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Abstract

A Roman dominating function (or just RDF) on a graph G = (V, E) is
a function f : V — {0, 1,2} satisfying the condition that every vertex u
for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF f is the value f(V(G)) = X, cv(q) f(u). The Ro-
man domination number of a graph G, denoted by vr(G), is the minimum
weight of a Roman dominating function on G. A graph G is Roman dom-
ination stable if the Roman domination number of G remains unchanged
under removal of any vertex. In this paper we present upper bounds for the
Roman domination number in the class of Roman domination stable graphs,
improving bounds posed in [V. Samodivkin, Roman domination in graphs:
the class Ryv g, Discrete Math. Algorithms Appl. 8 (2016) 1650049].
Keywords: Roman domination number, bound.
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1. INTRODUCTION

For notation and graph theory terminology in general we follow [5]. Let G =
(V, E)) be a simple graph of order n. We denote the open neighborhood of a vertex
v of G by Ng(v), or just N(v), and its closed neighborhood by Ng[v] = NJv].
For a vertex set S C V(G), N(S) = U,eg N(v) and N[S] = J,cg N[v]. The
degree deg(x) (or degg(z) to refer to G) of a vertex z is the number of neighbors
of x in G. The maximum degree and minimum degree among the vertices of
G are denoted by A(G) and 6(G), respectively. A set S of vertices in G is a
dominating set, if N[S] = V(G). The domination number v(G) of G is the
minimum cardinality of a dominating set of G. A dominating set S in G is an
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efficient dominating set, if [N[v] N S| = 1 for every vertex v € V(G). If S'is a
subset of V(G), then we denote by G[S] the subgraph of G induced by S. A
graph G is claw-free if it has no induced subgraph isomorphic to Ki 3. A subset
S of vertices of G is a 2-packing if N[u] N N[v] = 0 for every pair u,v of vertices
of S. The 2-corona G o K3 of a graph G is a graph obtained from G by attaching
a path of order two to every vertex of G.

For a graph G, let f: V(G) — {0, 1,2} be a function, and let (Vy, V1, V2) be
the ordered partition of V(G) induced by f, where V; = {v € V(G) : f(v) =i}
for i = 0,1,2. There is a 1 —1 correspondence between the functions f : V(G) —
{0,1,2} and the ordered partitions (Vp, V1, V2) of V(G). So we will write f =
(Vo, V1, Vo) (or f = (Vof, Vlf,VQf) to refer to f). A function f: V(G) — {0,1,2} is
a Roman dominating function (or just RDF) if every vertex u for which f(u) =0
is adjacent to at least one vertex v for which f(v) = 2. The weight of an RDF
fisw(f) = f(V(G)) = YXuev(e f(u). The Roman domination number of a
graph G, denoted by vg(G), is the minimum weight of an RDF on G. A function
f = Vb, V1, Va) is called a yg-function (or yr(G)-function when we want to refer
f to G), if it is an RDF and f(V(G)) = vr(G). A graph G is a Roman graph if
Yr(G) = 27(G). If f = (Vy,V1,Va) is an RDF in G then for any vertex v € Va,
we define pn(v, V2f) ={ueVp:Nun VQf = {v}}. For references in Roman
domination see for example [1, 2, 3, 9].

The affection of vertex removal on Roman domination number in a graph
has been studied in [4]. Jafari Rad and Volkmann [6] introduced the concept
of Roman domination stable graphs. A graph G is Roman domination stable if
Yr(G —v) = vr(G) for all v € V(G). Let Ryvr be the class of all Roman dom-
ination stable graphs. Samodivkin [10] studied properties of Roman domination
stable graphs.

Theorem 1 (Samodivkin [10]). Let G € Ryyr be a connected graph of order n.
Then vr(G) < %" If the equality holds, then for any yr(G)-function f, V2f is
an efficient dominating set of G and each vertex of sz has degree 2. If G has an

_2n

efficient dominating set D and each vertexr of D has degree 2, then yr(G) = 5.

Problem 2 (Samodivkin [10]). Find an attainable constant upper bound for

K/R(i(g)ﬂ on all connected graphs G € Ryyr with 6(G) > 3.

