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Abstract

A path in an edge-colored graph G is rainbow if no two edges of the path
are colored the same. The rainbow connection number rc(G) of G is the
smallest integer k£ for which there exists a k-edge-coloring of G such that
every pair of distinct vertices of G is connected by a rainbow path. Let f(d)
denote the minimum number such that re(G) < f(d) for each bridgeless
graph G with diameter d. In this paper, we shall show that 7 < f(3) < 9.
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1. INTRODUCTION

All graphs in this paper are undirected, finite, and simple. We refer to book [2] for
notation and terminology not described here. A path wguq - - - ug is called a Py,
path, where u = ug and ug = v. The distance between two vertices x and y in G,
denoted by d(x,y), is the number of edges of a shortest path between them. The
eccentricity of a vertex x, denoted by ecc(z), is maxycy () d(x,y). The radius
and diameter of G, denoted by rad(G) and diam(G), are min,cy () ecc(z) and
max,cy () ecc(z), respectively. A vertex u is a center if ecc(u) = rad(G).
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A path in an edge-colored graph G, where adjacent edges may have the same
color, is rainbow if no two edges of the path are colored the same. An edge-
coloring of a graph G is a rainbow-connected edge-coloring if every pair of distinct
vertices of (G is connected by a rainbow path. The rainbow connection number
rc(G) of G is the minimum integer k£ for which there exists a rainbow-connected
k-edge-coloring of G. It is easy to see that diam(G) < rc¢(G) for any connected
graph G.

The rainbow connection number was introduced by Chartrand, Johns, McK-
eon, and Zhang in [4]. It has application in transferring information of high
security in multicomputer networks. We refer the readers to [3, 8] for details.

Chakraborty, Fischer, Matsliah, and Yuster [3] investigated the hardness and
algorithms for the rainbow connection number, and showed that given a graph
G, deciding if rc¢(G) = 2 is NP-complete. Bounds for the rainbow connection
number of a graph have also been studied in terms of other graph parameters,
for example, radius and diameter, etc. [1, 5, 6, 7].

Let f(d) denote the minimum number such that each bridgeless graph G
with diameter d has a rainbow-connected f(d)-edge-coloring. It is easy to check
that f(1) = 1. In [7], we showed that f(2) = 5. In this paper, we shall show that
7<f3) <.

The following theorem will be used in this paper.

Theorem 1 [5]. For every bridgeless graph G,

rad(G)
re(G) < Z min{2i + 1,n(G)} < rad(G)n(G),

i=1

where n(G) is the smallest integer such that every edge of G is contained in a
cycle of length at most n(G).

In this paper, we investigate the upper bound on the rainbow connection
number of bridgeless graphs with diameter 3, and obtain the following result.

Theorem 2. For every bridgeless graph G with diameter 3, rc(G) < 9.

If each edge of a bridgeless graph G with diameter 3 belongs to a triangle,
then r¢(G) < 9 by Theorem 1. Thus, we suppose that there exists an edge e such
that e does not belong to any triangle in G.

This paper is organized as follows. In Section 2, we partition V(G), and
present a partial edge-coloring of G under this partition. In Section 3, we further
partition V(G) and give a complete edge-coloring of G under this partition. In
Section 4, we prove that the edge-coloring in Section 3 is a rainbow-connected
9-edge-coloring of GG, and give a class of bridgeless graphs with diameter 3 and
rainbow connection number at least 7.
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2. A PARTIAL EDGE-COLORING

Let G be a graph. For any integer k > 1, the k-step open neighborhood N*(X)
is {y € V(G) : d(X,y) = k}. We simply write N(X) for N*(X) and N¥(z) for
N*({z}). Similarly, the k-step closed neighborhood N*[X]is {y € V(G) : d(X,y)
< k}. We simply write N[X] for N'[X] and N¥[z] for N*[{x}].

