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Abstract

Let P denote a 3-uniform hypergraph consisting of 7 vertices a, b, ¢, d,
e, f,g and 3 edges {a,b,c},{c,d, e}, and {e, f,g}. It is known that the r-
color Ramsey number for P is R(P;r) = r + 6 for r < 9. The proof of this
result relies on a careful analysis of the Turdn numbers for P. In this paper,
we refine this analysis further and compute the fifth order Turdn number
for P, for all n. Using this number for n = 16, we confirm the formula
R(P;10) = 16.
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1. INTRODUCTION

For the sake of brevity, 3-uniform hypergraphs will be called here 3-graphs. Given
a family of 3-graphs F, we say that a 3-graph H is F-free if for all F € F we
have H 2 F.

For a family of 3-graphs F and an integer n > 1, the Turdn number of the
1st order, that is, the ordinary Turdan number, is defined as

ex(n; F) = exV(n; F) = max{|E(H)| : |V(H)| =n and H is F-free}.

Every n-vertex F-free 3-graph with ex(l)(n; F) edges is called 1-extremal for F.
We denote by Ex(l)(n;}" ) the family of all, pairwise non-isomorphic, n-vertex
3-graphs which are 1-extremal for F. Further, for an integer s > 1, the Turdn
number of the (s + 1)-st order is defined as

exCY(n; F) = max{|E(H)| : [V(H)| = n, H is F-free, and
vH' ¢ ExV(n; F)u---UEx®) (n; F),H ¢ H'},
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if such a 3-graph H exists. Note that if ex(*+1) (n; F) exists then, by definition,
(1) exCt D (n; F) < ex®) (n; F).

An n-vertex F-free 3-graph H is called (s + 1)-extremal for F if |E(H)| =
ex(+D) (n; F) and for every H' € Ex()(n; F)U---UEx®) (n; F), H ¢ H'; we denote
by Ex(*1)(n; F) the family of n-vertex 3-graphs which are (s + 1)-extremal for
F. In the case when F = {F'}, we will write F instead of {F'}.

A loose 3-uniform path of length 3 is a 3-graph P consisting of 7 vertices,
say, a,b,c,d,e, f,g, and 3 edges {a,b,c},{c,d,e}, and {e, f,g}. The Ramsey
number R(P;r) is the least integer n such that every r-coloring of the edges of
the complete 3-graph K, results in a monochromatic copy of P. Gyarfas and
Raeisi [6] proved, among many other results, that R(P;2) = 8. (This result was
later extended to loose paths of arbitrary lengths, but still » = 2, in [13].) Then
Jackowska [9] showed that R(P;3) = 9 and r 4+ 6 < R(P;r) for all » > 3. In
turn, in [10, 11] and [15], the Turdn numbers of the first four orders, ex( (n; P),
i = 1,2,3,4, have been determined for all feasible values of n. Using these
numbers, in [11] and [15], we were able to compute the Ramsey numbers R(P;r)
for 4 <r <9.

Theorem 1 [6, 9, 11, 15]. For all <9, R(P;r) =1+ 6.

In this paper we determine, for all n > 7, the Turdn numbers for P of the
fifth order, ex®) (n; P). This allows us to compute one more Ramsey number.

Theorem 2. R(P;10) = 16.

It seems that in order to make a further progress in computing the Ramsey
numbers R(P;r), r > 11, one would need to determine still higher order Turén
numbers ex(*) (n; P), at least for some small values of n.

Throughout, we denote by S, the 3-graph on n vertices and with ("gl) edges,
in which one vertex, referred to as the center, forms edges with all pairs of the
remaining vertices. Every sub-3-graph of S,, without isolated vertices is called
a star, while S, itself is called the full star. We denote by C' the triangle, that
is, a 3-graph with six vertices a, b, ¢, d, e, f and three edges {a,b,c}, {c,d, e}, and
{e, f,a}. Finally, M stands for a pair of disjoint edges. For a given 3-graph H and
a vertex v € V(G) we denote by degy(v) the number of edges in H containing v.

In the next section we state some known and new results on Turdn numbers
for P, including Theorem 11 which provides a complete formula for ex(® (n; P).
We also define conditional Turan numbers and quote from [11] and [14] some
useful lemmas about the conditional Turan numbers with respect to P, C', M.
Then, in Section 3, we prove Theorem 2, while the remaining sections are devoted
to proving Theorem 11.
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2. TURAN NUMBERS

We restrict ourselves exclusively to the case k = 3 only. A celebrated result of
Erdés, Ko, and Rado [2] asserts, in the case of k = 3, that for n > 6, ex(l)(n; M) =
("51) Moreover, for n > 7, Ex" (n; M) = {S,,}. We will need the higher order
versions of this Turan number, together with its extremal families. The second
of these numbers has been found by Hilton and Milner, [8] (see [4] and [14] for a
simple proof). For a given set of vertices V', with |V| =n > 7, let us define two
special 3-graphs. Let x,y, z,v € V be four different vertices of V. We set

Gi(n) ={{z,y,2}} U {he <§) v € h,hﬂ{x,y,z}#@},

Ga(n) = {{z,9,2}} U {h c (g) b {z,y, 2} = 2} |
Note that for i € {1,2}, M ¢ G;(n) and |G;(n)| = 3n — 8.

Theorem 3 [8]. Forn > 7, ex®®(n; M) = 3n — 8 and Ex®(n; M) = {G1(n),
Ga(n)}.

Later, we will use the fact that C' C Gi(n) p P, i =1,2.

Recently, the third order Turan number for M has been established for gen-
eral k by Han and Kohayakawa in [7]. Let G3(n) be the 3-graph on n vertices,
with distinguished vertices x,y1, Y9, 21, 22 Whose edge set consists of all edges
spanned by x,y1, Y2, 21, 22 except for {y1,y2,2:}, ¢ = 1,2, and all edges of the
form {z, z;,v}, i = 1,2, where v &€ {z,y1,v2, 21, 22}.

