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Abstract

A tree containing exactly two non-pendant vertices is called a double-
star. A double-star with degree sequence (k; +1,k2+1,1,...,1) is denoted
by Sk, k,- We study the edge-decomposition of graphs into double-stars.
It was proved that every double-star of size & decomposes every 2k-regular
graph. In this paper, we extend this result by showing that every graph in
which every vertex has degree 2k 4+ 1 or 2k 4+ 2 and containing a 2-factor is
decomposed into Sy, i, and Sk, —1 k,, for all positive integers k; and k2 such
that k1 + ko = k.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a graph and v € V(G). We denote the set of all
neighbors of v by N(v). The degree of a vertex v in G is denoted by dg(v) (by
d(v) when no confusion can arise). By size and order of G we mean |E(G)| and
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|V (G)|, respectively. A subset M C E(G) is called a matching if no two edges of
M are adjacent. A matching M is called a perfect matching, if every vertex of G
is incident with an edge of M.

A factor of GG is a spanning subgraph of G. A subgraph H is called an r-factor
if H is a factor of G and dg(v) =, for every v € V(G).

If d(v) = 1, then v is called a pendant vertez. A tree containing exactly two
non-pendant vertices is called a double-star. A double-star with degree sequence
(k1 +1,ke +1,1,...,1) is denoted by Sk, ,. Suppose that ui,us € V(Sk, k,)
and d(u;) = k; + 1, for i = 1,2. Then e = ujug is called the central edge of the
double-star.

For a graph H, the graph G has an H-decomposition, if all edges of G can
be partitioned into subgraphs isomorphic to H. Also, we say that G has an
{Hi,..., Hi}-decomposition if all edges of G can be partitioned into subgraphs,
each of them isomorphic to some H;, for 1 <i <t. If G has an H-decomposition,
we say that G is H-decomposable. A graph G is k-factorable if it can be decom-
posed into k-factors.

Let G be a directed graph and v € V(G). We define N*(v) = {u € V(G) :
(v,u) € E(G)}, where (v,u) denotes the edge from v to u. By out-degree of v
we mean |NT(v)| and denote it by df(v). Similarly, we define N~ (v) = {u €
V(G) : (u,v) € E(G)} and denote [N~ (v)| by d;(v). An orientation O is called
Eulerian if d},(v) = dg(v), for every v € V(G). A k-orientation is an orientation
such that d(v) = k, for every v € V(G).

In 1979, Kotzig conjectured that every (2k + 1)-regular graph can be decom-
posed into S if and only if it has a perfect matching [6]. Jaeger, Payan and
Kouider in 1983 proved this conjecture, see [5]. El-Zanati et al. proved that every
2k-regular graph containing a perfect matching is Sk ,—1-decomposable, see [3].
The following interesting conjecture was proposed by Ringel, see [7].

Conjecture 1. FEvery tree of size k decomposes the complete graph Kog1.
A broadening of Ringel’s conjecture is due to Graham and Haggkvist.

Conjecture 2. Every tree of size k decomposes every 2k-reqular graph.
El-Zanati et al. proved the following theorem in [3].

Theorem 3. Fvery double-star of size k decomposes every 2k-reqular graph.

Jacobson et al. in 1991 proposed the following conjecture about the tree de-
composition of regular bipartite graphs, see [4].

Conjecture 4. Let T be a tree of size r. Then every r-regular bipartite graph is
T'-decomposable.
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They proved that the conjecture holds for double-stars. In this paper, we
study double-star decomposition of graphs. First, we prove some results about
the double-star decomposition of regular bipartite graphs. We present a short
proof for Conjecture 4, when T is a double-star. Then we present a theorem
which indicates that every graph in which every vertex has degree 2k+1 or 2k+2
which contains a 2-factor is {Sk, k,, Sk,—1,k, }-decomposable, for any double-star
Sky ko Of size k4 1. This theorem generalizes Theorem 3.

2. REsuLTS

In this section, we prove some results about the double-star decomposition of
graphs. The following theorem was proved in [4]. We present a short proof for
this result.

Theorem 5. Forr > 3, let G be an r-reqular bipartite graph. Then every double-
star of size r decomposes G.

Proof. Let A and B be two parts of G. Then Kénig’s Theorem [1, Theorem 2.2]
implies that G has a 1-factorization with 1-factors My,..., M,. Suppose that
Sk ko is a double-star of size . Now, let G; and G2 be two induced subgraphs
of G with the edges M1 UMy U ---U My, and My, 11 U---U M,_q, respectively.
Suppose that e = ujus € M,., where u; € A and us € B. Now, define S, to be the
double-star containing the central edge e, F1(u1) and Fa(usg), where Ej;(u;) is the
set of all edges incident with u; in G;. Clearly, S, is isomorphic to Sk, k,. On the
other hand, S, and S, are edge disjoint, for every two distinct edges e, e’ € M,.
Hence, E(G) = U, Se, and this completes the proof. [

Now, we have the following corollaries.