Let ¢ be an edge-coloring of G, and let P be a rainbow path in G. We use ¢(P)
to denote the set of colors used on P, that is, ¢(P) = {c(e): the edge e belongs
to P}. If ¢(P) C {k1,ko,...,kr}, then P is a {ki,ko,...,kr}-rainbow path. In
particular, an edge e is a k-color edge if c(e) = k. We use zg R 2 gy
to denote a rainbow path gz ---xp with c(x;—12;) = ¢ for each 1 < i < k.
Let X1, Xs,..., X1 be pairwise disjoint vertex subsets of G. The notation
2o~ X1 R ot X1 2 x), means that there exists a rainbow path x( SETR~

--%xk,wherexieXi for1<i<k-—1.

Recall that e is an edge not belonging to any triangle in G. Let u and v be
the ends of e.

Since e does not belong to any triangle, for the open neighborhood, N ({u,v}),

of {u,v} in G, we can divide it as follows:

A= N\ {v},
B =N@)\ {u}.

See Figure 1 for details.
For the 2-step open neighborhood, N2({u,v}), of {u,v} in G, we can divide
it as follows:

X={xeNA\NB):2¢& AUBU{u,v}},
Y={xeNB)\NA) :2¢& AUBU{u,v}},
Z={xeNA)NN(B): 2 ¢ AUBU{u,v}}.

See Figure 1 for details. It is easy to see that x € X if and only if z & N[{u,v}],
d(z,u) = 2 and d(z,v) = 3; y € Y if and only if y & N[{u,v}], d(y,u) = 3 and
d(y,v) =2; z € Z if and only if z &€ N[{u,v}], d(z,u) =2 and d(z,v) = 2.

Note that for z € N3({u,v}), we have d(z,u) = d(z,v) = 3, since diam(G) =
3, that is, N(z) N N(A) # 0 and N(z) N N(B) # 0.

For the 3-step open neighborhood, N3({u, v}), of {u, v} in G, we can partition
N3{u,v} based on the distribution of the neighbors of x as follows:

W ={zeN3({u,v}): N(z)NX #0 and N(z)NY # 0},
I={ze N3{u, o)\ W :N(z)NX #0 and N(z) N Z # 0},
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K={zeN{u,v}) \(WUI): Nz)nY #0 and N(z)NZ # },
J={z e N3({u,v})\ WUIUK): N(z)NZ # 0}.

See Figure 1 for details. It is easy to see that N3({u,v}) = TUJUK UW.
At this point, we further partition A and B as follows:

Ay ={xe€e A: N(z)n(BUX UZ) # 0},
Ay = {xEA\Al N(x)ﬂ(A\Al) 75@},
Az = A\ (A1 UAQ),
Bi={ze€B:N(z)Nn(AUY UZ) # 0},
BQZ{xEB\BlN(l‘)ﬁ(B\Bl)#(Z)},
B3 = B\ (Bl UBQ).

That is, A; consists of vertices which have neighbors outside A U {u}, Ao
consists of vertices which do not have neighbors outside A (apart from u) but
have neighbors in A\ A, and Ajs consists of vertices which have neighbors only in
Aq (apart from w). It is clear that for each x € Ay, there exists a vertex 2’ € Ay
such that zz'u is a triangle. Similar results also hold for By, By and Bj.

Note that there may exist edges between between A1 and Ao, but it does not

matter for our proof.
Meanwhile, we partition X and Y as follows:

Xi={zeX:Nx)Nn(YUZUITUW) # 0},
XQZ{I'EX\XlN(iL')ﬂ(X\Xl) 75@},
X3:{$€X\(X1UX2)IN($) QA},

Xy :X\(Xl UXQUXg),

Yi={yeY: Nyyn(XuZUuKuW) #0},
Va={yeY\Yi:N(y)n¥ \Y)#0}
Vs={yeY\(Y1UY2): N(y) C B},
Y=Y\ (Y1 UY,UY3).

