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Abstract

An L(2,1,1)-labeling of a graph G is an assignment of non-negative in-
tegers (labels) to the vertices of G such that adjacent vertices receive labels
with difference at least 2, and vertices at distance 2 or 3 receive distinct
labels. The span of such a labelling is the difference between the maximum
and minimum labels used, and the minimum span over all L(2, 1, 1)-labelings
of G is called the L(2,1,1)-labeling number of G, denoted by A2 11(G). It
was shown by King, Ras and Zhou in [The L(h,1,1)-labelling problem for
trees, European J. Combin. 31 (2010) 1295-1306] that every tree T has
AQ(T) -1 < )\27171(T) < AQ(T), where AQ(T) = maxuveE(T) (d(u) + d(U))
And they conjectured that almost all trees have the L(2,1, 1)-labeling num-
ber attain the lower bound. This paper provides some sufficient conditions
for A31,1(T) = Ag(T). Furthermore, we show that the sufficient conditions
we provide are also necessary for trees with diameter at most 6.
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1. INTRODUCTION

Multilevel distance labeling is a generalization of distance two labeling, which
is motivated by the channel assignment problem introduced by Hale [9]. The
channel assignment problem is the assignment of frequencies to transmitters sub-
ject to satisfy certain distance restrictions to avoid interference between nearby
transmitters. If there is high usage of wireless communication networks, we have
to find an appropriate channel assignment solution, so that the range of channels
used is minimized.

Griggs and Yeh [8] firstly proposed the notation of distance two labeling
of a graph, and they generalized it to p-levels of interference. Specifically for
given positive integers ki, ks, ..., kp, an L(k1, ko, ..., kp)-labeling of a graph G is
a function f from the vertices of G to non-negative integers (labels), such that for
all distinct vertices u,v of G, |f(u) — f(v)| > kq if dist(u,v) = t, where dist(u,v)
denotes the distance between u and v. The span of f is the maximum difference
f(u)— f(v) of any pair of vertices u, v of G. The L(k1, k2, ..., kp)-labeling number,
denoted by g, ks,...k, (G), is the minimum span of all L(ki, k2, ..., k,)-labelings
of G. In practical terms, the label of the vertex u under f, i.e., f(u) is the channel
assigned to the transmitter corresponding to wu.

The L(k1,ks,...,ky)-labeling problem above is interesting in both theory
and practical applications. For instance, when p = 1 and k; = 1 it becomes
the ordinary vertex-coloring problem. When p = 2, many interesting results (see
[8, 3, 6, 13]) have been obtained for various families of finite graphs, especially for
the case (k1, k2) = (2,1). For more details, one may refer to the surveys [14, 2]. In
[8], it was proved that, for any finite tree T', A(T')+1 < Ay 1(T') < A(T)+2, where
A(T) is the maximum degree of T'. A polynomial time algorithm for determining
X2.1(T) was given in [3]. Furthermore, a linear time algorithm for determining
X2,1(T) was given by authors of reference [10].

More recently, researchers began to investigate the L(kq, ko, k3)-labeling prob-
lem [4, 11]. For example, Zhou studied the problem for hypercubes @, in [15].
The L(h,1,1)-labeling problem for outer-planar graphs was investigated in [?].
In [12], King et al. studied the L(h,1,1)-labeling problem for trees. They proved
that Ao(T) —1 < X2 11(T) < Ao(T') and proposed the following questions: 1. To
characterize finite trees T with diameter at least 3 such that o1 1(T) = Ao(T)
(Question 10 from [12]); 2. For a fixed integer h > 2, is the problem of determin-
ing A 1,1(T) for finite trees solvable in polynomial time? (Question 12 from [12])
In addition, they conjectured that almost all trees have the L(2,1,1)-labeling
number attain the lower bound. Recently, the results in [7, 5] assert that de-
ciding whether a given tree has the L(2,1,1)-labeling number attain the lower
bound is NP-complete. So the Question 12 in [12] has been solved.
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In this paper, we study the L(2,1, 1)-labeling problem for finite trees with
diameter at least 3. We provide some sufficient conditions for Ag 1 1(T") = Ag(T)
in Section 3, which gives a partial answer for Question 10 in [12]. Furthermore, in
Section 4, we show that the sufficient conditions we provide are also necessary for
trees with diameter at most 6. This means that the problem of deciding whether
the L(2,1,1)-labeling number of a tree T" is Ao(7T") — 1 is polynomial for trees
with diameter at most 6.