Theorem 4 [7]. Forn > 7, ex® (n; M) = 2n — 2 and Ex®) (n; M) = {G3(n)}.

For k = 3 we were able to take the next step and determine the next Turdn
number for M.

Theorem 5 [14]. Forn > 7, exY(n; M) = n + 4.

The number (”;1) serves as the Turdn number for two other 3-graphs, C'
and P. The Turédn number ex(!)(n; C') has been determined in [3] for n > 75 and
later for all n in [1].

Theorem 6 [1]. Forn > 6, exD(n;C) = ("51) Moreover, for n > 8, it holds
Ex(V(n; C) = {S,}.

In [10], we filled an omission of [5] and [12] and calculated ex(Y)(n; P) for
all n. Given two 3-graphs F} and F3, by F} U F> denote a vertex-disjoint union
of F} and Fy. If F1 = F5 = F we will sometimes write 2F" instead of F'U F'.
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Theorem 7 [10]. ex(l)(n' P) =

(5)  and  EzxW(n; P) = {K,} forn <6,
20 and ExM(n;P)={Ke¢UK} forn=T1,
(";1) and ExzW(n; P) = {S,} forn > 8.

J. PoLCcYN

In [11] we have completely determined the second order Turdn number
ex(?)(n; P), together with the corresponding 2-extremal 3-graphs. A comet Co(n)
is an m-vertex 3-graph consisting of the complete 3-graph K4 and the full star
Sn—3, sharing exactly one vertex which is the center of the star (see Figure 1).
This vertex is called the center of the comet, while the set of the remaining three

vertices of the K4 is called its head.

Figure 1. The comet Co(n).

Theorem 8 [11]. ex(?(n; P) =

15 and Ex®(n; P) = {S} form=17,

20 + ("§6) and Ex®? (n; P) ={K¢ U K,_¢} for 8 <mn < 12,
40 and Ex®(n; P) = {2Ks U K1,Co(13)} for n =13,
4+ (%) and Ex®(n: P) = {Co(n)} Jorn > 14.

In [11] (n = 12) and in [15] (for all n), we calculated the third order Turdn

number for P.

Theorem 9 [11, 15]. ex(® (n; P) =

3n—8 and Ex®)(n; P) = {G1(n), Ga(n)} for 7 < n < 10,
25 and Ex®)(n; P) = {G1(n),Ga(n),Co(n)} forn =11,
32 and Ex®)(n; P) = {Co(n)} forn =12,
20 + ("57) and Ex®)(n; P) = {K¢U S,_¢} for 13 < n <14,
4+ ("55) and Ex®)(n; P) = {K4U S, 4} forn > 15.
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Surprisingly, as an immediate consequence we obtained also an exact formula
for the 4th Turdn number for P. We define a rocket Ro(n) to be the 3-graph
obtained from the star S,_4 with center z by adding to it 4 more vertices, say,
a,b,c,d, and three edges: {z,a,b}, {a,b,c}, {a,b,d}. Let Kgrt be the 3-graph
obtained from K5 by fixing two of its vertices, say a, b, and adding ¢t more vertices
V1,02, ...,v; and t edges {a,b,v;}, i =1,2,...,t

Theorem 10 [15]. ex(¥(n; P

) =

12 and ExW(n; P) = {G3(n), KI?} forn =1,
2n — 2 and EX(4)(TL, P)={G3(n)} for 8 <n<9,
20 and Ex® (n; P) ={KsU K5} for n =10,
20 and Ex®M(n; P) = {G3(n)} forn =11,
28 and Ex®(n; P) = {G1(n), Go(n)} forn =12,
33 and Ex¥W(n; P) = {KsUG1(n),KsUGa(n)} forn =13,
40 and Ex®(n; P) = {2Ks U2K1, K4 U Sio} forn = 14,
48 and Ex®(n; P) = {Ro(n), Kg U So} forn =15,

( 3+ (n;S) and Ex®(n; P) = {Ro(n)} for n > 16.

The main Turan-type result of this paper provides a complete formula for
the fifth order Turdn number for P.

Theorem 11. ex(®) (n; P) =
11 and Ex®(n; P) = Ex®(7; M) forn =1,
13 and Ex®)(n;P) = (K} forn =8,
14 and ExO®(n; P) = {KI* K5 U K4} UEx(9;{P,C}|M) forn =29,
19 and Ex®(n;P) = {Co(10)} for n =10,
19 and Ex®)(n; P) = {K,U S} forn =11,
25 and Ex®)(n; P) = {K5U Sy, K, U Sg} forn =12,
32 and Ex®(n; P) = {K4USy, K¢ UK 2 KeUG3(7)}  forn =13,
39 and Ex®)(n;P)={Ro(14)} for n =14,
46 and Ex®(n;P)={K5U Sy} for n =15,
56 and Ex®)(n; P) = {KsU S0} for n =16,
65 and (5)(n P)={K5US12,KsUS11} forn =17,
10+ ("% and Ex®(n; P) = {K5U S,_5} forn > 18.

To determine Turan numbers, it is sometimes useful to rely on Theorem 3
and divide all 3-graphs into those which contain M and those which do not. To
this end, it is convenient to define conditional Turdn numbers (see [10, 11]). For
a family of 3-graphs F, an F-free 3-graph G, and an integer n > |V (G)|, the
conditional Turdn number is defined as

ex(n; F|G) = max{|E(H)| : |V(H)| =n, H is F-free, and H O G}.
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Every n-vertex F-free 3-graph with ex(n; F|G) edges and such that H O G is
called G-extremal for F. We denote by Ex(n; F|G) the family of all n-vertex
3-graphs which are G-extremal for F. (If F = {F}, we simply write F' instead of
{r})

To illustrate the above mentioned technique, observe that for n > 7

ex®(n; P) = max{ex(n; P|M), ex® (n; M)} Thr-3 max{ex(n; P|M),3n — 8}

= ex(n; P|M),
the last equality holds for sufficiently large n (see [11] for details).

