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Abstract

An arc-coloured digraph D = (V, A) is said to be rainbow connected
if for every pair {u,v} C V there is a directed uv-path all whose arcs have
different colours and a directed vu-path all whose arcs have different colours.
The minimum number of colours required to make the digraph D rainbow
connected is called the rainbow connection number of D, denoted 7¢(D). A
cactus is a digraph where each arc belongs to exactly one directed cycle. In
this paper we give sharp upper and lower bounds for the rainbow connection
number of a cactus and characterize those cacti whose rainbow connection
number is equal to any of those bounds. Also, we calculate the rainbow con-
nection numbers of some infinite digraphs and graphs, and present, for each
n > 6, a tournament of order n and rainbow connection number equal to 2.
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1. INTRODUCTION

Given a graph G = (V, E), an edge-colouring of G is called rainbow connected
(respectively strongly rainbow connected) if for every pair {u,v} C V there is a
uv-path (respectively a uv-geodesic) all whose edges receive different colours, and
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the rainbow connection number (respectively strongly rainbow connection number)
of G is the minimum number & such that there is a rainbow connected (respectively
strong rainbow connected) edge-colouring of G with k colours. These concepts
were introduced by Chartrand et al. in [4]. A natural extension of this concept is
that of the rainbow connection and strong rainbow connection in oriented graphs,
which was introduced by Dorbec et al. in 5], and some work around these concepts
have been done since then (see for instance [1, 6]).

Let D = (V(D),A(D)) be a strong connected digraph and p : A(D) —
{1,...,k} be an arc-colouring of D. Given a pair {z,y} C V (D), a directed zy-
path T in D will be called rainbow if no two arcs of T receive the same colour.
The arc colouring p will be called rainbow connected if for every pair of vertices
{z,y} C V(D) there is a rainbow zy-path and a rainbow ya-path. The rainbow
connection number of D, denoted as ﬁ(D), is the minimum number k£ such that
there is a rainbow connected arc-colouring of D with k colours. Given a pair of
vertices {z,y} C V(D), an zy-path T will be called an zy-geodesic if the length of
T is the distance from z to y in D. An arc-colouring of D will be called strongly
rainbow connected if for every pair of distinct vertices {x,y} C V(D) there is a
rainbow zy-geodesic and a rainbow yz-geodesic. The strong rainbow connection
number of D, denoted as ﬁ(D), is the minimum number k£ such that there is a
strong rainbow connected arc-colouring of D with k£ colours.

In this paper we give sharp upper and lower bounds for the rainbow con-
nection number of a cactus and characterize the cacti digraphs whose rainbow
connection numbers are equal to any of those bounds. Also, we calculate the
rainbow connection numbers of some infinite digraphs and graphs, and present,
for each n > 6, a tournament of order n and rainbow connection number equal
to 2. It will turn out that for each of the digraphs considered here, its rainbow
connection number is equal to its strong rainbow connection number. For general
concepts we refer the reader to 2, 3.

2. NOTATION AND SOME PREVIOUS RESULTS

Let D = (V(D), A(D) be a digraph. D will be called simple if it has no multi-arcs
nor loops, asymmetric if D has no symmetric arcs, and strong if for every pair of
vertices {z,y} of D there is a directed zy-path and a directed yz-path in D. Given
z € V(D), N*(z) and N~ (x) will denote the out-neighborhood of = and the in-
neighborhood of x in D, respectively. Similarily, d* (x) and d~ (x) will denote the
out-degree of x and the in-degree of x in D, respectively. Given S C V (D), D[S]
will denote the subdigraph of D induced by S. Given a = (z,y) € A(D), the
vertex x will be called the tail of a and y will be called the head of a. Also, a will
be an out-arc of x and an in-arc of y. D/a will be the digraph obtained from D
by the contraction of the arc a.
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Given an arc-colouring p : A(D) — {1,...,k}, a subdigraph H of D will be
called rainbow if no two arcs of H receive the same colour. For each i € {1,...,k},
the set of arcs p~!(i) will be called the chromatic class of the colour i, and if
lp~1(i)| = 1, p~1(i) will be also called a singular chromatic class. If |p[A(D)]| = k
(that is, if p use k colours) p will be called a k-colouring.