2. PRELIMINARIES

In this paper, we always suppose that T is a finite tree with diameter at least
3. Define Ay(T') := max,yep(r)(d(u) + d(v)), where d(u) is the degree of u in T
Then Ay(T) > 3 for a tree with diameter at least 3. An edge e = wv is said to
be heavy if d(u) + d(v) = Ao(T), light if d(u) + d(v) < A9(T). In the following,
we abbreviate Ay (T) to As.

For uw € V(T), let N(u) = {w : vw € E(T)}. Let Ny(u) = {w : vw is light},
do(u) = |No(u)| and Ni(u) = {w : uw is heavy}, di(u) = [N1(u)|. Then N(u) =
No(u)UN; (u) and d(u) = do(u)+dy (u). Furthermore, let No1(u) = {w € Ny(u) :
d(w) > 2,dp(w) =1} and do 1(u) = |No1(u)|.

Sometimes it is convenient to consider one vertex of a tree as special; such a
vertex is then called the root of this tree. And we denote by T the tree rooted
at u. For a rooted tree T, define L;(u) := {w € V(T,) : dist(u,w) = i} for
i =0,1,.... In particular, Ly(u) = {u}. Define E;(u) := {zy : x € Li_1(u),y €
Li(u)} for i =1,2,.... For xy € E(Ty), if x € Li_1(u),y € L;(u), then we call x
the parent of y, which is denoted by y,,. If = is the parent of y and y is the parent
of z, then we call x the grandparent of z, which is denoted by z,.

The diameter of T, denoted by diam(7T'), is the length of the longest path of
T. Note that if diam(T") is even, then there must exist a vertex, say u, such that

every path of length diam(7") goes through u. Thus if we treat T as a rooted tree
T,, then

V(T)={u}ULi(u) U La(u) U--- UL&%](T)(U),
E(T) = El(u) U Eg(u) U---u E%(:r)(u)

Such a vertex u is called the crossing vertex of T.

If diam(7") is odd, then there must exist an edge, say uwv, such that every
path of length diam(7") goes through wv. Such an edge wv is called the crossing
edge of T. Let Ty, and T, be the two rooted trees obtained from T by deleting
the edge uwv, respectively. Then
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V(T) = {u,v} U Li(u)U La(u)
U Ly (v) U La(v)

E(T) = {uv} U Eq(u) U Ex(
U Ey(v) U Es(

U+ U Laiam(r)—1 (1)
U---u Ldiam(2T>—1 (v),
wyUu---u EdiamQ(T)—l (u
U ..

2
v) U Eaiamm -1 (v).
2

3. SOME SUFFICIENT CONDITIONS FOR A2 11(T) = Ag

King et al. [12] studied the L(2,1,1)-labeling of trees and gave the following
result.

Lemma 1 [12]. Ay —1 < A 11(T) < Ao.

Before providing some sufficient conditions for As11(T") = Ay, we give two
useful lemmas as follows.

For integers i and j with i < j, we denote [i, j] as the set {i,i+1,...,5—1,7}.
Let F' = [O’AQ - 1]

Lemma 2. Let f be an L(2,1,1)-labeling of T with span Ag — 1. Let uv be a
heavy edge. Then f(N(u))U f(N(v)) = F and |f(u) — f(v)| > 2.

