and the
graphs used are depicted in Figure 2.

Ca(6) = 2m + 12¢a(Ps) + 6¢a(Ps) + 48¢a(Ca) + 12¢6(Cs) + 24Cc(K3)
(3) + 12{¢(K13) + 36¢c(Gh) + 12(c(G;) + 24¢c(Go).

Ca(7) = 126¢¢(C3) + 70¢c(Cs) + 14¢¢(C7) + 84¢a(Ga) + 14¢a(Gy)

+ 14¢c(G.) + 14¢c(Gg) + 28¢a(G.) + 42<G(Gf) + 28{@(Gg)

(4) + 112¢c(Gr) + 84¢c(Hs).
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TAIY Y X

a Gy c Gqg G Gy Gy G, G; G, H,

Figure 2. Graphs related to (¢ (6) and (g (7).

3. LAPLACIAN SPECTRAL CHARACTERIZATIONS OF Ug” AND GRAPHS IN %]fq

It is known that two L-cospectral (respectively A-cospectral) graphs have the
same order and size. We know from [14], that a graph is connected if and only
if its Laplacian spectrum contains just one zero eigenvalue, whereas the number
of spanning trees in a connected graph G is %H?;ll Wi, where pp = pg = -+ =
tn—1 > pn = 0 are the Laplacian eigenvalues of G.

Lemma 3.1. Let G be a graph L-cospectral with a graph H in %qu. Then G is
a unicyclic graph of girth p.

Proof. Since H is connected, G is connected. Then Lemma 3.1 follows from the
facts: A unicyclic graph is connected and its size equals its order. The number
of spanning trees of a unicyclic graph equals the length of the cycle contained in
it. ]

The following Lemma follows directly from Lemma 2.9.

Lemma 3.2. Let G be a graph L-cospectral with a graph in 02/1,2(1, A(G) be the
mazimum degree of G. Then A(G) < 5.

Theorem 3.3. Let G be a graph L-cospectral with a graph H in %qu with p > 2
and 1 < g < p. Then G is also in %p2q.

Proof. We first show that G has the same degree sequence with that of H. By
Lemmas 3.1 and 3.2, G is a unicyclic graph of girth p with A(G) < 5. Let n;
be the number of vertices of degree i, ¢ = 1,2,3,4,5, of G. On the one hand,
by Lemma 2.10, > d;, 3" d?, Y d? can be determined by the SP.(G). Hence, in
view of (1), if p > 4, > d} can be also determined by the SPr(G). On the other
hand, for the graph H, let d; denotes the degree of v; in H, i =1,2,...,n. Then
we have

> di=2q+2(p—q) +4g = 2p+4q,

> dP =2q+4(p— q) + 16 = 4p + 14,

S dP =2 +8(p— q) + 64g = 8p + 58¢,

ST dit = 2q +16(p — q) + 2564 = 16p + 242¢.
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Note that G, H are L-cospectral. Hence, we have

ni +ng +nz +ng +ns = p + 2q,
(5) n1 + 2ng + 3nsg + 4nyg + dns = 2p + 4q,
n1 + 4no 4+ 9ng + 16m4 + 2515 = 4p + 14q,
ni + 8no + 27ng + 64ny + 125n5 = 8p + 58q.

Solving (5), we get

n1 = 2q + ns,
ng =p—q—4ns,
(6) ng = 6ns,

ng = q — 4ns.

If p = 3, then ¢ < 3. Note that ny > 0; hence we have 4ns < ¢ < 3, ns = 0.
So we get n1 = 2q,no =p—q,n4 = q,n3 =nz = 0.
If p > 4, then we have

(7) ny1 + 16no + 81ng + 256n4 + 625n5 = 16p + 242q.

Substituting (6) into (7) yields ns = 0. So we get n; = 2q,n2 = p—q,ng = q,n3 =
ny = 0.

Thus G and H have the same degree sequence. If there are ¢’ < g vertices of
degree 4 belonging to the p-cycle in G, then ny > p— ¢ > p — ¢, a contradiction.
Therefore, there are just g vertices of degree 4 on the cycle C,, whence G is
in %pzq.

This completes the proof. [

Note that ?/,fp = {ng }; the following result is a direct consequence of

Theorem 3.3, which is one of the main results obtained by Bu et al. in [5].
Corollary 3.4 [5]. ng is determined by its Laplacian spectrum.

Corollary 3.5. Up2p V K, is determined by its Laplacian spectrum for any posi-
tive .

