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Abstract

A total k-coloring of a graph G is a coloring of vertices and edges of G
using colors of the set [k] = {1,...,k}. These colors can be used to distin-
guish the vertices of G. There are many possibilities of such a distinction.
In this paper, we consider the sum of colors on incident edges and adjacent

vertices.
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1. INTRODUCTION AND TERMINOLOGY

Let G = (V, E) be a finite, undirected simple graph with vertex set V' and edge

set F.

Karoniski et al. [4] introduced and investigated a coloring of the edges of
a graph with positive integers so that adjacent vertices have different sums of
incident edge colors. More precisely, let ¢ : E — [k] = {1,2,...,k} be an edge
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coloring of G (such a coloring is also called an edge k-coloring of G). For x € V,
we define

esSx

where the expression e 3 & means that e contains z. An edge k-coloring ¢ of G
is called neighbor sum distinguishing if o(x) # o(y) whenever xy € E. In other
words, the vertex coloring ¢ induced by c¢ in the above must be proper. The
minimum integer k£ for which there is a neighbor sum distinguishing coloring of
a graph G will be denoted by gndiy(G).

In [4] Karoniski et al. posed the following elegant problem, known as the
1-2-3 Conjecture.

Conjecture 1. Let G be a connected graph, G # Ky. Then gndis,(G) < 3.

Thus far it is known that gndiy;,(G) < 5 for any graph G without a connected
component isomorphic to Ky (see [3]).

In [5] the following problem related to the 1-2-3 Conjecture was introduced.
Let ¢: EUV — {1,2,...,k} be a total k-coloring of a graph G. For every vertex
x, we denote by

t(z) :=c(x) + Z c(zy) = c(x) + o(x),

yEN ()

where N(z) = {y € V| zy € E} denotes an open neighborhood of x. Thus, ¢(z)
is the sum of edge colors of incident edges to x and the color of z. We say that ¢
is a total neighbor sum distinguishing coloring of G if t(x) # t(y) for all adjacent
vertices z,y in G.

Similarly as above, the minimum value of k for which there exists a total
neighbor sum distinguishing coloring of a graph G will be denoted by tgndiy.(G).

In [5] Przybylo and WozZniak posed the following problem, known as the 1-2
Conjecture.

Conjecture 2. Let G be a connected graph. Then tgndix(G) < 2.

Thus far it is known that for every graph G, tgndiy.(G) < 3 (see [2]).

However, in the case of total coloring of GG, there are also other possibilities
to define the palette of colors i.e., the elements which we take into account. In
this paper, for x € V, we define

w(z) =Y cle)+ Y ely),

esT yEN(x)

where c is a total k-coloring of G. The value w(x) will be called an expanded sum

at x. A total k-coloring ¢ of G is called neighbor expanded sum distinguishing
(NESD for short) if

w(z) # w(y)
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whenever zy € E. In other words, the vertex coloring w induced by c in the above
must be proper. The corresponding invariant, i.e., the minimum value of k£ for
which such an NESD total k-coloring of G exists, is called the neighbor expanded
sum distinguishing index of G or simply expanded index of G and denoted by
egndiy (G).

We state the following conjecture.

Conjecture 3. For every graph G, egndiy(G) < 2.

Remark 4. Another possibility would be to distinguish vertices by considering
full sums defined for a vertex = by

o(z) = ca) + ele) + 3 ely),

esz yeN(z)

where ¢ is a total coloring of G. The corresponding parameter is denoted by
fendiy,(G). The main reason why we consider expanded sums and not full sums
is that the parameter egndiy(G) is well defined for each graph G, while the
parameter fgndiy,(G) does not exist for graphs containing Ks as a component.
Observe by the way that fgndiy,(K3) = 3 while egndiy,(K3) = 2. Thus, in gen-
eral, we need three colors in order to distinguish adjacent vertices in such a way
while, if the above conjecture is true, in the case of expanded sum two colors are
sufficient. Therefore, in a sense, the parameter egndis,(G) is closer to tgndis(G)
than fgndis(G).

Remark 5. As we continue to deal with only one parameter, namely egndis,(G),
later on, we use the shorter notation, simply putting n(G) := egndix(G).

Let G and G’ be isomorphic graphs and ¢ and ¢’ be two total colorings of G
and G', respectively. We say that an isomorphism ¢ : V(G) — V(G') of G and
G’ is a total isomorphism, respect to ¢ and ¢, if ¢ (¢(x)) = ¢(z) for any x € V(G)
and ' (p(zy)) = c¢(xy) for any xy € E.

