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Abstract

The generalized k-connectivity ki (G) of a graph G, introduced by Hager
in 1985, is a nice generalization of the classical connectivity. Recently,
as a natural counterpart, we proposed the concept of generalized k-edge-
connectivity A\ix(G). In this paper, graphs of order n such that xx(G) =
n—%—1and \,(G) =n— £ — 1 for even k are characterized.
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1. INTRODUCTION

All graphs considered in this paper are undirected, finite and simple. We refer to
the book [3] for graph theoretical notation and terminology not described here.
For a graph G, let V(G), E(G), G denote the set of vertices, the set of edges of
G and the complement, respectively. Let dg(v) denote the degree of the vertex
v in G. As usual, the union of two graphs G and H is the graph, denoted by
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G U H, with vertex set V(G) UV (H) and edge set E(G)UE(H). Let mH be the
disjoint union of m copies of a graph H. If M is a subset of edges of a graph G,
the subgraph of G induced by M is denoted by G[M], and G — M denotes the
subgraph obtained by deleting the edges of M from G. If M = {e}, we simply
write G —e for G—{e}. If S C V(G), the subgraph of G induced by S is denoted
by G[S]. For S C V(G), we denote by G — S the subgraph obtained by deleting
the vertices of S together with the edges incident with them from G. We denote
by Eg[X,Y] the set of edges of G with one end in X and the other end in Y. If
X = {z}, we simply write Eg[z,Y] for Eg[{z},Y]. A subset M of E(G) is called
a matching of G if the edges of M satisfy that no two of them are adjacent in G.
A matching M saturates a vertex v, or v is said to be M -saturated, if some edge
of M is incident with v; otherwise, v is M -unsaturated. If every vertex of G is
M-saturated, the matching M is perfect. M is a maximum matching if G has no
matching M’ with |M'| > |M].

Connectivity and edge-connectivity are two of the most basic concepts of
graph-theoretic subjects, both in a combinatorial sense and an algorithmic sense.
As we know, the classical connectivity has two equivalent definitions. The con-
nectivity of a graph G, written x(G), is the minimum size of a set S C V(G) such
that G — S is disconnected or has only one vertex. If G — S is disconnected we
call such a set S a vertex cut-set for G. We call this definition the ‘cut’ version
definition of connectivity. A well-known Menger’s theorem provides an equiva-
lent definition of connectivity, which can be called the ‘path’ version definition
of connectivity. For any two distinct vertices = and y in G, the local connectivity
kG(x,y) is the maximum number of internally disjoint paths connecting x and
y. Then k(G) = min{kg(z,y)|z,y € V(G),x # y} is defined to be the con-
nectivity of G. Similarly, the classical edge-connectivity also has two equivalent
definitions. The edge-connectivity of G, written A(G), is the minimum size of an
edge set M C E(G) such that G — M is disconnected or has only one vertex.
We call this definition the ‘cut’ version definition of edge-connectivity. Menger’s
theorem also provides an equivalent definition of edge-connectivity, which can
be called the ‘path’ version definition. For any two distinct vertices « and y in
G, the local edge-connectivity A\g(x,y) is the maximum number of edge-disjoint
paths connecting  and y. Then A(G) = min{A\g(z,y) |z,y € V(G), x # y} is
defined to be the edge-connectivity of G. For connectivity and edge-connectivity,
Oellermann gave a survey paper on this subject, see [34].

Although there are many elegant and powerful results on connectivity in
graph theory, the classical connectivity and edge-connectivity also have their
defects. So people want some generalizations of both connectivity and edge-
connectivity. For the ‘cut’ version definition of connectivity, we are looking for
a minimum vertex-cut with no consideration about the number of components
of G — S. Two graphs with the same connectivity may have different degrees of
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vulnerability in the sense that the deletion of a vertex cut-set of minimum cardi-
nality from one graph may produce a graph with considerably more components
than in the case of the other graph. For example, the star K, and the path
P,+1 (n > 3) are both trees of order n + 1 and therefore connectivity 1, but the
deletion of a cut-vertex from K, produces a graph with n components while
the deletion of a cut-vertex from P, ;1 produces only two components. Char-
trand et al. [4] generalized the ‘cut’ version definition of connectivity. For an
integer k (k > 2) and a graph G of order n (n > k), the k-connectivity . (G)
is the smallest number of vertices whose removal from G produces a graph with
at least k components or a graph with fewer than k vertices. Thus, for k = 2,
k5(G) = k(G). For more details about k-connectivity, we refer to [4, 6, 35, 36].
The k-edge-connectivity, which is a generalization of the ‘cut’ version definition
of classical edge-connectivity was initially introduced by Boesch and Chen [2] and
subsequently studied by Goldsmith in [7, 8] and Goldsmith et al. [9]. For more
details, we refer to [1, 34].

The generalized connectivity of a graph G, introduced by Hager [12], is a nat-
ural and nice generalization of the ‘path’ version definition of connectivity. For a
graph G = (V, E) and a set S C V of at least two vertices, an S-Steiner tree or a
Steiner tree connecting S (or simply, an S-tree) is a subgraph T' = (V' E’) of G
that is a tree with S C V'. Two Steiner trees T' and T” connecting S are said to
be internally disjoint if E(T)NE(T") =0 and V(T)NV(T") = S. For S C V(G)
and |S| > 2, the generalized local connectivity x(S) is the maximum number of
internally disjoint Steiner trees connecting S in G. Note that when |S| = 2 a min-
imal Steiner tree connecting S is just a path connecting the two vertices of S. For
an integer k with 2 < k < n, generalized k-connectivity (or k-tree-connectivity) is
defined as ki (G) = min{x(S) | S C V(G),|S| = k}. Clearly, when |S| = 2, k2(QG)
is nothing new but the connectivity x(G) of G, that is, k2(G) = k(G), which is
the reason why one addresses r;(G) as the generalized connectivity of G. By con-
vention, for a connected graph G with less than k vertices, we set ki(G) = 1. Set
ki(G) = 0 when G is disconnected. This concept appears to have been introduced
by Hager in [12]. It is also studied in [5] for example, where the exact value of the
generalized k-connectivity of complete graphs are obtained. Note that the gener-
alized k-connectivity and the k-connectivity of a graph are indeed different. Take
for example, the graph H; obtained from a triangle with vertex set {v;, ve,v3} by
adding three new vertices u1, uo, u3 and joining v; to u; by an edge for 1 <4 < 3.
Then k3(Hp) = 1 but k45(H;) = 2. There are many results on the generalized con-
nectivity or tree-connectivity, we refer to [5, 22-31, 37]. Apart from the concept
of tree-connectivity, Hager also introduced another tree-connectivity parameter,
called the pendant tree-connectivity of a graph in [12]. For the tree-connectivity,
we only search for edge-disjoint trees which include S and are vertex-disjoint
with the exception of the vertices in S. But pendant tree-connectivity further
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requires the degree of each vertex of S in a Steiner tree connecting S equal to
one. Note that it is a special case of the tree-connectivity.

As a natural counterpart of the generalized connectivity, we introduced in
[32] the concept of generalized edge-connectivity, which is a generalization of the
‘path’ version definition of edge-connectivity. For S C V(G) and |S| > 2, the
generalized local edge-connectivity A(S) is the maximum number of edge-disjoint
Steiner trees connecting S in GG. For an integer k with 2 < k < n, the generalized
k-edge-connectivity A\i,(G) of G is then defined as A (G) = min{A(S)|S C V(G)
and |S| = k}. It is also clear that when |S| = 2, A\2(G) is nothing new but
the standard edge-connectivity A\(G) of G, that is, Ao(G) = A(G), which is the
reason why we address A\;(G) as the generalized edge-connectivity of G. Also set
M:(G) = 0 when G is disconnected. Results on the generalized edge-connectivity
can be found in [28, 29, 32].

In fact, Mader [19] was studying an extension of Menger’s theorem to inde-
pendent sets of three or more vertices. We know from Menger’s theorem that if
S = {u,v} is a set of two independent vertices in a graph G, then the maximum
number of internally disjoint u—v paths in G equals the minimum number of ver-
tices that separate u and v. For a set S = {u1,ug,...,ur} of k vertices (k > 2)
in a graph G, an S-path is defined as a path between a pair of vertices of S that
contains no other vertices of S. Two S-paths P; and P» are said to be internally
disjoint if they are vertex-disjoint except for their endvertices. If S is a set of
independent vertices of a graph G, then a vertex set U C V(G) with UNS = 0 is
said to totally separate S if every two vertices of S belong to different components
of G —U. Let S be a set of at least three independent vertices in a graph G.
Let u(G) denote the maximum number of internally disjoint S-paths and p/(G)
the minimum number of vertices that totally separate S. A natural extension of
Menger’ s theorem may well be suggested, namely: If S is a set of independent
vertices of a graph G and |S| > 3, then pu(S) = 1/(S). However, the statement is
not true in general. Take the above graph H; for example. For S = {vy, vy, v3},
1(S) = 1 but 4/(S) = 2. Mader proved that u(S) > 54/(S). Moreover, the
bound is sharp. Lovéasz conjectured an edge analogue of this result and Mader
proved this conjecture and established its sharpness. For more details, we refer
to [19, 20, 34].