Proof. It follows immediately from Lemma 2.11 and Corollary 3.4. ]

Lemma 3.6. Given two integers p,q with p € N\{0,1,2,3,4,5,7} and 1 < ¢ <
p—1, let G be a graph in %pQQ \ {Uﬁq} . Then we have

YN < >

AESPA(U(G)) AeSPA(1(T%))
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Proof. In view of (2), we have

(8) Yo A= > w(M)n(U(G)),

AESP4(I(@)) MeMz

where M7 = {C3,Gq, Gy, G, Ge, Gy, Gy, Cr} if p =6 and M7 = {C3,Gq, Gy, G,
Ge, Gy, Gp} otherwise. Graphs Gy, Gy, Ge, Ge, Gg, G, are depicted in Figure 2.

As an odd closed walk necessarily runs through an odd cycle, it is routine
to check that if M € M7z is a subgraph of I(G) or [ (U§q>, then M contains at

most 2 triangles or M contains one and only one 7-cycle. Only the graphs C5 and
Ga, Gy, Ge, Ge, Gy, G, € M7 depicted in Figure 2 and the 7-cycle (7 can arise as

subgraphs of I(G) and [ (qu>, and the 7-cycle C7 can arise if and only if p = 6.
In view of (4), we have
’lU7(Cg) = 1267 w7(G(z) = 847 w7(G€) = 287 ’11}7(Gb) = 147
w7(Gc) = 14, w7(Gh) = 112, W7(Gg) = 28.

For the graph [ (qu> with ¢ < p — 1, we count the number of its subgraphs
isomorphic to C3 (respectively Go, Gy, G, Ge, Gg, Gp,) as follows.

Cos =4q, Cq, =2-9(q—2)+2-6(q—2)+2-(2-7T4+4+6) =30g— 12,

(e, =2-21(q—2)+2-6(q—2)+2-(2-11 +2+6) = 54q — 48,

Ca.=2-18(q—4) +2-18(¢—4)+2-(2-16+ 184+ 16 +2- 10 + 10 + 12)
="72q — 72,

(o, =2-12(¢q—2)+2-6(q—2)+2-(2-7+1+6) = 36g — 30,

(g, =3-6(¢g—2)+2-3-3=18¢—18, (g, = 6q.

Moreover, (¢, = 2q52 and w7(C7) = 14, where (52 = 11if p = 6 and 0 otherwise.
Thus we have

(9) Yo AT =D w(M)G (1(TR7)) = 6972g — 4032 + 28457,
XeSPA(1(T77)) MeMy

We call H the chain of K, if H is the line graph of a tree obtained by
appending two pendant vertices to each vertex of degree 2 of a path (see Figure
3 for an example) and we define the length of a chain of K4 as the number of Ky
contained in it.

Let l1,l2,...,1, (r > 2) be the maximal lengths of the chains of K, con-

tained in [(G). Note that G € 2,7\ {qu}; hence we have Y., I, = q. For
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Figure 3. A chain of K, of length 6.

the graph [(G), we count the number of its subgraphs isomorphic to G, (resp.
Gy, G, Ge, Gy, C3,C7, Gy) as follows.

e, (I(G)) = i[2-9(li —2)+2-6(L; —2)+2-(2-T+4+6)] = 30q — 12r,
i=1

Cay (1(G)) < D (221 +2 - 6L;) = 5dg,
=1

(e (UG)) < D (218 +2 - 18];) = T2q,

i=1
(e ((Q)) = zr:p 120, —2)+2-6(; —2)+2- (2- T+ 146)] = 36¢ — 30r,
i=1

(e, ((G)) =) [3-6(l; —2) +2-3- 3] = 18¢ — 18r,
=1

Ces(U(G)) =D Al =4q, (o, (UG)) =2¢65, (e, ((G)) =Y 6l; = 6q.
i=1 i=1
Together with (8) we have

SN = Y wn (M) ((G))

AESPA(I(G)) MeM;
< 6972q — 2352r + 28¢5) < 6972¢ — 4704 + 2843},

where the last inequality follows by r > 2. Thus comparing with (9) it yields
YN < > N,
AESPA(UG)) AeSPA(1(T77))
as desired. m

Theorem 3.7. The graph qu with even p > 2,0 < g < p s determined by its
Laplacian spectrum.

Proof. Let G be a graph L-cospectral with qu for some fixed p, ¢, where p > 4
is even and 0 < g < p. By Theorem 3.3, GG is in %p2q. Ifg=1o0r ¢q=p—1, then
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‘%Ifq‘ = 1 and hence G is isomorphic to Up2q in this case. So in what follows, we
consider 1 < g <p—1.

Ut H
Figure 4. Graphs U} and H belonging to %,*.