Corollary 6. Let r,s > 3 be positive integers and s|r. Then every r-reqular
bipartite graph can be decomposed into any double-star of size s.

Proof. Let r = sk and S, 1, be a double-star of size s. Since G is 1-factorable,

G can be decomposed into spanning subgraphs Gi,...,Gg, each of them is s-
regular. Now, Theorem 5 implies that each G; can be decomposed into Sk, ,,
and this completes the proof. [

Corollary 7. Let r,s,k and t be positive integers such that r = sk +t and
r,s,t > 3. Moreover, suppose that Sy and So are two double-stars of size s and
t, respectively. Then every r-regular bipartite graph G is {S1, Sa}-decomposable.

Proof. Similarly to the proof of the previous corollary, G can be decomposed
into G1,...,Ggy1, where Gy, ...,Gy are s-regular and G is t-regular. Now,
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Theorem 5 implies that G1,..., Gk and G can be decomposed into S7 and Ss,
respectively. This completes the proof. [

Another generalization of Theorem 5 is as follows.

Theorem 8. Let r > 3 be an integer and G = (A, B) be a bipartite graph such
that for every v € V(G), r|d(v). Then every double-star of size r decomposes G.

Proof. Let v € A and d(v) = rk, for some positive integer k, and S be a double-
star of size r. Suppose that N(v) = {uy,...,u,;}. Let G’ be the graph obtained
from G by removing v and adding vy,...,vp to A. For i = 1,...,k, join v; to
every vertex of the set {u(_1)p41,--.,r}. It is not hard to see that if G’ is
S-decomposable, then G is S-decomposable, too.

By repeating this procedure for all vertices of G, one can obtain an r-regular
bipartite graph, say H. Now, Theorem 5 implies that H is S-decomposable and
hence G is S-decomposable. [

Now, we generalize Theorem 3. We prove the following.

Theorem 9. Let k be an integer and G be a graph in which every vertexr has
degree 2k + 1 or 2k + 2. Also, suppose that k1 and ko are two positive integers
such that ky + ko = k. If G contains a 2-factor, then G is {Sk, ko> Ski—1,ks }-
decomposable.

Proof. We will use the following structure given in [3]. Let G be a 2k-regular
graph. Then Petersen Theorem [1, Theorem 3.1] implies that G is 2-factorable.
Let F be a 2-factor of G with cycles C1,...,C;. Note that G\ F has an Eulerian
orientation. Also, orient C; clockwise, for ¢ = 1,...,[, to obtain an Eulerian
orientation of G. We define G¢; as the subgraph of G with the edge set F =
{(u,v) 1 w € V(C;j)}. Clearly, {Gc,,...,Gc,} partitions E(G). So, if we show
that each G¢; is H-decomposable, for some H, then G is H-decomposable too.

As mentioned, it suffices to decompose G¢;, for i = 1,...,[, into Sk, r, and
Ski—1k- Add a new vertex z adjacent to all vertices of degree 2k + 1 and call
the resulting graph H. Now, we use the method given in the proof of Theorem 3.
Note that all vertices in H have even degree. So, H has an Eulerian orientation
in which cycles of F' are directed. Let C' : vg,e1,v1,...,vt_1, €, v = vy be a cycle
in F. Then d*(v;) =k; +ka+1,fori=1,...,t. We use ey, ..., e as the central
edges of double-stars.

Start with an edge e; in which (u;, 2) is a directed edge (if such an edge
exists). With no loss of generality assume that ¢ = 1. Choose ki edges directed
out from v; such that (v, z) is chosen. Note that since eg is going to be a central
edge, it cannot be one of these k; edges. Call the set of end vertices of these
edges Y7. Now, we start constructing double-stars. In the first step, use eq as the
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central edge. Choose the remaining ks edges directed out from v; and call them
Xo. We choose k1 edges directed out from vs such that:

(1) no edge (ve,u) is chosen in which u € Xo;

(2) include all the edges (v2,u) in which u € Yj.
Note that since e3 is going to be a central edge, it cannot be one of these ki
edges. Call the set of these vertices Y. Our first double-star consists of central
edge es together with ko edges from v; to Xo, and kq or k1 — 1 edges from vo to
Ys (excluding voz if this is an edge). We repeat this procedure for i = 3,...,¢t, 1.
Note that this can be done because in the i-th step, all edges directed out from
viy1 to Y7 are chosen in Y; and hence X; 11 NY; = (. Also, it is clear that if a
double-star contains z, then z is adjacent to a vertex of degree k1. Hence, G is
{Ski 1,k Sky ko }-decomposable. |

We have an immediate corollary for (2k + 1)-regular graphs.

Corollary 10. Let k be a positive integer and G be a (2k + 1)-regular graph
containing a 2-factor. Then G is {Sk, ky, Sk, —1.k, } -decomposable, for any double-
star Sk, k, of size k.
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