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Abstract

A graph G on n vertices is said to be pancyclic if it contains cycles of all
lengths k for k € {3,...,n}. A vertex v € V(G) is called super-heavy if the
number of its neighbours in G is at least (n+1)/2. For a given graph H we
say that G is H-fi-heavy if for every induced subgraph K of G isomorphic
to H and every two vertices u, v € V(K), dr(u,v) = 2 implies that at
least one of them is super-heavy. For a family of graphs H we say that G is
H- fi-heavy, if G is H-fi-heavy for every graph H € H.

Let D denote the deer, a graph consisting of a triangle with two disjoint
paths P5 adjoined to two of its vertices. In this paper we prove that every
2-connected {K1 3, P7, D}-fi-heavy graph on n > 14 vertices is pancyclic.
This result extends the previous work by Faudree, Ryjacek and Schiermeyer.
Keywords: cycle, Fan-type heavy subgraph, Hamilton cycle, pancyclicity.
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1. INTRODUCTION

We consider only finite, simple and undirected graphs. For terminology and
notation not defined here see [5].

Let G be a graph on n vertices. G is said to be Hamiltonian if it contains a
cycle C,, and it is called pancyclic if it contains cycles of all possible lengths. If
G does not contain an induced copy of a given graph H, we say that G is H-free.
G is called H-f;-heavy, if for every induced subgraph K of G isomorphic to H
and for every two vertices z, y € V(K) satisfying dg(z, y) = 2, the following
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D A Z
Figure 1. Graphs D (deer), Z; and Zs.

inequality holds: max{dq(z), da(y)} > (n + i)/2. For simplicity, we write f-
heavy instead of fy-heavy. For a family of graphs H we say that G is H-free
(H- fi-heavy), if G is H-free (H-f;-heavy) for every graph H € H.

The complete bipartite graph K 3 is called a claw. The vertex of degree three
in the claw is called its center vertex, and other vertices are its end vertices.

Recent decades have seen many interesting results connecting the existence
of cycles in graphs with their induced subgraphs. Among them one can find the
following theorem by Bedrossian (the graphs Z; and Z3 are represented on Figure
1, as well as the deer).

Theorem 1 (Bedrossian [1]). Let R and S be connected graphs with R # Ps,
S #£ P3 and let G be a 2-connected graph which is not a cycle. Then G being
{R, S}-free implies G is pancyclic if and only if (up to the symmetry) R = K13
and S = P4,P5, Zl or Z2.

One can allow these specific pairs of subgraphs to be present in a 2-connected
graph, but with some requirements regarding degrees of their vertices imposed
on them, and still obtain a sufficient condition for a graph to be pancyclic. Thus
Bedrossian’s result was later extended by numerous authors. One of these exten-
tions involves the notion of f;-heaviness (also called a Fan-type heaviness, due to
the well-known theorem by Fan).

Theorem 2. Let R and S be connected graphs with R # P53, S # Ps and let G
be a 2-connected graph. Then G being {R,S}-fi-heavy implies G is pancyclic if
and only if (up to symmetry) R = K; 3 and S is one of the following:

Z1 (Bedrossian, Chen and Schelp [2]),

ZQ, P4 (Nlng [10]), or

P5 (Widet [12]).
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One of the results regarding triples of forbidden subgraphs and pancylicity
of two-connected graphs is due to Faudree et al.

Theorem 3 (Faudree, Ryjacek and Schiermeyer, Corollary F in [7]). Every 2-
connected, {K1 3, P;, D}-free graph on n > 14 vertices is pancyclic.

Recently, Ning proved the following fact.

Theorem 4 (Ning, [9]). Every 2-connected, { K1 3, Py, D}-f-heavy graph is Hamil-
tonian.

Motivated by Theorems 3 and 4 and by similar results for pairs of forbidden
and Fan-type heavy subgraphs, in this paper we prove the following.

Theorem 5. Every 2-connected, { K1 3, Py, D}-f1-heavy graph on n > 14 vertices
s pancyclic.

In Section 2 we introduce notation used further in the paper and present
some of the previous results that will be of use in the proof of Theorem 5. The
proof itself is postponed to Section 3.

Remark 1. It is easy to see that every graph satisfying the assumptions of
Theorem 3 satisfies also the assumptions of Theorem 5. To see that Theorem 5
in fact extends Theorem 3, consider a disjoint union K, 51+ K, j2_g of complete
graphs for even n > 18. Let V(G) = V(K /o1 + Kyjo-8) U {7y, 2,u,v,w, t}
and E(G) = E(K, /o1 + Kpjo—s) U{zy, yz, 22, yw, wu, 2t, tv} U{za’, ya', za": 2" €
V(K ja41)} U{uwy s vy’ y € V(K 9—g)}. Tt is not difficult to see that G is not
D-free, and thus not {K; 3, P, D}-free, but it is {K 3, P7, D}- fi-heavy.

2. PRELIMINARIES

The subgraph of G induced by the set of vertices A C V(G) is denoted by G[A].
By G — A we denote the subgraph G[V(G) \ A]. If A consists of one vertex, say
A = {v}, we write G — v instead of G — {v}. Let A = {v1,v9,v3,v4,v5,v6,v7}. If
G[A] is isomorphic to Py, where {v1v2,v2v3, U304, V45, U506, VU7 } are the edges
of this path, we say that A induces a P;. If A = {v1,v9,v3,v4} and G[A4] is
isomorphic to K 3, we say that {vi;vg, v3,v4} induces K3 (or induces a claw),
where vy is a center vertex and ws9,v3 and vy are end vertices of a claw. Fi-
nally, if A = {v1,v9,v3,v4,v5,v6,v7} and G[A] is isomorphic to D, we say that
{v1, v2, v3;v4,v5; V6, v7} induces a D, where {v1,v2,v3} induces a triangle and
both {ve, vy, v5} and {vs, ve,v7} induce Ps.

For a cycle C' we select one of the two possible orientations of C'. We write
xCTy for the path from z € V(C) to y € V(C) following the orientation of C,
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and xC'~y denotes the path from z to y opposite to the direction of C'. For two
positive integers k and m, where k < m, we say that G contains [k, m]-cycles if
there are cycles Cy, Cii1,...,Cp in G.

Let C' = viva - - - vpv1 be a cycle. For two positive integers k and m, satisfying
E < m < p, by Clvg,vy] we denote the set {vg,vki1,...,0m}. A chord in C is
an edge beetwen two vertices from V(C) that do not lie next to each other on
the cycle. In particular, a one-chord (two-chord) in C'is an edge v;v;2 (v;v;+3),
where addition of indices is performed modulo p and ¢ € {1,...,p}. A chord
in Clvg,vy] is a chord of C' with both of its endvertices belonging to the set
{Vky Vkt1y -+ -y Um }-

Let G be a graph on n vertices. Vertex v € V(G) is called heavy if dg(v) >
n/2 and super-heavy if dg(v) > (n+1)/2. We say that two vertices v and v form
a heavy-pair (super-heavy pair), if both u and v are heavy (super-heavy).

Let A,B C V(G) be subsets of vertices of G. By e(A4,B) = [{e = uv €
E(G):u € A,v € B}| we denote the total number of edges between A and B. If
both A and B consist of one element, say A = {v4} and B = {vp}, we write

e(va,vp) instead of e({va}, {vp}).

Lemma 6 (Benhocine and Wojda [3]). Let G be a graph on n > 4 vertices and
let C be a cycle of length n — 1 in G. If dg(v) > n/2 forv e V(G)\V(C), then
G is pancyclic.

This lemma can be extended as follows.

Lemma 7. Let G be a graph on n vertices and let C be a cycle of length n—1i in
G, wherei € {1,...,n—3}. Ifdg(v) > (n+1i—1)/2 for somev € V(G)\ V(C),
then there are [3,n — i+ 1]-cycles in G.

