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Abstract

Let G be a graph of order n, and let a and b be two integers with 1 < a <
b. Let h: E(G) — [0,1] be a function. If a < S h(e) < b holds for any
z € V(G), then we call G[F}] a fractional [a, b]-factor of G with indicator
function h, where Fj, = {e € E(G) : h(e) > 0}. A graph G is fractional
independent-set-deletable [a, b]-factor-critical (in short, fractional ID-[a, b]-
factor-critical) if G — I has a fractional [a,b]-factor for every independent
set I of G. In this paper, it is proved that if n > (a+2b)(2a;2b_3)+1, 5(G) >

aﬁ_”zb + a and |Ng(x) U Ng(y)| > (Ziig);l for any two nonadjacent vertices

z,y € V(Q), then G is fractional ID-[a, b]-factor-critical. Furthermore, it is
shown that this result is best possible in some sense.
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1. INTRODUCTION

The graphs considered here will be finite, undirected and without loops or mul-
tiple edges. Let G be a graph. We denote by V(G) and E(G) the set of vertices
and the set of edges of G, respectively. For any = € V(G), we denote the degree
of z in G by dg(z). We write Ng(x) for the set of vertices adjacent to = in G,
and Ng[z] for Ng(z) U{z}. For S C V(G), we use G[S] to denote the subgraph
of G induced by S, and G—S = G[V(G)\ S]. Let S and T be two disjoint vertex
subsets of G; we denote the number of edges from S to T by eq(S,T). We denote
by 0(G) the minimum degree of G. For any nonempty subset S of V(G), let

Ne(S) = | Na(x).

z€eS

If G and H are vertex-disjoint graphs, then their join and union are denoted
by GV H and GU H, respectively.

A factor of a graph G is a spanning subgraph of G. Let a and b be two positive
integers with 1 < a < b. Then a factor F' is an [a, b]-factor if a < dp(x) < b for
each x € V(G). Let h : E(G) — [0,1] be a function. If a < " o h(e) < b holds
for any x € V(G), then we call G[F},] a fractional [a, b]-factor of G with indicator
function h, where Fj, = {e € E(G) : h(e) > 0}. If G — I admits a fractional
[a, b]-factor for every independent set I of G, then we say that G is fractional
ID-[a, b]-factor-critical [1]. A fractional ID-[k, k]-factor-critical graph is simply
called a fractional ID-k-factor-critical graph.

Many authors have investigated factors and fractional factors in graphs; see,
for instance, [2, 3, 4, 5, 6, 7, 8, 9]. Chang, Liu and Zhu [10] showed a minimum de-
gree condition for a graph to be a fractional ID-k-factor-critical graph. Zhou, Bian
and Wu [11] gave a degree condition for the existence of fractional ID-k-factor-
critical graphs. Zhou [12] obtained a binding number condition for graphs to be
fractional ID-k-factor-critical graphs. Zhou, Sun and Liu [1] obtained a minimum
degree condition for a graph to be a fractional ID-[a, b]-factor-critical graph. In
this paper, we proceed to study fractional ID-[a, b]-factor-critical graphs, and ob-
tain a neighborhood condition for a graph to be fractional ID-[a, b]-factor-critical.
The main result is the following theorem.

Theorem 1. Let 1 < a < b be two integers, and let G be a graph of order n with

n> (a+2b)(2a;—2b—3)+1, and §(G) > B +a. If

INo(x) U Na(y)] > 220

for any two nonadjacent vertices x,y € V(G), then G is fractional ID-|a,b]-
factor-critical.
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If a = b=k in Theorem 1, then we obtain the following result.

Theorem 2. Let k > 1 be an integer, and let G be a graph of order n with
n>12k -8, and 6(G) > § + k. If

[No(@) U Na(y)] > 5

for any two nonadjacent vertices x,y € V(G), then G is fractional ID-k-factor-
critical.

If K =1 in Theorem 2, then we get the following result.

Theorem 3. Let G be a graph of order n with n > 4, and 6(G) > § + 1. If

[No(a) U Na(y)| 2 5

for any two nonadjacent vertices x,y € V(G), then G is fractional ID-factor-
critical.

2. THE PROOF OF THEOREM 1

In order to prove Theorem 1, we rely heavily on the following lemma.

Lemma 4 [13]. Let G be a graph. Then G has a fractional [a,b]-factor if and
only if for every subset S of V(QG),

0(5,T) = b|S| + dg—s(T) — a|T| = 0,
where T' = {x : x € V(G)\ S,dg-s(x) < a} and dg_s(T) = Y cr da—s(x).