In the proof of Theorem 11 we will use the following five lemmas, all proved
in [11] and [14]. For the first two we need one more piece of notation. If, in
the above definition, we restrict ourselves to connected 3-graphs only (connected
in the weakest, obvious sense), then the corresponding conditional Turdn num-

ber and the extremal family are denoted by eXconn(n; F|G) and Exconn (n; F|G),
respectively.

Lemma 12 [11]. Forn > 7,
eXconn(n; P|C) = 3n — 8 and Exconn(n; P|C) = {G1(n),Ga(n)}.

Lemma 12 as stated in [11] does not provide the family Exconn(n; P|C).
However, it is clear from its proof that the extremal 3-graphs are the same as in
Theorem 3. We will also need another lemma, which is not stated explicitly in
[11], but it immediate results from the proof of the previous one.

Lemma 13 [11]. Forn > 7,
) _ . _ +(n—5)
eXconn(n; PI{C,M}) =n+5 and Exconn(n; PI{C,M}) = {K5 } .

Moreover, if H is an n-vertex connected P-free 3-graph such that C C H and

M C H, then H C K",
Lemma 14 [11].

2n — 4 for 6 <n <9,
ex(n; {P,C}M) = ¢ 20 for n =10,

44 (”;4) and Ex(n;{P,C}|M) = {Co(n)} forn >11.
Lemma 15 [11]. Forn > 6,
ex(n; {P,C, P, U K3}|M) = 2n — 4,
where Py is a pair of edges sharing one vertex.
Lemma 16 [14]. Forn > 6,
ex® (n; {M, C}) = max{10, n}.
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3. PROOF OF THEOREM 2

As mentioned in the Introduction, Jackowska has shown in [9] that R(P;r) > r+6
for all » > 1. We are going to show that R(P;10) < 16.

We will show that every 10-coloring of K¢ yields a monochromatic copy of
P. The idea of the proof is to gradually reduce the number of vertices and colors
(by one in each step), until we reach a coloring which yields a monochromatic
copy of P.

Let us consider an arbitrary 10-coloring of Kig, K1 = U}il G, and assume
that for each i € [10], P ¢ G;. Since |Ki6| = 560, the average number of
edges per color is 56, and therefore, by Theorems 7-11, either for each i € [10],
G; = Kg U Sqg, or there exists a color, say G1g, contained in one of the 3-graphs:
Si6,Co(16), K4 U S12,Ro(16). We will show that the latter case must occur.
Indeed, for each vertex v € V/(K16) we have degy, (v) = (125) = 105 whereas for
v € V(Kg U S10), degk,us,, (V) € {10,36,8} depending on whether v is a vertex
of Kg, the center of the star Sig or another vertex of the star. Since we are not
able to obtain an odd number as a sum of even numbers, we can not decompose
K¢ into edge-disjoint copies of KgU S1g. Let us turn back to G1p. No matter in
which of the four 3-graph G is contained, we remove the center of the star (or
comet, or rocket) together with up to four more edges of G, so that we get rid
of color 10 completely (note that some other colors can also be affected by this
deletion).

As a result, we obtain a 3-graph His on 15 vertices, colored with 9 colors,
Hys = U, G;, with |H(15)| > 451 (with some abuse of notation we will keep
denoting the subgraphs of G; obtained in each step again by G;). The average
number of edges per color is at least 50.1, and therefore there exists a color, say
Gy, with |Gg| > 51. This time we use Theorems 7-9 to conclude that either
Gy C S15 or Gg C Co(15). In either case we remove the center and, in case of
the comet, one more edge being its head.

We get a 3-graph H(14) on 14 vertices with |H(14)| > 359, colored by 8
colors, H(14) = U§:1 G;. The average number of edges per color is at least 44.9,
and hence there exists a color, say Gg, with |Gg| > 45. Similarly as in the previous
step we reduce the picture to a 3-graph H(13) on 13 vertices with |H(13)| > 280,
colored by 7 colors, H(13) = Ui?:l Gi.

This time the average number of edges per color is at least 40, and therefore,
by Theorems 7 and 8, either each color is a copy of Co(13) or KgU K¢ U K7, or
there exists a color, say G7, contained in the full star Si3. We will show in the
similar way as before that H(13) can not by decomposed into edge-disjoint copies
of Co(13) and Kg U K¢ U K7, and therefore the latter case must occur. Indeed,
let us assume that no color is contained in the full star Si3. First notice that
there is not enough space for two edge-disjoint copies of KgU KgU K7 in K3 and



450 J. PoLCcYN

therefore also in H(13). Fix one copy of KgU KgU K in K;3. By the pigeon-hole
principle, any other copy of Kg must share at least three vertices with one of the
fixed copies of Kg and therefore they are not edge-disjoint. Now observe that
since during our procedure we have lost at most 6 edges of K13, for each vertex
v € V(H(13)) we have degp(13)(v) > (122) — 6 = 60 and also for each vertex of
a comet Co(13) which is not its center we have degcq(13)(v) < 8. If H(13) is
decomposed into seven copies of Co(13) or six copies of Co(13) and one copy of
2KsUK1, then there must exist a vertex v € V(H(13)) which is not a center of any
of these comets and therefore degp (3 (v) <10+6-8 =58 < 60, a contradiction.
Consequently, we have G7 C Si3 and, by removing the center of this star, we
obtain a 6-coloring of a 3-graph H(12) on 12 vertices with |H(12)| > 214.