That is, X1 consists of vertices which have neighbors outside X (apart from
A1), Xy consists of vertices which do not have neighbors outside X (apart from
A1) but have neighbors in X \ X;, X3 consists of vertices which have neighbors
only in A;, and X, consists of vertices which have neighbors only in X; (apart
from Aj). Similar results also hold for Y7, Y5, Y35 and Y.

By the definitions of sets Aj, A2 and As, we know that N(X3) C A; and
N(Y3) € By. Thus Xg ={z € X\ (X1 UX3): N(z) C A1} and Y3 = {y € Y\
(YiUY): N(y) € Bi}.
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Figure 1. A partial edge-coloring of G.

We denote the above set partition by P. The following observation holds for
P since G is bridgeless.

Lemma 3. (1) Forxz € A3, N(z)N Ay # 0.
(2) For x € B3, N(z) N By # 0.

(3) Forxz e Xy, N(z)N Xy #0.

(4) Forxz €Yy, N(z)NnYy #0.

We give a partial 9-edge-coloring of G as follows:

( if e=wuwv;

if e € Efu, A3] U E|v, By];

if e € Elu, A1]U E[v, Bs];

if ee E[Al,Xl U Z] U E(G[Al]),
if ec E[By,Y:UZ|UB(G[B));
[
[
[

it ¢cE[A,B]UE[Z K]UE[X,,ZUIUW UYi]:
it ecE[Z,1|UEY:, KUWUZ|
if 6GEAl,Ag]UE[Bl,Bg]UE[Xl,X4]
U BV, Yi UE[J,TU K UW];
9, if €€E[A1,X4]UE[31,Y4].

0 N O O W N

See Figure 1 for details.
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For each z € X3, N(z) C A; by the above set partition. Since G is a
bridgeless graph, |N(x)| > 2. Thus, we can color one edge incident to x by 8,
and color the others incident to z by 9. Similarly, for each vertex y € Y3, we can
color edges incident to y by colors 8 and 9.

Lemma 4. (1) For x € Xy, there ezists an x L Y] 2 By 2 v-rainbow path,
orz 7~ B 2 v-rainbow path, or x Lr1ilz»A By 2 v-rainbow path, or
2 2wl Y1 ~ By 2 v-rainbow path under the above partial edge-coloring.

(2) Fory € Y1, there exists a y L X1 A Ay 2 u-rainbow path, or y Lz4
Aq 2 w-rainbow path, ory Iwl X A Ay 2 w-rainbow path, or vy LrbLz~4

Ay 2 u-rainbow path under the above partial edge-coloring.

Proof. We only show (1) since the proofs are similar. For any € X, by the
definition of set X7, we know that z has a neighbor, say 2/, in YU ZUITUW.

If 2/ € Y, then 2/ € Y; by the definition of set Y;. Thus z2'2z"v is an
z 2 Y1 2 By 2 y-rainbow path under the above partial edge-coloring, where x”
is a neighbor of 2’ in Bj.

If ' € Z, then z2/2"v is an x Lzl By 2 v-rainbow path under the above
partial edge-coloring, where x” is a neighbor of 2’ in Bj.

If ' € I, then x2'z"2"'v is an x 212172 B 2 vrainbow path under
the above partial edge-coloring, where x” is a neighbor of 2’ in Z and 2’ is a
neighbor of z” in Bj.

Otherwise, ' € W, and then xza'2"2"'v is an x Swl Y 2 By 2 y-rainbow
path under the above partial edge-coloring, where z” is a neighbor of 2’ in Y]
and 2’ is a neighbor of z” in Bj. |

Lemma 5. (1) For x € Ay, there exists an x L B 2 v-rainbow path, or x 2
z 2 By 2 v-rainbow path, or x 2 X1 5 i 2 By 2 v-rainbow path, or x 2
X1 Lz2 B 2 v-rainbow path, or x 2 X1 Sr1ilz~ B 2 v-rainbow path, or
x & X1 Swl Y1 2 B 2 v-rainbow path under the above partial edge-coloring.