Proof of Theorem 1. Let X be an independent set of G and H = G — X.
In order to complete the proof of Theorem 1, we need only to prove that H
has a fractional [a, b]-factor. By contradiction, suppose that H has no fractional
[a, b]-factor. Then by Lemma 4, there exists some subset S C V(H) such that

(1) 511(5.T) = b|S| + dyr_s(T) — a|T| < —1,

where T ={z:x € V(H)\ S,dg_s(x) < a}. We first prove the following claims.

. b
Claim 1. |X| < 25,

(a+2b)(2a+2b—3)
b

Proof. Since n > *1 the inequality holds for |X| = 1. In the
following we may assume | X| > 2. In terms of the condition of Theorem 1, there
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exist z,y € X such that |Ng(z) U Ng(y)| > (Zig)b". Since X is independent, we

obtain X N (Ng(z) U Ng(y)) = 0. Thus, we have

a-+bn
X+ DR x4 INa(e) U No)] <
which implies
|1 X| <n-— @t bn __bn

a+2b  a+2b O

Claim 2. 6(H) > a.
Proof. Note that H = G — X. Combining this with Claim 1, we obtain

bn bn
6(H) >0 — | X| > — =q.
(H) 2 0(G) - | |_(a+2b+a> a-+2b “ O

Claim 3. |T| > b+ 1.

Proof. 1f |T| < b, then from Claim 2 and since |S| + dg_g(z) > dg(x) > §(H)
for each z € T', we have

(S, T) = b|S|+du—s(T) —a|T| > |T||S| + dr—-s(T) — a|T|
=3 81+ ds(@) )= Y (60— a) > 0,
which contradicts (1). O
Claim 4. a|T| > b|S]|.
Proof. 1If a|T| < b|S|, then from (1) we obtain
—1>6u(S,T) =0b|S|+dy—s(T) —a|T| > b|S| —a|T| >0,
which is a contradiction. (|

. a+b)n
Claim 5. |S] +|X| < @2,

Proof. According to Claim 1, Claim 4 and since |S| + |T| 4+ |X| < n, we have

an > a|S| + a|T| + a|X| > alS| + b|S| + a|X| = (a + b)(|S| + |X|) — b X]|

> (@t B)(IS| + X)) — 2"
= a+2b’
which implies
5] 4 x| < Latbn

a+2b O
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In view of Claim 3, T' # (). Define
hi1 = min{dy_s(z):z € T}

and
R={z:2eT,dy_s(z) =0}
We write r = |R| and choose x1 € T such that dg_g(x1) = hy. If T\ Np[z1]
# 0, let
hy = min{dH_S(:c) cxeT \ NT[xl]}
Thus, we have 0 < hy < hy < a by the definition of T'.

We shall consider various cases by the value of r and derive a contradiction
in each case.

Case 1. r > 2. Obviously, there exist x,y € R such that dg_s(z) = dg_s(y)
=0 and zy ¢ E(G). In terms of H = G — X, Claim 5 and the condition of
Theorem 1, we obtain

(a+b)n
a+2b

< dp-s(z) +du-s(y) + S| +[X] = [S] + [X]| <

N

|Na(z) U Na(y)| < [Ng(2) U Ng(y)| + | X|

(a+b)n
+2b

which is a contradiction.

Case2. r = 1. Clearly, hy = 0 and |N7[z1]| = 1. According to Claim 3, r =1
and |Np[z1]| = 1, we have T\ Np[z1] # 0 and 1 < hy < a. Choose 25 € T'\ Np[x1]
such that dg_g(z2) = he. It is easy to see that x1x9 ¢ E(G). According to
H = G — X and the condition of Theorem 1, we have

(a+b)n
a+2b

IN

ING(z1) U Ng(22)| < |[Ng(z1) U Ng(z2)| + | X]|

A

dg—s(w1) +dg_s(z2) + |S| + | X| = ha + |S| + | X],

which implies

(a+b)n

>
(2) 512 o

— hy — | X|.

Note that |7\ Nr[z1]| = |T| — 1. Combining this with |S| + |T'| + | X| < n,
(2), Claim 1, 5> a > 1,1 < hg < a and n > H2)CaEHHT - (af2h)Gat2b-5)
we obtain

Y

ou(S,T) = b|S|+dp-s(T) — a|T|
= /S| + dr—s(Nr[z1]) + dg—s(T \ Nr[z1]) — a|T|
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= b|S|+dy_s(T \ Nr[z1]) — a|T| > b|S| + ho(|T]| — 1) — a|T|
= b|S| = (a = h2)|T| — ha = b|S| = (a — h2)(n — |S| = [X]) — he
= (a—i—b—hg)’S’—(a—hg)n+(a—h2)’X‘—hg

+b
> (a+b—h2)((z+2)bn—h2—]X]) — (a—ha)n+ (a— ho)|X| — ho
+b
_ (a+b—h2)<(z+2)bn—hg>—(a—hQ)n—b]X|—h2
(a+b)n b*n
> _ — _ — _ _
= (a+b hg)( a+26 hg (a hg)n a+2b ]’LQ

bn

2

= + —a—-b-—11|h
h2 <a+2b “ >2

B+ ((a+2b)(2a—|—2b—3) abl)hg

a—+2b
= B3+ (a+b—4)hy > h3 — 2hy = (hg — 1)* =1 > —1,
which contradicts (1).