Proof. Note that all the vertices in N(u)U N (v) are of distance no more than 3
from each other. So they receive different labels under f. This implies | f(N (u)U
N@))| = |N(u)UN(v)| = Ag, since uv is a heavy edge. Thus, f(N(v))U f(N(u))
=F.

On the other hand, it is easy to see that |f(u) — f(v)| > 2. Suppose on the
contrary that |f(u) — f(v)| = 2. Then the integer between f(u) and f(v) cannot
be labeled on any vertex in N (u)UN (v), a contradiction. So |f(u)— f(v)] > 2. =

Lemma 3. Let f be an L(2,1,1)-labeling of T with span Ao — 1. If there exists
a vertex u satisfying d(u) > 2 and No(u) = {w}, then either (I) f(w) = d(u) — 1,
f(Ni(u)) = [0,d(u) — 2] and f(N(v)) = [d(u),As — 1] for every v € Ni(u)
or (1) F(w) = Ay — d(u), F(N:(u) = [As — d(u) + 1, A9 — 1] and f(N(v)) =
[0,Ag — d(u) — 1] for every v € Ni(u).

Proof. By definition, uv is heavy for every v € Nj(u). Then by Lemma 2,
f(N(w)) = F\ f(N(u)) for every v € Ni(u). In addition, for every v € Ny(u),
dist(v,z) = 1 for all z in N(v). This implies f(v) is at least 2 apart from each
integer in f(N(v)) = F'\ f(N(u)). Thus each integer in f(Ni(u)) is at least 2
apart from each one in F'\ f(N(u)). Hence, f(Ni(u)) and F'\ f(N(u)) are two
consecutive integer sets separated by f(w), since F' = f(Ny(uw))U[F\ f(N(u))]U
{f(w)} =10, Ay — 1] is a set of consecutive integers. This implies the conclusion.

|
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In view of the above results, we now give some sufficient conditions for

)\271’1(T) = AQ.

Theorem 4. Let T be a tree with diameter at least 3. If T contains one of the
following configurations, then Ag11(T) = As.
(C1) There exists a vertex u such that dy(u) = 0.
(C2) There exist vertices u,v,w such that u,v € No1(w) and d(u) # d(v).
(C3) There exist vertices u,v,x,y such that xy € E(T), u € No1(x), v € No1(y)
and one of the following holds:
(i) d(u) 4+ d(v) > As.
(ii) zy is heavy and d(u) + d(v) > Ay — 1.
(C4) There exist vertices u,v,z,y such that dist(xz,y) = 2 or dist(z,y) = 3,
u € No1(x), v € Noa(y) and d(u) = d(v) = 25

(d) (e

Figure 1. Figures for Theorem 4: (a) for (C1), (b) for (C2), (c¢) for (C3), (d) and (e) for
(C4).

Proof. Suppose that T admits an L(2,1,1)-labeling f with span Ay — 1.

(C1) In the case, uv is heavy for each v € N(u), since dp(u) = 0. Then by
Lemma 2, f(N(v)) = F\ f(N(u)) for each v € N(u). In addition, for every
v € N(u), dist(v,z) =1 for every x € N(v). This implies f(v) is at least 2 apart
from each integer in f(N(v)) = F\ f(N(u)). That is, each integer in f(N(u))
is at least 2 apart from each one in F'\ f(N(u)). But this is impossible, since
F = f(N(u))U[F\ f(N(u))] is a set of consecutive integers. Thus, A2 11(T) = As.
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(C2) Let x be an arbitrary vertex in Nj(v), and y be an arbitrary vertex
in Ni(u). Then vx and uy are heavy. So by Lemma 3 and the hypothesis of
d(u) # d(v), we have either f(w) = d(u) — 1 = Ag — d(v) and f(Ni(u)) =
F(N(x)) = [0,d(u) = 2], or f(w) = d(v) =1 = Ay —d(u) and f(N1(v)) =
f(N(y)) = [0,d(v) —2]. In addition, v € N(x) and v € N(y). So f(v) €
f(N(z)) = f(Ni(u)) and f(u) € f(N(y)) = f(Ni(v)). On the other hand,
dist(u,x) = 3 and dist(v,y) = 3, which implies f(u) # f(x) and f(v) # f(y).
So f(u) ¢ f(Ni(v)) and f(v) ¢ f(Ni(u)), since z is an arbitrary vertex in
Ni(v), and y is an arbitrary vertex in Nj(u), which is a contradiction. Therefore,
X211(T) = As.
(C3) By Lemma 3, f(z) = d(u) — 1, f(Ni(u)) = [0,d(u) — 2] or f(x) =
Ay — d(u), F(N) (1)) = [Ag — d(u) + 1, Ag — 1], and £(y) = d(v) — 1, F(N) (1)) =
0,d(v) — 2] or f(y) = Ag — d(v), F(N1(0)) = [As — d(v) + 1,2 — 1].