In addition to being natural combinatorial measures, the Steiner Tree Pack-
ing Problem (defined as follows) and the generalized edge-connectivity can be
motivated by their interesting interpretation in practice as well as theoretical
consideration. From a theoretical perspective, both extremes of this problem are
fundamental theorems in combinatorics. One extreme of the problem is when we
have two terminals. In this case internally (edge-)disjoint trees are just internally
(edge-)disjoint paths between the two terminals, and so the problem becomes
the well-known Menger theorem. The other extreme is when all the vertices are
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terminals. In this case internally disjoint Steiner trees and edge-disjoint trees are
just edge-disjoint spanning trees of the graph, and so the problem becomes the
classical Nash-Williams-Tutte theorem.

Theorem 1.1 (Nash-Williams [33], Tutte [39]). A multigraph G contains a sys-
tem of ¢ edge-disjoint spanning trees if and only if

G/ 2| = || - 1)

holds for every partition & of V(G), where |G/ 22| denotes the number of cross-
ing edges in G, i.e., edges between distinct parts of Z.

The generalized edge-connectivity is related to an important problem, which
is called the Steiner Tree Packing Problem (definied as follows). For a given
graph G and S C V(G), this problem asks to find a set of maximum number
of edge-disjoint Steiner trees connecting S in GG. One can see that the Steiner
Tree Packing Problem studies local properties of graphs, but the generalized
edge-connectivity focuses on global properties of graphs. The generalized edge-
connectivity and the Steiner Tree Packing Problem have applications in V LST
circuit design, see [10, 11, 38]. In this application, a Steiner tree is needed to
share an electronic signal by a set of terminal nodes. Another application, which
is our primary focus, arises in the Internet Domain. Imagine that a given graph
G represents a network. We choose arbitrary k vertices as nodes. Suppose that
one of the nodes in G is a broadcaster, and all the other nodes are either users
or routers (also called switches). The broadcaster wants to broadcast as many
streams of movies as possible, so that the users have the maximum number of
choices. Each stream of movie is broadcasted via a tree connecting all the users
and the broadcaster. So, in essence we need to find the maximum number of
Steiner trees connecting all the users and the broadcaster, namely, we want to
get A\(S), where S is the set of the k£ nodes. Clearly, it is a Steiner Tree Packing
Problem. Furthermore, if we want to know whether for any k£ nodes the network
G has the above properties, then we need to compute A\;x(G) = min{A(S)} in
order to prescribe the reliability and the security of the network.

The following two observations are easily seen from the definitions.

Observation 1.2. Let k,n be two integers with 3 < k < n. For a connected
graph G of order n, ki(G) < M\ (G) < 4(G).

Observation 1.3. Let k,n be two integers with 3 < k <n. If H is a spanning
subgraph of G of order n, then \py(H) < A\ (G).

Chartrand et al. in [5] got the exact value of the generalized k-connectivity
for the complete graph K.
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Lemma 1.4 [5]. For every two integers n and k with 2 < k < n, ki(K,) =

n— [k/2].

In [32] we obtained some results on the generalized k-edge-connectivity. The
following results are restated, which will be used later.

Lemma 1.5 [32]. For every two integers n and k with 2 < k < n, \(K,) =

n— [k/2].

Lemma 1.6 [32]. Let k,n be two integers with 3 < k < n. For a connected graph
G of order n, 1 < k(G) < \(G) < n— [k/2]. Moreover, the upper and lower
bounds are sharp.

We also characterized graphs attaining the upper bound and obtained the
following result.

Lemma 1.7 [32]. Let k,n be two integers with 3 < k < n. For a connected graph
G of order n, k(G) = n—[%] or \e(G) = n—[%7 if and only if G = K,, for even
k; G =K, — M for odd k, where M is a set of edges such that 0 < |M| < %

One may notice that the graphs with k;(G) =n — [%1 are the same as the
graphs with A\ (G) = n — [g} Our motivation of this paper is to ask whether
the graphs with xj(G) = n — [£] — 1 are different from the graphs with A\x(G) =
n — [5] — 1. In this paper, graphs of order n such that k,(G) =n — [5] — 1 and

k

A(G) =n —[5] — 1 for any even k are characterized.

Theorem 1.8. Let n and k be two integers such that k is even and 4 < k < n,
and G be a connected graph of order n. Then ki(G) = n — % — 1 if and only
if G = K, — M where M is a set of edges such that 1 < A(K,[M]) < % and
1<|M|<Ek-1.

The above result can also be established for the generalized k-edge-connecti-
vity, which is stated as follows.

Theorem 1.9. Let n and k be two integers such that k is even and 4 < k < n,
and G be a connected graph of order n. Then A\ (G) = n — % — 1 if and only if
G = K, — M where M is a set of edges satisfying one of the following conditions:

(1) A(Kp[M]) =1 and 1 < [M| < [3];
(2) 2 < A(K,[M]) <& and1 < |M|<k-1.

2. MAIN RESuLT

To begin with, we give the following lemmas.
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Lemma 2.1. If G is a graph obtained from the complete graph K, by deleting a
set of edges M such that A(K,[M]) > r, then \g(G) <n —1—r.

Proof. Since A(K,[M]) > r, there exists at least one vertex, say v, such that
dg,m)(v) = 7. Then dg(v) =n —1—dg, pm(v) <n—1-7. S0 §(G) < dg(v) <
n — 1 —r. From Observation 1.2, A\;(G) <40(G) <n—1-—r. |

Corollary 2.2. For every two integers n and k with 4 < k <mn, if k is even and
M is a set of edges in the complete graph K,, such that A(K,[M]) > %—k 1, then
K (J — M) < \o(Kp — M) <n— 5 —1.

Remark 2.1. From Corollary 2.2, if ky(K, — M) =n—% — 1 or A\, (K, — M) =
n— g — 1 for k even, then A(K,[M]) < %

In [32], we stated a useful lemma for general k.

Let S C V(G) be such that |S| = k, and .7 be a maximum set of edge-
disjoint S-Steiner trees in G. Let %5 be the set of trees in .7 whose edges belong
to E(G]S]), and % be the set of S-Steiner trees containing at least one edge of
Eg[S, 5], where S = V(G) — S. Thus, 7 = 9 U %. (Throughout this paper,
T, T, F are defined in this way.)

Lemma 2.3 [32]. Let G be a connected graph of order n, and S C V(G) with
S| =k (3<k <n) andlet T be an S-Steiner tree. If T € F1, then T contains
exactly k — 1 edges of E(G[S]). If T € S5, then T contains at least k edges of
E(G[S]) U Eg[S, S].

Lemma 2.4. For every two integers n and k with 4 < k <n, if k is even and M
is a set of edges of the complete graph K,, such that |M| > k and A(K,[M]) > 2,
then \p(K,, — M) <n — % -1

Proof. Set G = K,, — M. We claim that there is an S C V(G) with |S| = k such
that |MN(E(K,[S]) U Ek,[S,S]) | > kand [MNE(K,[S])| > 1. Choose a subset
M’ of M such that |M’'| = k. Suppose that K,,[M’] contains s independent edges
and r connected components C1,...,C, such that A(C;) > 2 (1 < i < r). Set
[V (C;)| = n; and |E(C;)| = m;. Then m; > n; — 1. For each C; (1 <i <7r), we
select one of the vertices having maximum degree, say u;. Set X; = V(C;) — u;.

If there exists some X such that |[E(K,[X;])| > 1, then we choose X; C S
for all 1 <i <r. Since |V(C;)| = n; and X; = V(C;) — u;, we have | X;| =n; — 1.
By such a choosing, the number of the vertices belonging to S is >\, | X;| =
Yoiii(ng—1) <377 m; < k—s. In addition, we select one endvertex of each
independent edge into S. Till now, the total number of the vertices belonging to
Sisdy i | Xi|+s<(k—s)+s=k. Notethatif Y . | |X;|+ s <k, then we can
add some other vertices in G into S such that |S| = k. Thus all edges of E(C})
and the s independent edges are put into F(K,[S])U Ek, [S, S], that is, all edges
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of M’ belong to E(K,[S])UEk,[S,S]. So |M N (E(K,[S])U Ek,[S,5]) | > k, as
desired. Since |E(K,[X;])| > 1, it follows that |M N E(K,[S])| > 1, as desired.
Suppose that |E(K,[X;])| = 0 for all 1 < ¢ < r. Then each C; must be a
star such that |E(C;)| > 2. Recall that u; is one of the vertices having maximum
degree in Cj. Select one vertex from V(C;) — u;, say v;. Put all the vertices of
Y; = V(C;) — v; into S, that is, ¥; € S. Thus |Y;| = n; — 1. In addition, we
choose one endvertex of each independent edge into S. By such a choosing, the
total number of the vertices belonging to S'is Y ;| |Yi|+s=>"1 ;(ni—1)+s <
Yoiymi+s < (k—s)+s=k. Notethatif Y ; ,|X;|+s <k, then we can add
some other vertices in G into S such that |S| = k. Thus all edges of E(C;) and
the s independent edges are put into F(K,[S])U Ek, [S, S], that is, and all edges
of M’ belong to E(K,[S]) U Ek,[S,S]. So |M N (E(K,[S])U Ek,[S,S])| > k,
as desired. Since |E(C;)| > 2, it follows that there is an edge u;w; € M N K,[S]
where w; € V(C;) — {ui,v;}, which implies that |[M N E(K,[S])| > 1, as desired.
From the above arguments, we conclude that there exists an S C V(G) with
|S| = k such that |M N (E(K,[S]) U Ek,[S,5]) | > k and |M N E(K,[S])| > 1.
Since each tree T' € 77 uses k — 1 edges in E(G[S]) U Eg[S, S], it follows that
7| < ((’;) - 1) J(k—1) = % — L which results in | %] < £ — 1 since | 7]
is an integer. From Lemma 2.3, each tree T' € % uses at least k edges of
E(G[S]) U Eg[S,S]. Thus |ZA|(k — 1) + |%|k < |E(G[S])| + |Ec[S, S]|, that is,
Gilk + | Bslk < 73] + () + k(o — k) — k. So M(G) = |7] = |Fi| + | %] <
n—g—l—%<n—%—1. ]