Case 3. r = 0. If hy = a, then by (1) we obtain —1 > dy(S,T) = b|S| +
di—s(T) —a|T| > b|S|+ h1|T| — a|T| = b|S| > 0, which is a contradiction. Thus,
we have

(3) 1<h <a-1.
We now prove the following claim.
Claim 6. T'\ Np[x;] # 0.
Proof. Suppose that T'= Np[z;]. Then from (3) we have
IT| = |[Nr[z1]] < [Nu—slz]| = dy—s(z1) + 1 =h1 +1 < a,

which contradicts Claim 3. O

In view of Claim 6, there exists xo € T\ Np[z1] such that dy_g(z2) = he.
Obviously, z1x2 ¢ E(G). According to the condition of Theorem 1, we obtain

a+b)n
(a—|—2)b < |Ng(x1) U Ng(z2)| < [N (z1) U Ng(z2)| + | X|
< dg_s(x1) + dp—s(w2) + S| + | X| = hy + ha + |S] + | X],
that is,
a+b)n
(4) P Gk Ly ]

a—+2b
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It is easy to see that
(5) |Nr[z1]| < [Ny—s[z1]| = du-s(z1) +1=hy + 1.
Using 1 < hy < hg <a, |S|+|T|+|X]| <n, (4), (5) and Claim 1, we have

6u(S,T) = b|S| +du_s(T) — a|T|
= b|S| +dg_s(Np[z1]) + dg_s(T \ Np[z1]) — a|T|
bS]+ ha|Nr[z1]| + ho(|T| — [Nr[z1]|) — a|T|
b|S| = (ha — h1)|Nr[z:1]| — (a — ho)|T|
bIS| = (ha — h1)(h1 + 1) — (a — ho)(n — [S] — |X])
a+b—h9)|S|— (ha —h1)(h1 +1) = (a — h2)n + (a — h2)|X]|

+b
(Z+2)b” —hy — g — |Xl> — (h2 = h1)(hy + 1)

v

Y

b%n
a+ 2b

— (a— h2)n —

bn
= ho — b— ho)(h ho) — (ho — h1)(h 1
P (a+ 2)(h1 + h2) — (h2 — h1)(h1 + 1),

that is,

bn
a—+2b

(6) 5H<S,T) > hy — (a+b—h2)(h1+h2)—(hg—hl)(hl—i-l).

Let F(hy, hy) = ;%% hy — (a+b— ha)(h1 + ha) — (ha — h1)(h1 + 1). Thus, by
(3) we have

OF (hi, h2)

5h = —(a+b—hy)—(—hi —1+hy—h1)=—(a+b)+2h; +1
1

—(a+b)+2a—1)+1<—1.

IN

Combining this with 1 < h; < he < a, we obtain

(7) F(hi,h2) > F(hg, h).
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Tn terms of (6), (7), 1 < hy < a and n > (a+2b)(2ab+2b73)+1 S (a+2b)(2ba+2b73)7

we have

bn
a+ 2b

hQ — 2(a + b— hg)hg

o (S,T)

Y

F(hi,h2) > F(ha, ha) =

(a+ 2b)(2a + 2b — 3)
>
a-+2b
= hy(2hy —3) > —1,

hy — 2(a +b— hg)hg

which contradicts (1).

In all the cases above we obtained contradictions. Hence, H has a fractional
[a, b]-factor, that is, G is fractional ID-[a, b]-factor-critical. The proof of Theorem
1 is complete. [

3. REMARKS

Remark 5. In Theorem 1, the bound in the condition

INo(x) U Na(y)| > L2

is sharp. We can show this by constructing a graph G = (at)K; V (bt)K; V
(bt + 1)K, where t is a sufficiently large positive integer. It is easy to see that
[V(G)| =n=(a+2b)t+ 1 and

(atbn [Na(z) UNa(y)| = (a+b)t = (a+b) - :J:le

(a+bn  a+b _ (a+b)n

a+2b a+2b a+ 2b

for each pair of nonadjacent vertices z,y of (bt +1)K; C G. Set X = (bt)K;.
Clearly, X is an independent set of G. Put H = G — X = (at)K; V (bt + 1)K,
S = (at)K; and T = (bt + 1)K;. Then [S|=at, |T| =bt +1 and dg_s(T) = 0.
Thus, we have

(SH(S, T) = b|S| + dH_S(T) — a|T\
=abt —a(bt+1)=—-a<0.