To proceed, let us assume for a while, that none of the colors Gj;, i € [6],
is a star. Then, by Theorems 7-9, each color with more than 32 edges is a
subset of Kg U Kg. The average number of edges per color is at least 35.6, and
hence there exists a color, say Gg, with Gg C Kg U Kg. We remove all edges
of this copy of Kg U Kg, getting a bipartite 3-graph H’(12) with a bipartition
V(H'(12)) = WUU, |W| = |U| = 6, and with |[H'(12)| > 174 edges colored by
5 colors, H'(12) = |J?_, Gy. Note that every subgraph of K U K¢ contained in
H'(12) (and consequently each color class of H'(12)) has at most 36 edges. Since
2-3643-33 =171 < 174, at least 3 color classes have at least 34 edges, and thus
each of them must be subsets of Kg U Kg. Now observe that if two color classes,
say G1 and G, have at least 34 edges each, then they are disjoint unions of two
copies of Kg, one on the vertex set U/ UW/, the other one on U/ UW/’, with four
missing edges U/, U/, W] W/, where U = U/ U U/, W = W/ UW/, i=1,2, and
{U, U} ={US, Uy} (see Figure 2).

U U/’ =0," 0" =0y

R ey >

Weo oo o

Wll _ WQ’ I/Vl// — I/Vz//

Figure 2. The partition of the set of vertices of H'(12), G; and Gs.

Indeed, otherwise, if 1 < |Uj NUJ| < 2, then G7 and G2 would share at least
six edges, and thus |G1| + |G2| < 36 + 36 — 6 < 2 - 34. This simply means that
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one of the partitions, of U or of W, must be swapped. But this is impossible for
three color classes. Consequently, at least one color, say Gg, is a star. We remove
the center of this star to get a 5-coloring of a 3-graph H(11) on 11 vertices with
|H(11)| > 159.

By repeating this argument three more times, we finally arrive at a 2-coloring
of a 3-graph H(8) = G U Go, with |H(8)| > 50 which, by Theorem 7, should
contain a copy of P, a contradiction.

4. PROOF OF THEOREM 11

Let us define H,, = Ex")(n; P)UEx® (n; P)UEx® (n; P)UEx® (n; P). To prove
Theorem 11 we need to find, for each n > 7, a P-free n-vertex 3-graph H with
the biggest possible number of edges such that, whenever G € H,,, then H ¢ G.
Moreover, we will show that |H| = h,,, where h,, is the number of edges, given
by the formula to be proved.

First note that for each n > 7, all candidates for being 5-extremal 3-graphs
do qualify, that is, are P-free, are not contained in any of the 3-graphs from #,,,
and have h, edges. To finish the proof, we will show that each P-free n-vertex
3-graph H, not contained in any of 3-graph from H,, satisfy |H| < h,, unless it
is one of the candidates for being 5-extremal 3-graph itself.

For the latter task, we distinguish two cases: when H is connected and
disconnected. The entire proof is inductive, in the sense that here and there
we apply the very Theorem 11 for smaller instances of n, once they have been
confirmed.

For all n > 7, let H be P-free n-vertex 3-graph such that for each G € H,,
H ¢ G. Moreover, let H be different from all candidates for being 5-extremal
3-graphs with the same number of vertices. We will show that |[H| < hy,.

4.1. Connected case

We start with the connected case. First let us assume that M ¢_ H and consider
consecutive intersecting families. Recall that for alln > 7, H 51 S, for 7<n <
12, H ¢ Gi(n) and H € Go(n), for 7 < n <9 and n = 11, H € G3(n), and
finally, for n = 7, H is not equal to any of 4-extremal 3-graphs for M. Therefore,
by Theorems 3, 4 and 5, we get that for all n > 7,

|H| < hy,.

Consequently, we will be assuming by the end of the proof that M C H. If addi-
tionally C' C H, then by Lemma 13, H C K;(nf‘r)) and hence |H| < |K;("75)| =
n+5. Therefore, for n > 10, |H| < hy,. If n =7, as K5+2 € Hy, we have H ¢ K;r2
and thus we may exclude this case. Lastly, for 8 < n < 9, by the definition of H,



452 J. PoLCcYN

H+#K ; ("=5) and hence |H| < hy. Therefore, in the rest of the proof we will be
assuming that C ¢ H.

Finally, let H be connected {P,C}-free 3-graph containing M. Then by
Lemma 14, for 7 < n < 8, |H| < 2n —4 < hy, and for n = 9, since H ¢
Ex(9,{P,C}|M), we have |H| < 14 = hg.

For 10 < n < 11 we need two more facts, which we state here without
the proof. Namely, eXeonn(10;{P,C} M) = 19 and Exconn(10;{P,C}|M) =
{Co(10)}. Since, by the definition of H, H # Co(10), this implies that |H| <
19 = hig. Whereas for n = 11 we have exgzm(ll; {P,C}|M) = 18, and therefore,
as H ¢ Co(11), we get |H| < extopn(11; {P,C}[M) =18 < 19 = hy;.

Recall that for all n > 11, H ¢ Co(n). Moreover, for 12 < n < 13, since
|[Ro(n)| < hy, we may assume that H ¢ Ro(n). Further, for n = 14, by the
definition of H we have H # Ro(14) and thus, if H C Ro(14), then |H| <
|[Ro(14)| = hy,. Finally, for all n > 15 we have H ¢ Ro(n). Therefore, since for

all n > 12 we have
i > (”;6) +10,

to complete the proof of the connected case it is enough to prove the following
Lemma.

Lemma 17. If H is a connected, n-vertex, n > 12, { P, C'}-free 3-graph contain-
ing M such that H ¢ Co(n) and H ¢ Ro(n), then |H| < (";°) + 10.

We devote an entire Section 5 to prove Lemma 17.

4.2. Disconnected case

Now let H be disconnected and let m = m(H) be the number of vertices in the
smallest componet of H. We have m # 2, since no component of a 3-graph may
have two vertices. We now break the proof into several cases.

Let us express H as a vertex disjoint union of two 3-graphs:

H=HUH", |V(H)=m, |[VH")=n-m.
Then, clearly, both H and H” are P-free, and thus
(2) |H| < exV(m; P) + exV(n — m; P).