Proof. Let C' = vgvy -+ vp—i—1v9 and let v be a vertex of degree at least (n+
i —1)/2 such that v ¢ V(C). Let G’ denote G[V(C')]. Suppose the statement is
not true, i.e., that there is no cycle Cp, in G for some p € {3,...,n—i+1}. Then

e(v, Uj) + e(v’vj+p—2) <1

for j =1,...,n—1, with addition of indices performed modulo n—4. This implies
that _
n—
der(v) =1/2-) [e(v,v5) + e(v,vj4p2)] < (0 —1)/2.
j=1

On the other hand, since there are ¢ — 1 possible neighbours of v outside the cycle
C, we get
de(v) >(n+i—1)/2—i+1=(n—i+1)/2.

A contradiction. [}
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Corollary 8. Let G be a Hamiltonian graph on n vertices with a super-heavy
vertex v. If there exists a cycle C of length n — 2 in G such that v ¢ V(C), then
G is pancyclic.

Proof. Lemma 7 implies that there are [3,n — 1]-cycles in G. Since G is Hamil-
tonian, it is pancyclic. [

Lemma 9 (Bondy [4]). Let G be a graph on n vertices with a Hamilton cycle C.
If there ezist two vertices x,y € V(G) such that do(z,y) =1 and dg(z)+dg(y) >
n+ 1, then G is pancyclic.

Lemma 10 (Hakimi and Schmeichel [11]). Let G be a graph on n vertices with a
Hamilton cycle C. If there exist two vertices x,y € V(QG) such that do(z,y) =1
and dg(x) + dg(y) > n, then G is pancyclic unless G is bipartite or else G is
missing only (n — 1)-cycles.

Lemma 11 (Ferrara, Jacobson and Harris [8]). Let G be a graph on n ver-
tices with a Hamilton cycle C. If there exist two vertices x,y € V(G) such that
do(z,y) =2 and dg(z) + da(y) > n+ 1, then G is pancyclic.

Lemma 12. Let G be a 2-connected, H-f1-heavy graph on n vertices, where H
is some family of graphs with K13 € H. If there exists a super-heavy vertex
u € V(G) and every 2-connected H-f-heavy graph is Hamiltonian, then either
1. G is pancyclic
or
2. there exists v € V(G) such that G — {u,v} consists of two components Hy
and Hy. Suppose that |Hi| < |Hs| and y € Hy is a neighbour of u along a
Hamilton cycle of G. Then

(a) there are no super-heavy vertices in Hy,
(b) N, [u] € Nely].

Proof. 1f G—u is 2-connected, then it is Hamiltonian (since G —u is H- f-heavy)
and so G is pancyclic by Lemma 6.

Now suppose that G is not pancyclic. This implies, by the previous para-
graph, that G — u is not 2-connected, and so there exists a vertex v € V(G) such
that G — {u, v} consists of two components. Let C' = uy; - - - yp,vzp, - - x1u be a
Hamilton cycle in G. Assume, without loss of generality, that h; < hs and con-
sider vertex x € H; = {z1,...,%p, }. Since x can be adjacent to at most u, v and
every other vertex in Hy, it must be that dg(z) <2+h;—1<2+(n—-2)/2—1=
n/2. Hence, z cannot be super-heavy.

Now suppose there exists a vertex y; € Ha = {y1,...,yn, } adjacent to u and
not adjacent to yi, where ¢ > 2. Then {u;z1,y1,%;} induces a claw. Since G
is K 3-fi-heavy and x; is not super-heavy, y; must be super-heavy. But then
da(u) + dg(y1) > n+ 1. Since do(u,y1) = 1, G is pancyclic by Lemma 9. |
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Lemma 13. Let G be a graph on n vertices. Let u,v € V(G) and let i be some
nonnegative integer less than n — 1. Let X be a set of i vertices {x1,...,z;} C
V(G) such that (Nu]U Nv]) N X = 0. Suppose there are [n — i+ 1,n| cycles in
G and G' = G — X is Hamiltonian with a Hamilton cycle C. Then
1. if do(u,v) <2 and dg(u) + dg(v) > n—i+1, then G is pancyclic,
2. ifdo(u,v) =1, dg(u) + dg(v) > n —i and there is a (|G'| — 1)-cycle in G,
then G is pancyclic.

Proof. The first statement is true, since under these assumptions G’ is pancyclic
by Lemma 9 or 11. If the second case occurs, G’ is pancyclic by Lemma 10.
Pancyclicity of G’ implies pancyclicity of G. |

3. PROOF OF THEOREM 5

Theorem 5. Every 2-connected, {K1 3, Py, D}-fi1-heavy graph on n > 14 vertices
s pancyclic.

Proof. The theorem will be proved by contradiction. Suppose that a graph
G on n > 14 vertices satisfies the assumptions of the theorem but is not pan-
cyclic. Then G is not {K; 3, P7, D}-free, by Theorem 3, and so there is a super-
heavy vertex in G, say u. Since G is {K1 3, Py, D}-fi-heavy, in particular it is
{Ki3,P7, D}-f-heavy, and so it is Hamiltonian by Theorem 4. Let C denote
a Hamilton cycle in G. By Lemma 12, with H = {K3,P;, D}, and Theo-
rem 4 we can set C = wuyj - Yp,vTh, - - v1u, where Hy = {x1,...,zp,} and
Hy ={y1,...,yn,} are components of G — {u,v} satisfying h; < ho. We restate
the last two pieces of information given by Lemma 12, as they will be frequently
referred to in the following.

Claim 14. There are no super-heavy vertices in Hi.
Claim 15. Npy,[u] € Ngly].

Claim 16. There are no super-heavy pairs of vertices with distance one or two
along a Hamilton cycle in G.

Proof. Otherwise G is pancyclic by Lemma 9 or Lemma 11, a contradiction. [J

Claim 17. If y;yiro & E(G) for some vertices y;,yi+2 € Ha, then at least one of
them is not adjacent to u.

Proof. Otherwise {u;x1,y;, yit+2} induces a claw. Since G is claw- f1-heavy and
x1 is not super-heavy by Claim 14, both y; and y;1o are super-heavy. This
contradicts Claim 16. ([



A TRIPLE OF HEAVY SUBGRAPHS ENSURING PANCYCLICITY ... 483

Claim 18. Np, [u] induces a clique in G.

Proof. Since the statement is obvious for h; = 1 and h; = 2, assume h; > 3.
Suppose the claim is not true, i.e., that there exist vertices x4, x, € Np, (u) such
that z,xp ¢ E(G). Then {u; x4, 2y, y1} induces a claw. Since neither z, nor xy is
super-heavy by Claim 14, this contradicts G being claw- f1-heavy. O

Claim 19. Let viva---vpv1 be a Hamilton cycle in G. Ifuv ¢ E(G), then dg(v;)
+ dg(vig1) < n fori € {1,...,n}, where addition of indices is performed mod-
ulo n.

Proof. Suppose dg(vi) + dg(viy1) > n for some ¢ € {1,...,n}. Since G is not
pancyclic, Lemma 10 implies that G is either bipartite or missing a cycle of length
n — 1. Suppose the latter is true. Then y;y;12 ¢ E(G) and zjz12 ¢ E(G) for
every ¥;, Yi+2 € Ha, xj, 42 € Hy. By Claim 17, u can be adjacent to at most
one vertex from every pair {y;, y;12} C H2, and by Claim 18 it can be adjacent
to at most one vertex from every pair {z;, 42} C Hy. Since uv ¢ E(G), we get

de(u) < Tha/2] + The/2] < (1 +1)/2+ (ha +1)/2 = n/2,

a contradiction with u being super-heavy.
Hence, there is a cycle of length n—1 in G. Since G is Hamiltonian, it cannot
be bipartite. This contradicts Lemma 10. ([l

Claim 20. Npy,(u) # Hs.