~ Case 1. p=4. In this case, we obtain ¢ = 2 and UL = {UE,H}, where
Ut, H are depicted in Figure 4. By direct calculation, we have

T (Uf;x) = 2% — 162" + 982° — 2962° + 4772* — 4162° + 1842” — 32z,
D(H;z) = 28 — 1627 + 982° — 29625 + 481z — 42423 + 18822 — 32u.

which implies that Uf and H are not L-cospectral. Hence, G = U f.

Case 2. p > 6. Note that G and qu are bipartite; hence by Lemma 2.8 we
have [(G) and [ <U§q> have the same adjacency spectrum. If G 2 qu, then by
Lemma 3.6 we have

doooNT< > N,

AESPA(I(G)) AeSP4 (1(T29))

a contradiction.
This completes the proof. [

By Lemma 2.11 and Theorem 3.7 the next result follows immediately.

Corollary 3.8. The graph qu V K, is determined by its Laplacian spectrum,
where p > 2 is even, 0 < ¢ < p and r is a positive integer.

4. ADJACENCY SPECTRAL CHARACTERIZATIONS OF GRAPHS IN 7/132‘1

In this section we study the adjacency spectral characterizations of graphs in
”//p2q. For convenience, let )\(k)(G) denote an adjacency eigenvalue A of graph G
with multiplicity k.

The corona G o Go is obtained by taking one copy of G; and |V, | copies of
G2, and by joining each vertex of the ith copy of G2 to the ith vertex of Gy by
an edge, i = 1,2,..., |V |-
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Lemma 4.1 [1]. Let Gy be a graph with ny vertices, Ga be an r-reqular graph
with no vertices. Then the adjacency spectrum of G1 o G is

{/\i(Gl)—i—’Fﬂ:\/(T‘—)\i(Gl))2+4n2 i—1.9 m}

2

(n1) C
U{)\j (GQ),]—Q,?),...,HQ},
where the exponent (n1) denotes the multiplicity of eigenvalues \j, j = 2,3,...,na.

Lemma 4.2. If G is A-cospectral with a graph in %qu, then A\ (G) < 1++v/3 and
A(G) <T.

Proof. Assume that G, H are A-cospectral with H € ?/pzq. The adjacency spec-
tra of C), and 2K, are 2cos % (i=1,2,...,p) and 0, respectively. Note that

ng = (Cp 0 2K;. Hence, by Lemma 4.1 we have \q <U5p> =1++/3. Tt is clear

that H is a subgraph of ng . Then Lemma 4.2 follows directly from Lemmas 2.1
and 2.2. m

Lemma 4.3. Let G be a graph A-cospectral with H € %p2q, p odd and q < p.
Then
(i) The coefficient ay,t odd, t # p, of ¢(G;x) is zero;
(ii) The coefficient a,, of ¢(G;x) is non-zero;
(iii) The length of the shortest odd cycle of G is p and G has one and only one
p-cycle.

Proof. (i) As t is odd, by Lemma 2.6, a basic figure with ¢ (# p) vertices nec-
essarily contains an odd cycle, and it becomes clear that there are no such basic
figures in H.

(ii) The length of the shortest odd cycle of H is p and we apply Lemma 2.7.
(iii) It is a direct consequence of Lemma 2.7. n

Lemma 4.4. Let G be a graph A-cospectral with H € %pzq,p odd and q < §.

(i) A connected component of G different from an isolated vertex cannot be
bipartite.
(ii) If G has no isolated vertices, then G is unicyclic.

Proof. (i) Let A be a non-zero eigenvalue of the adjacency matrix of G. Note
that ¢(G; —A) = (=1)"(¢(G; A) —2a,\"P) = (—1)""1.2a,\"P; hence by Lemma
4.3 we have ¢(G;—\) # 0. Thus we obtain that if A # 0 is an eigenvalue of
G, then —)\ is not an eigenvalue of G. A connected component of G different
from an isolated vertex cannot be bipartite, since otherwise there would exist
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an eigenvalue A\ such that —\ is also an eigenvalue (based on the fact that the
spectrum of a bipartite graph is symmetric).

(ii) According to (i), each connected component of G is non-bipartite, which
implies each connected component must contain an odd cycle. By Lemma 4.3,
the length of the shortest odd cycle of GG is p and G has one and only one p-cycle.
Note that |Vg| = p + 2¢ < 2p; it ensures that G cannot have more than one
connected component. Thus G is unicyclic. [

Lemma 4.5. Let G be a graph without isolated vertices and A-cospectral with
H e 02/,,2q,p odd and q < 5. Then there are no vertices at distance d > 1 from
the p-cycle and a vertex of G is at distance 1 from the p-cycle if and only if it is

a pendant vertex.