Let @ be a strong asymmetric digraph. We say that @ is a cactus if each arc
belongs to exactly one directed cycle.

Recall that a block is a maximal subdigraph without a cut-vertex. The block
graph of D, denoted B(D), is the graph with V(B(D)) = {B; | B; is block of D}
and B;B; € E(B(D)) if B; and Bj; shares a vertex in D.

From the definition of a cactus, it is not hard to obtain the following chara-
terization.

Lemma 1. Let QQ be a digraph with n vertices and m arcs. Then the following
statements are equivalent.
(I) Q is a cactus.
(IT) @ is a strong digraph in which every block is a directed cycle.
(III) Let q be the number of blocks in Q. Then Q has a decomposition into directed
cycles Cy,, ..., Cp, such that, for each k =2,...,q, we have

k—1
V(Cp) N <U V(cm)>‘ =1

(IV) There is exactly one directed path between each pair of vertices of Q.

and g=m—n+ 1.

When a cactus on n vertices has decomposition into ¢ cycles, we will say that
such a digraph is an (n,q)-cactus. From now on, we always consider a cactus
along with its cycle decomposition given in (III) of Lemma 1, and it is clear that
such a decomposition is unique (up to the order of the cycles). Observe that since
the directed path between any pair of vertices of () is unique, in any rainbow
connected colouring of () such a path most be rainbow and also this implies that
W(Q) = W(Q) Given u,v € V(Q), we will denote by uQu the unique directed
uv-path in @, and we will denote by K¢ the set formed by all the cut-vertices of
Q. Also, for each a € A(Q) we denote by C'(a) the directed cycle containing a. By
Lemma 1 we see that if @ is a cactus, then for every v € V(Q), d*(u) = d™ (u).
Moreover, u € K¢ if and only if d™(u) = d~ (u) > 1.

3. CacTi DIGRAPHS

The aim of this section is to show the following.

Theorem 5. Let Q be an (n,q)-cactus with ¢ > 2. Then
n—q+1<7r¢(Q)<n-—1.
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Theorem 6. Let QQ be an (n,q)-cactus. ﬁ(@) =n—q-+1 if and only if Kg is
independent.

Theorem 8. Let Q be an (n,q)-cactus with ¢ > 2. Q(Q) =n—1 if and only if
—
B(Q) = P, and Q[Kqg] = P,_;.

Theorem 9. Let q > 2. For every n > 2q+1 there is an (n, q)-cactus with Q(Q)
=n—q+kforke{l,2,...,q—1}.

To show these theorems, we need some preparatory results.

Lemma 2. Let p be a rainbow connected colouring on a cactus Q and let (u,v) €
A(Q). If {u,v} N Kg = 0 then the arc (u,v) is a singular chromatic class. Mo-
reover, if (u,v) is contained in a cycle of length at least four, then W(Q) =

T(Q/ (u,v)) + 1.

Proof. Let a = (u,v) with {u,v} N Kg = 0, let b = (z,y) be any other arc
of @ and let C(a) and C(b) be the cycles that contain a and b, respectively. If
C(a) = C(b), then p(a) # p(b) by (IV) in Lemma 1. Otherwise, each C(a)C(b)-
path contains a cut-vertex w € V(C(b)). Without loss of generality w # z, then
uQy contains both arcs, therefore p(a) # p(b), and hence the arc a is a singular
chromatic class.

Now, let h be the new vertex in Q/a. We define p, to be the colouring induced
by p on Q/a such that

p((z,y)) ifx#h y#h,
pa((z,y)) =9 p((v,y) ifz=h,
p((z,u)) ify=h.

Clearly, p, uses one colour less than p, and each rainbow path in ) corresponds to
a rainbow path in Q/a. Thus 7¢(Q) > 7¢(Q/(u,v)) + 1. Analogously, we obtain
that 7¢(Q) < 7¢(Q/(u,v)) + 1, and the result follows. |

By the previous lemma we can restrict our study to cactus where each end-
block is a 3-cycle, and for each pair of adjacent vertices contained in any other
block, at least one is a cut-vertex.