(2) Fory € By, there exists a y L Ay 2 u-rainbow path, or vy 2zl Ay 2 -
rainbow path, or y 2 Y1 L X3 N Aq 2 u-rainbow path, ory 2 Y1 Lz4 Ay 2 ou-
rainbow path, or y 2 Y1 wl X, A Ay 2 u-rainbow path, or y 2 Y1 KA

z 4 Ay 2 u-rainbow path under the above partial edge-coloring.

Proof. We only show (1) since the proofs are similar. For any x € Aj, by the
definition of set Ay, we know that z has a neighbor, say, 2/, in By U Z U X.

If 2’ € By, then z2'vis an x g By 2 y-rainbow path under the above partial
edge-coloring.



RAINBOW CONNECTION NUMBER OF GRAPHS WITH DIAMETER 3 147

If 2/ € Z, then xa'2"v is an x Lz A B, 2 v-rainbow path, where z” is a
neighbor of z’ in Bj.
Otherwise, ' € X;. By Lemma 4, there exists a desired rainbow path. [

. 2 1 4 .
Lemma 6. (1) For x € Z, there exists an x 2B A vAul A A z-rainbow

cycle under the above partial edge-coloring.

. 7,5 2 1 3 4 6 .
(2) For x € I, there exists an x ~ Z ~ By ~v ~u ~ A; ~ X1 ~ x-rainbow

cycle under the above partial edge-coloring.

. 7 5 2 1 3 4 .6 )
(3) For x € K, there exists anx ~Yy ~ By ~v ~u ~ Ay ~ Z ~ z-rainbow

cycle under the above partial edge-coloring.

. 7 5 2 1 3 4 6 .
(4) For x € W, there exists anx ~ Y, ~ By ~v ~u ~ A} ~ X1 ~ z-rainbow

cycle under the above partial edge-coloring.

Proof. We only show (4) since (1), (2) and (3) can be proved similarly. For any
x € W, by the definition of set W, the vertex x has a neighbor v; € X; and
a neighbor vy € Y;. Moreover, by the definitions of sets X; and Y7, the vertex
v1 has a neighbor v3 € A, and the vertex vy has a neighbor v4 € By. Thus

7 5 2 1 3 4 6 . . . .
T~V A~ UL~ U~ U~ U3~ VU~ xS a rainbow cycle, that is, there exists an

T Z i 5 B, 2 v K U 3 Ay 2 X1 5 z-rainbow cycle under the above partial
edge-coloring. [

Lemma 7. For any two vertices xz,y € V(G) \ (A2 U Bo U Xo U Yo U J), there
exists a rainbow path joining x and y under the above partial edge-coloring.

Proof. Let x and y be any two vertices in V(G) \ (A2 U Bo U Xo UYo U J). Tt
is easy to see that there exists a rainbow path between u (respectively v) and
another vertex w € V(G) \ (A2U BaU X2 UY>U J) in the partial edge-color graph
G. Thus suppose that {u,v} N {z,y} = 0.

Casel. z,y € AAUBIUXUY1UZUITUKUW. By Lemmas 4, 5 and 6, we
can pick a special rainbow path P; between x and v and a special rainbow path
P, between y and v such that ¢(Py) Ne(Py) = 0. Thus we can obtain a rainbow
path joining x and y by combining the paths P; and Ps.

Case 2. Exactly one of x and y belongs to Ay UB1UX {1 UY1UZUITUKUW.
Without loss of generality, say x € A, UB UX UYL UZUITUK UW and
y € A3UB3UX3U X4 UY3UY,. We only check the case y € A3 U X3 U X4 since

the case y € B3 U Y3 U Y, can be checked similarly.

9 (or8
For y € A3 U X3 U Xy, there exists a y (?\5 ) Aq 3 w A v-rainbow path P;

joining y and v. Moreover, there exists a {2,4, 5,6, 7}-rainbow path P, joining x
and v. Thus a rainbow path joining  and y can be obtained from P; and P5.