(i) If f(z) = d(u) — 1, then f(y) > f(z) + 2 = d(u) + 1, since dist(z,y) =1
and dist(wo,y) = 3 for every wy € Ny(u). In the case, if f(y) = d(v) — 1, then
f(z) =d(u)—1< f(y)—2 = d(v) —3. This implies f(z) = d(u)—1 € [0,d(v)—2],
a contradiction with dist(w;,z) = 3 for every w; € Ni(v). If f(y) = Ay — d(v),
then f(y) = Aa—d(v) > f(z)+2 = d(u)+1, which implies d(u)+d(v) < Ay—1, a
contradiction to d(u)+d(v) > Ag. Similarly, it cannot be that f(x) = Ag —d(u).

(ii) By Lemma 2, we have |f(z) — f(y)| > 2, since xy is heavy. If f(z) =
d(u)—1, then f(y) > f(x)+2 = d(u)+1, since dist(x,y) = 1 and dist(wg,y) = 3
for every wg € Ni(u). In the case, if f(y) = d(v) — 1, then f(z) = d(u) —1 <
f(y) —2 =d(v) — 3. This implies f(z) = d(u) —1 € [0,d(v) — 2], a contradiction
with dist(wy,x) = 3 for every w; € Nyi(v). If f(y) = Ay — d(v), then f(y) =
Agy—d(v) > f(x)+2 = d(u)+1, which implies d(u)+d(v) < As—1, a contradiction
to d(u) + d(v) > Ay — 1. Similarly, it cannot be that f(z) = Ay — d(u).

(C4) By Lemma 3, f(z) = d(u) —1or f(z) = Ay —d(u), and f(y) =d(v)—1
or f(y) = Ag —d(v). Then f(z) = f(y), since d(u) = d(v) = A22+1, which is a
contradiction with dist(z,y) = 2 or 3. |

Based on Theorem 4, we have the following results for subdivisions of trees
and complete m-ary trees immediately.

For a tree T', a subdivision of T is a tree obtained from T by replacing every
edge of T' by a path of length greater than 1. A complete m-ary tree of height k,
denoted by T, is a rooted tree such that each vertex other than leaves (degree-
one vertices) has m children and all leaves are at distance k apart from the root.

Corollary 5. Let T be a subdivision of a tree T'. Then Ay11(Ts) = Ao(Ts).

Proof. Let u be a vertex of T' such that d(u) = A(T). Then all the edges incident
with u are heavy in T, which implies A 11(7s) = Ag(Ts) by (C1) of Theorem 4.
|
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Corollary 6. Let Tj.,, be a complete m-ary tree of height k, where k = 2 or
k Z 4. Then )\2,1,1(Tk;m) = AQ(Tk;m).

Proof. Let u be the root of Tj.,,. If k£ = 2, then all the edges incident with u are
heavy. If k > 4, then all the edges incident with each vertex in Ly(u) are heavy.
Thus )\2,1,1(Tk;m) = AQ(Tk;m) by (Cl) of Theorem 4. |

4. RESULTS FOR TREES WITH DIAMETER AT MOST 6

The following results show that the sufficient conditions in Theorem 4 are also
necessary for trees with diameter at most 6.