Proposition 3. Let p be an arc-colouring of Q. p is rainbow connected if and
only if for any pair of distinct arcs a = (u,v) and b = (z,y) of Q such that
p(a) = p(b), it holds that

(i) C(a) # C(b);
(ii) every C(a)C(b)-path contains the set of vertices {u,z}, or every C(a)C(b)-
path contains the set of vertices {v,y}.
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Proof. Let p be a rainbow connected colouring on @ and let a = (u,v) and
b= (x,y), with p(a) = p(b). Notice that C'(a) # C(b) since each cycle has no two
arcs sharing the same colour. Clearly, each C'(a)C(b)-path contains two vertices
(not necessarily different) w, € KgNV(C(a)) and wy, € KNV (C(b)). We claim
that w, and w;, are the tails (u and z) of a and b, or the heads (v and y) of a
and b. Otherwise, without loss of generality, let w, # w and wp # y, thus uQy
contains both arcs a and b, contradicting that p is a rainbow connected colouring.

On the other hand, assume that if p(a) = p(b), then C(a) # C(b) and every
C(a)C(b)-path contains the tails of a and b or every C'(a)C/(b)-path contains the
heads of @ and b. Suppose that p is not a rainbow connected colouring. Then there
exists a directed path P containing two arcs (u,v) and (x,y) of the same colour.
Thus C((u,v)) # C((z,y)) and vPx is a C((u,v))C((z,y))-path that contains no
both tails nor both heads of (u,v) and (x,y), which is a contradiction. |

Let Cy, be a block of an (n,q)-cactus Q). For each u € V(C,,) we define
the i-branching of u, denoted by B;(u), as the maximal cactus Q' contained in
Q where V(Cy,) € V(Q') and u is not a cut-vertex of Q'. Notice that for each
u € V(Q), the set {Bj(u) |u € V(Cy;) with 1 < j < ¢} is a decompositon of Q
into the branchings of w.

Lemma 4. Let C,,, be an end-block of a cactus () and let u be the only cut-vertex
of Q contained in Cyp,. If Q' = Q — (Cy, — u), then

Q) +ni —2 < T(Q) < THQ) +ni — 1.

Moreover, if N(u) N K¢g =0 or there is another end-block Cn; contaning u, then
Q) = THQ) +ni - 2.

Proof. The first inequality follows from Lemma 2, since each arc of C,,, —u has
a unique colour. For the second inequality, since u € K¢, then there is Cj,
containing u where j # i. Denote by v and v’ the in-neighbors of u in Cj,, and
Ch;, respectively, and let w and w’ be the corresponding out-neighbors of u. By
Lemma 2 we can assume that C,, = uwvu. Let py be a rainbow connected
7¢(Q’')-colouring on Q' where po(v/,u) = ¢ and define a colouring p on @ such
that

r if a = (w,v),
o(a) = r+1 %iazgu,w)) or a € pyt(c)\ A(B;(v')),

po(a) otherwise,

where r and 7+ 1 are two new colours. We will see that p is a rainbow connected
colouring of Q. Let {a,b} C A(Q) with p(a) = p(b). If {a,b} C A(Q'), then
the condition of Proposition 3 holds, so we can assume that a € A(C),,) and
be A(Q"). Let p(a) =r+ 1. Then a = (u,w) and b € A(Bg(v")) with k # j.
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Since po(b) = po((v',u)) we have that each C(b)Cy,;-path contains the tails of b
and (v',u), hence every C(b)C),,-path contains the tails of b and (u,w). Now, let
p(a) = po((v',u)). Then a = (v,u) and b € A(B;(v')). If b = (v/,u), then clearly
each C,,Cp;-path contains u. If b # (v/,u), then each C(b)Cy,-path contains
the heads of b and (v',u) since po(b) = po((v',u)), therefore every C(b)Cy,-path
contains the heads of b and (v, ). Hence in any case the condition of Proposition
3 holds, thus p is a rainbow connected colouring on ) using ﬁ(Q’ )+mn;—1 colours,
and the second inequality follows.