Below, to bound |H|, we use the Turdn numbers for P of the 15t 2, 3rd
4% and 5% order and utilize, respectively, Theorems 7, 8, 9, 10 and 11 ( by
induction).

Let v be an isolated vertex (m = 1). Since for n = 7 and any 3-graph H”,
KiUH" C Ky UKg € Hy7, we may assume that n > 8. For 8 < n < 11,
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as H cannot be a sub-3-graph of S, K¢ U K,,_g, G1(n) or Ga(n), H"” is not a
sub-3-graph of S,,_1, K¢ U K,,—7, G1(n — 1) and Ga(n — 1). Consequently, for
n = §, 10,

|H| = |H") < ex(n —1; P) < hy,.

For n = 9 additionally we have H” ¢ G3(8) and therefore
|H| < ex®®(8; P) = 13 < 14 = hy,
whereas for n =11, H” ¢ K5 U K5 and H” ¢ Co(10). Consequently,
|H| = |H"] < ex®)(10; P) = 19 = hy;.

For n > 12, since H = K; U H” is not a sub-3-graph of any of the 3-graphs
in H,, we have H” ¢ S,_1 and H"” ¢ Co(n — 1). Moreover, for n = 12,13,
H" ¢ KUK, _7, forn=12, H' ¢ Gi(n —1) and H" € Ga(n — 1), for n = 14,
H" ¢ 2K U Ky, for n = 14,15, H” ¢ K¢ U S,—7 and finally, for n > 15,
H" ¢ K4 U S,_5. Consequently,

H| = |H'| < ex®(n— 1;P) < h.
For m =3 and n = 17,8, by (2) we get
|H| < exV(3; P) + exM(n —3;P) =14 exV(n — 3; P) < hy,.

Since each disconnected 3-graph H = H'UH" with |[V(H')| =3 and |V(H")| =6
is a sub-3-graph of K3 U K € Hg, we may assume that n # 9. For n = 10 we
have K3 U K¢ U K1 C K4 U K¢ € Hip. Consequently, H” ¢ K¢ U K; and thus
|H"| < ex®(7; P) = 15. Hence |H| <1415 =16 < 19 = hyo.

Further, for all n > 11, since K3 U S,,—3 C Co(n) € Hy,, we have H” € S,,_3.
Therefore for n > 12,

|H| <1+ ex®P(n—3;P) < hy,

whereas, for n = 11 additionally we have H ¢ K3 U K¢ U Ky C K¢ U K5 € Hi.
Thus H” ¢ K U K» and consequently,

|H| <1+ ex®(8;P) =17 <19 = hy;.
For m =4 and n = 8 by (2) we have
|H| <exW(4;P) +exV(4;P) =444 =8 < hg.

For n =9, by the definition of H, H # K4U K35 and therefore |H| < |K4U K5| =
14 = hg. Similarly like before, we may skip the case n = 10, because each



454 J. PoLCcYN

disconnected 3-graph H = H' U H” with |[V(H')| = 4 and |V(H")| = 6 is a sub-
3-graph of K4 U Kg € H1g. For n =11, since K4 U KgU K1 C K5U Kg € H11, we
have H” ¢ K¢ U K and therefore |H"| < ex(?)(7; P) = 15 with the equality only
for H” = S;. But, by the definition of H, H # K, U S7, and hence

|H‘ < |K4US7| =19 = ~hq1.

Further, for n = 12,13, since Ex(V(n — 4; P) = {S,_4} and H # Hy U Sp_4, we
have |H| < |Hy U Sy,—4| = hy,. Finally, for n > 14, since K4 U Sy,—4 € H,, we get
H" ¢ S,,_4 and consequently,

|H| < exW(4; P) + exP(n — 4; P) < hy,.

Now let m = 5. Notice that each disconnected 3-graph H = H' U H” with
[V(H")| = 5 and 5 < |V(H")| < 6 is a sub-3-graph of K5 U K5 € Hjp and
Ks U K¢ € Hii, respectively. Therefore we may consider only n > 12. For
n =12, since K5 U K¢ U K| C K¢ U Kg € Hy2, we have |H"| < ex®(7; P) = 15
with the equality only for H” = S;. But, by the definition of H, H # K5 U Sy
and hence |H| < |K5 U S7| = 25 = hy2. Finally, for n > 13, by (2),

|H| < exV(5; P) +exV(n—5,P) =10+ <” ; 6) < B,
where the equality is achieved only by the candidates for 5-extremal 3-graphs
with the proper number of vertices.

For m = 6 we have n > 12, but as each disconnected 3-graph H' U H” with
|[V(H')| = |[V(H")] = 6 is a sub-3-graph of K¢ U Kg € H12, we may consider
only n > 13. Recall that {2K¢ U K, Kg U S7, Kg U G1(7), K¢ U G2(7)} C His
and therefore, for n = 13, H” is not contained in any of the 3-graphs Kg U
K1,S7,G1(7),Go(7). Consequently, |H"| < ex®)(7; P) = 12 with the equality
only for H"” = G5(7) and H"” = K. But, by the definition of H, H # KU K>
and H # K¢ U G3(7) and thus

|H| < |K UKS?| = |Kg UG3(7)| = his.
For the same reason, if n = 14, then H” ¢ Sg and H” ¢ KgU K. Consequently,
|H| = |H'| + |H"| < exV(6; P) + ex®)(8; P) = 20 + 16 < 39 = hyy,
whereas for n = 15, we have H” ¢ Sy and hence
|H| < exV(6; P) + exP(9; P) = 20 + 21 < 46 = hys.

Further, for n = 16, 17, by the definition of H, H # KgU S, _g. Consequently, as
Ex(n —6; P) = {Sh—¢}, we get

|H| < ‘K@ USn_6| = h,.
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Finally, for n > 18, by (2),

1H| < ex(D(6; P)+ex()(n—6;P):2O+<n;7)<(n;6>+10:hn.

