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Abstract

For a graph G, let yr(G) and v,2(G) denote the Roman domination
number of G and the 2-rainbow domination number of G, respectively. It
is known that v,2(G) < Yr(G) < 37,2(G). Fujita and Furuya [Difference
between 2-rainbow domination and Roman domination in graphs, Discrete
Appl. Math. 161 (2013) 806-812] present some kind of characterization of
the graphs G for which Yr(G) — 72(G) = k for some integer k. Unfortu-
nately, their result does not lead to an algorithm that allows to recognize
these graphs efficiently.

We show that for every fixed non-negative integer k, the recognition
of the connected Ky-free graphs G with vg(G) — 2(G) = k is NP-hard,
which implies that there is most likely no good characterization of these
graphs. We characterize the graphs G such that v,o(H) = vgr(H) for every
induced subgraph H of G, and collect several properties of the graphs G
with yr(G) = §72(G).
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1. INTRODUCTION

We consider finite, simple, and undirected graphs, and use standard terminology
and notation.

Rainbow domination was introduced in [3]. Here we consider the special case
of 2-rainbow domination. A 2-rainbow dominating function of a graph G is a
function f : V(G) — 2{12} such that Uveng ) f(v) = {1,2} for every vertex u
of G with f(u) = 0. For a set X of vertices of G, let |f(X)] = >, cx [f(w)],
and let the weight w(f) of f be |f(V(G))|. The 2-rainbow domination number
Yr2(G) of G is the minimum weight of a 2-rainbow dominating function of G, and
a 2-rainbow dominating function of G of weight v,2(G) is minimum.

Roman domination was introduced in [7]. A Roman dominating function of
a graph G is a function ¢ : V(G) — {0,1,2} such that every vertex u of G with
g(u) = 0 has a neighbor v with g(v) = 2. For a set X of vertices of G, let g(X) =
Y uex 9(w), and let the weight w(g) of g be g(V(G)). The Roman domination
number yr(G) of G is the minimum weight of a Roman dominating function of
G, and a Roman dominating function of G of weight yr(G) is minimum.

For a positive integer k, let [k] be the set of positive integers at most k.

The definitions of 2-rainbow domination on the one hand and Roman domination
on the other hand clearly exhibit certain similarities. It is therefore not surprising
that these notions are related. For later reference, we include the simple proof of
the following known results.

Theorem 1 (Wu and Xing [9], Chellali and Rad [5], and Fujita and Furuya [6]).
If G is a graph, then 32(G) < 7(G) < Zya(G).

Proof. These inequalities follow immediately from two simple observations. If g
is a Roman dominating function of GG, then

0, if g(x)
fv(@) =208 s {1}, ifg(a)
{1,2}, if g(x)

0
1, and
2

is a 2-rainbow dominating function of G of weight w(f) < w(g). Similarly, if f is
a 2-rainbow dominating function of G, and |f~1({1})| > |f~1({2})|, then

0, if f(z) =0,
g:V(G) = {0,1,2} :x— (1, if f(z) = {1}, and

2, otherwise

is a Roman dominating function of G of weight
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w(g) = [FH{D+ 207 2D+ 21771 ({1, 2))]
(1) < D+ S D] + 2 (1, 2)
(2) < S+ 1 D]+ 3 (L, 2)
3
= §w(f). -

Fujita and Furuya [6] present some kind of characterization of the connected
graphs G for which yr(G) — 1,2(G) = k for some non-negative integer k at most
272(G) (cf. Corollary 3.6 in [6]). Unfortunately, their result does not lead to an
algorithm that allows to recognize these graphs efficiently.

In the present note we show that for every fixed non-negative integer k, the
recognition of the connected Ky-free graphs G with vr(G) — vr2(G) = k is NP-
hard, which implies that there is most likely no good characterization of these
graphs. In view of this negative result, we characterize the graphs G such that
Yr2(H) = yr(H) for every induced subgraph H of GG, and also establish a similar
result for the equality ygr(H) = 37,2(H). The graphs G that satisfy yg(G) =
%”)/TQ(G) seem far more restricted and we collect several of their properties.

