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Abstract

Let G = (V(G), E(GQ)) be a simple strongly connected digraph and ¢(G)

be the signless Laplacian spectral radius of G. For any vertex v; € V(G),

let d;r denote the outdegree of v;, m;r denote the average 2-outdegree of v;,

and Nﬁ' denote the set of out-neighbors of v;. In this paper, we prove that:
«—

(1) ¢(G) = df +dF , (df # dF) if and only if G is a star digraph K ,_1,

where df,dJ are the maximum and the second maximum outdegree, re-

—

spectively ( Kj -1 is the digraph on n vertices obtained from a star graph

K1 1 by replacing each edge with a pair of oppositely directed arcs).

(2) ¢(G) < max {; (d:‘ + 4/ djj + 8dj'm;.") D € V(G)} with equality

if and only if G is a regular digraph.

2

(3)¢(G) <max{ 3| df + [df ™+ % z}:wdj(d;r + mj) cv; € V(G)

v;EN;

Moreover, the equality holds if and only if G is a regular digraph or a bipar-
tite semiregular digraph.

(4) ¢(G) < max{% (dZ+ + Qd;r -1+ \/(CZZ+ - Qd;r +1)2+ 4d;r) (v, vi)
€ E(G) }. If the equality holds, then G is a regular digraph or G € Q, where
Q is a class of digraphs defined in this paper.
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1. INTRODUCTION

Let G be a finite simple digraph with vertex set V(G) = {v1,vg,...,v,} and arc
set E(G). Two vertices are called adjacent if they are connected by an arc. For
e = (v;,v5) € E(G), v; is called to be adjacent to v; by an out-arc and v; is called
to be adjacent to v; by an in-arc. For any vertex v; € V(G), N;” = N (G) =
{vj : (vi,vj) € BE(G)} and N;7 = N (G) = {v; : (vj,v;) € E(G)} are called
the sets of out-neighbors and in-neighbors of v;, respectively. Let dj = \Niﬂ
denote the outdegree of the vertex v; and d; = |N; | denote the indegree of the
vertex v; in the digraph G. The maximum vertex outdegree is denoted by AT
and the minimum outdegree by 6. If 57 = AT, then G is a regular digraph. Let
£ =

ZU ent d be the 2-outdegree of the vertex wv;, mj = - be the average

2-outdegree of the vertex v;. A digraph is simple if it has no loops and multiarcs.
A digraph is strongly connected if for every pair of vertices v;,v; € V(G), there
exists a directed path from v; to v;. A digraph is a bipartite semiregular digraph
if it is a strongly connected digraph whose vertex set can be partitioned into two
subsets S and T, such that each arc has one end in S and one end in 7T, all vertices
in S have the same outdegree, and all vertices in T have the same outdegree.

For a digraph G, we assume that the vertices are ordered such that df >
dy > --->dt. Let A(G) = (a;;) denote the adjacency matrix of G, where a;;
is equal to the number of arcs (v;,v;). Let D(G) = diag(d{,dg,...,d;}) be the
diagonal matrix with outdegrees of the vertices of G and Q(G) = D(G) + A(G)
the signless Laplacian matrix of G. The spectral radius of Q(G), i.e., the largest
modulus of the eigenvalues of Q(G), is called the signless Laplacian spectral radius
of G, denoted by ¢(G). It follows from Perron Frobenius Theorem that ¢(G) is
an eigenvalue of Q(G), and there is a positive unit eigenvector corresponding to
q(G) when G is a strongly connected digraph. Therefore, throughout this paper,
we only consider finite simple strongly connected digraphs.

There are a lot of results on the (signless) Laplacian spectral radius of an
undirected graph, see [3-7, 9, 13-15, 17] and so on. Recently, some lower or upper
bounds for the spectral radius of a digraph are given in [2, 8, 16], and some lower
or upper bounds for the signless Laplacian spectral radius of a digraph can be
found in [1, 10].

In 2014, Lang and Wang [12] presented the following bounds for the signless
Laplacian spectral radius of a digraph.