Proof. Otherwise there are both [3, ho+1]- and [n—ha+1, n]-cycles in G. If hy >
(n—2)/2, this implies that G is pancyclic, a contradiction. Since ha > (n—2)/2,
it follows that he = (n — 2)/2 = h; and G is missing and most (hg + 2)-cycle.
Now, if u is adjacent to some vertex x; € Hy other than zq, then uy,_;_p,
Ctz;u is a cycle of length hs + 2, a contradiction. Similarly, if there is an
edge in H; that does not lie on C, say x;z; € E(G) with i +1 < j, then
UYnti—j—hy—2C T xja;u is such a cycle. Hence, the subgraph of G induced by u
and all vertices of Hy is a path. Since n > 14, it follows that he > 6 and so
{u,x1,x9,x3, x4, x5, 16} induces a path P; in G. Since u is the only super-heavy
vertex of this path, by Claim 14, this contradicts G being Ps- fi-heavy. O

By Claim 20 we can choose a vertex y € Np,(u) such that yxy; € Hy and
uyk+1 & E(G).

Casel. hy = 1.
Claim 21. wv € E(G).

Proof. Suppose the contrary. Then, by Claim 15, we have dg(y1) > (n —1)/2
and so dg(u) + dg(y1) > n. This contradicts Claim 19. O
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Recall that Np,[u] € Ng[y1] by Claim 15, implying dg(y1) > (n +1)/2 —2
(since u is super-heavy and both 1 and v are its neighbours) and dg (u)+dg(y1) >
n — 1. We will refer to the latter implicitly in the following.

Claim 22. Np,[u| = Ngly1].

Proof. Suppose the claim is not true. Then, by Claim 15, either there is a vertex
y € Hs adjacent to y; and not adjacent to u or else vy; € E(G). In either case
it follows that dg(y1) > (n+1)/2 — 1 and so dg(u) + dg(y1) > n. Since G is
Hamiltonian and uCtvu is a cycle of length n — 1, G is neither bipartite nor
missing (n — 1)-cycles. Lemma 10 implies that G is pancyclic, a contradiction. O

Claim 23. There are [n — 2,n]-cycles in G.

Proof. Obviously, G is Hamiltonian and vuCtv is an (n — 1)-cycle. Claim 22
implies that uys € E(G) and so uy2CTvu is a cycle of length n — 2. O

Recall that y is a neighbour of u in Hy such that yxy1 € Ho and uyg.q ¢
E(G). Choose the minimal possible k for which this property holds.

Claim 24. hy > k+5.

Proof. By the choice of k and the fact that n = hy + 3 we have dp,(u) >
k 4+ n — hy — 3, implying, by Claim 22, that dg(y1) > k +n — hy — 3. Since G
is not pancyclic, it follows from Lemma 9 that dg(u) + de(y1) < n+ 1. Noting
that dg(u) = dp,(u) + 2 and combining these inequalities, we get

20k +n—hy—2) <dg(u)+dg(y1) <n+1,
implying ho > k + (n — 5)/2. Since n > 14, the claim follows. O
Claim 25. uyii2 ¢ E(G).

Proof. Suppose the statement is not true. Then uygio € E(G), implying, by
Claim 17, that yxygio € E(G). Consider G' = G — yg11, a Hamiltonian graph
with a Hamilton cycle C" = uy;Ctyryr12CTu. Since uyry1 ¢ F(G) it follows
from Claim 22 that y1yx4+1 ¢ E(G) and so

dG/(u) + dG’(y1> _ dg(u) + dg(yl) >n—1= ‘G"

This implies, together with the fact that vuC’tv is an (|G’| — 1)-cycle in G/, that
G’ is pancyclic, by Lemma 10. But then G is pancyclic, a contradiction. O

Claim 26. yyk+2, YkUk+3, Yer1Yr+3 € E(G).

Proof. This is indeed true, since if any of these edges exists, say y,yq+i, Lemma
13 for u, y1, X = {Yat1,Ya+i—1} and a Hamilton cycle y,ya+iCTy, in G — X
implies pancyclicity of G. (]
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Claim 27. uyi.3 ¢ E(G).

Proof. Suppose the statement is not true. The it follows from Claim 22 that
Y1Yk+s € F(G) and from Claim 26 that {u;x1, Yk, yx+3} induces a claw. Since G
is claw- fi-heavy and z; is not super-heavy by Claim 14, vy is super-heavy.

Consider G’ = G — {y11, Y12} with a Hamilton cycle y1CTypuC ™ yr3y1-
By Claims 25 and 26 and the fact that y; is super-heavy we have

der(u) + dar (yx) = da(u) + da(ye) — 1 > |G|+ 1.

Hence, G’ is pancyclic by Lemma 9 and so there are [3, n—2]-cycles in G. Together
with Claim 23 this gives pancyclicity of G, a contradiction. (I

Claim 28. ypyi+4, Ykt+1Vk+d, Ykr2Uhta & E(G).

Proof. See the proof of Claim 26 (which can now be applied here due to Claim
27). O

Claim 29. uyi+4 ¢ E(G).

Proof. For the proof replace yii3 in the proof of Claim 27 with ygi4, G' =
G — {Yr+1,Ykro} with G' = G — {yk+1, Yk+2, Y3} and Claims 25 and 26 with
Claims 27 and 28, respectively. O

Claims 25, 26, 27, 28 and 29 imply that {x1,u, Yk, Yk+1, Yk+2, Yk+3s Yk+4 )
induces a P7. Since G is Pr-fi-heavy at least one vertex from each of the pairs
{z1,yx}, {Vk+1,Yk+3} and {Yr+2,Yrt+4} must be super-heavy. Since x; is not
super-heavy by Claim 14, y; is super-heavy. Claim 16 implies that neither y;
nor Yo is super heavy, and so both yx13 and yx14 must be super-heavy. This
contradicts Claim 16 and completes the proof of this case.

Case 2. h1 > 2.

Subcase 2.1. dy,(u) = 1. In this subcase the only neighbour of u in H;
is 1. As in Case 1, Claim 15 implies that dg(y1) > (n + 1)/2 — 2 and so
da(u) + dg(y1) > n — 1. Again, this fact will be implicitly referred to in the
following.

Claim 30. uwv € E(G).

Proof. Otherwise uv ¢ E(G) and so dg(y1) > (n+1)/2 — 1 by Claim 15. But
then dg(u) + dg(y1) > n, in contradiction of Claim 19. O

Claim 31. Suppose x;x;yo € E(G) for some x;, xi1o € Hy. Then the only
possible one-chords in C' other than x;x;1o are x;_1x;+1 and Tiy1T;43.
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Proof. Suppose the claim is not true. Then there is a one-chord in C, say v;v;42,
for some v; ¢ {z;—1, s, xit1}-

Consider G/ = G — ;1. Obviously, C' = uy;CTz;2;12C " u is a Hamilton
cycle in G’ with

der (u) + der (y1) = do(u) + da(y1) = 1G],

Since vjv;12 is a one-chord in C’, there is an (|G| — 1)-cycle in G’ and G’ is not
bipartite. Hence, G’ is pancyclic by Lemma 10, implying pancyclicity of G, a
contradiction. O

Claim 32. Suppose x;x;13 € E(G) for some x;, x;y3 € Hi. Then there are no
one-chords in C.

Proof. Otherwise there is a one-chord in C. Let G' = G — {11, zi12}. G is
Hamiltonian with a Hamilton cycle uy;C T z;x;,3C v and

de () + e (1) = de(w) + da () > |G| + 1.

Lemma 9 implies that G’ is pancyclic and so there are [3,n—2]-cycles in G. Since
the one-chord in C creates a cycle of length n — 1 and G is Hamiltonian, G is
pancyclic. A contradiction. O

Claim 33. If there is a one-chord in Clu,v], then there are no one-chords and
no two-chords in Clxp,, z1].

Proof. This claim is a corollary of Claim 31 and Claim 32. O
Claim 34. Suppose there is a one-chord in Clu,v]. Then hy < 3.

Proof. Suppose the statement is not true. Then there is a one-chord in Cfu, v]
and hy > 4. Recall that y;, € Ng,(u) is such a vertex that yi11 € Ha and uyg41 ¢
E(G). Since Ny, (u) = {1}, Claim 33 implies that {4, x3, z2, 1, u, Yk, Yk+1} in-
duces a Py. Since neither x4 nor zs are super-heavy, by Claim 14, this contradicts
G being Pr- f1-heavy. (|

Claim 35. There are no one-chords in Clu,v].