If m =7, then n > 14. For n = 14, since H ¢ 2K¢ U 2K, € Hi4, at least
one of the components of H is not a sub-3-graph of K¢ U K7 and therefore has
at most ex(®)(7; P) = 15 edges. Consequently,

|H| < exV(7; P) +exP(7; P) = 20 + 15 < 39 = hyy.

To bound the number of edges of H for n > 15 we use (2) to get

1H| < exD(7; P) + exV(n — 7; P) = 20 + (” ) 8) < (” ) 6> 10 < hn.

Finally, for m > 8 we have n > 16 and, by (2),
1) 1) m—1 n—m-—1
|H| < (m; P) +ex*/(n—m; P) = 5 + 5
7 n—9 n—06
< 10 < hy,.

5. THE PROOF OF LEMMA 17

Recall that H is a connected, n-vertex, n > 12, {P, C'}-free 3-graph such that
M c H, H ¢ Co(n) and H € Ro(n). We need to show that

\H| < (";6> +10.

Since for n > 11, by Lemma 15

-6
ex({n; P,C,P,UK3}|M)=2n—-4< <n 5 ) + 10,

we may assume that P, U K3 C H. Let us denote a copy of P» from P, U K3 in
H by @ and the vertex of degree two in Q by z. We let U = V(Q), V = V(H)
and W =V \ U. Moreover, let W, be the set of vertices of degree zero in H[WV]
and Wy = W \ Wy (see Figure 3). Note that, by definition, H[W] = H[W;] and
|W1| > 3.
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I/Vl WO
Figure 3. Set-up for the proof of Lemma 17.

We also split the set of edges of H. First, notice that since H is P-free, there
is no edge with one vertex in each U, Wy, and W;. We define H; = {h € H :
hOU #0,hNW; # 0}, where i = 0,1. Then, clearly,

(3) H = H[U]UH[W] U Hy U H,

with all four parts edge-disjoint. Since by definition H[U| U Hy = H[U U Wy,
sometimes we will use the following equality

(4) H:H[UUWQ]UHlUH[W].

Recall that H is C-free, and therefore one can use Theorem 6 to get the bounds,
for [Wy| > 1

9 i oy < (V0TI < (M)

and for |W;| > 6,

(6) < (M)

Notice that for each edge h € HyU Hy with |hNU| =1 we have hNU = {z},
because otherwise h together with () would form a copy of P in H. We let

FO={he HyUH,:hNU = {z}}.

Also, to avoid a copy of C'in H, if for h € HyU Hy we have |hNU| = 2, then the
pair h N U is contained in an edge of Q). For k = 1,2, we define

F*={he HyUH, : |hNU\ {z}| = k}.
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Figure 4. Three types of edges in Hy U H;.

Clearly, Hy U H; = F° U F' U F? (see Figure 4). Further, for i = 0,1 and k = 0,
1,2, we set
FF=F*n H;.

It is easy to see that, as H is P-free, F}\ = () and therefore,
(7) H, = FY U FZ

Moreover, for all v € W we have

(8) Folo)=0 or F?(w) =19,

and, by the definition of F! and F?,

(9) Flw)] <4 and [F2(u)| <2,

where for a given subset of edges G C H and for a vertex v € V(H) we set
Gv) ={h e G:v e h}.

In the whole proof we will be using the fact that for all edges e € F, the
pair e N Wy is nonseparable in H[W], that is, every edge of H[W] must contain
both these vertices or none. Consequently, for each v € Wy, |F°(v)| < |[Wp| — 1
and thus, by (8) and (9),

(10) [H (v)] = [FO(v)] + [F'(v)] + [ F?(0)] < 4+ max{2, [Wo| — 1}.

Moreover, if FlO # (), then there exists at least one nonseparable pair in W7, and
therefore one can show the following fact.

Fact 1. If F{ # 0, then |[H[W]| < (|W13|_2) + |W1| — 2. Moreover, if in addition
H[W1] C Sy, then [HW]| < ("% + 1.
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To prove another fact let us define an auxiliary graph G for nonseparable
pairs on the set of vertices Wi, G = {e\ {2} : e € F}. Then each component
of G has size at most 3. This gives the proof of the following inequality. For
any W{ C Wy we let FP[W{] C F? to be the set of edges h € F{ such that
hN Wy C W{. Then,

(11) [FP AL < (W

Observe also that, because H is connected, H; # (). Consequently, since the
presence of any edge of H; forbids at least 4 edges of H[U],

(12) |H[U]| < 6.

Moreover, in [11] the authors have proved the following bounds on the number
of edges in Hj.

(13) For |Wi| >4, |F} <2|Wy|—4.

(14) For |Wi| >3, |Hi|<2|W;|-3.
As a consequence of these inequalities one can prove the following.
(15) For [Wil>7, [HIU]|+ |H| <2|Wi| - 1.

Indeed, if |H;| < |[W1], then (15) results from (12) and the inequality |[Wi| —1 >
7 —1 = 6. Otherwise, by (11), (7) and (8), there exists a vertex v € Wj such
that |F2(v)| = 2. As expected, assume |H;| > |W;|, and there does not exist the
desired vertex v, i.e., for any vertex v € Wy, |FZ(v)| < 1. Further, let W] C W
be the set of vertices v such that FZ(v) = (), and let W] = Wy \ W{. Then by
(7), (8), (11) and the definition of W7, we have

|Hi| = [P+ |FY| = [FPWH) + D IR ()] < (W] + (W] = (WAl
veWwy’

a contradiction. As H is { P, C'}-free, by the definition of F2(v), this implies that
|H[U]| = 2 and (15) follows from (14).
We also need the following fact proven in [15].