For further related results on these parameters refer to [8, 1, 2].

2. REsuLTS

We begin with our hardness results.

Theorem 2. It is NP-hard to decide whether v,2(G) = yr(G) for a given con-
nected K4-free graph G.

Proof. We describe a reduction from 3SAT. Therefore, let F be an instance of

3SAT with m clauses C1, ..., C)y, over n boolean variables z1,...,z,. Clearly, we

may assume that m > 2. We will construct a connected Ky-free graph G whose

order is polynomially bounded in terms of n and m such that F is satisfiable if

and only if ,2(G) = vr(G).

e For every variable x;, we create a copy G; of the diamond K4 — e, and denote
the two vertices of degree 3 in G; by x; and ;.

e For every clause Cj, we create a vertex C}.

e For every literal z € {x1,...,2,} U{Z1,...,Z,} and every clause C; such that
x appears in Cj, we add the edge xCj.

e Finally, we add an induced path uvw of order 3 and all possible edges between
{u,w} and {C1,...,Cpn}.
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This completes the construction of G. Clearly, G is connected and Ky-free, and
has order 4n + m + 3.

Let f be a 2-rainbow dominating function of G. It is easy to see that
|f(V(G;))| > 2 for every i € [n], and |f({C1,...,Cpn} U {u,v,w})| > 2, which
implies v,2(G) > 2n + 2. Since

{1}, ze{u,x1,...,2,},
z— < {2}, ze{w,z,...,T,}, and

0, otherwise

defines a 2-rainbow dominating function of weight 2n + 2, we obtain v,2(G) =
2n + 2, which implies yr(G) > 2n + 2.

In remains to show that F is satisfiable if and only if v5(G) = 2n + 2.

Suppose that yr(G) = 2n 4+ 2. Let g be a minimum Roman dominating
function of G. It is easy to see that g(V(G;)) > 2 for every i € [n], and g({C1,
ooy O U{u,v,w}) > 2. Since yr(G) = 2n+2, all these inequalities are satisfied
with equality, and considering u, v, and w, it follows easily that g(v) = 2, and
that every vertex C; has a neighbor x in {1, ..., 2,}U{Z1,...,Z,} with g(z) = 2.
Therefore, these latter vertices indicate a satisfying truth assignment for F.

Conversely, suppose that F is satisfiable, and consider a satisfying truth
assignment. The function

2, x=w,
r <2 xe{xy,...,xn} U{Z1,...,ZTp} such that = is true, and

0, otherwise

defines a Roman dominating function of G of weight 2n+2, which implies vz(G) =
2n + 2, and completes the proof. [

If G is a graph, then v,2(GUCY4) = 7,2(G) + 2 and yg(GU Cy) = yr(G) + 3.
Furthermore, if G' has k components G1, ..., Gy, the star Ky ;12 has endvertices
U1, ..., Ukt2, and G’ arises from G U K7 49 by adding an edge between u; and
one vertex of G; for every i € [k], then G’ is connected, and satisfies v,2(G’') =
Y2(G) + 2 and yr(G') = yr(G) + 2. In combination with Theorem 2, these
observations immediately imply the following.

Corollary 3. Let k be a positive integer. It is NP-hard to decide whether yr(G)—
Yr2(G) =k for a given connected K4-free graph G.

We proceed to our results concerning induced subgraphs.

Theorem 4. A graph G satisfies vo(H) = yr(H) for every induced subgraph H
of G if and only if G is {Ps,C5, Cy}-free.
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Proof. Since vyo(H) < vr(H) for every graph H in {P5,C5,Cy}, the necessity
follows immediately. In view of Theorem 1, in order to complete the proof, it
suffices to show that every {Ps,Cs, Cy}-free graph G satisfies 7r(G) < vr2(G).
Therefore, let G be a {Ps, C5, Cy}-free graph, and let f be a minimum 2-rainbow
dominating function of G such that |f~1({1,2})| is as large as possible. For
F e 21b2 et Vp = f71(F). Let

0, ifxelV,
9:V(G) = {0,1,2} rx > (1, if o € Vg3 UV, and
2, if x S V{LQ}'

Note that w(g) = w(f). If g is a Roman dominating function of G, then vg(G) <
~vr2(G). Hence, we may assume that ¢ is not a Roman dominating function of G,
which implies the existence of a vertex u in Vj that has a neighbor vy in Viqy as
well as a neighbor vg in Vo1 but no neighbor in Vi 5. We say that vjuvs is a
special path.