Proof. Suppose the claim is not true. Then there is a one-chord in C[u,v] and
h1 < 3, by Claim 34.

Assume hy = 2. Consider G’ = G — {z1, z2}. By Claim 30, C" = uy; CTou is
a Hamilton cycle in G’. Since the one-chord in Clu,v] is also a one-chord in C’,
there is a cycle of length |G'| — 1 in G'. Furthermore, we have

der(u) + der(11) = da(u) — 1+ da(y) = |G,
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and so G’ is pancyclic by Lemma 10. This implies pancyclicity of G, a contradic-
tion.

Now let hy = 3. Let G' = G — {1, 72, 23} with a Hamilton cycle uy; C T vu.
Since

der(u) + de (11) = da(u) — 1+ da(y) = |G| +1,

G’ is pancyclic by Lemma 9. Hence, there are [3,n — 3]-cycles in G. Since there
is a one-chord in Clu,v], G contains also [n — 1,n]-cycles. It follows that there
are no cycles of length n — 2 in G, since we assumed G is not pancyclic. Then
obviously vz; ¢ E(G). But now, in order to avoid {u;,z1,v,y; } inducing a claw
with neither z; nor y; being super-heavy, vy; € E(G). This implies, by Claim
15, that dg(y1) > (n+1)/2—2+1 and so dg(u) + dg(y1) > n. Since there is an
(n — 1)-cycle in G, G is pancyclic by Lemma 10, a contradiction. O

Now it follows from Claim 17 and Claim 35 that u can be adjacent to at
most [ha/2] < (hg + 1)/2 vertices in Hy. Hence, dg(u) < (he +1)/2 + 2. If
hi > 3, then hy < n —5 and we get dg(u) < n/2, a contradiction with u being
super-heavy. Hence, hy = 2.

Claim 36. vy; € E(G).

Proof. First we show that vz; ¢ E(G). Indeed, otherwise one could consider
a Hamiltonian graph G’ = G — x5, with a Hamilton cycle vaiuy;CTv. Since
wv € E(G) by Claim 30, vuCTv is an (|G’| — 1)-cycle in G'. Finally, we have

der (u) + dor(y1) = da(u) + da(yr) > |G,

and so G’ is pancyclic by Lemma 10. Since vz;Ctv is an (n — 1)-cycle in G, G
is pancyclic, a contradiction.

Hence, vz1 ¢ E(G). Now suppose the claim is not true. Then vy; ¢ E(G)
and so {u;x1,v,y1} induces a claw. Since z; is not super-heavy by Claim 14, y;
must be super heavy. But then {u,y;} is a super-heavy pair of vertices that lie
next to each other on the cycle C, a contradiction with Claim 16. (]

Since uys ¢ E(G), by Claim 35, it follows from Claim 15 and Claim 36
that dg(y1) > (n+1)/2. But then {u,y;} is a super-heavy pair of vertices with
distance one along the cycle C, a contradiction with Claim 16.

Subcase 2.2. 2 < dg,(u) < h;. Note that the assumptions of this subcase
imply h; > 3. Let z; € Np, (u) be a vertex such that ;11 € H; and ux;y; ¢
E(G).

Claim 37. Suppose u is adjacent to a super-heavy vertex y; € Ho, where j < ha.
Then {yj+17 cee 7yh2} C NG[yj} and {yj+17 cee 73/h2} N NG(yl) - @
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Proof. First we show that y;11 ¢ Ng(y1). Indeed, suppose y1yj+1 € E(G).
Then y1yj+1CTuy;C~y; is a Hamilton cycle in G with dg(u) + da(y;) > n+ 1.
Lemma 9 implies G is pancyclic, a contradiction.

Assume {yj11,...,Yj+m} C Nglyj] and {yj+1,-..,Yj+m} N Ng(y1) = 0 for
some m such that j +m < hyo. We will show that this implies y;yj+m+1 € E(G)
and Y1Yj+m+1 ¢ E(G).

Suppose y; is adjacent to y;ym41. Consider G' = G — {yjt+1,---,Yj+m}-
Obviously, |G| = n —m and y1Yj+m4+1CTuy;C "y is a Hamilton cycle in G'.
Since none of the vertices removed from G in order to obtain G’ is adjacent to
y1, it follows from Claim 15 that none of them is adjacent to u. Hence, we get

dey(u) 4+ der (y5) = da(u) + da(y;) —m > |G| + 1,

and so G’ is pancyclic by Lemma 9, implying that there are [3,n — m]-cycles in
G. Note that the cycle y;y;+mCTy; of length n —m + 1 can be extended to the
(n —m + 2)-cycle yjyj+m—1Y4+mCTy;. Appending vertices yjim—2,...,yj+1 to
this cycle, one-by-one, in the similar manner, gives [n—m-+3, n]-cycles. It follows
that G is pancyclic, a contradiction.

Hence, y1yj4m+1 ¢ E(G), implying, by Claim 15, wyjim+1 ¢ E(G). Now,
if Yjyjrme1 € E(G), {y1, %, Y55 Tis Tig1; Yj+ms Yj+m+1; induces a D. Since G is
D- f1-heavy and z; is not super-heavy, by Claim 14, y; must be super-heavy. But
then {u,y;} is a super-heavy pair of vertices, a contradiction with Claim 16. So
it must be y;yj+m+1 € E(G). By mathematical induction the claim is true. O

Claim 38. Ny, [u] induces a clique and u is adjacent to at most one super-heavy
vertex in Hy.

Proof. Note that it follows from Claim 37 and Claim 15 that if u is adjacent
to some super-heavy vertex y; € Ha, then {y;11,...,yn, } N Ng(u) = 0. Suppose
there are two super-heavy neighbours of w in Hj, say y; and y,,, where j < m.
Then obviously ¥y, € {yj+1,--.,Yn, }, & contradiction.

Now suppose the first part of the claim is not true. Then there exist two
neighbours of u, say y, and yp, such that y,yp ¢ E(G). But then {u;x1,yq, ¥}
induces a claw. Since x; is not super-heavy by Claim 14 and at most one ver-
tex from the pair {y,,y»} can be super-heavy, this contradicts G being K 3- f1-
heavy. O

Claim 39. There are [3,5]-cycles in G.

Proof. Since n > 14 and u is super-heavy, dg(u) > 8. Hence, u has at least four
neighbours either in Hy or in Hs. Both Np,[u] and Ng,[u] induce cliques, by
Claim 18 and Claim 38, respectively, implying that there is an induced clique on
at least five vertices in G. The claim follows. ([
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Claim 40. Let A = {zq41,...,Tarp} be a mazimal set of consecutive non-neigh-
bours of w in Hy (i.e., xq € N, (u) and either xqqpy1 € Np, (u) or Toqpr1 = v).
Then xqxqt; € E(G) for j=1,...,p.

Proof. Since the statement is obvious for p = 1, assume p > 2. Suppose this is
not true. Then z,x.4; € E(G) and 24441 ¢ E(G) for some 1 < j < p— 1.
We divide the proof of this claim into three subclaims.

Claim 40.1. Let B = {ypt1,-..,Up1q} be a mazimal set of consecutive non-
neighbours of u in Hy. Then ypypy; € E(G) forl=1,...,q.

Proof. Again, assume ¢ > 2, since the statement is obviously true for ¢ = 1, and
suppose it is not true. Then there are vertices yp41, Yp+1+1 € B such that ypyp1 €
E(G) and ypyp1111 € E(G). But now {Ta1j11, Tatj, Tas U, Ybs Yot1, Yori+1} induces
P;. Since neither 4411 nor z, is super-heavy, this contradicts G being Pr-f1-
heavy. ([

Claim 40.2. dH1 (u, :Ehl) =3.

Proof. Suppose the statement is not true. First assume dg, (u,xp,) > 4. Then
there is an induced path Ps in Hy connecting u with xp,, say uza’z"zy,. Recall
that yr € Np,(u) is a vertex such that yx41 € He and uyr1 ¢ E(G). It follows
that {xp,, 2", 2", 2, u, yk, yr+1} induces a Py, a contradiction with G being Pr- f1-
heavy (by Claim 14).