Remark 2.2. From Lemmas 1.7, 2.4 and Remark 2.1, if ki (K,,— M) = n—%—l or
Ai(Kn—M) =n—%—1for k evenand 2 < A(K,[M]) < & then 1 < |M| < k-1,
where M C E(K,).

Lemma 2.5. For every two integers n and k with 4 < k <mn, if k is even and M
is a set of edges in the complete graph K, such that |M| > k and A(K,[M]) =1,
then kg (K, — M) <n — % —1.

Proof. Let G = K,, — M. Since A(K,[M]) =1, it follows that M is a matching
in K,. Since |[M| > k, we can choose M; C M such that [M;| = k. Let
M, = {uw;|1 < i < k}. Choose S = {uy,us,...,ur}. We will show that
K(S) <n— % — 1. Clearly, |S| =n —k, and let S = {wy,ws,...,w, r}. Since
each tree in .75 contains at least one vertex of S, it follows that |Z2| < n — k.
By the definition of 7, we have | 7| < . If | 71| < £ — 2, then x(S) < A(S) =
| 7| = |A| + |Z%| < (§—2)+(n—k):n—§—2<n—§—1, as desired. Let
us assume % -1<|7A| < %

Consider the case | 71| = & — 1. Recall that |%| < n — k. Furthermore,
we claim that |%| < n —k — 1. Assume, to the contrary, that |Z2| = n — k.
Let T1,T5,...,Th_i be the n — k edge-disjoint S-Steiner trees in 7. For each
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tree T; (1 < i < n — k), this tree only occupies one vertex of S, say w;. Since
wyw; € My (1 < ¢ < k), namely, w;w; ¢ E(G), and each T; (1 < ¢ < k) is an
S-Steiner tree in %, it follows that this tree T; must contain at least one edge

in G[S] = K. So the trees T1,Ts,...,Tr must use at least k edges in G|[S],

k
and | 7| = (2)_k = &2 _ L Since | 7| is an integer, we have |7| < %32,
a contradlctlon We conclude that |<72\ <n—k—1, and hence x(S) < \(S) =
|7 | = |,71\+]%]<(——1)+( k—1)=n—%—-2<n—%_1 as desired.

Consider the case |71| = &. We claim that || < n — k — 2. Assume, to the
contrary, that n —k — 1 < [%| < n — k. Since | 7| = £, it follows that each edge
of G[9] is occupied by some tree in .77, which implies that each tree in %5 only
uses the edges of Eg[S, S]U E(G[S]). Suppose that T} is a tree in Z occupying
wi. Since ujw; ¢ E(G), if Ty contains three vertices of S, then the remaining
n — k — 3 vertices in S must be contained in at most n — k — 3 trees in %, which
results in | %| < (n—k—3)+1 = n—k—2, a contradiction. So we assume that the
tree T} contains another vertex of S except wy, say ws. Recall that & > 4. Then
|S| > k > 4. By the same reason, there is another tree T containing two vertices
of S, say ws,wy. Furthermore, the remaining n — k — 4 vertices in S must be
contained in at most n—k—4 trees in J2, which results in | %| < (n—k—4)+2 =
n—k — 2, a contradiction. We conclude that |%| < n—k —2. Since | 7| = %, we
have K(S) < A(S) = |7 | = |ZA|+|%| < E+(n-k-2)=n-E-2<n-E_1,
as desired. [ ]

Lemma 2.6. Ifn (n > 4) is even and M is a set of edges in the complete graph
Ky such that 1 < M| < n—1 and 1 < A(K,[M]) < 5, then G = K, — M
contains ”?_2 edge-disjoint spanning trees.

Proof. Let & = J!_, Vi be a partition of V(G) with |V;| =n; (1 <i < p), and
&p be the set of edges between distinct blocks of & in G. It suffices to show that
Ep] > 252(] 2| — 1) so that we can use Theorem 1.1.

The case p = 1 is trivial by Theorem 1.1, thus we assume p > 2. For
p = 2, we have & = V3 U V. Set |Vi| = ny. Clearly, |Va] = n — ny. Since
A(K,[M]) < 2, it follows that 6(G) =n—1—A(K,[M]) > n—1-2 = 22,
Therefore, if ny = 1 then |&| = |Eg[V1, Vo]| > ”T_Q Suppose nq > 2. Then
&| = |EgVi, V2]l = (5) = (n—=1) = () = ("3") = —nf + nny —n + 1. Since
2 < np < n—2, one can see that |E2| achives its minimum value when n; = 2
orny =n—2. Thus |&| >n—3 > "772 since n > 4. The result follows from
Theorem 1.1.

Let us consider the remaining cases for p, namely, for 3 < p < n. Since
(&l = (5) = M| =20 (5) 2 (5) — (= 1) =320 (5) = ("31) = 20y (5), we
only need to show (";1) 3P () = ”TQ(p—l), that is, (n—p)”T_2 >0,
Because » 7, ("QL) achieves its maximum value when ny =ng = -+~ =n,_1 =1
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and n, = n—p+1, we need inequality (n—p)=52 > (é) (p—1)+ ("2, namely,

(n— p)% > 0. It is easy to see that the inequality holds since 3 < p < n. Thus,
& = (5) — IM| =322, (5) = %2 (p — 1)

From Theorem 1.1, there exist "T_Q edge-disjoint spanning trees in G, as

desired. [ ]

Lemma 2.7. Let k,n be two integers with 4 < k < n, and M be an edge set of
the complete graph K, satisfying A(K,[M]) = 1. Then

(1) If M| =k — 1, then rg(K, — M) >n— % —1;
(2) If IM| = | %], then \.(K, — M) Zn—g—l.

Proof. (1) Set G = K, — M. Since A(K,[M]) = 1, it follows that M is a
matching of K,,. By the definition of kx(G), we need to show that x(S) > n— % -1
for any S C V(G).

Case 1. There exists no u,w in S such that uvw € M. Without loss of gen-
erality, let S = {uj,ug,...,ur} such that uy,us,...,u, are M-saturated but
Upg1, Up42, -« -, up are M-unsaturated. Let My = {ww;|1 < i < r} C M.
Since |M| = k — 1, it follows that 0 < r < k — 1. In this case, uu; ¢ M
(1 <i,5 <r). Clearly, G[S] is a clique of order k. We choose a path P =
uiug - Uptp1 in G[S]. Let G = G — E(P). Then G'[S] = K, — E(P).
Since |[E(P)] = r < k— 1 and A(KR[E(P)]) = 2 < &, it follows that G'[S]

27
contains £=2 edge-disjoint spanning trees, which are also k—f

3 internally dis-
joint S-Steiner trees. These trees together with the trees T; induced by the
edges in {ujw;, ugw;, U;i—1W;, Uit W4, - . ., Ugw;, witir1} (1 < i < 1) (see Figure
1(a)) and the trees T} induced by the edges in {u1v;, ugvj, ..., upv;} where v; €
S —{w,wa,...,w} ={v1,v2,..., 05—} form %—i—r—{—(n—k—r} = n—%—l

internally disjoint S-Steiner trees. Thus, #(S) > n — & — 1, as desired.

Case 2. There exist u,w in S such that uw € M. Without loss of generality,
we let S = {u1, U, ..oy Upy Upp 1, Up g2y ooy Upggy Uppshly e - oy Uhpy W, Wy .+, Wy}
such that the vertices wui,ug,...,Urts, w1, ws,...,w, are all M-saturated and
ww; € M (1 <4 <r). Set M; = {uw; |1 <4i < r}. In this case, r > 1 and
2r +s < k. Since |M| =k — 1, it follows that r + s <k — 1 and s < k — 2.