In this paper we present upper bounds for the Roman domination number
in the class of Roman domination stable graphs. First we characterize Roman
domination stable graphs G with §(G) = 2 that achieve the upper bound of
Theorem 1 as the cycles of order divisible by 3. Next, we consider the Roman
domination stable graphs G with 6(G) > 3. In particular, we improve Theorem 1
for claw-free Roman domination stable graphs. Finally, we present several upper
bounds for the Roman domination number in Roman domination stable graphs,
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which are expressed in terms of the order, the maximum and the minimum degree
of a graph.

2. KNOWN RESULTS
The following proposition of Samodivkin plays an important role in this paper.

Proposition 3 (Samodivkin [10]). Let a graph G be in Ryyr. Then G is a
Roman graph. For any vyr(G)-function f = (%f,Vlf,VQf), Vlf = 0, VQf is a

v(G)-set, and ‘pn (v,VJ)’ > 2 for any v € V2f. If D is a v(G)-set, then h =
(V(G) — D,0, D) is a yr(G)-function.

Let G1 be a graph obtained from a cycle Cg : vivs - - - vgv1 by joining vy to
vs, and G5 be a graph obtained from (1 by joining vy to vg. The following upper
bounds for the Roman domination number of a graph are given in [1, 7].

Theorem 4 (Chambers et al. [1]). If G is a connected graph of order n with
(G) >2 and G € {Cy,C5,Cs,G1,Ga}, then yr(G) < ?—’I’.

Theorem 5 (Liu et al. [8]). If G is a connected graph of order n with §(G) > 3,
then Yr(G) < %

Theorem 6 (Hansberg et al. [4]). Let v be a vertex of a graph G. Then yr(G —v)
< vr(Q) if and only if there is a yr(G)-function f = (Vo, Vi, Va) with v € ;.

3. MINIMUM DEGREE AT LEAST TwoO

We characterize graphs with minimum degree at least two that achieve equality
for the bound of Theorem 1.

Theorem 7. Let G € Ryyr be a connected graph of order n with §(G) > 2.
Then yr(G) = 2?" if and only if G is a cycle of order 3k for some integer k.

Proof. Let G € Ryygr be a connected graph of order n with 6(G) > 2 and
Yr(G) = 2. Let f = (Vof, Vlf,VQf> be a yr(G)-function. By Theorem 1, VQf is
an efficient dominating set of G and each vertex of VQf has degree 2. By Propo-
sition 3, Vlf = (). We show that A(G) = 2. Suppose that A(G) > 3. Since each
vertex of sz has degree 2, Vof has some vertex of degree at least three.

Assume that there are two adjacent vertices uq,v1 € Vof with degq(u1) > 3
and degg(v1) > 3. We remove the edge ujv; to obtain a graph Gp. Clearly,
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3(G1) > 2, vr(Gy) = %" Suppose that G1 € Ryyg. Clearly, there is no yr(G1)-
function h with V{* # (), since any yz(G1)-function is a yr(G)-function. Thus by
Theorem 6, there is a vertex v € V(G) such that yr(G1 — v) > vr(G1). Clearly
v ¢ Vof. Thus v € Vi . By Theorem 1, degg (v) = 2. Let Ng(v) = {wi,ws}. Then
h defined on V(G1 —v) by h(u) = f(u) if u € {w1, w2}, and h(w;) = h(ws) =1,
is an RDF for Gy, implying that ygr(G1 — v) < vr(G1), a contradiction. Thus
G1 € Ryyg. If there are two adjacent vertices us, vy € Vof with degq, (u2) > 3
and degg, (v2) > 3, then we remove the edge ugvz to obtain a graph G with
3(G2) > 2, yr(G2) = %”, and Go € Ryvrg. Proceeding this process, if necessary,
we obtain a graph H = Gy, (for some k > 0) such that §(H) > 2, yg(H) = %",
H € Ryvg, and there is no pair of adjacent vertices u,v € Vof with degp(u) > 3
and degg(v) > 3. Clearly, f is a yr(H)-function. Since §(H) > 2, H contains a
cycle C'. Since there is no pair of adjacent vertices u,v € VOf with degy(u) > 3
and degy (v) > 3, we find that V(C) OVZf # (. By Theorem 1, VQf NV(C)is a 2-