Proof. In view of Lemmas 4.3 and 4.4, we obtain that G is connected and
unicyclic, C, is the unique cycle contained in G. It is routine to check that
apt2 = 0 (based on Lemma 4.3). Combining with Lemma 2.6, we get that
Cp U K3 is not a subgraph of G. Therefore, there do not exist vertices at distance
d > 1 from the p-cycle in G. It involves that a pendant vertex is at distance 1
from the p-cycle and that a vertex at distance 1 from the p-cycle is necessarily a
pendant vertex. n

Lemma 4.6. Let G be a graph without isolated vertices and A-cospectral with
He ¥ and ¢ < B3, Then G € %9,

Proof. By Lemmas 4.3—4.5, G is a unicyclic graph containing a p-cycle and each
pendant vertex of G is at distance 1 from the p-cycle. Let d; (respectively d)
denote the vertex degree of v; in G (respectively H).

By Lemma 4.2, we have A(G) < 7. Let n; be the number of vertices of
degree 7,7 = 1,2,...,7, of G. On the one hand, G, H are A-cospectral, based
on Y A2 = S5(G) = 2|Eg| = Y di, and we obtain that SP4(G) determines > d;
(respectively > d}). Note that G, H contain no 4-cycle, by Corollary 2.5, SP4(G)
also determines 3" d? (respectively Y d/?). On the other hand, for the graph H we
have > d} = 2¢+2(p—q)+4q = 2p+4qand Y d? = 2¢+4(p—q) +16q = 4p+14q.
So we get

ni+ng +ng +ng+ns +ne +ny =p+2q,
(10) ny1 + 2ng + 3ns + 4ng + dns + 6ng + Tny = 2p + 4q,
ny + 4ne 4+ Ing + 16n4 + 26n5 + 36ng + 497 = 4p + 14q.

By Lemma 4.5, the vertices of G of degree strictly greater than 1 are exactly
the vertices on the p-cycle. Hence, we have

(11) ng +n3 + n4 + ns +ng +ny = p.
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From (10) and (11), we have

ni = 2q,

ng =p—q—ns — 3ng — bnz,
n3 = 3ns + 8ng + 1dny,

ng = q — 3ns — bng — 10n7.

(12)

If p =3, then g = 1. As ngy > 0, we have 3ns + 6ng + 10ny < g = 1,
ns =ng =n7y =0. Sowe get ny =2,n93 =2,n3 =0,n4 =1,n5 =ng =ny =0.
Thus G = U32, which is in 7/32, as desired. So, in what follows we consider p > 5.

According to the structure of G (respectively H), it is routine to check that
only the graphs Ko, P3, Py, K13 € Mg can arise as subgraphs of G (respectively
H). In view of (3), we have

we(K2) =2, we(P3) =12, we(Py) =6, we(Ki3)=12.
As graph H is in %,2‘1, q < 5, we get
Cio(H) = |En| = p+2q, Cp(H) =Y (%) =p+ 50,
Cpy(H) = p+ 4q, Crrs(H) =3 (%) = 4q.
In view of (2), we have
S XM= 3" we(M)Cu(H) = 20p + 136¢.
AESP4(H) MeMsg

Similarly, for the graph G, we have
ni1 + 2ns + 3nz + 4nyg + 5ns + 6ng + Tny
2 b
7T,
i
(py(G) =) (2> n; = ng + 3nz + 6n4 + 1005 + 1506 + 21n7,
(13) i=1

7 .
CK1,3 (G) = Z (;) n; = ng + 4ng + 10n5 + 20ng + 35n7,
=1

Cp(G) 2 p+2n1.

(k> (G) = |Ec| =

The equality in (13) holds if and only if the vertices of G of degree strictly greater
than 2 are not adjacent to each other.
Once again, by (2) we have

A= > we(M)¢u(G)
AESPA(Q) MeMs
> 6p + 13n1 + 14ng + 5lng + 124n4 + 245n5 + 426N + 67907
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with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other.

Note that 3 y\cgp, (1) A6 = DNeSPA(G) A8 (based on G, H being A-cospectral).
Hence,

(14) 13n1 + 14ns + 51ng + 124n4 + 245n5 + 42606 + 6797 < 14p + 1364,

with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other.
Substituting (12) into (14), we get

(15) ns + 4ng + 10n7 < 0,

with equality if and only if the vertices of G of degree strictly greater than 2 are
not adjacent to each other, whereas (15) implies that ns = ng = ny = 0, hence
ng = 0 and ny = 2q,n92 = p — ¢, n4 = q (based on (12)). Therefore, G is in “//pzq,
as desired. [

Based on Lemma 4.6, one can deduce the main result in this section directly.

Theorem 4.7. Let G be a graph without isolated vertices and A-cospectral with
He ¥ ' ThenG=H.
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