First, we consider 2r+s = k. Since k is even, it follows that s is even. If s = 0,
then r = % Thus S = {uy,ug,... Uk s W, W, - ,wg}. Clearly, M; = {uw; |1 <

i < B} M| =% <k-1and AK,[M]) =1 < £ By Lemma 2.6, G[S]

contains % edge-disjoint spanning trees, which are also k—f internally disjoint

S-Steiner trees. These trees together with the trees 7 induced by the edges
in {uivj, ugvj, ..., urvj} U {wiv;, wov;,. .., wrv;j} form % + (n — k) internally
2 2

disjoint S-Steiner trees, where v; € S = {v1,va,...,vn_k}. So, K(S) >n — % —1.
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Figure 1. Graphs for (1) of Lemma 2.7.

Consider s = 2. Since 2r + s = k, we have r = % If £ = 4, then

r = 1 and hence S = {uj,ug,us,w1}. Clearly, M; = {ujw;}, and the tree T}
induced by the edges in {ujug, ujwy, wiws, uswy} and the tree T induced by
the edges in {ujus, usus, ugwy} and the tree T3 induced by the edges in {ujws,
ugws, wiws, uswi } are three spanning trees; see Figure 1(c). These trees to-
gether with the trees T induced by the edges in {ujv;, uovj, uzvj, wiv;} form
3 4+ (n — 6) internally disjoint S-Steiner trees, where v; € S — {wq, w3} =
{v1,v2,...,vp—6}. Thus, kK(S) >n—-3 =n— g — 1. Suppose k > 6. Then
r>2,8 = {up,u,...,ur2, w1, wa,...,wr2} and M; = {uw; |1 <i < k—f}
2 2
Clearly, the tree T7 induced by the edges in {ujwx, usWr, ..., Uk 2Wk, Ukt2 Wk,
2 2 2 2 2 2

UgUk , W Wk, WoWk, . . ., Wr—2 Wk} and the tree Ty induced by the edges in {ujwri2,

2 2 2 2 2 2
UPW k42, - - - ,uyuw} U{ujtprts, WjWhi2, WoWhi2, ..., Wek2Wkt2 } are two inter-

2 2 2 2 2
nally disjoint S-Steiner trees; see Figure 1(d). Let My = M U {ujurra, uguy }.

2 2
Then [M,| = |Mi| +2 = 552 42 = K2 < |k — 1 and A(K,[Mp]) = 2 < &,
which implies that G[S] — {u1usi2, usur } = Ky — M contains 52 edge-disjoint
2 2
spanning trees by Lemma 2.6, which are also % internally disjoint S-Steiner
trees. These trees together with 77,75 and the trees T induced by the edges in
{u1vj, ugvj, . .., Urt2 v, W1V5, W2v;, . .., Uk—2V; } are %4—24—(11—]@—2) internally
2 B 2
disjoint S-Steiner trees, where v; € S — {wr, wir2} = {v1,v2,...,v5——2}. So,
2 2

Kk(S) >n— % -1

Consider the remaining case for s, namely, for 4 < s < k — 2. Clearly,
there exists a cycle of order s containing w41, Ur42, ..., urrs in K — My, say

Cs = Upp1Ups2 - Uppstpy1. Set M = My U E(Cs). Then M| =r+s<k-—1
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and A(K,[M']) = 2 < & which implies that G — E(Cs) = K, — M’ contains %32
edge-disjoint spanning trees by Lemma 2.6. These trees together with the trees
T,+; induced by the edges in {ujwyyj, oWy j, ..., Urtjo1Wrij, Up g j41Wrigjs - - -,
Up 4 sWrp 5 Up g Up 415 W Wrp s WoWrpjs - - -, WrWryj b (1 < j < s) form kEQ + s
internally disjoint trees; see Figure 2(b) (note that u,s = ug_,). These trees to-
gether with the trees TJ’ induced by the edges in {u1vj, ugvyj, . .., Urysv;, W15, . . .,

wyv;} form £52 4 s 4 (n — 2r — 2s) = n — £ — 1 internally disjoint S-Steiner
trees where v; € S — {wyq1,Wry2,..., Wrpst = {v1,v2,...,Vp—2,—25}. Thus,
k(S)>n— % — 1, as desired.

Next, assume 2r + s < k. Then S = {uj,ug, ..., Upjs, Upgsilys- ., Ug—r, W1,
wa,...,wppand r+s+1 < k—r. If s =0, then S = {uy,ug, ..., up—p, w1, wa,...,
w,}. Clearly, My = {uw; |1 <i<r}, |Mi|=r < k—1and A(K,[M])=1< %

k—2

By Lemma 2.6, G[S] contains “5= edge-disjoint spanning trees. These trees to-

gether with the trees 7 induced by the edges in {ujv;, ugvj, ..., up—rvj, wiv;,
wavj, ..., wyv;} form £2 + (n — k) internally disjoint S-Steiner trees, where
v; € S = {v1,va,...,05_}. Therefore, K(S) >n— g —1. Assume s > 1. Clearly,
there exists a path of length s containing w, 41, Ur42, . . ., Upts, Urys+1 in G[S], say
PS = Up41Up42 " Up4sUp454+1- Set M = M1 UE(PS) Then ‘M/| =r+s< k—1
and A(K,[M']) = 2 < &, which implies that G[S] — E(Ps) = Ky — M’ contains
k—2 k—2

“5= edge-disjoint spanning trees by Lemma 2.6, which are also “5= internally

disjoint S-Steiner trees. These trees together with the trees T,.; induced by
the edges in {ulw,«ﬂ-, UQWp g jy v vy Upg j—1Wr gy U j 1 Wr iy v oy Uy Wy gy Up g
Urgji1, WiWrij, Wolppjy. .., Wrwrsi} (I < j < s) form 552 + s internally
disjoint S-Steiner trees; see Figure 1(b). These trees together with the trees
T]( induced by the edges in {u1v;,usvj, ..., ugk—yvj, W1V, W2V;, ..., wyv;} form
% +s+(n—k+r)—(r+s)=n— % — 1 internally disjoint S-Steiner trees where
vj € S— {Wrg1, Wrg2, ..., Wrys} = {v1,02,...,0p_k—s}. S0, K(S) >n — % -1, as
desired.

We conclude that #(S) > n— £ —1 for any S C V(G). From the arbitrariness
of S, it follows that xx(G) > n — % -1

(2) Set G = K,, — M. Assume that n is even. Thus M is a perfect matching
of K, and all vertices of G are M-saturated. By the definition of A\;(G), we need

to show that A(S) > n — & — 1 for any S C V(G).

Case 3. There exists no u,w in S such that uw € M. Without loss of
generality, let S = {ui,ua,...,ux}. In this case, wu; ¢ M (1 < i,j < k).
Let M1 = {uw;|1 < i <k} € M = {uw;|1 < i < §}. Clearly, w; ¢ S
(1<i<F)andu; ¢ S (k+1<j<F). Since G[S] is a clique of order £, it
follows that there are g edge-disjoint spanning trees in G[S], which are also %
edge-disjoint S-Steiner trees. These trees together with the trees T; induced by

the edges in {uyw;, ugw;, wi—1w;, wip1w;, . . ., upw;, viwg, wiwg} (1 <@ < k—1)
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(see Figure 2(a)) and the trees T} induced by the edges in {uiuy, uguy, . .., upu;}
(k+1<j < %) and the trees T} induced by the edges in {uiw;, ugwy, ..., upw;}
(k+1<j<2) form &+ (k—1)+ (n—2k) =n— % — 1 edge-disjoint S-Steiner
trees. Therefore, \(S) > n — % — 1, as desired.

Case 4. There exist u,w in S such that uw € M. Without loss of generality,
let S = {ui,ug,...,Uys, w1, wa,...,w,} with |S| =k =2r+s, where 1 <r < %
and 0 < s <k —2. Set M1 = {uw; |1 <i<r} C M= {uyw|l <i<g}
We claim that r +s < k — 1. Otherwise, let r + s = k. Combining this with
2r + s = k, we have r = 0, a contradiction. Since k = 2r + s and k is even, it
follows that s is even.

. . ] . Upqj  Urtj+l un
M
g “o O O - 79}
Up+j4+1Wy s n
Wrj r+j+1Wrts 5
()
Figure 2. Graphs for (2) of Lemma 2.7.
If s=0, then r = g Clearly, S = {ul,u2,...,u;,wl,wz,...,w%} and M, =

M = {uw;|1 <4 < £}. In addition, [M;| < & < k—1and A(MNK,[S]) =1 < £.
Then G[S] contains % edge-disjoint spanning trees by Lemma 2.6. These trees
together with the trees T; induced by the edges in {uju;, uou,. .. ) Uk Uiy W1,
Woll;, . . . ,wgui} (k41 <j < %) and the trees T} induced by the edges in {ujw;,
UQWis -+ 5 U Wiy W Wy Wi . ,wgwi} (%—1—1 <1< §)form n—g—l edge-disjoint
S-Steiner trees. Thus, A(S) >n— % — 1.