Theorem 7. Let T be a tree with diameter 3. Then Ag11(T) = Ay — 1.

Proof. Let uv be the crossing edge of T. Then T is the unique heavy edge of T'.
Define

(i) f(u) =0, f(v) =Ay—1.
(ii) f(N(u)\{v}) = [d(v), Ay = 2], f(N(v) \{u}) = [1,d(v) —1].

Note that all the vertices of T" have different labels. Next, |f(u) — f(v)| =

Ao =13 2, mingep, | (u) — F(@)] > d(v) > 2 and minyep, o [f(0) - ()] >

Ay —1—(d(v) —1) =d(u) > 2. So fis an L(2,1,1)-labeling of T' with span

Ag — 1, which implies )\27171(T) < AQ —1. Thus, )\27171(T) = AQ -1 by Lemma 1.

|

Theorem 8. Let T be a tree with diameter 4. Then Ay 11(T) = Ay — 1 if and
only if do(x) > 1 for all x € V(T).

Proof. The necessity follows from (C1) of Theorem 4. We now prove the suffi-
ciency. Assume that do(xz) > 1 for all z € V(7). It suffices to show that 7" admits
an L(2,1,1)-labeling with span Ay — 1.

Let u be the crossing vertex of T'. Consider the following labeling f.

(i) f(u)=0.
(i) f(N1(u) = [Ag = di(u), Ay — 1], f(No(u)) = [A2 — d(u), Ay — di(u) — 1].
(iii) f(N(z) \ {u}) =[1,d(x) — 1] for each x € Lq(u).

It is clear that any pair of vertices of distance at most 3 have different labels.
Secondly, mingcr,, (o) [f(u) — f(2)] > Az — d(u) > 2. Finally, since do(u) > 1 by
the assumption, minge y )\ (uy [f(7) = f(Y)| = A2 —d(u) —d(z) +1 > 2 if uz is
light; minge y(o)\{u} [f(2) = f(¥)| = A2 —d(u) + 1 —d(z) + 1 > 2 if ux is heavy.
Thus, mingye g, ) |f(2) — f(y)| > 2. So any pair of adjacent vertices have labels
differing at least 2 apart.

Therefore, f is an L(2,1,1)-labeling of T" with span Ay — 1, which implies
)\27171(T) < AQ — 1. Thus, /\27171(T) = AQ —1 by Lemma 1. |
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Theorem 9. Let T be a tree with diameter 5. Then Ap11(T) = Ay — 1 if and
only if do(x) > 1 for all x € V(T).

Proof. The necessity follows from (C1) of Theorem 4. Now we prove the suffi-
ciency. Assume that do(z) > 1 for all z € V(7).

Let uv be the crossing edge of T. Let T}, and T, be the two rooted trees
obtained from T by deleting uv. We treat the following two cases.

Case 1. If uv is heavy, then we define an L(2,1, 1)-labeling of T" as follows.

(i) f(u) =0, f(v)=Ay—1.
(i) f(N1(0)\{u}) = [1,d1(v) = 1], f(No(v)) = [d1(v),d(v) =1], f(Ni(u)\{v}) =
[d(v) +do(u), Ay — 2], f(No(u)) = [d(v), d(v) + do(u) —1].
(iil) f(N(2) \ {u}) = [1,d(z) — 1] for each = € Ly(u), f(N(z)\ {v}) = [As -
d(x), Ay — 2] for each = € Ly (v).