Now assume dp, (u, x5, ) < 2. First we note that whether or not u is adjacent
to xp,, there is a vertex € H; such that uxxy, is a path P; (not necessarily the
induced one). It is obviously true when uxy, ¢ E(G); if the opposite is true, it
follows from Claim 18 and the fact that dg, (u) > 2.

Furthermore, the same is true for yp,: whether or not this vertex is adjacent
to u, there is y € Hy such that uyyy, is a path Ps. If uy,, € E(G), it follows
from Claim 38 for y = y;. Otherwise it is a corollary from Claim 40.1.

Hence, uyyn,vey, xu is a cycle of length 6. Since neighbours of v in Hs induce
a clique, by Claim 38, they can be appended to this cycle one-by-one between u
and y, creating at least [6, d gz, +4]-cycles. Consider the longest cycle of those just
obtained. By Claim 18, the neighbours of u from H; can be added to this cycle
in a similar manner. Finally the vertices from the gaps between the neighbours
of uw in C[y1, yn,] can be appended to this cycle (again, one-by-one), due to Claim
40.1. In this way we obtain [6, ho + dg, (u) + 2]-cycles.

Note that uyy,,CTu is a cycle of length n — hy + 2. To this cycle we also
can append all vertices from Hs, in the way described above, thus obtaining
[n — ha + 2, n]-cycles. Since G is not pancyclic and it contains [3,5]- (by Claim
38) and [6, ho + dp, (u) + 2]-cycles, it must be

ho +dm,(u)+2<n—hy+2=h;+4 < hy+4,
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implying dgz, (u) < 2. This contradicts the assumptions of this subcase.
Hence, it must be that dg, (u, zp,) = 3. O

Claim 40.3. There are cycles of length 6 and 7 in G, where the cycle on seven
vertices i uyyp,vTh, ' xu for some y € Hy and x’,x € Hy.

Proof. Obiously, since dg, (u,z,) = 3, there are vertices x,2’ € Hy such that
uzx'zy, is a path Py. Now, if uyy, € E(G), then, by Claim 38, there is a path
uy1yn, and we can set y = y;. Otherwise let y be the last (i.e., with the high-
est index) neighbour of w in Hs. It is adjacent to yp, by Claim 40.1, and so
UYYh, VT, ¥’ xu is a cycle on seven vertices. Denote this cycle by C”.

Now suppose the first part of the statement is not true, that is that there are
no cycles of length six in G. Then there are no one-chords in C’, in particular

TLh,y ¢ E(G) and UYh, g—f E(G)
Remark 41. vz ¢ E(G).

Otherwise {v; xp,, Yn,, } induces a claw with neither x nor z;,, being super-
heavy, a contradiction with G being claw- f1-heavy.

Remark 42. Ng(u) N Ng(v) = 0.

If there exists a common neighbour of u and v, say w, then by the previous
remark we have w # x and so uxz'zp, vwu is a cycle Cg, a contradiction.

Remark 43. Ng,(u) C Ng(yn,)-

Suppose there is a vertex y” € Hy adjacent to u but not adjacent to yp,. Then
it follows from the previous observations that {y”, u,z,z’, x5, ,v,yn,} induces a
P;. Since neither x nor xj, is super-heavy, by Claim 14, this contradicts G being
Pr- f1-heavy.

Remark 44. dp,(u) < 3.

Indeed, if the opposite was true, then u and four of its neighbours from Hs
would induce a clique, by Claim 38. By the previous remark yp, is adjacent to
every neighbour of u, and so we obtain a cycle Cg, a contradiction.

Remark 45. Ny, (u) C Ng(z').

Otherwise there is a vertex z”” € H; adjacent to v and not adjacent to z’.
Furthermore, z2” € E(G), by Claim 18, and zp,2” ¢ FE(G), by Claim 40.2.
Hence, {2, u,y,yn,,v,xp,,2'} induces a Pr. Since neither z’ nor zp, is super-
heavy and G is Pr-fi-heavy, it follows that {v,yp,} is a super-heavy pair of
vertices. This contradicts Claim 16.

Remark 46. dp, (u) < 3.
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If the opposite was true, then u and four of its neighbours from H; induce
a clique, by Claim 18. By the previous remark z’ is adjacent to every vertex of
N, [u], and so we obtain a cycle Cg, a contradiction.

It follows from Remarks 44 and 46 that dg(u) < 7. Since n > 14, this
contradicts u being super-heavy. ([l

By Claims 39 and 40.3 there are [3,7]-cycles in G. Consider now the cycle
C" = uyyp, vy, 'zu. We can extend C’ by appending to it, one-by-one, vertices
from N, (u) (by Claim 38), then the remaining vertices from Hs (by Claim 40.1)
and finally all neighbours of v from H; (by Claim 18). In this way we obtain
[7,ha + dp, (u) + 4]-cycles.

Note that uyyp,Ctu is a cycle of length hy + 4. This cycle also can be
extended with vertices from Np,(u) and then the remaining vertices from H.
This procedure gives [hy + 4, n]-cycles.

Since G is not pancyclic, it must be hy + dp, (u) +4 < hy + 4. But by the
choice of h; we have also h; < hy. These inequalities imply that dg, (u) < 0, an
obvious contradiction. O

Claim 47. Let A = {yat1,.--,Ya+p} be a set of consecutive non-neighbours of u
in Hy such that uy, € E(G) and YoYatp+1 € E(G) (where we assume yp,1 = v).
Let P = vivy ...y be a path with m > 3, v1 = Ya, Vm = Yatp+1 and v; € A for
i=2,...,m—1. Finally, let C" be a cycle of length q in G such that u,v € V(C’),
C'v,ul ={v,zpy, Thy -1, -, 21, u}, ANV(C') = 0 and yaYatp+1 is an edge of C”.
Then one can obtain [q+1, g+m—2]-cycles by appending some of the vertices
from the path P to the cycle C' and omitting at most one vertex from V(C').

Proof. If y, is super-heavy, it is adjacent to every vertex from A, by Claim 37,
and so the statement follows. Now assume that y, is not super-heavy.

First we show that there is a vertex in V(C”) the omitting of which along C’
results in a cycle of length ¢ — 1. Clearly, if uxe € E(G), then z; is such a vertex
(namely, the cycle of length ¢—1 is zouC'"x3). If uze ¢ F(G), then z123 € E(G)
(it follows from Claim 18 if uxz € E(G), or from Claim 40 if uxs ¢ E(G)) and
the vertex that can be omitted is xs.

The proof of the claim goes by induction with respect to m. For m = 3 we
need to point out only a cycle of length ¢+ 1. Obviously, uC"ty,v2ya4p+1C" T u is
such a cycle. For the case when m = 4 we want to find cycles of lengths ¢+ 1 and
q + 2. The previous is uC""y,v203Ya+p+1C'T2C"Tu (where # stands for omitting
either 21 or z:2) and the latter is uC'" yqv2v3Yq1p+1C" u.

Now assume the statement is true for some fixed m > 4 and consider P =
V1 + - Um41. In order to avoid {41, T, U, Ya, V2, V3, v4} inducing a P; with neither
x; nor y, being super-heavy, there must be one of the edges y,v3, Yqv4 Or vovy.
If y,vs € E(G) (or vavs € E(Q)), P' = yavsP yaypt1 (or P/ = Y0204 PTyaipi1)



492 W. WIDEL

is a path on m vertices that allows us to obtain [¢+ 1, ¢+ m — 2]-cycles. In order
to obtain a cycle of length ¢ +m — 1, we simply append all vertices from P to C’
(ie., this cycle is uC" y,v2 -+ U Yatpr1C T 00).