If s =2, then r = % Then S = {ul,ug,...,u¥,w1,w2,...,w%} and

My = {uw; |1 <i < %} C M. If k =4, then r = 1 and hence S = {uq,uz,
us,wi }. Clearly, M; = {ujws}, and the tree T} induced by the edges in {ujug,
ujwe, wiwy, uswe } and the tree Ty induced by the edges in {ujus, ugus, ugws}
and the tree T3 induced by the edges in {ujws, ugws, wiws, usw; } are three edge-
disjoint spanning trees; see Figure 1(c). These trees together with the trees Tj
induced by the edges in {uiu;, uguj, uzuj, wiu;} (4 <k < 7) and the trees 77 in-
duced by the edges in {ujw;, uow;, uzw;, wiu;} (4 <k < §) form 34 (n—6) edge-
disjoint S-Steiner trees. So, A(S) >n—3 =n— % — 1, as desired. Suppose k > 6.
Then r > 2, S = {ul,u2,...,u%,w1,w2,...,w¥} and M7 = {uw;|1 <

1< %} Clearly, the tree T} induced by the edges in {ujws, ugwi, ..., Ur—2wWk,
2 2 2 2
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Ukg2 Wk, UpUk, WIWE, WIWE 5 . ., Wh=2 wﬁ} and the tree T, induced by the edges in
{ink-zQ quj;kJrz,.. Ukwk+2 UlUk+2 WIW kg2, WoWki2, - -y Wi 2wk+2} are two
edge- dlsJomt S Steiner trees see Flgure 1(d)2. Let M2 My U {UlUk+2 UQUk}
Then |Mo| = |M;|+2 = 55242 = B2 < k-1 and A(K [ 5]) =2 < ’f, which im-
plies that G[S] — {uju k2 kr2, ’UQ'LLk} Kk — My contains 552 edge-disjoint spanning
trees by Lemma 2.6. These trees together with 11,75 and the trees T} induced
by the edges in {uiu;, usuy, .. ., u%uj, WIUf, Wl - . ., u%uj} (% +2<5< %)
and the trees T’» induced by the edges in {ujwj, ugwj, ... ) Ukg2 Wy, WIWj, Wy,

Uk 211)]} (t+2<j< ) are *22 4+ 2 + (n — k — 2) edge-disjoint S-Steiner
trees. Therefore, A(S) >n— 5 — 1, as desired.

Consider the remaining case s with 4 < s < k — 2. Clearly, there ex-
ists a cycle of order s containing w,y1, Urt2,...,Ur1+s in K — My, say Cs =
Upp 1 Up i 2 - ur+5ur+1 Set M’ = M; U E(Cs). Then |M'| =r —|— s <k—1and
A(K,[M']) = 2 < % which implies that G — E(C;) contains %52 edge-disjoint
spanning trees by Lemma 2.6. These trees together with the trees Trﬂ induced by
the edges in {Ulerrja URWrjy - ooy Upj—1Wrj, Ur4j41Wrjy - ooy Up4sWrj, Upj
Upgjt1, WIWpgj, WoWrgj, - -, Wpwry i} (1 < 5 < s) form ]‘52 + s edge-disjoint
S-Steiner trees; see Figure 2(b). These trees together with the trees T induced
by the edges in {uiu;, ugts, . . ., Upp sy, w1y, . .., weusy (r+s+1<i<7%)and
the trees T} induced by the edges in {wjw;, ugwi,. .., Uryswi, Wiw;, ..., wow;}
(r+s+1<di< %) form (n—2r —2s) + (kEQ +s)=n-— % — 1 edge-disjoint
S-Steiner trees since 2r + s = k. Thus, A(S) > n— & — 1, as desired.

We conclude that A\(S) > n— % —1 for any S C V(G). From the arbitrariness
of S, it follows that Ag(G) > n — & — 1. For n odd, M is a maximum matching

and we can also check that \;(G) >n — % — 1 similarly. [ ]

Lemma 2.8. Let n and k be two integers such that k is even and 4 < k < n.
If M is a set of edges in the complete graph K, such that |M| = k — 1, and
2 < A(K,[M]) < %, then ki (K, — M) >n — % - 1.

Proof. Set G = K,, — M. For n =k, there are ”T_z edge-disjoint spanning trees
by Lemma 2.6, and hence i, (G) = A\, (G) > 252, So from now on, we assume n >
E+1. Let S = {ug,ug,...,ux} CV(G) and S = V(G) -5 = {w1,wa, ..., w,—k}.
We have the following two cases to consider.

Case 1. M C E(K,[S]) U E(K,[S]). Let M' = M N E(K,[S]) and M" =
M N E(K,[S]). Then |[M'| + |M"| = |M|=k—1and 0 < |M'|,|M"] <k — 1.
We can regard G[S] as a complete graph K} by deleting |M’'| edges. Since 2 <
A(K,[M]) < & and M’ C M, it follows that A(K,[M]) < A(K,[M]) < &.

From Lemma 2.6, there exist % edge-disjoint spanning trees in G[S]. Ac-
tually, these % edge-disjoint spanning trees are all internally disjoint S-Steiner
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trees in G[S]. All these trees together with the trees T; induced by the edges in
{wiur, wiug, ..., wiug} (1 <i<n-—k) form % +(n—k)=n-— % — 1 internally
disjoint S-Steiner trees, and hence k(S) > n — % — 1. From the arbitrariness of

S, we have r(G) > n — & — 1, as desired.

Case 2. M ¢ E(K,[S]) U E(K,[S]). In this case, there exist some edges of
M in Eg,[S,S]. Let M' = M N E(K,[S]), M" = M N E(K,[S]), and |M'| =
my and |[M"| = mg. Clearly, 0 < m; < k—2 (i = 1,2). For w; € S, let
|Ex, (m)[wi, S]] = @i, where 1 < i < n — k. Without loss of generality, let
x1 > x9 > -+ > X, . Because there exist some edges of M in Fg, [S,S], we
have 71 > 1. Since 2 < A(K,[M]) < %, it follows that z; = | Bk, (v [wi, S]] <
dic, v (wi) < A(Kp[M]) < Efor 1 <i<n—k We claim that there exists at
most one vertex in K,[M] such that its degree is % Assume, to the contrary,
that there are two vertices, say w and w’, such that dg, a(w) = dg, [ (w') = %
Then |M| > dg, a(w) + dg, (W) = E + & = k, contradicting |M| = k — 1.
We conclude that there exists at most one vertex in K, [M] such that its degree
is % Recall that z,,_p < zjp_p—1 < - <zo <121 < g So x1 = % and z; < %
(2<i<n—k)orax < 2(1<i<n-—k). Since | Bk, vy [wi, S| = i, we
have |Eg[w;, S]| = k — x;. Since 2 < A(K,[M]) < £, it follows that §(G[S]) >
k—1-f=582

Our basic idea is to seek for some edges in G[S], and combine them with
the edges of Eg[9, 5] to form n — k internally disjoint trees, say T1,Ts, .. ., Ty,
with their roots wi,wa, ..., w,_g, respectively. Let G' = G — (U;L:_f E(T})). We
will prove that G'[S] satisfies the conditions of Lemma 2.6 so that G’[S] contains
% edge-disjoint spanning trees, which are also % internally disjoint S-Steiner
trees. These trees together with 71,75, ...,T,_; are our n — % — 1 desired trees.
Thus, k(S) >n— g — 1. So we can complete our proof by the arbitrariness of S.

For wy € S, without loss of generality, let S = Sll U 521 and 511 ={uy,ug,...,
ug, } such that ujwy € M for 1 < j < my. Set S =S — ST = {ug 41, Ugy42, - - -,
ug}. Then ujw, € E(G) for z1+1 < j < k. One can see that the tree 77 induced
by the edges in {wiugz, 41, Wilg, +2,...,w1uL} is a Steiner tree connecting S%.
Our current idea is to seek for z1 edges in Eg[S},S3] and add them to 77 to
form a Steiner tree connecting S. For each u; € St (1 <j<a1), we claim that
|Ecluj, S3]| > 1. Otherwise, let |Eg[uj, S3]| = 0. Then |Eg, nqluj, S3]] = k — 21
and hence |M| > |Eg, anlugy, S3]| + di,p(w1) > (k — 1) + 21 = k, which
contradicts |M| = k — 1. We conclude that for each u; € S] (1 < j < z1) there
is at least one edge in G connecting it to a vertex of Si. Choose the vertex
with the smallest subscript among all the vertices of S} having maximum degree
in G[S], say uj. Then we select the vertex adjacent to u} with the smallest
subscript among all the vertices of S} having maximum degree in G[S], say u.