2
df +/d* + amf (dF +m})
2

(1) ¢(G) < max : (vi,v5) € E(G)
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(2) q(G) <max< d +
df +4/d

TU; € V(G)

(3) 4(G) < min df + 24 — 1+ /(27 — df + 1?2 +8 - V(4] - d})

~ 1<i<n 2

In this paper, we investigate the signless Laplacian spectral radius of a strongly
connected digraph G. We obtain some upper bounds for ¢(G), and we also char-
acterize the digraphs which achieve the upper bounds for the signless Laplacian
spectral radius ¢(G) of a strongly connected digraph G. Finally, we give an
example to compare those upper bounds.

2. LEMMAS AND RESULTS

Lemma 1 ([11]). Let M = (m;;) be an n x n nonnegative matriz with spectral
radius p(M) and let R; = R;(M) be the i-th row sum of M, i.e., R;(M) =
>i—1mij (1 <i<mn). Then

(4) min{R;(M):1<i<n} <p(M)<max{R;(M):1<i<n}.

Moreover, if M is irreducible, then any equality holds in (4) if and only if Ry =
Ry=---=R,.

Lemma 2 ([11]). Let M be an irreducible nonnegative matriz. Then p(M) is an
eigenvalue of M and there is a positive vector X such that M X = p(M)X.

Lemma 3. Let G be a strongly connected digraph with vertex set V(G) = {vy,
V2, ..., vn}. Then df +mf =df + m$ =---=d} +m} holds if and only if G
is a reqular digraph or a bipartite semiregular digraph.

Proof. If G is a regular digraph or a bipartite semiregular digraph, then df +
m{ =dy +m5 =---=d} +m; holds.
Conversely, suppose that df + mf = d; + m; = .- =df +m}. Assume
that G is not regular. We will show that G is a bipartite semiregular digraph.
As @ is strongly connected and not regular , then G contains an arc (u,v)
such that d}f = §* < d, where df = max{d}, : w € N, }. If the vertices in N,
have different outdegrees, then

df +mb <6t +df <di+m],
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which yields a contradiction. So all out-neighbors of v have the same outdegree
d;". Consider now the vertex v. If one of its out-neighbors has outdegree greater
than 67, then d} + m} > df + 6% = m} + d}, also a contradiction. So all
out-neighbors of v have the same outdegree §+.

Repeating the above discussion on an out-neighbor of v with outdegree 6 and
so on, as (G is strongly connected, we get that G has only two distinct outdegrees
6%, df, and each arc joins two vertices with outdegrees 6, d; respectively. We
have a bipartition of the vertex set V(G) = S U T, where S (respectively, T)
consists of vertices with outdegree 6 (respectively, d;). Any two vertices in
S or T are not adjacent by an arc, as each arc joins two vertices with distinct

outdegrees. So G is bipartite semiregular. ]

Lemma 4. Let G be a strongly connected digraph with vertex set V(G) = {vy,
Vo, ..., Un}, and X = (x1,22,...,7,)" be a positive eigenvector corresponding
to the eigenvalue q(G) of Q(G). If x; is the largest eigencomponent, then the
outdegree of v; is greater than or equal to @.

Proof. Since X = (x1,22,...,7,)] is an eigenvector corresponding to the eigen-
value ¢(G) of Q(G), we get from Q(G)X = ¢(G)X that

q(G)wZ = djwi + Z Tk,
(vi,o)EE(G)

i.e.,
q(G) —df = Z Tk (as x; is the largest, z; # 0).
T
Thus (vi,vk) EB(G) .
q(G) —df <df, and hence, dj > (](2) u

Corollary 5. If ¢(G) = df + d2+, then the vertex corresponding to the largest
etgencomponent is the largest outdegree vertex.

o gt
Proof. From Lemma 4 we get dj > %. Then we deduce dj = df. [

Lemma 6. If ¢(G) =df +dj (df #dJ), then
(i) the wvertices respectively corresponding to the second largest and the largest

etgencomponents are adjacent by an out-arc, where the latter vertex is the
head and the former is the tail,

+

ii) the second largest eigencomponent is greater than or equal to dia:i, where x;
gest eig p g q e
1

1s the largest eigencomponent.