Fact 2 [15]. If F? # (), then

8 for Wyl =1,
(16) |HIUUW,]| < 3[Wo|+7  for 2 < |Wy| <4,
(Mol*2) 11 for [Wy| > 5.
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We split the whole proof of Lemma 17 into a few short parts, Facts 3-7.
Fact 3. For n > 13, if Wy = () and H; # 0, then |H| < 10 + ("56).

Proof. Let us consider two cases, whether or not H[W] C S,,_5. First assume
that H[W] is a subset of the star S,,_5 with the center y € Wj. Further assume
also that F2\ F%(y) # 0, say, there exists v € W1, v # y, such that F?(v) # 0. Let
h € H[W1] be the edge containing y and v (because H[W] C S,_5). Since H is
P-free, for any h' € H[W1|, b/ # h, it holds that |’ Nh| > 2 and y € k' Nh. Thus
|H[W1]| < 14+2(]W7|—3). By (15), we have |H| < 2|W;| -1+ (1+2(|]W1|—3)) =
dn — 26 < (") 4+ 10. Otherwise, |F?| = [F?(y)| < 2. Additionally, if F{ = 0,
then by (3), (12), (7) and (6),

—6 —6 —6
IleuﬂUH+Hﬁ%HHHWI<6+2+<n2:>:<n2 >+8<<”2 >+10

Otherwise, F{ # () and therefore by Fact 1, |[H[W]| < (";%) + 1. By (11), |F| <
|W1i| = n —5 and hence by (7), |[Hi| <n —5+2=mn — 3. Consequently, by (3)
and (12),

-8
]H|:|H[U]\+]H1]+|H[W]<6+n—3+<n )+1

2
n—=17 n—=~6
= 12 10.
( 2>+ <( 2>+0

Now we move to the case H[W] € S,_5. Since for n > 13, by Theorem 7,
Ex(Y(n — 5; P) = {S,_s5}, we may bound the number of edges in H[W] by
ex®(n — 5; P). Moreover, by (15), |H[U]| + |H1| < 2(n —5) — 1 = 2n — 11.
Consequently, by (3) and Theorem 8,

H| = |H[U]| + |Hi|+ |HW]| <2 - n—114+exP(n -5 P) < n—0 + 10,
|H| = [H[U]| + |Hi| + [H[W]] 5

where the last inequality is valid for n > 15. For 13 < n < 14 we have to
strengthen the bound of H[W]. Since W does not contain isolated vertices,
we have H[W] € Kg U K. Therefore by Theorems 7 and 8 we get |[H[W]| <
ex®(n — 5; P) and consequently, for n = 14, |H| < (n;6) + 10. In addition, for
n = 13, we use the fact that for i = 1,2, C C G;(8) and H is C-free, hence
H[W] # G(8). Then by Theorems 7, 8 and 9 we have |H[W]| < ex®)(8; P) = 16
and therefore

136
|H|<2-13—11+16:31:< ) >+10.
|

Fact 4. For n > 13, if Hy # 0, H ¢ Co(n) and |W;| = 3, then |H| < 10+ (";6).
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Proof. We have |[H[W]| =1, |UUWy| =n—3 and by (14), |H;| < 3. Therefore,
by (4),

|H| = |HUUWy|| + [Hi| + |HW]| < |HlUUWy|| +3+ 1= |H[UUW|| +4.

Consequently, all we need to do is to bound the number of edges in H[U U Wy].
Since H ¢ Co(n), either F? # 0 or H{UUW,] € S,_3. In the former case we use
Fact 2 to get |[H[U UWy]| < ("56) + 1 and therefore

n—=6 n—=06 n—=6
H| < 144 = 10.
||<2>++ (2>+5<<2>+0
Otherwise, H[U U W] ¢ S,,—3, so by Theorem 7, |H[U UWy]| < ex? (n — 3; P).
Consequently, by Theorem 8, for 13 < n < 15, [H[U UWy]| < 20+ ("57°) and

therefore,
\H| <20 + ("39> 4= <”39> 124 < (”26> +10.

Whereas for n > 16 we get |[H[U UWy]| <4+ ("_3_4), and hence

_7 _7 _
|H|<<” >+4+4:(” )+8<(” 6>+10.
2 2 2 .

Fact 5. For n > 13, if H # 0, H ¢ Ro(n) and |Wi| = 4, then |H| < 10+ ("3°

Proof. The proof goes along the lines of the previous one. We have |H[W]| <
(3) =4, [UUWy| =n —4 and by (14), |[H1| < 5. Therefore, by (4),

|H| = |H[UUW]| + |Hy| + [HW]| < |HUUW,]| +5+4=|H[UUW| +9.

Consequently, to finish the proof we need to bound |H[U U Wy]|. Assume that
F? =0 and H[U U W] C S,_4. Then, since F # (), |W;| = 4 and for e € F}
the pair e N W is nonseparable in H[W], we get H C Ro(n), a contradiction.
Therefore F # () or H[U UWp] € Sp—4. In the former case we use Fact 2 to get
for n =13, |[H[U U Wy]| < 19 and consequently,

13— 6
|H|<19+9:28<31:10+< ) >

Whereas for n > 14, [H[U UWo]| < (";7) + 1 and hence,

_7 — —
]H!<<n2 >+1+9:<n27>+10<<n26>+10.
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Otherwise, H[UUW,]| ¢ S,,_4 so we use Theorem 7 to get |H[UUW]| < ex(?) (n—
4; P). Consequently, by Theorem 8, for 13 < n < 16, H[U UW]| < 20+ ("7376)
and hence

~10 ~10 6
yH|<20+<"3 >+9:("3 >+29<<”2 >+10.

Whereas for n > 17 we have |H[U U Wy]| < 4+ (”_3_4) and therefore,

8 8 6
|H|<4+(n >+9:<" >+13<<" )+10.
2 2 2 .