packing set for C'. Thus for each v € VOfﬂV(C), }NH(U) NV(C)N Vof >1. Bya

special Py-path we mean a path of order k in C' whose vertices belong to Vof (ie., a
path vivg - - - v with v; € V(C) N Vof for i =1,2,...,k, such that v,v;y; € E(C)
for i = 1,2,...,k —1). A mazximal special Py-path is a special Py-path that
cannot be extended to a special P;yi-path. Clearly, C' has no maximal P;-path.
Assume that C has a maximal special Pg-path with k& > 4. Let vy, ve,v3,v4 be
four consecutive vertices of this maximal special Pg-path. Then degy(vy) > 3
and degg(vs) > 3, a contradiction. Thus C' has no maximal special Py-path with
k > 4. We consider the following cases.

Case 1. C has no maximal special P3-path. Since VQf is an efficient dom-
inating set of (G, and thus an efficient dominating set of H, we conclude that
VQf NV(C) is an efficient dominating set of C. Thus |V(C)| = 3t, for some in-
teger t > 1. Without loss of generality, assume that V(C) = {vg,v1,...,v31-1},
where v; is adjacent to v; 1 for ¢ = 0,1,2,...,3t — 2, and vg is adjacent to vg;_1.
We may assume that V2f NC ={vs; :i=0,1,...,t—1}. Since A(G) > 3 and G
is connected, there is a vertex vs € V(C) with degg(vs) > 3. Clearly, s =1 or 2
(mod 3). Assume that s =1 (mod 3). Let g be defined on V(H) by g(u) = f(u)
ifue V(H)-V(C), and g(v;) = f(vi—1) (mod 3t) fori =0,1,2,...,3t—1. Then
g is a yg(G)-function, contradicting Theorem 1. If j = 2 (mod 3), then h defined
on V(H) by g(u) = f(u) ifue V(H) -V (C), and g(v;) = f(vi—2) (mod 3t) for
i=0,1,2,...,3t — 1 is a yr(G)-function, contradicting Theorem 1.

Case 2. C has some maximal special Ps-path. Let j > 1 be the number
of special Ps-paths in C, and z;y;2; (i = 1,2,...,7) be the maximal special P3-
paths in C, where there is no maximal special Ps-path on C between z; and
Tit1, @ = 1,2,...,7 (mod 7). Observe that (N(x;) N V(C)) — {yi} C VQf, and
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(N(z) NV(C) — g} C VY for i = 1,2,....,j. et (N(z) N V(C)) — {mi} = {+/}
and (N(z;)) NV (C)) — {yi} = {«}}, for i = 1,2,...,j. On the other hand, any
vertex on V(C)N Vof lying between z; and z;11, if any, belongs to some maximal
special Py-path. Note that it is possible that there are no vertices on V(C) N Vof
lying between z; and x; 1 when z; and z;41 have a common neighbor in VQf . Since
VQf NV(C) is independent, for each ¢, the path on C starting at z, and ending
at x{,, has 3k; + 1 vertices for some integer k; > 0. Let vgvj - - - vy, be the path
on C starting at z] and ending at x|, where 2} = v{j and 2} ; = vékl Thus C
is the cycle z1y12104v] - - - V3, Tayaza - - - Ty 2UV] - - -véijl. Fori=1,2,...,7,
(v, : 0 <t <k} CVy and {vhy, 1,08 5:0<t <k —1} CVJ. Fori=1,2
.y ], let N(yz-)ﬁVQf = {y}}. Clearly, fori =1,2,...,7, y. ¢ C, and degg(y}) = 2
by Theorem 1. Let N(y) — {yi} = {y/} for i = 1,2,...,5. If y/ € V(C)
then v € {y1,...,y;} — {vi}, since VQf is an efficient dominating set for G. Let
D={y!:i=1,2,...,5} NV(C). Let g be defined on V(G) by g(u) = f(u) if
wg V(IO H{ylh ! i =1,2,...,5}, g(w) = 2ifu € UI_ {yi, vhy g : 0 < t < k—1},
glu) =0if u € ngl{xi,zi,yg,vgt,ngQ :0<t <k —1},and g(u) =1ifu €
ngl{vgki,yg’} — D. Tt is straightforward to see that if D # () then g is an RDF
for G of weight less than yr(G), and if D = () then g is a yr(G)-function with
v/ #0, a contradiction.
We conclude that A(G) = 2, and thus G is a cycle. Consequently, G is a
cycle of order 3k for some integer k. The converse is obvious. [