Case3. r € AsUX3U X sandy € B3UYsUYjy.
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Subcase 3.1. x € Asz. There exist an = 2 y-rainbow path P; and an x L Aq
2 u-rainbow path P» by Figure 1 and Lemma 3.

If y € Y3 U Yy, then there exists a y 2 By 2 v A u-rainbow path Ps. Thus a
rainbow path joining x and y can be obtained from P, and Ps.

If y € Bs, then there exists a y 2 v A y-rainbow path P;. Thus a rainbow
path joining x and y can be obtained from P, and P;.

Subcase 3.2. x € X3 U Xy. There exists an x 2 Aq 3, u-rainbow path P; by
Figure 1. Moreover, there exists a y L B 2 v A y-rainbow path P if y € BsUYj3,
or there exists a y L Y 2 By 2 v A y-rainbow path P if y € Y,. Thus a rainbow
path joining x and y can be obtained from P; and Ps.

Case 4. x,y € A3UX3UX4 or x,y € B3 UY3UYs. We only check the case
x,y € A3 U X3 U Xy since the case x,y € B3 U Y3 U Yy can be checked similarly.

Subcase 4.1. © € Az or y € As. Without loss of generality, say x € As. Then

8(or9
there exists a z & u & A (©z9) y-rainbow path connecting x and y.

Subcase 4.2. At least one of x and y belongs to X3. Without loss of generality,
assume that x € X3. Let 2/ and vy’ be neighbors of z and y in A; such that
c(zz’) = 8 and ¢(yy’) = 9. By Lemma 5, there exists a {2,4,5, 6, 7}-rainbow
path P joining 3’ and v. Thus yy’ Pvuz’x is a rainbow path connecting x and y.

Subcase 4.3. Both x and y belong to X4. Let 2’ be a neighbor of  in A, and
let ¢’ be a neighbor of y in X;. By Lemma 4, there exists a {2, 5,6, 7}-rainbow
path P joining 3’ and v. Thus yy’ Pvuz’x is a rainbow path connecting x and y.

|

3. A CoMPLETE EDGE-COLORING
To complete our edge-coloring, we further partition J as follows:

Jo = {z € J : x is not an isolated vertex in G[J]},

Ji ={x € J\ Jy: x has at least a neighbor in K},

Jy=A{x € J\ (JoUJy): x has at least a neighbor in W},
Js={x € J\ (JoUJy UJJs):z has at least a neighbor in I},
Ji=J\ (JoUJiUJo U J).

Now we further color the edges of G as follows: color the edges in E[Z, J; U
Ja U J3] by color 7; for any = € Jy, color one in E|x, Z] by 8, color the others in
E[z,Z] by 9 (there exists at least one such edge since G is bridgeless).

To color the remaining edges, we need the following lemma.
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Figure 2. A complete edge-coloring of G (we omit the line between Z and Jp, the line
between Z and J, and the line between Z and J3).

Lemma 8. Let S and T be two disjoint vertex sets of a graph G such that
S C N(T). If the induced subgraph G[S] has no trivial components, then there
is an {a, B,v}-edge-coloring of G[S| U E[S,T] such that there exist two rainbow
paths Py and Ps joining s and T for every s € S. Furthermore, if Py has color
{a}, then Py has colors {B,~}; if P1 has color {B}, then Py has colors {a,~}.

Proof. Let F' be a maximal spanning forest of G[S], and let (X,Y) be any of
bipartitions defined by this forest F. We give a 3-edge-coloring ¢ : E(G[S]) U
E[S,T] — {«, 8,7} of G by defining

a, if e€ E[T, X];
cley=< B, if ec E[T,Y];
v, otherwise.