In terms of Lemma 4, H has no fractional [a,b]-factor. Hence, G is not
fractional ID-[a, b]-factor-critical.

Remark 6. We show that the bound on minimum degree 6(G) > a%b +a in

Theorem 1 is also best possible. Consider a graph G constructed from btKj,
(at — 1)Ky, %Kz and K, as follows: let {x1,z9,...,24-1} C (at — 1)K; and
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K, = {u}, where t is a sufficiently large positive integer and bt is even. Set
V(G) = V(btKlu(at—l)KlLJ%KgU{u}) and E(G) = E(btKl\/(at—l)Kl\/%Kg)
U EOtK; vV {u}) U{uz; : i = 1,2,...,a — 1}. It is easily seen that |Ng(z) U

Ne(y)} > (Zig)b" for each pair of nonadjacent vertices z,y of G, n = (a + 2b)t

and 0(G) = ai”% +a—1. Let X = btK;. It is easy to see that X is an

independent set of G. Set H = G — X. Then §(H) = dg(u) = a — 1. Clearly, H
has no fractional [a, b]-factor, that is, G is not fractional ID-|[a, b]-factor-critical.

Acknowledgements

The authors would like to thank the anonymous referees for their comments on
this paper. This work is supported by the National Natural Science Foundation
of China (Grant No. 11371009, 11501256, 11326215) and the National Social
Science Foundation of China (Grant No. 14AGL001).

REFERENCES

[1] S. Zhou, Z. Sun and H. Liu, A minimum degree condition for fractional ID-[a,b]-
factor-critical graphs, Bull. Aust. Math. Soc. 86 (2012) 177-183.
doi:10.1017/S0004972711003467

[2] H. Matsuda, A neighborhood condition for graphs to have [a,b]-factors, Discrete
Math. 224 (2000) 289-292.
doi:10.1016/S0012-365X(00)00140-0

[3] J. Ekstein, P. Holub, T. Kaiser, L. Xiong and S. Zhang, Star subdivisions and con-
nected even factors in the square of a graph, Discrete Math. 312 (2012) 2574-2578.
doi:10.1016/j.disc.2011.09.004

[4] H. Lu, Simplified existence theorems on all fractional [a,b]-factors, Discrete Appl.
Math. 161 (2013) 2075-2078.
doi:10.1016/j.dam.2013.02.006

[5] S. Zhou, Independence number, connectivity and (a,b, k)-critical graphs, Discrete
Math. 309 (2009) 4144-4148.
doi:10.1016/j.disc.2008.12.013

[6] S. Zhou, A sufficient condition for graphs to be fractional (k,m)-deleted graphs,
Appl. Math. Lett. 24 (2011) 1533-1538.
doi:10.1016/j.aml1.2011.03.041

[7] S. Zhou and H. Liu, Neighborhood conditions and fractional k-factors, Bull. Malays.
Math. Sci. Soc. 32 (2009) 37-45.

[8] K. Kimura, f-factors, complete-factors, and component-deleted subgraphs, Discrete
Math. 313 (2013) 1452-1463.
doi:10.1016/j.disc.2013.03.009

[9] M. Kouider and Z. Lonc, Stability number and [a,b]-factors in graphs, J. Graph
Theory 46 (2004) 254-264.
doi:10.1002/jgt.20008


http://dx.doi.org/10.1017/S0004972711003467
http://dx.doi.org/10.1016/S0012-365X\(00\)00140-0
http://dx.doi.org/10.1016/j.disc.2011.09.004
http://dx.doi.org/10.1016/j.dam.2013.02.006
http://dx.doi.org/10.1016/j.disc.2008.12.013
http://dx.doi.org/10.1016/j.aml.2011.03.041
http://dx.doi.org/10.1016/j.disc.2013.03.009
http://dx.doi.org/10.1002/jgt.20008

418 S. ZHOU, F. YANG AND Z. SUN

[10] R. Chang, G. Liu and Y. Zhu, Degree conditions of fractional ID-k-factor-critical
graphs, Bull. Malays. Math. Sci. Soc. 33 (2010) 355-360.

[11] S. Zhou, Q. Bian and J. Wu, A result on fractional ID-k-factor-critical graphs,
J. Combin. Math. Combin. Comput. 87 (2013) 229-236.

[12] S. Zhou, Binding numbers for fractional ID-k-factor-critical graphs, Acta Math. Sin.
Engl. Ser. 30 (2014) 181-186.
doi:10.1007/s10114-013-1396-9

[13] G. Liu and L. Zhang, Fractional (g, f)-factors of graphs, Acta Math. Sci. Ser. B 21
(2001) 541-545.

Received 12 February 2015
Accepted 17 June 2015


http://dx.doi.org/10.1007/s10114-013-1396-9
http://www.tcpdf.org