If a < b, where a, b are natural numbers, then by [a,b] we mean the integer
interval of ends a and b, i.e., the set {a,a + 1,...,b}. Remind that [n] = [1,n].
We use Bondy and Murty’s book [1] for terminologies and notations not defined
here.

2. ParHs, CyCcLES AND COMPLETE GRAPHS

The proof of the following proposition is left to the reader.

Proposition 6. If P, is the path of order m > 2, then n(Py,) = 2, if m # 3 and
n(Pg) =1.
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Proposition 7. For m > 3, n(C,,) = 2.

Proof. Let C,,, = x1, ..., %y, x1 be the cycle of order m > 4. Put
c(xoi—1)=1,if 1 <21 — 1 < m;
c(xg) = 2,if 2 < 2i < my;

c(x;zit1) =1,if i =1,...,m and m even (indices of a cycle C,, are taken
modulo m);
c(xizip1)=1,ifi=1,...,m, i #m—1 and m odd, c¢(zpm—1Tm) = 2.

It can be easily seen that the above function is a neighbor expanded sum
distinguishing total 2-coloring of C),. For m = 3, the result follows from the next
theorem. -

Theorem 8. For everyn > 2, n(K,) = 2.

Proof. Denote by x1, ..., z, the vertices of the complete graph K, and let ¢,, be a
total k-coloring of K,,. Let w(cy,) = {a € N | there is ani € [n] such that w(z;) =
a} and let f(cq) = 20y nlzi).

We claim that for every n > 2 there is an NESD total 2-coloring ¢, of K,
such that

{ [—5”2_5,—7”2_7] , if n is odd,
w(ey) =

[%, 7”2_8] , if n is even,
and
3”2_1, if n is odd,
(2) flen) =9 50 .. .
5, if n is even.

Note that for each n > 2 the set w(c,) contains exactly n different values, so if
there exists a coloring ¢, satisfying (1), then it is NESD.

Now, let ca2 be the total coloring of Ky defined as follows: co(x1) = 1,
ca(ze) = 2 and ca(x122) = 1. Obviously, ¢z is an NESD total 2-coloring, where
w(co) = [2,3] = [%5¢, ™=8] and f(c2) = 3 = 3. The coloring ¢, will be defined
recursively as follows.

Suppose that there exists a total coloring ¢,—; verifying the conditions (1)
and (2) and color the subgraph of K, induced by the set {z1,z2,...,z,_1} using
the coloring ¢,,—1. If n is odd use 1 to color the vertex x,, and 2 to color all n —1
edges incident to x,,. For n even use 2 to color x, and 1 for all edges incident to
. We will denote by ¢, the total coloring of K, obtained in this way.

Observe that in the coloring ¢, the weights w(z;) for ¢ =1,...,n—1 increase
by 3 (with respect to the weights for ¢,,—1), and w(zy,) is equal to f(c,—1)+2(n—1)
for n odd and f(cp—1) 4+ (n — 1) for n even. So, if n is odd, then

5n—1)—6 . T(n—1)—38

w(en) = 3, +3| U{f(en1) +2(n - 1)}
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_ _ 1 _ _
:[5n 5’7n Q}U{3(n2 )+2n_2}:[5n 5,7n 7],

2 2 2 2
and ( )
3(n—1 3n—1
If n is even, then we have
5(n—1)—5 T(n—1)—7
wlen) = | 22225, T =D Tl U ) + (- 1)
5n—4 Tn—8 3n—1)—1 5n—6 Tn—8
= : U -1y = :
2 2 2 2 2
and ( )
3n—1)—1 3n
)= T e T
It follows that ¢, is an NESD total 2-coloring of K. [

Corollary 9. There ezist exactly two (up to total isomorphism) NESD total 2-
colorings of K.

Proof. We will use the notation of the proof of Theorem 8. Consider another
NESD total 2-coloring ¢/, of K, defined recursively as follows. For n = 2 let
ch(xz1) = 1, dh(z2) = 2 and ch(x122) = 2. Suppose the coloring ¢/, _; is given.
Now color the subgraph of K, induced by the set {z1,z9,...,2,_1} using the
coloring ¢, _;. If n is odd use 2 to color the vertex x,, and 1 to color all n — 1
edges incident to x,. A vertex x which is colored by 2 and such that its incident
edges are colored by 1 will be called the edge monochromatic vertex of type 2.