Proof. Let X = (x1,22,...,7,)7 be a positive eigenvector corresponding to
the eigenvalue ¢(G) of Q(G), x; and z; be the largest and the second largest
eigencomponents, respectively. Note that Q(G)X = ¢(G)X.



SHARP UPPER BOUNDS ON THE SIGNLESS LAPLACIAN SPECTRAL RADIUS...981

(i) Assume to the contrary that (vj,v;) ¢ E(G). We have

Gz = djxj + Z xg, le., (¢(G)— dj)a?j < d;-rmj,
(vjvk)€E(G)

hence
q(G) _ di +dy
2 2

+ + _ gt
dj > , thus dj =dy,
which is a contradiction because df = df and df #* d;.

(ii) We have
q(G)z; = df x; + Z T
(vi,v)EE(G)
By Corollary 5,
d-‘r
(¢(G) — df)z; < dfx;, hence z; > d%'xl .

1
Theorem 7. Let G be a strongly connected digraph with vertex set V(G) =
{vi,v9,...,vn}, and df # dy. Then q(G) = df +dj if and only if G is a star

< <
digraph Ky n—1, where K ,_1 is the digraph on n vertices obtained from a star

graph K1 ,-1 by replacing each edge with a pair of oppositely directed arcs.

Proof. If G is a star digraph E},n_l, then ¢(G)=n—-1+1= df + d;.
Conversely, let ¢(G) = df + df. We will show that G is a star digraph
—
Kin-1.
Let X = (x1,29,...,2,)7 be a positive eigenvector corresponding to the
eigenvalue ¢(G) of Q(G), z1 and z; be the largest and the second largest eigen-
component, respectively. We have

Gz = d;'acj + Z Tk
(vj,vr) EE(G)

Hence
(q(G) — dj)xj = Z xp <z + (dj —1)z; (by Lemma 6(i)),
(vj0r) EE(G)
+ + gt g < 2 + dy + s
di <(df +d3 —dj) < o +(dj —1) < e + (dg —1) (by Lemma 6(ii)),
J 2
and thus

(di —d3)(dy —1) <0.

It follows that d; =1, since G is a strongly connected digraph and df #* d; .
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Furthermore,
Gz = dj:cj + 1 (by Lemma 6(i)),
and

dij = = Z x, since (aliIr + d;)xl = dfl’l + Z Tp.
(v1,v,)EE(G) (v1,00)CE(G)

Since z; is the second largest eigencomponent, we have
x, = x; for all (vi,v;) € E(G).

Because x; is the second largest eigencomponent, by Lemma 6(i), we have (vy,v1)
€ E(QG) for all (v1,vx) € E(Q).

By the previous discussion, we know that G contains a star digraph centered
at vy. If df % n — 1, v1 must have an out-neighbor, say u, which is adjacent to a
vertex outside the star digraph by an out-arc, as G is strongly connected. Then
d;” > 2, which yields a contradiction.

Therefore, d{ = n — 1. Since (vg,v1) € E(G) for all (v1,v;) € E(G), so

>
di =n—1. Then G is a star digraph K ,_1. [ |

Remark 8. From [1], we have that ¢(G) < max{d;] + d;r (v, v5) € E(G)} <
df + d;. But the extremal digraph which achieve the upper bound was not
determined. Here we characterize this extreme digraph.

Let R denote the set of real positive numbers. We have the following theo-
rem.

Theorem 9. Let G be a strongly connected digraph with vertex set V(G) =
{v1,v2,...,u,}. Then

2 o
df +/di? + 2
2

(5) q(G) < max cv; € V(GQ) ¢,

Cj

whereb; € RT, b, = % > bj, ¢; = bi(d +b}), . = % Moreover,
(vi,v;)€E(G)

the equality holds if and only if di + by =dy +by=---=d} + V.