Firstly, it is not difficult to check that any pair of vertices of distance at most
3 have different labels. Next, f(v)—f(u) = Ax—1 2> 2, minger, () |f(u) = f(z)] =
d(v) > 2 and minger, () | f(v) = f(z)] = Az —d(v) = d(u) > 2. Flnally, let | f(w)—
Flup)] = mingye oy (&) — 7(u), where w € Lo(u). Then |f(w) — f(wy)]| >
d(v) — maxger, (u) d( ) +1 > 1. And the equality holds only if f(w,) = d(v) and
f(w) = d(wp) —1 = d(v) — 1 (so d(wp) = d(v)). Note that No(u) # 0. Then
wyp € No(u), since f(wy) =d(v) € f(No(u)). So uwy, is light. On the other hand,
d(u) + d(wp) = d(u) + d(v) = Ag, which implies ww, is heavy, a contradiction.
Therefore, mingye g, () | f(2) — f(y)| > 2. Similarly, ming e g, ) [f(2) = f(y)] > 2.
So any pair of adJacent vertices have labels differing at least 2 apart.

Hence, f is an L(2,1,1)-labeling of 7" with span Ay — 1, which implies
)\271’1(T) S AQ — 1. Thus, )\2’171(T) == AQ —1 by Lemma 1.

Case 2. If uv is light, then we define an L(2, 1,1)-labeling of T" as follows.

(i) f(u) =d(v) =1, f(v) = Ay — d(u).

(ii) f(N1(v)) = [0,dr(v) = 1], f(No(v) \ {u}) = [di(v),d(v) — 2], f(Ni(u)) =
[Ag —di(u), Ay — 1], f(No(u) \ {v}) = [Ag — d(u) + 1, Ay — di(u) — 1].

(iil) f(N(z)\{u}) = [0,d(z) —1]\{d(v) =1} for each x € L1 (u), f(N(x)\{v}) =
[Ag —d(x), Ay — 1]\ {Ag — d(u)} for each z € Ly(v).

Note that any pair of vertices of distance at most 3 have different labels.
Secondly, f(v) — f(u) = Ag —d(u) — d(v) +1 > 2, since uv is light. And
minge, (o) /(1) — ()] = Ay — d(w) + 1~ (d(v) - 1) > 2 and minger, ) |/(0) -
F(@)] > B —d(u) ~ (d(v) 2) > 2. Finally, minye, |1(2) ~ ()] > Ao —d(u)
+ 1 —max,ep, () d(z) + 1 > 2. Similarly, mingye g, ) [f(z) — f(y)| > 2. So any
pair of adjacent vertices have labels differing at least 2 apart.

Therefore, f is an L(2,1,1)-labeling of T" with span Ay — 1, which implies
)\27171(T) < AQ — 1. Thus, /\2,171(T) = AQ —1 by Lemma 1. |
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Given a set A = {aj,a2,...,a,}, where a; < ag < --- < a,. Let Sk(A) and
By (A) denote the sets of the smallest and largest k& numbers in A, respectively.
That is, Sx(A) = {a1,aq,...,ar} and Bip(A) = {an—k+1, @n—k+2,---,an}. Let
Mj; j1(A) denote the set from the i-th to j-th element of A. That is, M|; ;;(A) =

{ai,aiﬂ, . ,a]}.

Theorem 10. Let T' be a tree with diameter 6. Then Xo11(T) = Ag — 1 if and
only if for each x € V(T'), do(x) > 1 and all the vertices in No1(x) have the same
degree.

Proof. For each x € V(T'), suppose that do(x) > 1 and all the vertices in Ny ()
have the same degree. By Theorem 4, it is sufficient to prove Ag 1 1(T) = Ay — 1
in this assumption.

Let u be the crossing vertex of T. Now we treat the following two cases.

Case 1. If dp1(u) > 1, without loss of generality, let v € Ny 1(u). Then we
define an L(2, 1, 1)-labeling of T as follows.

(i) f(u) =d(v) -

(i) f(N1(u) = [A2 = di(u), Ay — 1], f(No(u)) = [A2 — d(u), Ay — dy(u) — 1].