For n even use 1 to color z,, and 2 for all edges incident to this vertex. Such
a vertex is called the edge monochromatic vertex of type 1.

We denote the total coloring of K, obtained in this way by ¢],. Note that,
in each coloring ¢, or ¢}, of K, there is exactly one edge monochromatic vertex
of type 1 or 2, and if the coloring ¢, contains one edge monochromatic vertex
of type 1, then ¢, has one edge monochromatic vertex of type 2 and viceversa.
Applying the method described in the proof of Theorem 8 one can easily show
that ¢/, is an NESD total 2-coloring of K.

Let I, be another NESD total 2-coloring of K,, n > 2. Let d"(x;) =
Dese, In(e),i=1,...,n.

Put m = min; d"(z;), M = max; d"(z;). We claim that m = n — 1 or
M = 2n—2 and there is exactly one edge monochromatic vertex of type 1 or 2 (so
exactly one of these two equalities is true). Suppose for the sake of contradiction
that d"(x;) > n and d"(z;) < 2n —3 for all <. Without loss of generality, we may
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assume that d"(z1) = m > n and d"(x2) = M < 2n—3. Therefore, the expanded
sum associated to l,,, say w, satisfies

w(zy) =d"(x1) +b>n+b,

where b =3, ln(x:).
Moreover,

w(wz) < d*(w2) + (b+1) <b+2n -2,

so w(xg) — w(r1) < n — 2 and we cannot distinguish all the vertices of K, by
expanded sums w(z;), a contradiction.

Thus, we may assume that (for example) d"(z1) = n — 1, i.e., all edges
incident to x; are painted using the color 1. It follows that M < 2n — 3 and
w(x2) —w(z1) < n— 1. Therefore, w(xa) =b+2n —2= 3", 5 ln(x;) + d"(z2) =
Doizn n(@i) + la(21) — la(22) + d"(22) = b+ ln(21) — ln(22) + d"(22). Thus,
d"(z2) = ly(x2) — ln(z1) + 2n — 2 < 2n — 3 and this implies 1, (x1) > I, (z2), so
lo(x1) = 2. Hence, 1 is the only vertex satisfying d"(x1) = n — 1 (the second
one would have the same color so the same weight as x1) and this is the edge
monochromatic vertex of type 2. The proof of the case when d"(z2) = M = 2n—2
is analogous, so our claim is true.

Now applying the induction on n, we will show that every NESD total 2-
coloring I,, of K,, (n > 2) is identical with ¢, or ¢, (up to total isomorphism).
Clearly, this assertion is evident for n = 2. Assume that it is true for n’ <
n and consider an NESD total 2-coloring [,, of K,,. Deleting an unique edge
monochromatic vertex of type 2 (type 1, respectively), we get the graph K, _;
together with an NESD total 2-coloring ¢,,—; or ¢,,_; having edge monochromatic
vertex of type 1 (type 2, respectively), so our assertion is true. [ |

3. DBIPARTITE GRAPHS
Theorem 10. Let T be a tree of order n > 2. Then n(T) < 2.

Proof. The proof is by induction on n. Observe that the theorem is trivial if T
is a star K1 1, hence, in particular, for every tree of order n € {2,3}, n(T) < 2.

Suppose our assertion is true for all trees of order n — 1 > 3 and let T" be
a tree of order n. We may assume that 7' is not isomorphic to K ,—1. Let x
be an end-vertex of a longest path P = zyz--- in T and let 7" denote the tree
T\ {z}. By the choice of z and T, z is the only neighbor of y having the degree
greater than or equal to 2 in T. Let dp(t) = d'(t) for any vertex t € V(T").
The degree in T” of any vertex t is the same as in T', except for ¢ = y for which

d'(y) =dr(y) — 1.
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By induction hypothesis, there is an NESD total 2-coloring ¢’ of T7. We will
color the edge zy and the vertex x by a and b, respectively, a, b € {1,2}, so that
the coloring ¢ of T' defined as follows

d(a), it a€eV(T')UE(T),
(3) clay =4 a, if a=uzy,
b, if a=u=x,

would be an NESD total 2-coloring of T. We prove that this is always possible.

Let w'(v) denote the expanded sum at v € V(T”) with respect to the color-
ing ¢.

Suppose now that the degree dr(y) of y in T is at least three and observe
that for any total 2-coloring ¢ of T" and for any ¢ € Nr(y) \ {z}, we have w(t) =
c(y)+c(yt) < 4and w(y) > 6, so the vertices t and y are distinguished. Therefore,
we can choose a and b such that w(z) = w'(2) # w'(y) + a + b = w(y) and the
new total coloring ¢ of T defined by (3) will distinguish all vertices of T'.