If there is an edge y,v4, it creates a path P’ = yav4P+ya+p+1 onm—1
vertices, and so there are [¢ + 1,q + m — 3]-cycles. To obtain a cycle of length
q+m — 1, simply append all vertices from P to C’. Finally, omitting x1 or x5 in
this last cycle creates a (¢ +m — 2)-cycle. O

So far we know the structure of u neighbourhoods in H; and Hy and the
parts of the cycle C that lie between u’s neighbours. To describe the remaining
part of C, let y; denote the last (i.e., the one with the highest index) neighbour
of uin Hy.

Claim 48. y; # yp, and y;yn, ¢ E(G).

Proof. Suppose the statement is not true. Then, by Claim 40 and the fact
that dg, (u) > 2, there is a cycle uyp,vep, zu (if y; = yn,) of length five or a
cycle uyjyn,ven, xu (if yjyn, € E(G)) of length six. Since neighbours of w in Hy
induce a clique, by Claim 18, they can be appended to this cycle, one-by-one.
Then the same can be done with the remaining vertices from H;, by Claim 40,
and subsequently with neighbours of w from Hs, as they also induce a clique, by
Claim 38.

In this manner we obtain at least 6, h1 + dp,(u) + 2]-cycles, the longest of
which contains all vertices from G but the non-neighbours of uw in Hy. These
remaining vertices can be divided into disjoint maximal sets of connsecutive non-
neighbours of u along C. Applying Claim 47 to C” with the first of these sets as
A (where the path P from Claim 47 consists of all vertices from A), gives a cycle
C" with V(C") = V(C") U A, and every cycle shorter than C”. Applying Claim
47 to C” and the remaining sets of non-neighbours of u, one-by-one, we finally
arrive at the Hamilton cycle C'. Since this procedure guarantees creating cycles
of all lengths from h; + dg,(u) + 2 up to n, there are [6,n]-cycles in G. Since
there are also [3, 5]-cycles, by Claim 39, G is pancyclic, a contradiction. O

Note that if y; was super-heavy, it would be adjacent to yp, by Claim 37.
Hence it follows from Claim 48 that y; is not super-heavy.

Claim 49. Let yp, be the last neighbour (i.e., with the highest index) of y; in
Clyj, Yny|. Then ymy € E(G) for y € {Ym+1s---,Yho}-

Proof. Note that m < he — 1 by Claim 48. Since the statement is obvious for
m = hg — 1, assume m < ho — 2. Suppose the claim is not true. Then there is
some vertex Yp € {Ym+1s- - -, Yny,—1} such that ypym € E(G) and ymyp+1 ¢ E(G).
But then {241, i, 4, Y, Ym, Up, Yp+1} induces a Pr with neither z; nor y; being
super-heavy. A contradiction. ([
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Now it follows from Claims 40, 48 and 49 and the fact that dg, (u) > 2 that
there is a cycle C" = uy;ym¥yn,vTh, vu, where x is the neighbour of v in H; with
the highest index if uzy, ¢ E(G) and x = 1 otherwise. To this cycle C7 we can
append neighbours of u, one-by-one, by Claim 18 and Claim 38 and then non-
neighbours of u from Hjp, by Claim 40. Vertices from the set {Ym+1,.--,Yn,—1}
can then be added to the cycle due to Claim 49. Finally, Claim 47 allows us
to extend the longest of just created cycles using the non-neighbours of u in Ho
(just like in the proof of Claim 48) up to the Hamiltonian cycle C'. Hence, there
are [7,n]-cycles in G. Recall that there are also [3, 5]-cycles, by Claim 39.

Suppose there are no cycles of length six in G. Then there are no one-chords
in C’, in particular vz, vy, uzy, ¢ E(G). Recall that by the choice of j and m
we also have uym,, uyn, ¢ E(G).

Remark 50. uwv ¢ E(G).

Assume the contrary. Note that since u is super-heavy and n > 14, we have
da(u) > 8. It follows that u has at least three neighbours either in H; or in
H,. If there are three vertices in H; adjacent to u, say x, 2’ and z”, then, by
Claim 18, uvxp, za’'z"u is a cycle Cp, a contradiction. Hence, u has at least three
neighbours in Hy. But then uy1y;ymyn,vu is a cycle of length six, by Claim 38.

Remark 51. vy; ¢ E(G).

Otherwise, since 2 # x1 under assumptions of this subcase and zx; € E(G)
by Claim 18, vy;uxizxp,v is a cycle Cs.

Remark 52. Ng(u) N Ng(v) = 0.

If there exists a common neighbour of v and v, say w, then from the previous
remark it follows that w # y;, and from the choice of j we have w # yp,.
Obviously we also have w # y,,, since y,, is adjacent neither to u nor to v. But
then uwy;ymyn,vwu is a cycle Cg, a contradiction.

Remark 53. Np, (u) C Ng(zp,).

Otherwise there is a vertex 2’ € H; adjacent to u and not adjacent to xp, .
Furthermore, zz’ € E(G), by Claim 18, and vz’ ¢ E(G) by the previous remark.
Hence, {2, u, ; yj, Ym; xp,, v} induces a deer. Since neither 2’ nor zj, is super-
heavy, this contradicts G being D- f1-heavy.

Remark 54. dp, (u) < 3.

If the opposite was true, then u and four of its neighbours from H; induce a
clique, by Claim 18. By the previous remark zp, is adjacent to every vertex from
of Ny, [u], and so we obtain a cycle Cg, a contradiction.
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Remark 55. Ny, (u) C Ng(ym)-

Suppose there is a vertex y € Ho adjacent to u but not adjacent to y,,. Note
that yyn, ¢ E(G), since otherwise yuxxp, vyn,y would be a cycle Cs. Then it
follows from the previous observations that {y, u, z, zp,, v, Yn,, Ym} induces a P.
Since neither x nor xj, is super-heavy, by Claim 14, and G is P;-fi-heavy, it
follows that {v, yn,} is a super-heavy pair of vertices. This contradicts Claim 16.

Remark 56. dg,(u) < 3.

Indeed, if the opposite was true, then u and four of its neighbours from Hs
would induce a clique, by Claim 38. By the previous remark y,, is adjacent to
every neighbour of u, and so we obtain a cycle Cg, a contradiction.

It follows from Remarks 50, 54 and 56 that dg(u) < 6. Since n > 14, this
contradicts u being super-heavy. Hence, there is a cycle Cs in G and so G is
pancyclic. This contradiction completes the proof of this subcase.

Subcase 2.3. h; > 2, dy, (u) = h;.
Claim 57. None of the neighbours of u in Ho is super-heavy.

Proof. Assume the contrary. Then u is adjacent to some super-heavy vertex y; €
H,. Note that j > 3, by Claim 16, y;—1yj4+1 ¢ E(G), by Lemma 6, and y1y; €
E(G), by Claim 15. Furthermore, it must be y1yj+1 ¢ E(G), since otherwise
C" = y1y;41CTuy;C~y1 would be a Hamilton cycle in G with der(u,y;) = 1 and
dg(u) +dg(y;) > n+ 1, and thus G would be pancyclic by Lemma 9.

Claim 16 implies that neither y;_1 nor y;41 is super-heavy. Since G is claw-
fi-heavy, it follows that {y;;u,y;—1,y;+1} cannot induce a claw. Hence, u is
adjacent to yj_1 or y;i1.

Suppose uy;j+1 € E(G). Since y1y;+1 ¢ E(G), Claim 15 implies that yj1 ¢
Hj and so j = hy and y;41 = v. Consider G’ = G — H;. G’ is obviously Hamilto-
nian with a Hamilton cycle C' = y;ouC™y;. Since

dey(u) +der(y;) > (n+1)/2—hy + (n+1)/2 > |G| +1,

G’ is pancyclic by Lemma 11. Appending vertices from H; to C’, one-by-one,
creates cycles of all lengths greater than |G’| and so G is pancyclic, a contradic-
tion.

Hence, uy;j+1 ¢ E(G) and uy;—1 € E(G).

Suppose now that uwv ¢ E(G). Consider G' = G — {z1,...,2p,-1}, a Hamil-
tonian graph with a Hamilton cycle C' = y1y,;C "y, uy;—1C " y1. First we show
that G’ is pancyclic. Indeed, if uys ¢ E(G), then y2 € Ng(y1) \ Ne(u) and Claim
15 together with the fact that wv ¢ E(G) imply dg(y1) > (n+1)/2 — hq + 1.