Proof. From Lemma 2, there exists an positive eigenvector X = (x1,z2,...,7,)"

corresponding to the eigenvalue ¢(G) of B~1Q(G)B, where B = diag(by, b, ...,
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by). We assume that one eigencomponent z; is equal to 1 and the other eigen-
components are less than or equal to 1, that is, z; = 1 and 0 < z; < 1, for all
1 <k <n. From

(B7'Q(G)B)X = q(G)X,

we have

q(G)x; = d;rl'i + Z %x]
(viv))EE(G)
That is
b.
(6) q(G) =df + Z bi,wg
(vi,v))EB(G) "
And
by,

(v 0)EB(G)
Multiplying both sides of (6) by ¢(G), then replacing ¢(G)x; with (7), we get

bi b
WGP =dfq &+ > b%(djxﬁ > b—kxk)

(v:,0;)EE(G) (03,08)EB(G) 7
bjd—f'_ 1

=A@+ X Slwmt Y X

(viv))EE(G) (vi,0;)EB(G) (vj,vk)EE(G)
b.dt 1

(8) <dfa@)+ Y SR Y Yo

(viv;)EB(G) " (01,05) EE(G) (v,00) EE(G)

=dfq+ > =
(vi0;)€E(G)
1 1

=dfq(G)+ Y bildf +V) =dfq(G) + il

(viyw; ) EE(G)

1
+ Z Ebjb;’ as rj,r < 1

‘ (vi0;)EE(G)

From the above the bound (5) follows.

Now suppose that the equality holds in (5). Then all inequalities in the
above argument must be equalities. From equality in (8), we get z; = 1 for all
J such that (v;,v;) € E(G) and x, = 1 for all k such that (v;,v;) € E(G) and
(vj,vx) € E(G). Since G is a strongly connected digraph, from this one can easily
show that z; = 1 for all v; € V(G). Thus we have df +b] = dj +by, = -+ = d;} +b),.
Conversely, if df +b} = dj +by = --- = d}} +b),, then B~1Q(G)B has the same row
sum d;” + b}, which is the spectral radius of B~1Q(G)B and Q(G) by Lemma 1.
Thus the equality holds. [
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Corollary 10. Let G be a strongly connected digraph with vertex set V(G) =
{v1,v2,...,vn}. Then

df +\/dF? +8dFm;
9) ¢(G) < max cv; € V(Q)

2

Moreover, the equality holds if and only if G is a regular digraph.
Proof. Taking b; =1 in (5), the result follows. |

Corollary 11. Let G be a strongly connected digraph with vertexr set V(G) =
{vi,v9,...,u,}. Then

i + \/di+2 +A S dr(df +m))
(10) ¢(G) < max

¢ ’UjE]V;L

5 cv; € V(Q)

Moreover, the equality holds if and only if G is a reqular digraph or a bipartite
semireqular digraph.

Proof. Taking b; = d in (5), we get the result. And the equality holds if and
only if dj + mj is a constant . Then by Lemma 3, the equality holds if and only
if G is a regular digraph or a bipartite semiregular digraph. [

Let © be the class of digraphs P = (V(P), E(P)) such that P is a strongly
connected digraph with V(P) = {1} UV, df = AT, d] =n—1,V; ={k € N; :
df =6t} and AT > 5T,

The spectral radius of the signless Laplacian matrix of P € € is given by
AT 426 — 1+ /(AT —25F +1)2 +4AF
= 5 .

Now we give another upper bound on the spectral radius of the signless
Laplacian matrix of digraphs.

q(P)

Theorem 12. Let G be a strongly connected digraph with vertex set V(G) =
{v1,v9,...,v,}, arc set E(G), the mazimum vertex outdegree AT, the second
mazimum outdegree A; and the minimum outdegree 5. Then q(G) is less than
or equal to

df +2df =1+ \/(df —2df +1)2 + 4df

(11)  max 5 : (vj,v3) € E(G)

If the equality in (11) holds, then G is a regular digraph or G € Q.
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Proof. Let X = (z1,22,...,2,)7 be a positive eigenvector of Q(G) correspond-
ing to the eigenvalue ¢(G). We assume that one eigencomponent z; is equal to
1 and the other eigencomponents are less than or equal to 1, that is, x; = 1 and
0 <z <1, forall k. Also let x; = maxy.,-; 1. As previously,