If dr(y) = 2, we can also choose a and b such that w(z) = a + d(y) #
w(y) +a+b=w(y) and w(z) = w'(z) # W' (y) + a+ b = w(y), so the total
coloring c¢ distinguishes all vertices of 7. [

Proposition 11. Let G = (X,Y, E) be a connected bipartite graph with biparti-
tion classes X and'Y such that | X| is even or G has a vertex of odd degree. Then

n(G) < 2.

Proof. Suppose that |X| is even. We will follow the idea presented in [4] and
show that there exists a coloring of vertices and edges of G with the elements of
the group Zo such that all vertices of X have expanded sums 1 and the expanded
sum at any vertex of Y is 0. Let X = {z1,..., 22} and let P; denote a path of
end-vertices x9;_1 and x5, j = 1,...,k. Clearly, each P; is of even length. Begin
now with color 0 on all vertices and edges of G and modify this coloring along the
consecutive paths P; in the following way: start with P; and add 1 (in Z») to the
color of every edge of P;, then add 1 to the color of every edge of P» and so on.
Obviously, in j-th step this operation maintains the expanded sums at internal
vertices of P;, so that of Y, and change the expanded sums at end-vertices of P;.
After k steps we obtain the desired coloring with the elements of Zs.

Replacing the color 0 by 2 and applying the addition in N we get an NESD
total 2-coloring of G.

Now, assume that |X| and |Y| are odd (otherwise we could apply the first
part of the proof), X = {z1,...,®op, xop+1}, and d(xoxy1) = 20+ 1 is odd. Color
the edges and the vertices of G with the elements of Zg using the same method
as in the first part of the proof, taking the set X’ = {x1,...,x9r} as the set of
end-vertices of paths P;. Perhaps some paths P; contain the vertex wor,i. Now
the weight of every vertex of Y U{zgx+1} is 0 and all remaining weights are equal
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to 1. Put 1 on the vertex xox11 and add 1 to the color of each edge incident to
the vertex xor4+1. Now the weights of vertices which are not adjacent to zopy1
remain unchanged, we add 1+1 to the weight of every neighbor of xo;,1 and
(20 +1) - 1 to the weight of the vertex xori1. Thus the weight of every vertex of
X is 1 and all weights of vertices of Y are equal to 0. Now we change the color
0 for 2, apply the addition in N and get an NESD total 2-coloring of G. [

The following proposition is obvious.

Proposition 12. If every two adjacent vertices of G have different degrees, then
n(G) = 1.

In some cases, the value of n(G) can be determined exactly.

Corollary 13. For any integers n,p > 1, n(K,p) =2 forn =p and n(K,,) =1
forn # p.

Proof. Suppose that K, , has bipartition (X,Y’). If we color the vertices of X
by 1 and other vertices and edges of K, , by 2, we get an NESD total 2-coloring.
For n # p our result follows from Proposition 12. |

4. SoME OTHER RESULTS

In [4] Karonski et al. proved the following result.

Theorem 14. Let I" be a finite abelian group of odd order k and let G be a k-
colorable graph on n > 3 vertices. Then there exists a coloring c of the edges of
G with the elements of I' such that the resulting vertex coloring o induced by c is
a proper coloring of G.

Corollary 15. Let k be an odd integer and let G be a connected k-colorable graph.
Then n(G) < k.

Proof. If we color the edges of G using the method described in [4] with the
elements of Zjy = Zo;+1 and put 0 on the vertices of G, then we get an NESD
total coloring of G with the elements of I' = Z;. Now we can obtain an NESD
total k-coloring of G by replacing 0 by k and applying the addition in N. [

Thus the following corollary is true.
Corollary 16. If G is a connected k-colorable graph, then n(G) < k + 1.

As already mentioned, in [3], Kalkowski et al. showed that for every graph
GG without components isomorphic to Ky there exists a coloring of the edges of
G with the elements of {1,...,5} such that the resulting vertex weighting is a
proper vertex coloring of G. This implies at once the following corollary.
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Corollary 17. If G is a connected regular graph, then n(G) < 5.

Proof. Color the edges of G with 5 colors in such a way that the obtained vertex
coloring is proper. Afterwards put 1 on the vertices of G. All weights will increase
by a constant. ™
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