(iii) For each z € Ni(u), f(Ni(z) \ {u}) = S4(&)-1([0,d(z) — 1]\ {d(v) —1}),
F(No(2)) = F(No()) = Migy(oyater11([0,d(z) — 1]\ {d(v) — 1}). For each
z € No(u), f(N1(z)) = S4,(2)([0,d(z) — 1]\ {d(v) = 1}), f(No(z) \ {u}) =
Mg, (@)+1,d(x)-1) ([0, d(2) = 1]\ {d(v) —1}).

(iv) For each z € La(u) satistying d(xp) > d(v), f(N(z) \{zp}) = 1([Ag —
d(z), Ao —1]\{f(xp)}). For each x € La(u) satisfying d(z,) < d( ) f(N(x)\
{}) = Buny 1182 — d(@) — 1, A3 — 1\ { (), £(w)}):

Now we verify that f is an L(2,1,1)-labeling of 7" with span Ay — 1 by the
following three steps.

Step 1. |f(z) — f(y)| > 2 if dist(z

T,y) =
Firstly, minumeEl(u) |f(z) = f(u)] >

Ay — ( )—d(v)+1 > 2, since uv is light.
Secondly, minxyEEQ(u) |f( ) ( )| > A

(’LL) MaXye Ly (u) d( ) +12>1

Suppose that there exists some ww, € E» ( ) which makes the equality hold,
where w € La(u). Then f(wp) = Ay —d(u), f(w) = d(wp) — 1 and uw), is heavy.
But by the labeling way of f, f(wp,) = Ay — d(u) will imply ww, is light, a
contradiction. Thus, ming,c g, ) |f(7) — f(y)] > 2.

Thirdly, let | () — £(t0p)| = mingye oy |F(2) — F(3)], where w € Lg(u).

If d(w,) > d(v), then f(w) > Ay —d(wy) and f(w) < d(w,) — 1. Tt f(uwy) <
d(wg) =2, then | f(w) = f(wp)| = Az —d(wp) —d(wg) +2 = 2. If f(wp) = d(w,y) -1,
then by the labeling way of f, we have d(v) — 1 € [0,d(wgy) — 2] which implies
d(wg) # d(v). So wy ¢ No,1(u), since v € Ny 1(u) and all the vertices in No 1(u)
have the same degree. Then Ny(wy) \ {u} # 0. Thus w, € No(wy) \ {u}, since



620 X.L. ZHANG AND K.C. DENG

flwp) = d(wg) —1 € f(No(wg) \ {u}) by the labeling way of f. So w,wy, is light
which also implies |f(w) — f(wp)| > Ag — d(wp) — d(wg) +1 > 2.

If d(wg) < d(v), then f(w) > Ay — d(wp) — 1 and f(wp) < d(wg) — 2.
In the case, wy ¢ Noi(u), since v € Npi(u) and all the vertices in Np1(u)
have the same degree. Thus Np(wg) \ {u} # 0. If f(wy) < d(wg) — 3, then
|f(w) — flwy)] > Ay — d(wy) — d(wy) +2 > 2. If f(wy) = d(wy) — 2, then
wp € No(wg) \{u}, since f(wy) = d(wg) —2 € f(No(wg)\{u}) by the labeling way
of f. So wpwy is light. This implies | f(w) — f(wp)| > Ag —d(wp) —d(wy) +1 > 2.

Thus, minmyEEg(u) |f(.’E) - f(y)| > 2.

Step 2. |f(z) — f(y)| = 1 if dist(z,y) = 2.

By the labeling way of f, we know that |f(z)— f(y)| > 1 for any two vertices
x,y with dist(z,y) = 2.

Step 3. |f(z) — f(y)| > 1 if dist(z,y) = 3.