Fact 6. If n =12, Hy # 0 and H ¢ Co(12), then |H| < 10+ (*%%) = 25,

Proof. Let us split the proof into five parts according to the size of the set W7.
We start with |[IWW;| = 3. Then |Wy| =4, [UUWy| =9, |[HW]| =1 and by (14),
|H1| < 3. Consequently, by (4),

|H| = |H[U UWyl| + |Hy| + |HW]| < |H[UUW]| +3+1=|H[UUW| +4.

Further, as H ¢ Co(12), either F? # () or H[U UWy] € Sp—3. In the former case
we use Fact 2 to get |H[U UWy]| < 19. Otherwise, H[U UW;] € S,,—3, and since
H[U UWy| # K¢ U K3, by Theorems 7 and 8, |H[U U Wp]| < 21. In both cases
|H[U UWp]| < 20 and therefore

|H| < |H[UUW,]| +4<20+4 =24 < 25.
For |Wi| = 4 we have [Wo| = 3, [UUWp| = 8 and |[HW]| < (3) = 4. If

F?2 =0, then H; = F{ # () and as for each h € F{ the pair hNW} is nonseparable,
|H1| =1 and by Fact 1, |[H[W]| < 2. Consequently, by (4) and (5),

7
\H| = [H[U UWol| + [Hy| + |HW]| < (

2)—1—1—1—2—24<25.

Otherwise, F? # () and we can use Fact 2 to get |H[U U Wy]| < 16. For FY # 0,
|H[W]| = 2 and consequently, by (4) and (14),

|H| = |H[UUWy| + |Hy| + |HW]| <16 +5+2 =23 < 25.
Whereas for F = () we use (4), (7) and (13) to get
\H| = |H[U U W] + [Hy| + [H[W]| < 16 + 4 + 4 = 24 < 25.

Now let [W1| = 5, [Wo| = 2, [UUWy| = 7and |[H[W]| < (3) = 10. For F? # 0,
by Fact 2 we get |H[U U Wp]| < 13 and moreover |H[W]| < 6, because otherwise
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we would not be able to avoid a path P in H. If additionally P» C H[W], then
again by P ¢ H, |Hi| = |F}| + |F£| < 2+ 2 = 4. Hence, by (4)

|H| = |H[U UWy]| + |Hi|+ [H[W]| < 13 +4 46 = 23 < 25.

Otherwise, P, ¢ H[W] and consequently one can show that |H[W]| < |[W;| — 2
= 3. Therefore, by (4) and (14),

|H| = |H[U UWy]| + |Hy| + |HW]| <13+ 743 = 23 < 25.

For F? = () we have F} # (. Hence, since for each h € F} the pair h N W is
nonseparable, |H;| = |F?| < 2 and by Fact 1, |H[W]| < 4. Consequently, by (4)
and (5),

7-1
!HIZIH[UUWo]\+!H1|+|H[WH<< ) >+2+4:21<25.

We move to |Wi| = 6. Then |[Wp| =1, |U U Wy| = 6 and by (6), |[H[W]| <
(°51) = 10. Let us again start with the case F? # (. By (16) we get |H[U U W]
< 8. If P, C H[W], then since H is P-free, |Hy| = |FY| + |F?| < 2+4 = 6.
Consequently, by (4),

|H| = |H[U UWy]| + |Hy| 4+ [H[W]| < 846 +10 = 24 < 25.

Otherwise, P, ¢ H[W] and therefore one can show that |[H[W]| < |[W;| —2 = 4.
By (14), |H1| < 9 and consequently by (4),

|H| = |HUUWy|| + |Hi| + |HW]] <8+9+4 =21 < 25.

For F2 = () we have F # ), thus by Fact 1, |[H[W]| < 8 and by (11), |H;| =
|FP| < 6. Therefore, by (4) and (5),

|H| = |H[U UWy]| + |Hi|+ [H[W]| <10+ 6+ 8 = 24 < 25.

Finally, [Wh| = 7, Wy = 0 and by (6), |[H[W]| < (751) = 15. First assume
that H[W] is a subset of the star S; with the center y € W;. Further assume
also that F2\ F2(y) # 0, say, there exists v € Wy, v # y, such that F2(v) # (.
Let h € H[W1] be the edge containing y and v (because H[W] C S7). Since H is
P-free, for any b’ € H[W1], b/ # h, it holds that |’ Nh| > 2 and y € K’ Nh. Thus
|H[WA]] < 1+ 2(|Wh| —3) = 9. By (15), we have [H| < 2|Wi| —1+9 = 22 < 25.
Otherwise, |F?| = |F?(y)| < 2. If additionally F? = (), then by (3), (7) and (12),

|H| = |H[U]| + |H| + |[HW]| < 6+ 24 15 = 23 < 25.
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Otherwise FY # 0, thus |Hy| = |[FY|+|F2| < 3+2 = 5 and by Fact 1, |H[W]| < 7.
Therefore by (3) and (12),

|H| = |H[U]| + |Hy| + |[HW]| <6 +5+7=18 < 25.

The last case we have to consider is H[W] ¢ S;. If M C H[W], then by Lemma
14, |H[W]| < ex(7; {P,C}|M) = 10. Otherwise, by Lemma 16, |H[W]| < ex®(7;
{M,C}) = 10. Hence by (3) and (15),

|H| = |H[U]| + |Hi| + |HW]] < 13+ 10 = 23 < 25.

Fact 7. For n > 12, if |Wy| > 5 and H; # (), then

(17) H]| < <n N 6) +10.

Proof. The proof is by induction on n with the initial step n = 12 done in Fact
6. Let n > 13. For Wy = () the inequality (17) results from Fact 3. Otherwise,
there exist a vertex v € Wy. Notice that since |Wi| > 5, we have |Wp| < n — 10
and consequently, by (10), |H(v)| < 4 + max{2,|[Wy| -1} <44+n—-11=n—-T1.
Finally, by the induction assumption we get |H — v| < (”57) + 10. Therefore,

|H|:\H(v)\+]H—v|<n—7+<n2 >—|—10:<n2 >+10'
|
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