Clearly, for the edge-coloring above, there exist two rainbow paths P, and P»
joining s and T for every s € S. Furthermore, if P; has color {a}, then P, has
colors {f3,v}; if P, has color {8}, then P has colors {a,v}. |
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Remark. The edge-coloring in Lemma 8 is called an («, /3, 7)-edge-coloring for
T and X UY. Let Th,,TB,,Tx,, Ty, and T, be maximal spanning forests of
G|Az], G[Bz], G[X2], G[Y2] and G[.Jy], respectively. Clearly, the forests have no
isolated vertex. Let A and Al, BY and Bi, XJ and X3, Y3 and Y3, and J§
and J} be bipartitions of Ta,,Ts,,Tx,, Ty, and Tj,. Now we give a (2,3, 8)-
edge-coloring for u and A9 U AL, a (2,3, 8)-edge-coloring for v and BY U B, an
(8,9, 7)-edge-coloring for Ay and X9 U X3, an (8,9, 7)-edge-coloring for By and
YUYy, a (7,9, 8)-edge-coloring for Z and J§ U J¢ as shown in Figure 2.

Furthermore, we color the edges in subgraphs G[A1], G[XY] and G[X]] by 4,
the edges in subgraphs G[Bi], G[YY] and G[Y3}] by 5, the edges in F[X7, X3] and
E[Y1,Y3] by 8, and the edges in E[X1, XJ] and E[Y7,Y3] by 9.

For the remaining edges, we can color them arbitrarily. Up to now, we give
the graph G a complete edge-coloring. Let P be our final vertex set partition
and let ¢ be our final edge-coloring.

Lemma 9. For any two vertices x € Ao UBaUXoUYoUJ andy € V(G)\ (AU
BaoUXoUY,UJ), there exists a rainbow path under the above partial edge-coloring.

Proof. We consider the following three cases.

Case 1. x € A3 U By. We only consider the case x € As since the case x € By
can be checked similarly.

Subcase 1.1. = € AY. By observing Figure 2, there exist an x 2 u-rainbow
path P; joining x and u, or an x L Al 2 u-rainbow path P, joining z and u.

If y € A3, then Pyy is a rainbow path joining z and y.

If y € Bs, then Pjvy is a rainbow path joining x and y.

fye BBUYT1UYsUY,UZUIUK UW, then there exists a {1,2,5,6,7,9}-
rainbow path @7 joining v and y. Thus a rainbow path joining x and y can be
obtained by combining P» and ;.

Ify € A;UX1UX3UXy, then there exists a {3, 4, 9}-rainbow path Q2 joining
u and y. Thus a rainbow path joining x and y can be obtained by combining P;
and Qo.

Subcase 1.2. x € A}. By observing Figure 2, there exist an z 2 u-rainbow
path Pj joining x and u, or an z L A 2 u-rainbow path P» joining x and u.

If y € A3, then Py is a rainbow path joining = and y.

If y € Bs, then Pyvy is a rainbow path joining x and y.

fye BBUY1UYsUY,UZUIUK UW, then there exists a {1,2,5,6,7,9}-
rainbow path @7 joining v and y. Thus a rainbow path joining x and y can be
obtained by combining P; and ;.

Ify € AyUXUX3UXy, then there exists a {3, 4, 9}-rainbow path @2 joining
u and y. Thus a rainbow path joining x and y can be obtained by combining P»
and Q.
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Case 2. x € XoUYs. We only consider the case x € X5 since the case x € Y5
can be checked similarly.

Subcase 2.1. = € XJ. By observing Figure 2, there exists an x L Aq 2 u-
rainbow path Pj; joining x and wu.

If y € As, then Py is a rainbow path joining z and y.

If y € B3, then L X3 R Ay Butol By R y is a rainbow path joining x
and y.

Ifye BBUYT1UYsUuY,UZUIUK UW, then there exists a {1,2,5,6,7,9}-
rainbow path @7 joining v and y. Thus a rainbow path joining x and y can be
obtained by combining P; and ;.