On the other hand, if C,; is another end-block containing u, let p' be a
rainbow connected 7¢(Q’)-colouring on @’ and extend this colouring on Q such
that the in-arcs and out-arcs of u in C),, receive the same colours as the in-arcs
and out-arcs of u in Cj,;, respectively, and assign new colours to each arc in Cy,
not incident to u. Clearly such a colouring is a rainbow connected colouring
on () using ﬁ(Q’ ) + n; — 2 colours. Analogously if there is no other end-block
containing u and N(u) N Kg = 0, then let p be a rainbow connected 7¢(Q')-
colouring on @', and let (u,v) and (w,u) be the arcs of @’ incident on u. Since
w is not a cut-vertex in Q" and N(u) N Kg = (), by Lemma 2, no other arc of
Q' share the same colour with (u,v) or (w,u). Now, let (y,u) and (u,z) be
the arcs of C,, incident on wu, and define an extension p of p’ on @ such that
p((y,u)) = p'(w,u)), p((u,z)) = p'((u,v)), and assign n; — 2 new colours to the
arcs in C,,, — u. Clearly p is a rainbow connected (7¢(Q’) + n; — 2)-colouring on
Q. Since 7¢(Q) > 7¢(Q') + n; — 2 in both cases, the equality holds. n

Now, we can prove a pair of main results of this section.
Theorem 5. Let Q be an (n,q)-cactus with ¢ > 2. Then
n—q+1<7r¢Q)<n—1.

Proof. Let Q be an (n, q)-cactus, {Cy,,...,Cp,} be a cycle decomposition of
Q (see Lemma 1) and suppose that for each j, with 1 < j < g —1, Cp; is an
end-block of J{_; Cy,. By Lemma 4 it follows that

_c>( )>? ng —i—Z i — 2) —nq—i-z —(g—1)=n—q+1.
On the other hand, again by Lemma 4,
q—2 q—2
7E(Q) < T¢(Cry UCh, )+ Y (ni—1)=ng+ng1-2+> (ni—1)=n-1
=1 =1
and the result follows. ]

Theorem 6. Let Q be an (n,q)-cactus. Q(Q) =n—q+1 if and only if Kq is
independent.
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Proof. Let Kg be an independent set. We will proved the sufficiency by induction
on ¢q. If ¢ = 1 the statement holds trivially. Then assume that the result is valid
for any cactus with ¢—1 cycles. Now, let {Cl,,,...,Cy,} be a cycle decomposition
of @ ( as in Lemma 1) where Cy,, is an end-block. Also, let Q' = Uf;ll Cp,. Then
by induction hypothesis we have that 7¢(Q’) = (n —n, +1) — (¢ — 1) + 1. Now
by Lemma 4 we obtain that Q(Q) =n—-ng—q+3+n;,—2=n—q+1.

On the other hand, if K¢ is not an independent set, then let (u,v) € A(Q)
such that u,v € Kg. Notice that there are at least 3 cycles in Q): the first
one containing (u,v), the second one containing u but not v, and the last one
containing v but not w. Without loss of generality, let C),,, ), and C,,, be such
cycles, respectively, and let Q' = C,,, UC,,,UC,,, where Q" has n' = nj+nas+ns—2
vertices and ¢’ = 3 cycles (see Figure 1). Denote by z; and a:j the predecessor
and the successor of vertex z € {u,v} in Cy,. Since vy Qu; is a hamiltonian path
and by Theorem 5 we have r¢(Q’) = n’ — 1. Hence, by Lemma 4, we can see that

re(Q) 2 re(Q) + Xy (ni —2) =n' =143 (ni—1) = (¢=3)=n—-q+2. =

u; O @) vfr
Ch,

— +
Ug U v U3

O O O O

4 1l

\\ ll

1

\\ CnQ CnB //
\\ Vi
\‘~—-Ou;' 1)3_O<-—"

Figure 1. The cactus @’ in the proof of Theorem 6.

Lemma 7. Let Q be an (n,q)-cactus and let Kg not be an independent set. If
Kq lies on a cycle, then Q(Q) =n—q+2.