Firstly, mianLl(u),yELg(u) |f($)_f(y)| = AQ—d(u)_maXJBELl(u) d($)+1 > 1.
Secondly, MiNyery(u).een(w)\{u} |f(W) = f(@)] > A2 — d(wy) — d(wg) +1 > 1.
Thirdly, for each w € Lz(u) with d(wy) < d(v), w has a different label from u; for
each w € Lz(u) with d(wg) > d(v), f(w) > Ay — d(wp) > Ay — (Ag — d(wy)) =
d(wg) > d(v). So f(w) > f(u). Therefore, |f(z) — f(y)| > 1 for any two vertices
x,y with dist(z,y) = 3.

Thus, fis an L(2,1,1)-labeling of T" with span Ay —1. So Ay 1,1(T) < Ay —1.
And by Lemma 1, we have Ay 11(T) = Ap — 1.

Case 2. If dy1(u) = 0, then we define an L(2, 1, 1)-labeling of T" as follows.
(i) f(u) =0.

(i) f(Ni(u)) = [A2 —di(u), Az — 1], f(No(u)) = [Ag — d(u), Az — di(u) — 1].
(iii) For each x € Ni(u), f(Ni(z) \ {u}) = [1,di(x) — 1], f(No(z)) = [di(z),
d(z) — 1]. For each x € Ny(u), f(Ni(z)) = [L,di(z)], f(No(z) \ {u}) =

[di () + 1, d(x) — 1].
(iv) For each z € La(u), f(N(2)\{2p}) = Bay(x)-1([A2 —d(), Ae =1\ {f (zp)})-

Now we will verify that f is an L(2,1,1)-labeling of T" with span Ay — 1 by
the following three steps.

Step 1. |f(z) — f(y)| > 2 if dist(z,y) = 1.

Firstly, minyge g, ) |f(2) — f(u)| > Ay —d(u) > 2.

Sccondly, mingyermuy |F(z) - FW)] > Do — d(u) — mayep, oy d(x) + 1 1.
Suppose that there exists some ww, € Fs(u) which makes the equality hold,
where w € La(u). Then f(w,) = Ag —d(u), f(w) = d(wp) — 1 and ww,, is heavy.
But by the labeling way of f, f(w,) = Ag — d(u) will imply ww, is light, a
contradiction. So mingyep, ) |f(7) — f(y)] > 2.
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Thirdly, let | (@) — £ (1,)] = mintzye oy Lf(2) — F)l, where w € La(w).
Then f(w) > Ay —d(wp) and f(wy) < d(wg) — 1. If f(wp) < d(wy) — 2,
then |f(w) — f(wp)| > Ag — d(wp) — d(wy) + 2 > 2. Note that No(wg) \ {u} # 0
in view of do1(u) = 0. Thus, if f(wp) = d(wy) — 1, then w, € No(wy) \ {u},
since f(wp) = d(wg) — 1 € f(No(wg) \ {u}) by the labeling way of f. So wywq
is light, which also implies |f(w) — f(wp)| > As — d(wp) — d(wy) + 1 > 2. Thus,
minxyGEg(u) ‘f(.%‘) - f(y)‘ > 2.
Step 2. |f(z) — f(y)| > 1 if dist(z,y) = 2.

By the labeling way of f, we know that |f(z) — f(y)| > 1 for any two vertices
x,y with dist(z,y) = 2.

Step 3. |f(z) — f(y)| > 1 if dist(z,y) = 3.

Firstly, minger, (u) yero(u) [f(®) = f(y)| = Aa—d(u) —max,er, () d(z) -1 >
Secondly, MiNyery(w)eeN(w)\{u} |f(W) = f(@)] > A2 — d(wy) — d(wg) + 1 >
Thirdly, ming,er, ) f(w) > Az —d(wp) > Az —(Ag—d(wy)) = d(wg) > 0= f(u
So |f(x) — f(y)| > 1 for any two vertices z,y with dist(x,y) = 3.

Therefore, f is an L(2,1,1)-labeling of 7" with span Ay — 1. So Ag1.1(7T)
As — 1. And by Lemma 1, we have Ay 1 1(T) = Ag — 1.

1.
1.
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