Hence, d¢r(y1) +der (y;) > |G'|+1, and pancyclicity of G’ follows from Lemma 9.
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If uyp € E(G), then a similar argument leads to the inequality dgr (y1)+da (y5) >
|G’|. This inequality together with the cycle uyoC’Tu of length |G’| — 1 implies
that G’ is pancyclic by Lemma 10. It follows that there are [3,|G’|]-cycles in
G. Since the vertices from H; can be appended to the cycle C’ one-by-one, thus
creating [|G’|, n]-cycles, G is pancyclic, a contradiction.

Now assume uv € E(G) and consider G’ = G— H; with a Hamilton cycle C" =
11y;CTouy;—1C~y1. Again, depending on whether or not u is adjacent to ya, we
have dg(y1) > (n+1)/2—hy—1 (if it is) or dg(y1) > (n+1)/2—hy. In the previous
case uyaC’"tuis a (|G'| —1)-cycle in G’ and the inequality der(y1) +der (y;) > |G|
holds, implying that G’ is pancyclic by Lemma 10. In the latter case we have
der(y1)+der (y;) > |G'|+1 and so G’ is pancyclic by Lemma 9. Again, pancyclicity
of G’ implies pancyclicity of G, since the vertices from H; can be appendend to
C' one-by-one. Thus G is pancyclic, a contradiction. ([

Claim 58. Ny, [u| induces a clique in G.

Proof. For the proof replace hy with he, y; with x1 and =z, =, € H1 with y,,
yp € Ho (which are not super-heavy due to Claim 57) in the proof of Claim 18. [J

Claim 59. There are [3,5]-cycles in G.

Proof. Since u is super-heavy and n > 14, we have dg(u) > 8. Obviously, u
has at least four neighbours in H; or Hs. Both Ny, [u] and Ng,[u| are complete
subgraphs of G, by Claims 18 and 58, respectively, and so the claim follows. [J

Claim 60. Let A = {Ya+1,---,Yatp} be a set of consecutive non-neighbours
of w in Hy such that uy, € E(G) and YoYorp+1 € E(G) (where we assume
Yny+1 = v). Let C" = uChyayasp+1CTu be a cycle of length ¢ = n — p. Finally,
let P = viva--- vy be a path with m > 3, v1 = Ya, Um = Yatp+1 and v; € A for
1=2,...,m—1.

Then one can obtain [q+1, g+m—2]-cycles by appending some of the vertices
from the path P to the cycle C' and omitting at most two neighbours of u belonging
to V(C").

Proof. The proof is by induction on m. For the case when m = 3 we only need
to point out a cycle of length g+ 1. It is easy to see that yav2ya+p+1C' Ty, is such
a cycle.

Assume m = 4. By the assumptions of this subcase v is adjacent to x5 and
S0 YaU203Yatp+1C T ouC’ Ty, is a cycle of length ¢ + 1. Append z3 to this cycle
in order to obtain a cycle on g + 2 vertices.

Now let m = 5. Obviously, the cycle C” = y,v20304Yq4p+1C" Ty, has length
q + 3. Using the edge uxs to omit vertex x; we obtain a cycle of length g + 2.
If hy > 3, then the chord uxs in the cycle C” creates a cycle of length ¢ + 1.
Otherwise h; = 2. Now, if u is adjacent to v, then the edge uv is a two-chord
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in C”, and so there is a (¢ + 1)-cycle in G. If wv ¢ E(G) and uys ¢ E(G), it
follows from Claim 15 that dg(y1) > (n+1)/2 — 1 and so dg(u) + dg(y1) > n,
a contradiction with Claim 19. Finally, if wv ¢ E(G) and uys € E(G), then
uy2C" Y 020304y 1p+1C' T 2w is a cycle of length g + 1.

Assume the claim is true for some m > 5 and consider a path P of length
m + 1 that satisfies the assumptions. If {z1,u,y,, v, v3,v4,v5} induces a Pr,
this contradicts G' being Pr- fi-heavy, since neither z nor y, is super-heavy (by
Claims 14 and 57). Hence, there is an edge in G[{yq,,ve,vs,v4,v5}] that does
not belong to the path P. This edge creates a shorter path, of length at least
m — 2, that satisfies the assumptions of the claim. It follows that we can obtain
l[¢+1,¢+m — 4]-cycles in a desired manner. Obviously, C” = yo P yq1p+1C Ty
is a cycle of length ¢ +m — 1. To obtain cycles of lengths ¢ +m — 3 and ¢+ m — 2
use chords of C” as described in the case of m = 5. O

From now on let y; denote the neighbour of w in Hy with the highest index.
Claim 61. j < hy — 3 and y; is adjacent neither to yp, nor yp,—1.

Proof. Suppose the first part of the claim is not true. Then j € {ha—2,ho—1, ho}
and one of the cycles uyp,—2Yn,—1Yh, VTR, Uy UYhy—1YhyVTh, U, UYR,VTH, U €Xists.
Let O’ denote that cycle. Neighbours of w both in H; and in Hy induce cliques
(by Claims 18 and 58, respectively), and so they can be appended to C’, one-
by-one. Let C” be the cycle O’ with all neighbours of u appended to it. The
remaining vertices are non-neighbours of u in Hy. Let {y!,...,y%" (“)} be the
neighbours of u sorted by their indices in ascending order. Applying Claim 60
to the cycle C” and the set C[y!,4?] we obtain cycles longer than C” up to the
cycle C" = y*CTy2C"*+y'. Now we can apply Claim 60 to the cycle C”” and
the set C[y2,°]. Repeating this procedure up to the set C[y®H#2(W =1 4dua (W] we
finally arrive at the cycle C. It follows that there are [|C'|, n]-cycles in G. Since
|C’| < 6, together with Claim 59 this implies that G is pancyclic, a contradiction.

If y; was adjacent to either yp,_1 or yp,, the similar argument as presented
above applied to the cycle wy;yn,—1Yn,vTp, u Or uyY;yn, vy, v leads to the pan-
cyclicity of G, contradicting our assumptions. Note that Claim 60 works also for

the sets A = {yj41,...,Un,—2} and A = {yj11,...,Yny—1}- O

Consider now the neighbour of y; in Hs with the highest index. Let y,
denote this vertex. It follows from Claim 61 that m < ho — 2 and so it makes
sense to consider also the neighbour of y,, with the highest index, say y,,» € Ho.
Note that the choice of j, m and m’ implies that {xp,, w, yj, Ym, Ym/} induces a Ps.

Claim 62. y,yy € E(G) for every y € C[Ym/+1, Yn,]-

Proof. Assume the contrary and let G’ = G[C[yn, yn,]]- It follows that there ex-
ist vertices ¥/, y” € C[yms, yn,| such that dgr (ymy,y) > 2 and {ymy, v, y"} induces
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Ps3. By the choice of ¢/, ¥, j, m and m' it follows that {zn,, w, yj, Ym, Ym', v, ¥"}
induces P7. Since neither xj, nor y; is super-heavy, by Claims 14 and 57, this
contradicts G being Pr- f1-heavy. (]

Claim 63. Assume the cycle C' = YmYm/Yn,C T ym has length q. Let P = vy - - -
be a path with 1 > 3, v1 = Ym, V] = Yy and v; € Clym, Ypy] for i =2,...,1— 1.

Then one can obtain [qg+1,q+1— 2]-cycles by appending some of the vertices
from P to C' and omitting at most 1.

Proof. Since the claim is obviously true for [ = 3, consider | = 4. Then
YmV203Ym C Ty is a cycle of length ¢ + 2 and 4,203y C T x2uC y,, is a cycle
of length ¢ + 1.