Proposition 2 demonstrates that a graph G € Ryyr with A(G) > 2 should

have the Roman domination number less than %"

Corollary 8. If G € Ryvyg is a connected graph of order n with 2 < §(G) <
A(G), then yr(G) < 2222, This bound is sharp.

Proof. Let G € Ryygr be a connected graph of order n with 6(G) > 2. Let
f = Vo, V1,V3) be a yr(G)-function. Clearly, each vertex of V5 has at least two
private neighbors in Vj. If each vertex of V5 has degree two, then by Theorem
1, vr(G) = %, a contradiction. Thus there is a vertex z € V, with deg(z) > 3.
Then

3vr(G)

n 2 deg() +2(Va| = 1) + |Va| = 3[Va| + deg(e) -2 = 711

+ deg(z) — 2

implying that vg(G) < 2"72d§g(x)+4 < 2”3_ 2 To see the sharpness consider the

graph K4 — e, where e € E(Ky). |
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4. MINIMUM DEGREE AT LEAST THREE

We begin with the following lemma.

Lemma 9. Let G € Ryyvgr and [ = <V0f,V1f,V2f) be a yr(G)-function. If
v E VQf is a vertex such that ‘pn (v, VQf)’ =2, then degG[Vf](v) =0.
2

Proof. Letv € VQf be a vertex such that ’pn (U, VQf) ‘ = 2. Suppose that v is ad-
jacent to a vertex z € Vi . Let pn (v, VQf) = {v1,v2}. Then (VOf U{v}, {v1, v},
V2f - {U}) is a yp(G)-function, contradicting Proposition 3. |

In the following we present a sharp upper bound for the Roman domination
number of a claw-free graph G € Ryvrg.

Theorem 10. If G € Ryvr is a claw-free graph of order n with 6(G) > 3, then
Yr(G) < 2222 This bound is sharp.

Proof. Let G € Ryyr be a claw-free graph of order n with 6(G) > 3. Clearly,
any vr(G)-function satisfies Proposition 3.

Claim 1. There is a Yr(G)-function f = (%f,Vlf,VQf) such that one of the
following holds:

(1) ‘pn <v,V2f)‘ > 3 for some v € Vy .

(2) [N(z) " N(y)| > 2 for some vertices z,y € V5 .

Proof. Suppose that for every yg(G)-function g = (Vi, V7, V4), [pn(v,V§)| = 2
for all v € Vi, and |[N(z) " N(y)| < 1 for any pair of vertices z,y € V. Let f =

(VOf, Vlf, V2f> be a vg(G)-function. Clearly, ‘sz‘ > 2. By Proposition 3, Vlf = 0.
pn (v, V;)‘ =2forallv € VQf7 and |N(z)NN(y)| < 1 for any

By our assumption,
pair of vertices x,y € V2f. Let u € Vf, n (u, V2f> = {uy,u2}. Let v € N(u)—

{u1,us}. By Lemma 9, v € Vof. Let w € N(v) N (VQf — {u}) Let pn (w, V2f> =
{w1,ws}. Since G is claw-free, {vwy,vwe, wrwe} N E(G) # 0 and {vuq,vus,
uiug JNE(G) # 0. Assume that ujug € E(G). Then g = (VOf U{u},0, (VQf— {u})