Let €11 = wjuf. Consider the graph Gi1; = G — e11, and choose the vertex with
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the smallest subscript among all the vertices of ST — v} having maximum degree
in G11[S], say uh. Then we select the vertex adjacent to u) with the smallest
subscript among all the vertices of S having maximum degree in G11[9], say uj.
Set e1o = uhuf. Consider the graph Gi12 = G11 — e12 = G — {e11, e12}. Choose
the one with the smallest subscript among all the vertices of S} — {u}, u}} having
maximum degree in G12[S], say uj, and select the vertex adjacent to uf with the
smallest subscript among all the vertices of S3 having maximum degree in G12[9],
say ug’ Put €13 — ugug Consider the graph G13 == G12*€11 =G-— {611, €12, 613}.
For each u; € Sl1 (1 < j < m), we proceed to find eyq,€15,..., €14, in the same
way, and obtain graphs Gi; = G — {e11,€12,...,e1-1)} (1 < j < x1). Let
M, = {e11,€e12,...,€12,} and G1 = G — M;. Thus the tree T} induced by the
edges in {wWiUgyt1, WilUgyt+2, ..., wiuk} U{ei1,e12,..., €14 | is our desired tree.
Let us now prove the following claim.

Claim 1. §(G1[S]) > %52,

Proof. Assume, to the contrary, that §(G1[S]) < %5%. Then there exists a
vertex u, € S such that dg,(s)(up) < %. If u, € S3, then by our procedure
das)(up) = dg,(s)(up)+1 < k—f, which implies that dy;n g, (51 (up) > k—l—% =
k. Since wyu, € M, it follows that dg, (1 (up) > darni,(s)(up) + 1 > 552, which
contradicts A(K,[M]) < % Let us now assume u, € S3. By the above procedure,
there exists a vertex u, € S such that when we select the edge e1; = upug (1 <
J < x1) from Gy(j_1)[S], then the degree of v, in G1;[S] is equal to %. Thus,
da,,1s)(up) = k—;l and dg, ;_,[s] (up) = % From our procedure, |Eg[ug, S]] =
|EGy ;1 [ug, S3]|. Without loss of generality, let |Eg[ug, S3]| = t and uyu; € E(G)
for x1 +1 < j < 21 + ¢; see Figure 3(a). Thus up € {uz 41, Uz, 42, -, U4t}
and uguj € M for 1+t +1 < j < k. Because |Eg[u;, S3]| > 1 for each u; € S}
(1 <j<ua1), wehave t > 1. Since |[M| =k —1 and ujw; € M for 1 < j <y,
it follows that 1 <t < k —2. Since dg, , s)(up) = k22 by our procedure
dGl(j,n[S}(Uj) < % for each u; € Si(v1+1<j<a+t). Assume, to the

contrary, that there is a vertex us (z1+1 < s < 1 +t) such that dGl(j,l)[S}(us) >

%. Then we should have selected the edge u,us instead of e;; = ugu, by our

procedure, a contradiction. We conclude that dGl(jfl)[S] (ur) < for each

k—2
T2
U, € Sll (x1 +1 <r <z +t). Clearly, there are at least k — 1 — % = % edges
incident to each u, (x1 +1 <r <z +1t) belonging to M U{e11, €12, ..., el(j_l)}.

Since j < x1 and ugu; € M for x; +t+1 < j <k, we have

t
k , t
Bl 1+ 3 di () 2 k=1 =t 5t G- 1) = ()
j=1
(k2

¢
b — i+ 1—
2 T <2>

=k+
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and hence

t
M| > |M 0 (Eg, [wy, S|+ Y dic,pany(45) + | B, g, S]]

j=1
k—2 t
Z:U1—|-<k+( )t—xl—j—f—l)—()
2 2
2t (k—2) , 2 (k—1) ,
stttk gyt tE—j+
1 k—1\>  (k—1)2
S . 2 4 k—i41
2<t 5 ) etk
k
25—1+k—j+1 (since 1 <t <k —2)
:§+k‘—]2k, 81ncej§x1andx1§§
contradicting |M| =k — 1. O

Figure 3. Graphs for Lemma 2.8.

By Claim 1, we have 6(G1[S]) > k—f Recall that there exists at most one
vertex in K,,[M] such that its degree is %,
T < g Then x; < % for 2 <7 <n—k. Now we continue to introduce our
procedure.

For wy € S, without loss of generality, let S = S?U S5 and S? = {uy,us, ...,
Uz, | such that ujwy € M for 1 <j< xg. Let S2 = 5—5% = {Upy i1, Usyt2, -, Uk}
Then ujwy € E(G) for zo+1 < j < k. Clearly, the tree T3 induced by the edges in
{Watlyy 41, Wollyyy2, - . ., Wty } is a Steiner tree connecting S32. Our idea is to seek
for 9 edges in Eg, [S?, 53] and add them to T4 to form a Steiner tree connecting
S. For each u; € S7 (1 < j < x3), we claim that |Eg, [u;, S3]| > 1. Otherwise, let
|Eg, [uj, S3]] = 0. Recall that |M;| = z1. Then there exist k—x2 edges between u;
and S3 belonging to M UM, and hence |E, aq[u;, S3]| > k—z2—21. Therefore,

and oy, < Ty g1 < o0 <1 <
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|M| > |EKn[M] [uj, S%” +dKn[M] (wy) + dKn[M] (we) > (k—x9—x1) + 1 + 22 = k\
which contradicts |[M| = k — 1. Choose the vertex with the smallest subscript
among all the vertices of S? having maximum degree in G1[S], say u}. Then
we select the vertex adjacent to u) with the smallest subscript among all the
vertices of S5 having maximum degree in G1[9], say u]. Let ea; = uju]. Con-
sider the graph G91 = G7 — e21, and choose the one with the smallest sub-
script among all the vertices of S? — ) having maximum degree in Go1[S],
say uh. Then we select the vertex adjacent to u, with the smallest subscript
among all the vertices of S5 having maximum degree in Go1[S], say uj. Set
€29 = u’2u’2' Consider the graph Goo = Go; — €90 = G — {621,622}. For
each u; € S? (1 < j < x3), we proceed to find es3, e, ..., €2, in the same
way, and get graphs Ga; = Gi — {6217622,...,62(j,1)} (1 < j < z2). Let
My = {es1,€22,...,€25,} and Ga = G1 — M;. Thus the tree T5 induced by the
edges in {wolg,+1, Wollyy42, ..., wauk} U {ea,e2,...,e2,,} is our desired tree.
Furthermore, T5 and T are two internally disjoint S-Steiner trees.

For w; € S, without loss of generality, let S = St U S% and S% = {uy,ua, ...,
Uy, } such that ujw; € M for 1 < j < ;. Set S8 = S—8% = {Us; 11, Uy 12, > UL}
Then ujw; € E(G) for z;+1 < j < k. One can see that the tree T} induced by the
edges in {w;uy,+1, Willy, 42, ..., wiuy} is a Steiner tree connecting Si. Our idea
is to seek for z; edges in Eg, ,[S?,52] and add them to T/ to form a Steiner tree
connecting S. For each u; € Si (1 < j < z;), we claim that |Eg, ,[u;, S5]| > 1.
Otherwise, let |Eg, ,[uj, Si]| = 0. Recall that |M;| = z; (1 < j < 4). Then
there are k — x; edges between u; and Si belonging to M U (U;;ll M;j), and
hence |EKn[M][uj,S§]\ >k —x; — Z;;ll xj. Therefore, |M| > |EKn[M][uj,S§]\ +
Z;‘:l M N (K, [wj, S))| >k —x; — z;;ll xj+ Z;-:l xj = k, contradicting |M| =
k — 1. Choose the vertex with the smallest subscript among all the vertices of Si
having maximum degree in G;_1[S], say u}. Then we select the vertex adjacent
to u} with the smallest subscript among all the vertices of S§ having maximum
degree in G;_1[S], say u]. Let e;; = vjuf. Consider the graph G;1 = G;_1 — €;1;
choose the vertex with the smallest subscript among all the vertices of S — u}
having maximum degree in G;1[S], say u5. Then we select the vertex adjacent
to ub, with the smallest subscript among all the vertices of S§ having maximum
degree in G;1[S], say uj. Set e;o = uhul. Consider the graph Gia = Gj1 — €2 =
Gi—1—{ei1, ein}. For each u; € S (1 < j < x;), we proceed to find e;3, €4, . . . , €ia,
in the same way, and get graphs G;; = Gi—1 — {€i1, €2, .- -, ¢ij—1)} (1 <j < x).
Let M; = {e;1,€i2,...,€iz,} and G; = G;—1 — M;. Thus the tree T; induced by
the edges in {witgy 41, Willgyt2, ..., wiug} U{ei, €, ..., €y, is our desired tree.
Furthermore, 17,75, ...,T; are pairwise internally disjoint S-Steiner trees.

We continue this procedure until we obtain n — k pairwise internally disjoint
trees 11,15, ...,T,—;. Note that if there exists some x; such that x; = 0 then
Tjy1 = Tjqy2 = -+ = Tp—j = 0 since x1 > 29 > -+ > xp—k. Then the tree T;
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induced by the edges in {w;u1, wiug, ...,wiug}t (j <1 < n—Ek)is our desired tree.
From the above procedure, the resulting graph must be G,,_r = G — U?:_lk M;.
Let us show the following claim.

Claim 2. §(G,_[S]) > £52.