If y € A; U X1, then there exists a {2,4,5,6, 7}-rainbow path @ joining v
and y by Lemmas 4 and 5. Thus a {1,2,3,4,5,6,7,8}-rainbow path joining x
and y can be obtained by combining P, (01 and edge uv.

If y € X3U Xy, then y has a neighbor 3 in Ay such that ¢(yy’) = 9. Note
that there exists a {1,2,3,4,5,6,7,8}-rainbow path P joining z and 3’ by the
arguments of the above paragraph. Thus Py is a rainbow path joining = and y.

Subcase 2.2. x € Xi. By observing Figure 2, there exist an x 2 Aq 2 u-
rainbow path P; joining x and wu.

If y € A3, then Py is a rainbow path joining = and y.

If y € Bs, then Pjvy’y is a rainbow path joining z and y, where 3/ is a
neighbor of y in Bj.

Ifye BiuY1UYsUY,UZUIUK UW, then there exists a {1,2,5,6,7,8}-
rainbow path )1 joining u and y. Thus a rainbow path joining x and y can be
obtained by combining P, and (.

If y € Ay U Xy, then there exists a {2,4,5,6, 7}-rainbow path @) joining v
and y by Lemmas 4 and 5. Thus a {1,2,3,4,5,6,7,9}-rainbow path joining x
and y can be obtained by combining P, (1 and edge uv.

If y € X3 U Xy, then y has a neighbor ¢’ in A; or X; such that ¢(yy’) = 8.
Note that there exists a {1,2,3,4,5,6,7,9}-rainbow path P joining x and y' by
the arguments of the above paragraph. Thus Py is a rainbow path joining z
and y.

Case 3. x € J. By observing Figure 2, there exists a {7,9}-rainbow path P

L . 4 3 1
joining x and some vertex z € Z. Furthermore, there exist a z ~ A1 ~ u ~ v-

rainbow path ()1 joining z and v, and a z 2 B 2 v & y-rainbow path Q)2 joining
z and u. Thus a {1,3,4,7,9}-rainbow path @] joining = and v can be obtained
from P and @, and a {1,2,5,7,9}-rainbow path Q) joining x and u can be
obtained from P and @s.

If y € BiUB3UY; UY3UYy, then there exists a {2, 5, 8}-rainbow path R;
between v and y. Thus a rainbow path joining x and y can be obtained from Q)
and Ry.
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Ifye AJUAsUX1UX3UX,UZUTUKUW, then there exists a {3,4, 6, 8}-
rainbow path Ry between w and y. Thus a rainbow path joining x and y can be
obtained from Q% and Rs. n

4. 9-RAINBOW-CONNECTED EDGE-COLORING

In this section, we check that the above 9-edge-coloring is rainbow-connected 9-
edge-coloring. It suffices to check that for any two vertices x,y € As U Bo U Xo U
Y5 U J, there exists a rainbow path under the above partial edge-coloring.

Lemma 10. There exists a rainbow path joining any two vertices of Xo under
the edge-coloring c.

Proof. Let x and y be any two vertices in Xy. We consider the following two
cases.

Case 1. z € X§ and y € X3, or x € XJ and y € X5. Without loss of gene-
rality, assume that x € XS and y € XJ. Let 2’ and ¢ be neighbors of x and y
in Ajp, respectively. By Figure 2, we know that c¢(zz’) = 8 and ¢(yy’) = 9. By
Lemma 5, there exists a {2,4,5,6, 7}-rainbow path Py ,. Thus, a {1,2,3,4,5,6,
7,8,9}-rainbow path joining z and y is obtained from the edge yy/, rainbow paths
Py, and vuz'z.

Case 2. x,y € XJ or x,y € X2. We only check the case z,y € X3 since the
case 7,y € X4 can be checked similarly.