U{u1}) is a yg(G)-function with |pn(w, Vy)| = 3, a contradiction. Thus ujus ¢
E(G) and similarly wjwe ¢ E(G). Without loss of generality assume that

vwy,vu; € E(G). Observe that N(u) N N(w) = {v}. Now ((Vof — {uq, wg,v}> U

{u, w}, {uz, wa}, (VQf —A{u, w}) U {v}) is a yr(@G) function contradicting Propo-
sition 3. This completes the proof of Claim 1. ([
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Let f = (Vof,Vlf,VQf) be a vr(G)-function satisfying Claim 1. Let A =
(v ()] 2} o 8 = (v (e8] 23). o
ng = AU B. By Lemma 9, A is independent. Now we count ’be‘. Let Zy =
{v € VOf (v E pn (x,V2f> for some x € ng} and Z; = Vof — Zp. Clearly, Vof‘ =

(x, V2f>‘ = 2, and for any vertex = € B,

|Zo| + |Z1|. For any vertex x € A,

‘pn (ac, VJ)‘ > 3. Thus |Zy| > 2|A| + 3|B|. For any vertex x € A, by Lemma 9,
N(z)NZy # 0, since 6(G) > 3. On the other hand, for any y € Z1, |[N(y)NA4| < 2,

since G is claw-free and A is independent. Assume that ‘ pn (v, VQf ) ‘ > 3 for some

vE VQf. Then |Z;| > |2ﬂ. Hence

f ALy a5 1
Vi | = 120l + 1211 = 2141+ 3181 + 5 = 2|V{ | +1BI+ 15 = -+ 0
s s s
_ |y /| s 2] 1Bl floo 0] B T2
Now n = |vf] + |f] = Ll sy - 2wy 2Ly
Consequently, 7g(G) < 422, Next assume that [N(z) N N(y)| > 2 for some
vertices x,y € VQf. Then |Z;| > WTH. Hence
Al+1
Vl| = 120l + 23] = 2141 + 3] + AL
Al+1 5“/2’ B| 1
>2|vf|+ 1B | = 2y
22|V5 | + B+ —5 5+t 5 T3
Nown—’Vf‘—F‘Vf’ ‘+'B'+ +(V2f‘ ‘+‘B‘+ > ’ ‘+ Con-
sequently, Yr(G) < 4” . To see the sharpness cons1der the complete graph Kj.

We next present a sharp upper bound for the Roman domination number of
a graph G € Ryyg in terms of maximum degree.

Theorem 11. If G € Ryyr is a graph of order n with §(G) > 3, then

2n 1
'VR(G) < — T =2
S+ 3(A()G)

This bound is sharp.
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Proof. Let G € Ryyr be a graph of order n with 6(G) > 3. Let f= (VOf, Vlf, V2f>

be a yr(G)-function. By Proposition 3, Vlf = (. Let A,B, Zy and Z; be defined
as in the proof of Theorem 10. Thus |Zy| > 2|A| + 3|B|. Any vertex of A has
at least §(G) — 2 neighbors in Z;. Consequently, there are at least (6(G) — 2)|A4|
edges between V2f and Z;. But any vertex of Z is adjacent to at most A(G)

vertices of VQf . We conclude that |Z;| > %. Hence
(1) ‘be’ = |Zo| + |21 22\A\+3|B\+((S(C;A)(_G?M|
(65(G) — 2)|4]
Now

(3) n=|V{|+ || = 2| | + 1BI+ (5(GA)<_G§)|A’ + ||
BAG) [V |+ AG) Bl + (8(G) - 2)/4]
(BA(G) +6(G) - 2) [V | + (A(6) - (8(6) - 2))|B
(3A(G) +6(G) - 2) |V |

) - @)

and thus Yr(G) < W = % (1+(5(G)_12)/3A(G)>. To see the sharpness

consider the graph G shown in Figure 1. Note that yg(G) =6, and G € Ryygr. =

Figure 1. The graph G € Ryyr with yg(G) = 6 and n = 10.

Corollary 12. If G € Ryvyr is a cubic graph of order n, then yr(G) < %”, and
this bound is sharp.