First, suppose that there is no special path viuve such that vy and vy are
adjacent, that is, every special path is induced. Let viuvs be a special path. Let

0, if x € {v1,v2},
fi1:V(G) — 2t2 . s {1,2}, if x =wu, and

f(z), otherwise.

Since w(f1) = w(f), the choice of f implies that f; is not a 2-rainbow dominating
function of G. By symmetry, we may therefore assume that there is a special path
viuw'vh with ' € Ng[u]. By our assumption, v; is not adjacent to vy or to vh.
Since G is Cy-free, u’ is not adjacent to ve, which implies that v} is distinct from
ve. Since G is Cy-free, u is not adjacent to vh. Now, G[{v),u,v1,u,vs}] is C5 or
P5 depending on whether v9 and v} are adjacent or not, which is a contradiction.
Hence, there is a special path that is not induced. If viuwvs is a special path, and
v1 is adjacent to vy, then we say that viuwvs is a special triangle.

Let U be a set of vertices of maximum order such that every vertex in U
belongs to some special triangle 7" with V(T') C U. Since there is at least one
special triangle, the set U is not empty. For F' € {0, {1},{2}}, let Up = U N Vp.
By symmetry, we may assume that |[Ugy| > [Uggy|. Let

(Z), ifx e U{l},
fo:V(G) — oth2h . 2 sy {1,2}, ifz € Ugyy, and
f(z), otherwise.

Since w(f2) < w(f), the choice of f implies that f5 is not a 2-rainbow dominating
function of G. Since every vertex in Uy U Uyqy has a neighbor in Uy, together
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with the definition of U, this implies the existence of a special triangle viuve as
well as a special path viu/v) such that

® UC U@, V1 € U{1}7 and vy € U{g},
o v/ vy ¢ U, and
e 7/ is not adjacent to vs.

If v; and v} are adjacent, then v;u'v) is a special triangle, and adding v’ and v}
to U yields a contradiction to the choice of U. Hence, vy is not adjacent to vb.
Since G is Cy-free, vy is not adjacent to vj. Let

@, if = V2,
f3:V(G) — 2t2: s {1,2}, if x = vy, and

f(z), otherwise.

Since w(f3) = w(f), the choice of f implies that f3 is not a 2-rainbow dom-
inating function of G. This implies the existence of a vertex u” € Vj that is
adjacent to vy but not to v1. Since G is Cy-free, v’ is not adjacent to u”. Now,
G{vh,u',v1,v9,u"}] is C5 or P5 depending on whether v}, and «” are adjacent or
not, which is a contradiction and completes the proof. [

For a positive integer k, let Gy (’yR, %’y,q) be the set of all graphs G such that
Yr(H) = %'}/TQ(H) for every induced subgraph H of G with ~,.9(H) > k, that is,

3 3
Gk <’YR, 2%2) = {G VYV H Cina G : yo(H) > k = yr(H) = 2%2(H)} -
Since vr2(K1) = 1 = vyg(K1), the set Gy ('yR, %*yrg) contains no graph of positive

order. Since v,2(K2) = Yr(K2) = vr2(K2) = vr(K2) = 2, the set G (Vr, %77‘2)
contains the null graph, and Kj;.

Theorem 5. A graph G belongs to Gs (g, 37r2) if and only if G is { K3, KoUK1 }-
free.