Proof. Assume, to the contrary, that §(G,_;[S]) < k—g‘l, namely, there exists
a vertex u, € S such that dg, ,(g)(up) < k=4 Since §(G[S]) > %52, by our
procedure there exists an edge e;; in G;(;_1) incident to the vertex u, such that

when we pick up this edge, dg,;[s)(up) = k=4 bug e,y (s (Up) = k=2

First, we consider the case u, € Si. Then there exists a vertex u, € St such
that when we select the edge e;; = upu, from G;(;_1)[S], then the degree of u;, in
Gi;[S] is equal to k—;‘. Thqs, da,;s)(up) = %‘% and dg, (s3] (up) = % From
our procedure, |Eg, ,[ug, S5]| = |Eq,;_, [uq, S5]|. Without loss of generality, let
|Eq, ,ug, S5]| =t and uqu; € E(G;—1) for x; +1 < j < z; + t; see Figure 3(b).
Thus up € {Ug;4+1,Uz;42; - - - Uz;4¢ }, and uqu; € M U (Uf;ll M,) for z; +t+1 <
j < k. Since z; < ]";2 (2 <i < n—k), it follows that |Si| < % From this
together with 0(G;_1[S]) > 52, we have |Eg, , [uq, Si]| > 1, that is, t > 1. Since
e8] (up) = %, by our procedure dg;, ; , s] (uj) < % for each u; € S}
(r; +1 < j < x+t). Assume, to the contrary, that there exists a vertex wus
(@i +1 < s < @ +1) such that dg, | 5(us) = k22 Then we should have
selected the edge uqus instead of e;; = ugu, by our procedure, a contradiction.
We conclude that dGiO,l)[S](Ur) < % for each u, € S% (w; +1 < r < x; + t).
Clearly, there are at least k — 1 — % = % edges incident to each u, (x; +1 <
r < z; +t) belonging to M U (U;;ll Mj) U {ei1, iz, -, €;(j—1)}- Since j < z; and

ugu; € MU (Uj;ll M,) for z; +t + 1 < j < k, we have

t
| B, [anug, S5l + Z dg,. v (uy)

=
Zk—xi—t—i—];t—imj—(j—l)— (;)

=t
>/~e+(k2_2>t—j§i:lxj—xi—l—l—<;> (since j < ;)
:_t;+(k§1)t+k—ixj—xi+1

Jj=1

1 E—1\% (k—1) :
:—(t— 5 ) + 3 +]€—Z-Tj—$i+1

=1
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and hence

7 t
M| =Y IM N (B, [wg, S+ Y dic,ian (w5) + |, an g, S3)]

j=1 Jj=1
! 1 E—1\? (k—1) :
_ij—2<t— 5 ) +3 +h=> xj—zi+1
j=1 j=1
1 E—1\% (k—1)?2
- = (¢- k—z+1
2< 5 > + gtk
k .
25—1—1—14:—1‘1-4—1 (since 1 <t <k —2)
k k—2
2§+k—xi2k+1, <sincexi§2>

which contradicts |[M| =k — 1.

Next, assume u, € Sj. Recall that dg, (s)(up) = k=4 Since u, € Si, it
follows that dg, (s(up) = k2 Tfuy, € ﬂ;zl 57, namely, upwj € M (1 < j <),
then by our procedure dgg)(up) = % +i—1 and hence dg, (gnn (up) =k —1—
(%—i—i—l) zg—i—l—l. Since upw; € M for each wj € S (1 < j <), we have
dic, 1) (up) = dic, 15100 (Up) F e, (5,51000 (Up) > (5 —i+1)+i = B£2, contradicting
A(K,[M]) < 5. Combining this with u, € Si, we have u, ¢ ﬂ;;ll Si and we
can assume that there exists an integer i’ (i’ < ¢ — 1) satisfying the following
conditions:

o up €55 and dg,5)(up) < de,_ (5 (up);
e if u, belongs to some S5 (¢ +1 < j < 1), then da;(s1(up) = da;_,(5)(up).
The above two conditions can be restated as follows:

* wwy € BE(G) and dg,,5)(vp) < dg, ,(s)(up);
o if UpW S E(G) (1,/ + 1 S j S 7,), then dG]‘[S} (up) = de_l[S](up).

In fact, we can find the integer i’ such that uywy € E(G) and dg,,s)(up) <
da,_,1s)(up). Assume, to the contrary, that for each w; (1 < j <), upw; € M,
or upw; € E(G) but dg,s)(up) = da;_,s)(up). Let i1 (i1 < i) be the number
of vertices nonadjacent to u, € S in {wy,ws,...,wi—1} € S. Without loss of
generality, let wju, € M (1 < j < i1). Recall that dg, (s (up) = %. Thus
dG[S](up) = % + 71 and hence dKn[S}ﬂM(up) > k-1 (% + il) = % —
i1. Since wju, € M (1 < j < dy), it follows that dKn[S,S']ﬂM(uP) > 41, which
results in dg, nr)(up) = dic, 15101 (W) + dig (s 590 (wp) > (B2 —in) +i1 = E52,
contradicting A(K,,[M]) < &.
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Now we turn our attention to u, € Sg. Without loss of generality, let upw; €
M (j € {j1,72,---+Jir }), namely, u, € S{'NS*N-- -ﬂS{il, where j1,72,...,7i, €
{/+1,7+2,...,i}. Thenwpw; € E(G) (j € {I'+1,7+2,...,i}—{j1,752,-- - Jir })-
Clearly, i1 <i—i’. Recall that u, € Sj and dg,;(5)(up) = k§4. Thus dg,5)(up) =
%—i—il. By our procedure, there exists a vertex uy € S} such that when we select
the edge ey; = upuy from Gy (;_1)[S], then the degree of u, in Gy;[S] is equal to

% + il, that iS, dGi/j[S](up? = L;l + il and dqi,(jil)[s](up) = % + il. From
our procedure, |Eg,, l[uq,Sg]\ = \EGZ_,(J; b [ug, S5]|. Without loss of generality,
let |Eg,_ [ug, S8]| =t and uqu; € E(Gy_y) for zy + 1 < j <y + t; see Figure
3(c). Thus u, € {ug,41,Uz, 42, Uzgy+t}, and ugu; € M U (Ujf;ll M,) for
zy +t+1<j <k Since z; < % (2 <j<n-—k),it follows that |S§/| < %
From this together with 6(Gy_1[S]) > %, we have |Eg,, | [ug, S%]| > 1, that is,
t > 1. Since dGi'/(jfl)[S] (up) = %—H’l, by our procedure dqu/(jfl)[S} (uj) < Lf%—il
for each u; € S5 (xy +1 < j < xy +1t). Assume, to the contrary, that there is a
vertex us (ry +1 < s < zy +t) such that de/(j,l)[S}(US) > k—f + 41 + 1. Then
we should have selected the edge ugus instead of e;; = ugu, by our procedure,
a contradiction. We conclude that dg,, s (ur) < 5% + 4y for each u, € S§
(ry +1 <r < xy+1t). Clearly, there are at least k — 1 — (% +iy) = g — i
edges incident to each u, (zy +1 <r < zy +t) belonging to M U (U;:ll M;)u

U

{ei, ez, - €1y} Since j < xy and ugu; € MU (U:,le M,) for zy +t+1 <
7 < k, we have
t

| Bk, (v [t S¥)| + Z dg, ()

j=1
k il /
zk—x,_t+<2—i1>t—2xj—(j—1)—(2>
y j=
1
k—2 tt—1
Zk—;xj+(2—i1>t—xi1+1— (2 ) (since j < xy)
j= ,
2t - k—2
:—2—|—2—|—kz—;:ﬂj—|—<2—i—{—i’)t—xi/—i—l (since i < i —1)
2 (k-1 d
:—2+(2—l+Zl>t+k—Z(L’j—ZZ}i/+1
Jj=1
1 K]
_—2<t2—(/~c—1—2i+2i’)t)+k—z:1xj—xi/+1
J= ,
1 k—1-—2i+2'\? (k—1-2i+2)? .

J=1
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and hence

i P
M| = [M N (B, [wi, SD + Y dic,an (w5) + | B, an) g, S3)]
j=1 j=1

% . N 2
1 k—1—2i+ 2 kE—1-—2i+2i)
> Yy (- P ) e B e Zx]_xzﬂ
=1

1( k—1—2i+2i’>2 (k—1—2i+2i)?

5 5 s +k+ ij—mi/—i—l

j=i'+1
k
5—1—Z+Z+k+ ij ry +1 (since 1 <t <k —2and
Jj=i'+1
k—1—-2i+2¢ <k-—2)
> k, (Sincexilg - andijIfori’+1§j§i>
contradicting |M| = k — 1. This completes the proof of Claim 2. O

From our procedure, we get n — k internally disjoint Steiner trees connecting
S in G, say T1,Ts,...,T,_ k. Recall that G,,_p = G — (U?;lk M;). We can
regard G,_;[S] = G[S] — (U?flkM ) as a graph obtained from the complete
graph Kj, by deleting | M| + S0 F | M;] edges. Since |M'|+ S\ |My| + | M| =
my + lel Ti+me=k—1, we have 1< ZZ: |M;| +my < k—1. By Claim 2,
(Gpn—k[S]) > k_2 and hence 2 < A(G,,_[9]) < k . From Lemma 2.6, there exist

u edge- d18301nt spanning trees connecting S in Gn [S]. These trees together

Wlth 11,15, ...,T,_} are n— % —1 internally disjoint Steiner trees connecting S in
G. Thus, k(5) > n—%—l. From the arbitrariness of S, we have ki (G) > n—%—l7
as desired. m

We are now in a position to prove our main results.