We next improve Theorem 11 for Cs-free graphs G with §(G) = 3 and A(G)
> 4.
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Theorem 13. If G € Ryvr is a Cys-free graph of order n with §(G) = 3 and

A(G) > 4, then
2n (A(G) —1/n
@ =5 (Serim)

Proof. Let G € Ryyr be a Cs-free of order n with 6(G) = 3 and A(G) > 4. Let
f= (Vof, Vlf, V2f> be a yr(G)-function satisfying Proposition 3. Let A, B, Zy and
Z1 be defined as in the proof of Theorem 10. By Theorem 11, vg(G) < %G(ﬁ)l.
We show that yr(G) < %G()er)l' Suppose that yr(G) = %. Then each of
the inequalities in the proof of Theorem 11 will be equality. From (5) and (6) we

find that B = (), and from (1) we obtain | Z;| = A‘(il). Consequently, each vertex of

7y is adjacent to precisely A(G) vertices of A, and each vertex of A has precisely
one neighbor in Z; and two neighbors in Zy. Observe that y(G) = 2|A| and

|Z1| = LA d |Zp| = 2|A|. Let H be the graph obtained from G by removal of

Ay A
the vertices of N|xz] for all z € Z;. Clearly, V(H) = Zy. If H has no component
isomorphic to C4 or Cg, then by Theorem 4, ygr(H) < w = %. Let g

be a yr(H)-function. Then g¢; defined on V(G) by ¢1(z) = g(x) if z € V(H),
gi(zr) =2ifx € Z1, and ¢g1(z) =0 if v € A, is an RDF for G. Thus

1614] | 24| _ 16A(G)|A] +22/4]

() S T Ry T 11A(G)

< 2[4],

since A(G) > 4. This is a contradiction. Thus assume that H has some comp-

onent isomorphic to C4 or Cs. Let H has r; components isomorphic to C4 and

ro components isomorphic to Cg. For any component C of H with C ¢ {Cy, Cs},
8|V (C)]

by Theorem 4, yr(C) < ==7~. Let H” be the union of C4-components and Cs-

components of H, and H = H — H”. (Thus H' is obtained from H by removing
each Cy-component and also each Cs-component of H.) Thus yg(H') < %ff')l_
Let g be a yr(H')-function, and g; be a yr(H")-function with V' # (. Now
define h on V(G) by h(z) = g(z) if z € V(H'), h(z) = g1(z) if x € V(H"),
h(z) =2if x € Z1, and h(z) =0 if x € A. Then h is an RDF for G. Then by
Theorem 4,

S|V (H'
|1(1)’ + 3r1 + 679 +2’Zl|

_ 8(2|A| —4ry — 8ry) |A|
= 11 +3T1+6T2+2A(G)
16A(G)|A| + 1 A(G) + 2rA(G) + 22| A

11A(G)

r(G)

IA

But 4r; 4+ 8ry < 2|A|, and thus A(G)(r1 + 2rg) < A(C;”A'. Thus vr(G) <
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%&}4)4% < 2]A|, since A(G) > 4. This produces a contradiction, since G €

Ruvr. We deduce that yr(G) < 32&%()?1.

We conclude that B # ) or |Z1] > %. Assume that B # (). Thus |B| > 1.

Now

il | @A@ D+ @© -vis|
n= |Vl ] 2 A©) +|
_ 8@+ W]+ -1
- A(G)
and thus vr(G) < %. Next assume that B = (). Then |Z;| > %.
We have the following possibilities:
Possibility 1. There is a vertex a € A such that |N(a) N Z;| > 2.
Possibility 2. There is a vertex z € Z; such that [N(x) N A] < A(G) — 1.
In Possibility 1, it is obvious that |Z;| > Ig(\g;, and in Possibility 2,
Al = (AG) - 1) Al +1
Z1| > 1= .
Y V(R (€]
Now
. (2A(G)—|—1)‘V2f’+1 ; (3A(G)+1))V2f‘+1
M | -
ARIAE AG) e AG)
MAG) -2 9n [ AG)—1/n

We next improve Theorem 11 for graphs G with §(G) > 4.