(12) Q(G)X =q(G)X.
From the i-th equation of (12), we have

q(G)z; = df w; + Z Ty, ie., q(G) <df +df ;.
(vi,vr) EE(G)

Therefore

(13) 0< Z zp = q(G) —df < dfz;.
(vi,vk)€EE(G)

From the j-th equation of (12), we have

(Gzj=dizj+ >,
(v k) EE(G)

thus

Gz <dfzj+ 1+ (df — 1)z,
and hence
(14) (¢(G) —2d} +1)z; < 1.

From (13) and (14), we get

(a(G) — df)(e(G) - 2d] +1) < df,

(3

hence
9(G)* — (df +2d — 1)g(G) +2d] (d] —1) <0,

thus

1
a(G) < Sldf +2d47 —1+ J(dF —2df +1)2 +4d7).

The first part of the proof is done.
Now suppose that equality holds in (11). Then all inequalities in the above
argument must be equalities. In particular, from (13) we get

xy, = x; for all vy, (vi,v) € E(G).

By (14), we get that there exists an out-neighbor w of v; with z,, = 1 = z;, and
for any other out-neighbor vy of vj, x), = x;.
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Let Vi = {vg : vp # vi,x = xj}. If Vi # V(G) \ {v;}, then Vj is a proper
subset of V(G)\{v;}, that is, Vi C V(G)\{v;}. Hence there exist vertices v, € V1,
vg € Vi, vg # v; such that (vp,vy) € E(G), as G is strongly connected. Thus
we have x4 < x; as x; is the second maximum eigencomponent. For v, € V(G),
from above, we must have z, = x;, a contradiction. Thus Vi = V(G) \ {v;}.

If x; = 1 = x;, then all eigencomponent of X are 1’s. Thus

q(G)=2d],i=1,2,...,n.

Hence G is a regular digraph.

Otherwise, x; < 1. By the above observation, all vertices with eigencompo-
nent z; have the vertex v; as an out-neighbor, which implies that d;” =n —1. In
this case, let Vi = V(G) \ {v;} . For any two vertices v; and v, in Vi, we have

q(GQ)xj = d;ra:j + Z Ty = djxj +14 (d;r —1Dzj,
(’Uj,U'r)EE(G)

and

q(G)zy, = df zy + Z T,
(vi,vr)EE(G)

ie., ¢(G)x; = dfzj+ 14 (df —1)z;, as for any vertex vg in V(G) \ {vi}, 21, = ;.
Therefore d;r = dg. If dj > d;r, then

Gz = (2dj - Dzj+1> (2cl;-F —Dzj+x; = 2djxj > 2d} z;,
s0 q(G) > 2d, but ¢(G) = df +d; x; < 2d}, a contradiction. Therefore dj <dj.

Thus d = AT, d; =n—1, Vi = {vg,df =67 : v, € NJ}, AT > 5. Hence
G € Q. In addition, note that each digraph in 2 has n vertices. [

3. EXAMPLE

Let GG1, G2 and G3 be the digraphs of orders 4, 5 and 5, respectively, as shown
in the following figure.

G G Gs
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Table 1. Values of the various bounds for the three digraphs G1, G2 and G3.

9(G¢) (1) (2) 3) 9 (10 (11
Gi 3.7693 4.2538 4.5774 4.8284 4.7016 4.0000 5.5616
Gs 3.0000 3.3452 3.5061 3.5616 3.6456 3.3452 4.0000
Gs 55616 5.7417 6.2761 5.5616 6.4721 5.7417 5.5616

Remark 13. Obviously, from Table 1, the bound (10) is the best in all known
upper bounds for Gy, and the bound (1) is the second-best bound for G;. Bounds
(1) and (10) are the best for G, and the bound (3) is the second-best bound for

Go.

However, the bounds (3) and (11) are the best for G5, and the bounds

(1) and (10) are the second-best bounds for Gz. In general, these bounds are
incomparable.
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