Assume the statement is true for some fixed Iy > 4 and for every [ < .
Consider now a path P = vy ---vj,41 satisfying the assumptions of the claim.
Since G is Pr-fi-heavy and neither z; nor y; is super-heavy (by Claims 14 and
57), {x1,u,yj, Ym, v2,v3,v4} cannot induce a P;. Note that by the choice of j
and m both u and y; have no neighbours in the set C[yp 41, Yny]. It follows that
there exists an edge in G[{ym,v2,vs,v4}] that does not belong to the path P.
This edge, say v'v”, creates a path P’ = y,,, PTv'v" P*y,,, of length at most [y
and at least [ — 1. The validity of the claim for [ < [y implies that there are
[g+1,q+ 1y — 3]-cycles in G, created in the manner desired. Obviously, the cycle
Ym P Yy C Ty has length ¢ + g — 1 and the cycle y,, Py, CTxouC Ty, has
length ¢ 4+ Iy — 2. By mathematical induction the claim is true. ([

Claim 64. There are [7,n]-cycles in G.

Proof. Claim 62 implies that y,,yn, € E(G). Hence, C' = wy;ymYm'Yn, VTh, U
is a cycle C7. Let {y!,... ,yie (“)} denote the neighbours of v in Hs sorted by
their indices in ascending order.

Just as in the proof of Claim 61 we can extend the cycle C’ by appending
to it all neighbours of u (since Np,[u] and Np,[u] induce cliques in G) and
then all non-neighbours of u that belong to one of the sets C[y',y'*1] for | €
{1,...,dm,(u)—1} or to the set C[y;, ym] (by Claim 60), as well as those belonging
to the set Clym+1, Ym/—1] (by Claim 62). To the longest of just created cycles, that
is the cycle yn, CT Yy yn,, we can then add all vertices from the set Cly, 11, Yn,],
also one-by-one, by Claim 63, thus arriving finally at the cycle C. O

It follows from Claims 59 and 64 that G is missing only cycles of length six.
Suppose this is indeed true and recall the cycle C! = wy;ymYm’ Yn, vTn, u of length
seven. It follows that wv, y,yv ¢ E(G).

Remark 65. C’ is an induced cycle.

Proof. To prove this fact we need to show that vy, vy; ¢ E(G) (by the choice
of j, m, m' and the fact that v is adjacent neither to u nor to y,).
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If vy, € E(G), then vynyjuzizp,v is a cycle Cp (since dpy,(u) > 2 and
Ny, [u] induces a clique).

Since n > 14, uwv ¢ E(G) and u is super-heavy, it follows that u has at least
four neighbours in H; or Hy. If vy; € E(G), these neighbours can be used to
obtain a cycle Cg from the cycle uyjvxy, r1u. (|

Remark 66. Ny, (u) C Ny, (v).

Proof. Indeed, if some vertex z € Np,(u) is not adjacent to v, then it fol-
lows from the previous remark that {z,w, y;, Ym, Ym’, Yn,, v} induces a P;. Since
neither x nor y; is super-heavy, this contradicts G being Pr- f1-heavy. U

Remark 67. dp, (u) < 3.

Proof. Assume the contrary. Since Np,(u) = H; and the neighbours of u in
H; induce a clique, by Claim 18, and they are adjacent to v by the previous
remark, it follows that four of them together with u and v form a cycle Cg. A
contradiction. (]

Since n > 14, u is super-heavy and wv ¢ E(G), the last remark implies that
d,(u) > 5. But Np,[u] induces a clique, by Claim 58, and so there is a cycle Cg
in . This final contradiction completes the proof. [

4. PROPOSITIONS OF FURTHER RESEARCH

Similarly to Theorems 3 and 4 we have the following results.

Theorem 68 (Faudree et al., [7]). Every 2-connected, {K1 3, Ps}-free graph on
n > 10 wertices is pancyclic.

Theorem 69 (Chen et al., [6]). Every 2-connected, {K 3, Ps}-f-heavy graph is
Hamiltonian.

It seems natural to propose the following conjecture.

Conjecture 70. Every 2-connected, {K1 3, Ps }-f1-heavy graph onn > 10 vertices
s pancyclic.

Note that in the proof of Theorem 5 we used the assumption of G being
D- f1-heavy only twice (in Claim 37 and in Remark 53). It seems that it would
suffice to slightly modify our proof in order to prove the above Conjecture.

In the light of results for pairs and triples of forbidden and heavy subgraphs
we propose another, more general, conjecture.
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Conjecture 71. Let H be a family of graphs. If every 2-connected, H-free graph
onn > ng vertices is pancyclic and every 2-connected, H-f-heavy graph is Hamil-
tonian, then every 2-connected, H-f1-heavy graph on n > ng vertices is pancyclic.

As the proofs of the results obtained so far made extensive use of the specific
forbidden (or heavy) graphs, the proof in the general case seems to be much more
difficult.

Acknowledgements

The research was partially supported by AGH local grant No. 11 420 04. The
author is very indebted to the referees for their helpful suggestions and remarks,
as well as for pointing out a small gap in the proof of Theorem 5.

REFERENCES

[1] P. Bedrossian, Forbidden Subgraph and Minimum Degree Conditions for Hamil-
tonicity (PhD Thesis, Memphis State University, USA, 1991).

[2] P. Bedrossian, G. Chen and R.H. Schelp, A generalization of Fan’s condition for
Hamiltonicity, pancyclicity and Hamiltonian connectedness, Discrete Math. 115
(1993) 39-59.
doi:10.1016/0012-365X(93)90476- A

[3] A. Benhocine and A.P. Wojda, The Geng-Hua Fan conditions for pancyclic or
Hamilton-connected graphs, J. Combin. Theory Ser. B 58 (1987) 167-180.
doi:10.1016,/0095-8956(87)90038-4

[4] J.A. Bondy, Pancyclic graphs I, J. Combin. Theory Ser. B 11 (1971) 80-84.
doi:10.1016,/0095-8956(71)90016-5

[5] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications (Macmillan London
and Elsevier, 1976).
doi:10.1007/978-1-349-03521-2

[6] G. Chen, B. Wei and X. Zhang, Degree light-free graphs and Hamiltonian cycles,
Graphs Combin. 17 (2001) 409-434.
doi:10.1007/s003730170018

[7] R. Faudree, Z. Ryjacek and I. Schiermeyer, Forbidden subgraphs and cycle extend-
ability, J. Combin. Math. Combin. Comput. 19 (1995) 109-128.

[8] M. Ferrara, M.S. Jacobson and A. Harris, Cycle lengths in Hamiltonian graphs with
a pair of vertices having large degree sum, Graphs Combin. 26 (2010) 215-223.
doi:10.1007/s00373-010-0915-2

[9] B. Ning, Fan-type degree condition restricted to triples of induced subgraphs ensuring
Hamiltonicity, Inform. Process. Lett. 113 (2013) 823-826.
doi:10.1016/.ipl.2013.07.014

[10] B. Ning, Pairs of Fan-type heavy subgraphs for pancyclicity of 2-connected graphs,
Australas. J. Combin. 58 (2014) 127-136.


http://dx.doi.org/10.1016/0012-365X\(93\)90476-A
http://dx.doi.org/10.1016/0095-8956\(87\)90038-4
http://dx.doi.org/10.1016/0095-8956\(71\)90016-5
http://dx.doi.org/10.1007/978-1-349-03521-2
http://dx.doi.org/10.1007/s003730170018
http://dx.doi.org/10.1007/s00373-010-0915-z
http://dx.doi.org/10.1016/j.ipl.2013.07.014

500 W. WIDEL

[11] E.F. Schmeichel and S.L. Hakimi, A cycle structure theorem for Hamiltonian graphs,
J. Combin. Theory Ser. B 45 (1988) 99-107.
doi:10.1016,/0095-8956(88)90058-5

[12] W. Widel, A Fan-type heavy pair of subgraphs for pancyclicity of 2-connected graphs,
Discuss. Math. Graph Theory 36 (2016) 173-184.
doi:10.7151/dmgt.1840

Received 20 October 2015
Revised 1 February 2016
Accepted 1 February 2016


http://dx.doi.org/10.1016/0095-8956\(88\)90058-5
http://dx.doi.org/10.7151/dmgt.1840
http://www.tcpdf.org