Theorem 14. If G € Ryvyr is graph of order n with A(G) > 36(G) — 6 and

3(G) > 4, then , AG) -1/
(A(G) +(6(G) - 2)/3>'

Yr(G) < 3

Proof. Let G € Ryyr be a graph of order n with §(G) > 4. Let f= (be, Vlf, sz)
be a yr(G)-function satisfying Proposition 3. Let A, B, Zy and Z; be defined as

in the proof of Theorem 10. By Theorem 11, yz(G) < %{%)_2 We show
2nA(G)

that yr(G) < FAG)TO(C)=2" Suppose that yr(G) = %. Then each of

the inequalities in the proof of Theorem 11 will be equality. From (5) and (6) we

14|

find that B = ), and from (1) we obtain |Z;| = %. Consequently, each
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vertex of Z; is adjacent to precisely A(G) vertices of A, and each vertex of A
is of degree 0(G) and has precisely 6(G) — 2 neighbors in Z; and two neighbors
in Z().
Observe that Yr(G) = 2|A|, |Zo| = 2|A|, and |Z1| = % Let H be
the graph obtained from G by removal of the vertices of N[z] for all x € Z;.
Clearly, V(H) = Zp and |V (H)| = 2|A| = yr(G). Since §(H) > 3, by Theorem
5 vr(H) < w = %. Let g be a yr(H)-function. Then g; defined on V(G)
by gi(x) = g(x) if z € V(H), g1(z) =2 if x € Z;, and g1(x) = 0 if = is adjacent
to some vertex of Z7, is an RDF for G. Thus
4| A| (4A(G) + 66(G) — 12)| 4|
G)< — +2|7Z4] =

< 2|4,

since A(G) > 36(G) — 6. This is a contradiction. Thus vr(G) < %&%)_2'

We conclude that B # () or |Z1] > %. Assume that B # ). Then

20(G) +0(G) = 2) [V | + (A(G) - (6(G) - 2)1B]

(
_ |y s f
S GRE AT) + V|
| CAO+IG -+ B@ - 0@ -2) |,
= A(G) + ||
(BA(G) +8(6) - 2) [V | + (A(G) - (6(6) — 2)
- A(G)
2nA(G)—2(A(G)—(6(G)—2 2nA(G)—2
and thus vg(G) < ( gA(C(;)J(r(S()G)(_(Q) ) < SA(G)J(F(SEG)_Q. Thus assume that
B =10. Then |Z;| > %. We have the following possibilities:

Possibility 1. There is a vertex a € A such that |[N(a) N Zi| > (§(G) —2).
Possibility 2. There is a vertex x € Z; such that [N(z) N A| < A(G) — 1.

In Possibility 1, it is obvious that |Z;] > % and in Possibility 2,
(0(G) —2)|Al — (AG) -1 | _ (0(6) —2)|A[+1

7= A@) AG)

Now

(2A(G) + (8(G) - 2)) V| +1
A(G)

(BA(G) + (6(G) = 2)) [V | +1
A(G) |

R E + v

2nA(G)—2 n A(G)—1/n
Thus yr(G) < 43A(G)—$—627G)—2 =% (T(G)—f—(gi(cv‘)/—m/ii)‘ -
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Since any planar graph has a vertex of degree at most five, we obtain the
following.

Corollary 15. If G € Ryyr is planar graph of order n with §(G) > 4 and
n A(G)—1/n
A(G) 2 10, then 1r(G) < 3 (Bt )-

5. CONCLUDING REMARKS

Samodivkin [10] gave a constructive characterization for all trees in Ryyr. He
constructed a family 7 of trees and proved that for a tree T, T € Ryy g if and
only if T € 7. Assume that G € Ryy g is a graph with 6(G) = 1 and yg(G) = %
If A(G) > 2 then by the argument given in the proof of Theorem 7, we obtain
a forest F' € Ryyr with yg(F) = %” Thus each component of F' belongs to 7.
We propose the following problem.

Problem 16. Characterize all graphs G € Ryv g with vp(G) = 2 and 6(G) = 1.

It can be seen that for any graph G, H = G o Ko € Ryvg, and note that
Yr(H) = w and §(H) = 1. We also remark that we do not know the
sharpness of bounds of Theorems 13 and 14, and thus we propose the problem of
showing the sharpness of them or improving them.
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