Proof. By the previous theorem, it suffices to find a rainbow (n— g+ 2)-colouring
on Q. Let V(Q) = {u1,...,u,} and assume, without loss of generality, that K¢
lies on C,,. Also, consider the set U = {(us,u;) € A(Q) | us ¢ V(Cy,),u; €
V(Cn,)}. Now, define the (n — ¢ + 2)-colouring p such that

i if (ug,uy) ¢ U,
p(ui,uj)) = { 0 if (usu)) € U

We will see that p is a rainbow connected colouring. Let {a,b} C A(Q) with the
same colour. If p(a) = p(b) # 0, then a and b have the same tail. Otherwise,
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{a,b} C U, then C(a) # C(b) and the heads of both arcs lies on Cy,. Clearly,
each C(a)C(b)-path contains the heads of both arcs. Thus, by Proposition 3,
p is a rainbow connected colouring and since |[U| = ¢ — 1, then p is a rainbow
connected (n — ¢ + 2)-colouring. |

Now we characterize the family of cacti whose rainbow connection numbers
are equal to the upper bound.

Theorem 8. Let Q) be an (n,q)-cactus with ¢ > 2. Q(Q) =n—1if and only if
—
B(Q) = P, and Q[Kqg] = Py_;.

Proof. First, suppose that B(Q) = P, and Q[Kg] = q—_)l with ¢ > 2. Since
B(Q) is a path, each non-end-block of @) contains exactly two cut-vertices of @,
and we can order the blocks of @ from one end-block to the other end-block. We
denote by u; the cut-vertex contained in Cp, N Cy,, for i =1,...,q — 1. Also,
we denote by v; ; and w; ; the in-neighbor and the out-neighbor of u; contained
in Cy;, respectively. If Q[Kq] is a directed path we can assume without loss of
generality that w;;1 = w; 41 for each i = 1,...,¢ — 2 (see Figure 2). Notice that
Wg—1,gQu1,1 is a path of length n — 1, so ﬁ(@) > n — 1 which by Theorem 5
implies that 7¢(Q) = n — 1.

V4,5

CVEAVISVIAVES

7

.
Figure 2. A cactus Q with B(Q) = P; and Q[Kg] = Py.

For the sufficiency we proceed by induction on g. The cases g € {2, 3} follow
from Theorem 6 and Lemma 7, respectively. Suppose that the statement holds
for any cactus with ¢ cycles and let @ be an (n, g+ 1)-cactus with ﬁ(@) =n-—1.
By Lemma 2 we can assume that the end-blocks of @) have lenght 3. Let C),, be
an end-block where x; is the only cut-vertex of () contained in such a cycle, and
let Qi = Q — (Cy, — x;). Observe that 7¢(Q;) = n — 3 (otherwise, by Lemma
4, ﬁ(@) < n — 1 which is a contradiction). Thus, by induction hypothesis,

B(Q;) = P, and Q;[Kg,] = P:l. Therefore, for each end-block C,,, of @, B(Q;)
is a path. It follows that either @) has three end-blocks (and B(Q) = K 3), or
two end-blocks, but if B(Q) = K3 then either by Theorem 6 or by Lemma 7,
Q(Q) < n — 1 which is not possible. Thus @ has exactly two end-blocks, and
therefore B(Q) = Pyy1. Moreover, if Cp, and Cy, ., are the end-blocks of ) (and
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x1 and x4 are the only cut-vertices of ) contained in C,,, and C, respectively),

q+17

H
by induction hypothesis Q1[Kq,] = Qq11[Kq,,,] = Py—1 and then it follows that
H
Q[KQ] = Pq. |

We now construct cacti digraphs on n vertices with rainbow connection num-
ber equal to any value between the lower and upper bounds.

Theorem 9. Let ¢ > 2. For every n > 2q + 1 there is an (n,q)-cactus with
TQ)=n—q+Fkforke{l1,2,...,q—1}.

Proof. Let ¢ > 2 and k € {1,2,...,q — 1}. Consider a (2¢ + 1, g)-cactus Q
where Cp,, = wvyw;u; for 1 < i < g, such that {u;} = Cy; N ( f;i Cp,) for
2 < j<q u =wvqfor2<t<k+1andwu =wv for k+2 <t <q.
Now let Q' = U1 G, Notice that Q'[Ko] =Py and B(Q') & Pyyy, then, by
Theorem 8, %(Q’ ) = 2k + 2. Also, since C,, is an end-block containing uy for
k42 <t<q—1, then, by Lemma 4, 7¢(Q) = 7¢(Q') + ¢ — (k + 1). Therefore
Q) =2k+2+q—k—1=q+k+1=(2¢+1)—q+k. Now, for any n > 2¢+1
we subdivide n — 2¢ — 1 times the arc (vi,w1), so, by Lemma 2, the resulting
(n, g)-cactus has rainbow connection number n — g + k. [ ]

4. TOURNAMENTS

In [5] the following two theorems were proven.