Proof of Theorem 1.8. Assume that k;(G) = n — % — 1. Since G of order
n is connected, we can regard G as a graph obtained from the complete graph
K, by deleting some edges. From Lemma 1.7, it follows that |M| > 1 and hence
A(K,M]) > 1. If G = K, — M where M C E(K,) such that A(K,[M]) >
E 41, then rx(G) < \(G) <n — £ — 1 by Observation 1.2 and Corollary 2.2, a
contradiction. So 1 < A(K,[M]) < % If 2 < A(K,[M]) < & and |M| > k, then
kk(G) < M\(G) <n— % —1 by Observation 1.2 and Lemma 2.4, a contradiction.
Therefore, 1 < |[M| < k— 1. If A(K,[M]) =1, then 1 <|M| <k —1 by Lemma
2.5. We conclude that 1 < A(K,[M]) < % and 1 < |M| <k —1, as desired.
Conversely, let G = K,,— M where M C E(K,) such that 1 < A(K,[M]) < %

and 1 < |M| < k — 1. In fact, we only need to show that r(G) > n — £ —1 for
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A(K,[M])=1and [M| =k—1, or 2 < A(K,[M]) < % and |M| =k — 1. The
results follow by (1) of Lemma 2.7 and Lemma 2.8. |

Proof of Theorem 1.9. If G is a connected graph satisfying condition (2), then
kp(G) = n — % — 1 by Theorem 1.8. From Observation 1.2, \¢(G) > ki(G) =
n — % — 1. From this together with Lemma 1.7, we have \y(G) = n — & — 1.
Assume that G is a connected graph satisfying condition (1). We only need to
show that A\ (G) =n — % — 1 for [M| = [§]. The result follows by (2) of Lemma
2.7 and Lemma 1.7.

Conversely, assume that A\ (G) =n — % — 1. Since G of order n is connected,
we can consider G as a graph obtained from a complete graph K,, by deleting some
edges. From Corollary 2.2, G = K,, — M such that A(K,[M]) < &, where M C
E(K,). Combining this with Lemma 1.7, we have |M| > 1 and A(K,[M]) > 1.
So 1 < A(K,[M]) < £. Tt is clear that if A(K,[M]) =1 then 1 < |M| < |Z]. If
2 < A(K,[M]) < g, then 1 < |M| <k —1 by Lemma 2.4. So (1) or (2) holds. m

Remark 2.3. As we know, A\(G) =n — 2 if and only if G = K,, — M such that
A(Ku[M]) =1and 1 < |[M| < |5, where M C E(K,). So we can restate the
above conclusion as follows: Ao(G) = n — 2 if and only if G = K, — M such
that A(K,[M]) =1 and 1 < |M| < |§], where M C E(K,). This means that
4 <k < nin Theorem 1.9 can be replaced by 2 < k < n.
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APPENDIX: AN EXAMPLE FOR CASE 2 OF LEMMA 2.8

Let k = 8 and let G = K,,— M, where M C E(K,), be a connected graph of order
n such that |[M| =k —1=7and A(K,[M]) <% =4. Let S = {u, us,...,us},
S =V(G)-S = {wy,wa,. .., w,_g}and M = {wyur, wiug, wus, wats, Wally, Usls,
ugus }; see Figure 4(a). Clearly, x1 = [Eg,[an[w1, S]] = 3 > 22 = |Eg, (an w2, S|
=2>ux; = |EKn[M][qu” =0 (3 <i1<n-— 8)

For wy, we let St = {u1,ug,us} since wiuy, wiug, wiug € M. Set Si =
S — St = {ua,us,u6,ur, us}. Clearly, dgis)(w1) = dgis)(u2) = dgis)(us) = 7 =
k — 1 and hence ui,ug,u3 are all the vertices of S having maximum degree in
G[S]. But w; is the one with the smallest subscript, so we choose v} = u; in
Si and select the vertex adjacent to u} in S3 and obtain w4, us, ug, u7, us € Sa
since uyu; € E(G) (j = 4,...,8). Obviously, dgs)(ua) = dgg)(ur) = 7 >
dais)(us) = dgis)(us) = 6 > dgis)(us) = 5 and hence ug,u7 are two vertices
of S having maximum degree in G[S]. Since ug4 is the one with the smallest
subscript, we choose u/ = uy € S3 and put ey = uju(= ujuy). Consider the
graph G11 = G — e11. Since dg,,(5)(u2) = dg,(s)(u3) = 7 and the subscript
of ug is smaller than ug, we let ub, = ug in S} — u} and select the vertices
adjacent to u) in S} and obtain wug,us,us,ur,us € S3 since uhu; € E(G11)
(] = 4,...,8). Since dG11[S](U7) =7 > dGn[S}(uj) =6 > dG11[S](u6) =35
(j = 4,5,8), we select u = uy € Si and get ejo = uhuly (= ugur). Consider
the graph Gi2 = G11 — e12 = G — {e11,e12}. There is only one vertex ug in
S1 — {u),ub} = S1 — {ug,u2}. Therefore, let uf = ug and select the vertices
adjacent to uj in S} and obtain u; € S3 since uju; € E(Gi2) (j = 4,...,8).
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Since dGlz[S] (u]) =6> dGlz[S] (ug) =5 (i = 4,5,7,8), it follows that ug, us, ur, us
are all the vertices of S% having maximum degree in Gj2[S]. But u4 is the
one with the smallest subscript, so we choose uf = w4 € S% and get e;3 =
uzuy (= uzug). Since x1 = |Eg, p[wi, S]] = 3, we terminate this procedure.
Set M; = {e11,e12,e13} and G; = G — M;. Thus the tree 77 induced by the
edges in {wiug, wius, wiug, wiu7, WU, U Uy, UoUT, Uzl } 1S our desired tree; see
Figure 4(b).

Figure 4. Graphs for the appendix.

For wsy, we let S? = {ug,uys} since woug, wouy € M. Let S5 = S — S? =
{ul, usz, U5, UG, U7,u8}. Since dgl[s] (UQ) =6> dGl[S} (U4) = b, it follows that wus is
the vertex of $? having maximum degree in G1[S]. So we choose 1} = uz in S? and
find the vertices adjacent to uj (= ug) in S3 and obtain wuy,us, us, ug, us € S3
since uju; € E(Ga1) (j = 1,3,5,6,8). Since dg,(s(uj) = 6 > dg,[s(ue) = 5
(j = 1,3,5,8) and wu; is the vertex having maximum degree with the smallest
subscript, we choose uf = u; € S5. Put ey; = uju] (= uguy). Consider the
graph Ga; = G1 — eg;. Clearly, S; — {u}} = S1 — {ua} = {ua}, so we let u}, = uy
and select the vertices adjacent to u) (= uy4) in S3 and obtain us, ug, u7, ug since
UUj € E(G) (j =5,6,7, 8). Since ngl[S} (u]) =6> ngl[S](uﬁ) =5 (j =95,7, 8)
and wus is the vertex with the smallest subscript, we let uj = us € S% and
get ezn = uhuy (= wqus). Since xy = |Ek, (w2, S]| = 2, we terminate this
procedure. Let My = {ea1, €22} and G = G; — Ms. Then the tree T induced by
the edges in {wau1, wous, waus, waug, wWauy, Waug, Uy, usus } is our desired tree;
see Figure 4(c). Obviously, T, and T} are two internally disjoint Steiner trees



958 X. L1 AND Y. MAO

connecting S.

Since z; = |Eg,, (p)[wi, S]| = 0 for 3 <7 < n—8, we terminate this procedure.
For ws, ..., wy,_g, the trees T; induced by the edges {w;u1, wiue, ..., wug} (3 <
i <n —8) (see Figure 4(d)) are our desired trees.

We can consider G3[S] = G[S]—{ M1, M2} as a graph obtained from complete
graph K}, by deleting |M NK,,[S]| 4 |M1|+|Ma| edges. Since |M NK,[S]|+|M1|+
|Ma| =2+3+2=7=Fk—1, it follows from Lemma 2.6 that there exist three
edge-disjoint spanning trees in G[S]. (Actually, we can give three edge-disjoint
spanning trees; see Figure 4(e). For example, the trees T] induced by the edges
in {ujug Uugug Uugug Uugug Uugug Uugus Uusur}, Ty induced by the edges in
{ugur U urug U ugug U ugug Uugus Uugug Uugusz} and T4 induced by the edges
in {ugug U ugug U ugus U usug U uzuy U ujuy U urug} can be our desired trees.)
These three trees together with 77,75,...,T,_s are n —5 =n — g — 1 internally
disjoint Steiner trees connecting S. Thus, x(S) > n — 5.
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