Proof. Since v,2(K3) = vr(K3) = ye(K2 U Kj) = yr(K2 U K1) = 3, the
graphs in Gs (WR, %’yrz) are {K3, Ko U K1 }-free. In view of Theorem 1, in order
to complete the proof, it suffices to show that no graph G exists that is both
{K3, Ko U K1 }-free and satisfies 7,2(G) > 3. For a contradiction, suppose that G
is a {K3, Ko U K1 }-free graph with 7,2(G) > 3. Since y,9(G) > 3, the graph G
is not complete. Let u and v be two distinct vertices of G that are not adjacent.
Since G is {K3, Ko U K1 }-free, we obtain Ng(u) = Ng(v) = V(G) \ {u,v}. This
im- plies that
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{1}, z=wu,
x+— ¢ {2}, z=wv,and

0, otherwise

defines a 2-rainbow dominating function of G of weight 2, which is a contradiction.
|

Theorem 2 implies that the graphs G with v,9(G) = yr(G) do not have a
simple structure. In contrast to that, the graphs G with yr(G) = %’yrg(G) seem
far more restricted. In fact, it is conceivable that these graphs can be recognized
in polynomial time. In our last result, we collect several of their properties.

Theorem 6. If G is a graph with yr(G) = %’YTQ(G)7 then every minimum 2-
rainbow dominating function f of G has the following properties, where Vp =
f~YF) and np = |Vp| for F € 2{1:2},
(i) ngy = ngy and ng 9y = 0.
(ii) There are no edges between Vi1y and Vi,y.
(iii) Fori € [2], the mazimum degree of G[Vi;] is at most 1.
) Fori € [2], every vertex in Vjy has at least 1 and at most 2 neighbors in Vi;.
) For i € [2], every verter u in Vi has at least 2 neighbors v in Vy with
Ng(v) N Vig = {u}.

(iv

(v

Proof. Let G be a graph with yz(G) = 37,2(G), and let f be a minimum 2-
rainbow dominating function of G.

(i) Since the inequality (1) in the proof of Theorem 1 is satisfied with equality,
we obtain ngy = nyoy. Similarly, since (2) is satisfied with equality, we obtain
ng1,2y = 0. Since f is a 2-rainbow dominating function of G and ny; 9y = 0, every
vertex in Vj has a neighbor in Vy;y as well as a neighbor in Visy.

(ii) If v in Vi) is adjacent to vz in Vigy, then

Oa T € {UQ} U %a
r— 91, @€ Vi \{v2}, and
2, U ‘/’{1}
defines a Roman dominating function of G of weight %’yTg(G) — 1, which is a
contradiction.

(iii) If w in Vi; is adjacent to two distinct vertices v and w in Vi;;, then

0, ze€{v,w}uVp,
z— <1, x€ Vg \{u,v,w}, and
2, xe€ {U} U ‘/{3_1‘}



960 J.D. ALVARADO, S. DANTAS AND D. RAUTENBACH

defines a Roman dominating function of G of weight %’yrg(G) — 1, which is a
contradiction.

(iv) As observed above, every vertex in Vj has a neighbor in Vi;y. If u in Vj is
adjacent to three distinct vertices vy, ve, and vz in Vi;y, then

07 VS {’U17’U27'U3}U(‘/@\{u})7
z— 1, €V \{v,v2,v3}, and
2, WS {U} @) ‘/{3_1'}

defines a Roman dominating function of G of weight %’yrg(G) — 1, which is a
contradiction.

(v) Let i € [2] and let u € Vi Let P(u) = {v € Vj : Ng(v) N Vi = {u}p}. If
P(u) = (), then
0, zeVp,
r—= 41, x€ Vi U{ub, and
2, xe€ V{i} \ {u}
defines a Roman dominating function of G of weight %’yrg(G) — 1, which is a

contradiction. Hence, P(u) is non-empty. If P(u) = {v}, then let w be a neighbor
of v in Viz_;3. Now,

0, z€{u,wpu(Vp\{v}),
z—= 41, x€ Vi \{w}, and

2, we{vpuU(Viy \{u})

defines a Roman dominating function of G of weight %’77»2(G) — 1, which is a
contradiction. ]
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