Theorem 10 (Dorbec et al. [5]). If T is a strong tournament with n > 5 vertices,
then 2 < Q(T) <n-—1.

Theorem 11 (Dorbec et al. [5]). For every n and k such that 3 < k < n —1,
there exists a tournament T on n vertices such that Q(T) =k.

When n € {4,5} it is easy to verified that 7¢(T) > 3 for each tournament T
on n vertices. Here we will show that this is not true for tournaments of order
n > 6.

Theorem 12. For everyn > 6, there is a tournamentT" of order n with (W:(T) =
7¢(T) = 2.

Proof. For n = 2k + 1, with k& > 3, let S = {1,2,4,...,2(k — 1)} and let
T = (V(T),A(T)) be the tournament such that V(T') = {uo,u1,...,un—1} and
A(T) = {(uj,uj) | j—1i = s, s € S} (observe that T is the circulant tournament
Cok+1(S)). Now consider the partition of A(T') into the sets

Ao = {(uo,u1), (o, uz), (u1, usk—1)}

U ({(ur,us) | 7 =0 mod 2,7 > 2} \ {(uz, uok)})



310 J. ALVA-SAMOS AND J.J. MONTELLANO-BALLESTEROS

and Ay = A(T) \ Ap; and let p be the colouring where p(a) = i if a € A; for
1=0,1.

Observe that it suffices to check that there is a rainbow wu;u;-path for each
pair (i,7) with0 <i<n-—1land j=i+3,i+5,...,i+2k— 1,7+ 2k. We will
denote such a path by P ;. First, let P ;13 = uujp1uiys for i € {0,...,2k — 1}
and Pop o = ugguiuz. Now, let 3 <7 <n —1. Then P, ;4, = u;uir1u;y, for each
r=2>5,...,2k — 1 and P; ;o1 = UjUujt2k—2Uit2 (Observe that i 42k —2 =i — 3).
For ¢ = 1 we have Plyj = UIUU; with j € {6, v, 2k — 2} and Pl’j = UIU2k—1Uj
if j € {2k,2k + 1}. For i = 2, Po; = ugugu; with j € {7,...,2k + 1} and
P272k+2 = Pg}l = UUQLUT- Finally, for i = 0, P(],j = UoUj—1Uj Withj >5 andj
odd, and P o, = ugugugy. In any case, P; ; is a rainbow path by the definition of
p. Hence 7¢(T) = 2.

Figure 3. Tournaments on n vertices with 7¢(7T},) = 2 with n € {6,7,8}.

For n = 6, let T be the first tournament in Figure 3. If n = 2k > 8, we
consider the tournament T obtained by adding a new vertex u,—1 to Cor_1(1, 2,4,
..,2(k —2)) in such a way that (up—1,u;) € A(T) if 7 is even and (u;, up—1) €
A(T) if 7 is odd (see the third tournament in Figure 3). Also, let p be the rainbow
colouring on Cy,_1(1,2,4,...,2(k — 2)) described above and extend it to T in
such a way that p(a) = 1 for each arc a incident to u,_1. Clearly, there is a
rainbow u;uj-path if ¢, 5 # n — 1, and for the vertex u,—1 we have to consider



RAINBOW CONNECTIVITY OF CACTI AND OF SOME INFINITE DIGRAPHS 311

Up—i Wi if 4 is even,
Pn—l,i = P
Up_1Ui—1u; if 4 is odd,
Willyy—; if 7 is odd,
and P 1 =4¢ Upouip—1 ifi=n-—2=2k-2,

UjUi+1Up—1  Otherwise.