Subcase 2.1. d(x, B1) = 2 or d(y, B1) = 2. Without loss of generality, assume
d(z,B1) =2. Let 2’ € N(z)NN(Bj). By the definition of the above set partition,
we know 2/ € A;. So, za/z"vuisa {1,2,6,8}-rainbow path, where z” is a neighbor
of ' in By. By Figure 2 and Lemma 8, u and y are connected by a {3,7,9}-
rainbow path P. Thus a {1,2,3,6,7,8,9}-rainbow path joining = and y can be

obtained from rainbow paths zz’2”vu and P.

Subcase 2.2. d(x,B1) = d(y, B1) = 3. Let xzix923 be a path joining z and
some vertex xs € By. By the set partition above, 1 € A1 U X7 U Xo.

Subsubcase 2.2.1. x1 € A;. By the definition of P, 2o € A; UB; UZ. So
xx1xexs is a {4,5,6}-rainbow path. Furthermore, zxixoz3vu is {1,2,4,5,6,8}-
rainbow. By Figure 2, there exists a {3,7,9}-rainbow path P joining u and
y. Hence a rainbow path joining x and y can be obtained from rainbow paths
zx1xox3vu and P.

Subsubcase 2.2.2. x1 € X;. By the definition of the above set partition,
x9 € A1 U Z. Thus zxiz9w3 is a {4,5,6,9}-rainbow path. Thus zzzozsvuy'y is
a {1,2,3,4,5,6,8,9}-rainbow path joining = and y, where y; is a neighbor of y
n Al.
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Subsubcase 2.2.3. x1 € Xo. If 11 € X3, then c(xz1) = 4. Furthermore,
xg2 € A;. Thus zzizezsvu is a {1,2,4,6,8}-rainbow path. By Figure 2, there
exists a {3,7,9}-rainbow path P joining u and y. Hence a rainbow path joining
x and y can be obtained from zzizoxzvu and P.

If 21 € X21, then c(zzy1) = 7. Furthermore, 2o € A;. Thus zxjxoz3vU is a
{1,2,4,6,7,9}-rainbow path. By Figure 2, there exists a {3, 8}-rainbow path P
joining v and y. Hence a rainbow path joining x and y can be obtained from
zx1xox3vu and P. [ |

Similarly to Lemma 8, the following lemma holds.

Lemma 11. There exists a rainbow path joining any two vertices of Yo under
the edge-coloring above.

Lemma 12. For any two vertices x,y € As U By U Xo U Yo U J, there exists a
rainbow path under the above partial edge-coloring.

Proof. For x,y € Xs or z,y € Ys, there exists a rainbow path joining x and y
by Lemmas 10 or 11. For the others, we can easily check them by Lemmas 4, 5,
6 and 8 in a similar way. [

Combining Lemmas 7, 9 and 12, we have the following result.

Theorem 13. Let G be a bridgeless graph with diameter 3. If there exists an
edge e such that e does not belongs to any triangle in G, then rc¢(G) < 9.

For a bridgeless graph G with diameter 3, if each edge belongs to a triangle
in G, then r¢(G) <9 by Theorem 1. Combining this result with Theorem 13, we
know that Theorem 2 holds.

We can give the following example of graphs with diameter 3 for which the
rainbow connection number reaches 7.

Example 2. Let K, be a complete graph with vertex set {v1,...,v,}, where
n > 217. For every v;, we add a pendant path (v;,v; 1, v;2,v;3), denoted by P,
and then we identify the vertex v; 3 with a vertex v. The resulting graph is denoted
by G. Clearly, diam(G) = 3. Let ¢ be any 6-edge-coloring of G with colors
{1,...,6}. Since 6% = 216, at least two of them are colored the same. Without
loss generality, say Py and P, that is, c(viv1,1) = ¢(vav2,1), c(v1,101,2) = ¢(v2,1v2,2)
and c(v12v) = ¢(v22v). By the structure of G, it is easy to see that there exists
no rainbow path joining v1; and v2; in G under ¢. Thus re(G) > 7.
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