By construction such paths are rainbow paths, therefore ﬁ(T) =2.
Finally, just observe that if 7¢(T") = 2 then 57¢(T) = 2 and the result follows.
|
From the above the next result follows.

Corollary 13. For every n > 6 and every k such that 2 < k < n —1, there exists
a tournament T on n vertices such that 7¢(T) = k.

5. INFINITE DIGRAPHS

Now, we focus our attention on infinite digraphs. For this, first we define the
following. Given a pair of positive integers k and b, let k,(0), kp(1), ..., kp(4), - - -
be the b-base expansion of k, that is to say, k = >_._ kp(i)b* where, for every
i >0, kp(7) is an integer such that 0 < ky(i) < b— 1.

Now we will define some infinite digraphs, all of them inspired in the definition
of the Rado Graph, and each of them with NU{0} as its set of vertices. Let D; be
the digraph such that (i,j) € A(D;) if and only if js(i) € {1,3} or i4(j) € {2,3};
let Do be the symmetric digraph such that {(i, j), (j,4)} € A(Ds) if and only if
jo(i) = 1 or ia(j) = 1; let D3 be the digraph such that (i,j) € A(Ds3) if and
only if j3(i) = 1 or i3(j) = 2; and let D4 be the digraph such that A(Dyg) =
A(D3) U{(3,7), (4,7) | j3(i) = i3(j) = 0}. Finally, let D5 be the tournament such
that for every pair ¢, j, with i > j, if ia(j) = 1 then (i, 5) € A(Ds), and if ia(j) =0
then (j,7) € A(Ds).

Theorem 14. Let D € {Dy, Dy, D3, Dy, Ds}. Thus 7¢(D) = sré(D) = 2.
Proof. Let p be a colouring defined for each (7,7) € A(D) as

1 iti <y,
plig) = { 2 otherwise.

We will see that p is a rainbow connected 2-colouring of D. Let ¢,j be ver-
tices of D such that ¢ < j, and let b be the base expansion of the vertices in D
(observe that the base in Dj is 4, for Dy and Ds is 2, and for D3 and Dy is 3).
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Consider the vertices k = b* 4+ ab’ and k' = ab’ + b7, where

0 ifD=Ds,
a={ 1 ifD=D,,
2 ifDe {Dl,Dg,D4}.

For the case when D = Dj, ko(i) = 1, ka(j) = 0, k4(i) = 0 and ki(j) = 1.
Since i,5 < kK, {(j, k), (k, ), (i, k"), (K',7)} € A(D) and the both paths jki
and ik’j are rainbow. For the case when D = D, we see that k¥ = k' and
ka(i) = kao(j) = 1, and therefore {(i,k), (k,1),(j,k), (k,j)} € A(D). For the
other cases ky(i) = 1, ky(j) = 2, k(i) = 2 and ky(j) = 1 which implies that
{(i, k), (k,7), (4, k), (K,i)} € A(D). Since i,j < k,k’, in the last four cases the
both paths ¢kj and jk'i are rainbow, hence p is a rainbow connected 2-colouring
on D and therefore 7¢(D) = 2. Since 7¢(D) = 2 it follows that 57¢(D) =2. m

Finally, we turn our attention to graphs. The Rado Graph R has all the
non-negative integers as vertices, and two distinct vertices a and b are adjacent if
and only if as(b) =1 or by(a) = 1.

Theorem 15. The rainbow connection number of the Rado Graph is 2.

Proof. Let R = (V(R), E(R)) be the Rado Graph and let p be a colouring defined
for each ab € E(R) as

| 1 ifa<band (a+1)be E(R),
plab) = { 2 otherwise.

We will see that p is a rainbow connected 2-colouring of R. Let a,b be non-
adjacent vertices of R such that a < b, and consider the vertex k = 2% + - - - + 2°.
Notice that ka(a) = k2(b) = 1 which implies that {ak,bk} C E(R). Besides,
ka(a + 1) = 1 and therefore (a + 1)k € E(R) which implies that p(ak) = 1.
Finally, observe that ka(b+ 1) = 0 and, since b < k, (b + 1)2(k) = 0, thus
(b+ 1)k € E(R) and therefore p(bk) = 2. Hence akb is an ab-rainbow path and
the result follows. u
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