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1. INTRODUCTION

1.1. Basic notation and terminology

All graphs considered here are simple and finite. For standard graph-theoretic
terminology not explained in this paper, we refer the reader to [2]. Let G be
a graph. For a vertex v € V(G) and a subgraph H of G, we use Ny(v) and
dp(v) to denote the set and the number of neighbors of v in H, respectively. We
call Ny (v) the neighborhood of v in H and dg(v) the degree of v in H. We use
dr(u,v) to denote the distance between two vertices u,v € V(H) in H. For two
subgraphs H and L of a graph G, we set N (H) = U,cy gy No(v). When no
confusion occurs, we will denote Ng(v) and dg(v) by N(v) and d(v), respectively.
We set Nz] = N(z)U {z}.

Throughout this paper, we denote the order, the connectivity and the inde-
pendent number of a graph G, by n(G), x(G) and a(G), respectively.

1.2. Motivation and main results of this paper

By the definition every Hamilton cycle of a graph passes through every vertex
of the graph. Thus, in non-Hamiltonian graphs, a (longest) cycle through some
special vertices should be also interesting for the same topic. There are many
results on the problem whether a graph has a (longest) cycle through some special
vertices, for example, any given vertex set [8]; large degree vertices, see [1, 7, 9].
Unlike most research of the existence of some (longest) cycle passing through
special vertices in the literature, we put our attention to the problem to determine
the least integer d such that every longest cycle of a graph passes all vertices of
degree at least d, using some additional conditions of order, of connectivity or of
independence number.
The following known result gave a partly answer for the above problem.

Theorem 1 (Li and Zhang [6]). Let G be a 2-connected graph of order n > 8.
Then every longest cycle of G contains all vertices of degree at least n — 4.

We firstly extend Theorem 1 to k-connected graphs for any & > 2 and shall
give a complete answer for the above problem by using the order of a graph and
its connectivity.

Theorem 2. Let G be a graph of connectivity k(G) > k > 2 and of order
n > 6k — 4. Then every longest cycle of G contains all vertices of degree at least
n — 3k + 2.

The bound on the degree in Theorem 2 is sharp. We construct a graph
as follows. Let R = 2K U (k — 2)P3, S = kK; and T = (n — 4k + 1)K, are
vertex-disjoint. Let R’ be the subset of V(R) each vertex of which is either
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a vertex of a K5 or a center of a P; in R, and let s’ be a fixed vertex of S
and z a vertex not in RUSUT. Let L(k,n) be the graph with V(L(k,n)) =
{z} UV(R)UV(S)UV(T), and E(L(k,n)) = E(R) U {r's',rs,s'z, sz, st,xt :
r € R,r e V(R),s € V(S)\{s'},t € V(T)}. One can check that L(k,n) is k-
connected and the degree of = is n — 3k + 1, but there is a longest cycle (in the
subgraph induced by V(R) UV (S)) excluding z.

Figure 1. Graph L(4,21).

The bound n > 6k—4 is also sharp. This can be seen from the complete bipar-
tite graph K3j_3 3x—2 of order 6k — 5. However, the longest cycles of K3j_3 3,2
exclude some vertices of degree 3k — 3 =n — 3k + 2.

Now we define ¢(k,n) to be the least integer such that every longest cycle of
a k-connected graph G of order n contains all vertices of degree at least ¢(k,n)
in G.

To avoid the discussions of the petty cases, we put our considerations on
2-connected graphs, i.e., we always assume that k > 2. Note that if n < k, then
there are no k-connected graphs of order n. Hence ¢(k,n) will be meaningless.
Is ¢(k,n) well-defined for all pairs (k,n) with n > k 4+ 1? No. Under the condi-
tion that it holds “every k-connected graph on n vertices is Hamiltonian” (e.g.,
n=k+1), p(k,n) does not exist (or we may say p(k,n) = —00). So we should
take the pair (k,n) such that there exist some k-connected graphs of order n which
are not Hamiltonian. This implies that n > 2k + 1 from the well-known Dirac’s
theorem [4]. On the other hand, there indeed exist such graphs when n > 2k 41
(for example, complete bipartite graphs K, ). So ¢(k,n) is well-defined if and
only if n > 2k + 1.

From Theorem 2 and the construction of L(k,n), we have

w(k,n) =n—3k+ 2, for n > 6k — 4.
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How about the cases when 2k + 1 < n < 6k — 57 First we construct a graph
as follows: if n is odd, then let L(k,n) = K(,_1)/2,(nt1)/2; if 7 is even, then let
L(k,n) = Ky/2_1,/241- Note that every longest cycle of L(k,n) excludes some
vertices of degree [n/2] —1. This shows that ¢(k,n) > [n/2]. On the other hand,
we have the following result (one may compare it with the results in [1] and
[9] where they replaced “every cycle” with “there exists some cycle” under the
condition that “G is 2-connected”).

Theorem 3. Let G be a k-connected graph on n < 6k — 5 vertices. Then every
longest cycle of G contains all vertices of degree at least [n/2].

Instead of Theorems 2 and 3, we shall prove the following theorem in Sec-
tion 3.

Theorem 4. Let G be a graph of connectivity k(G) > k > 2 and of order
n > 2k + 1. Then every longest cycle of G contains all vertices of degree at least

d:max{[%—‘ ,n—3k—|—2}.
Now we have a complete formula
o(k,n) :max{[%—‘ ,n—3k—|—2}, for all n > 2k + 1.

In the following we consider the same problem by using an additional condi-
tion of independent number. We use ¢(k, a,n) to denote the least integer such
that for every k-connected graph G of order n and of independent number «, every
longest cycle of G contains all vertices of degree at least ¢(k, a,n). As the analy-
sis above, we should take the triple (k, a,n) such that there exists a k-connected
graph of order n and independent number « that is not Hamiltonian. This re-
quires a > k + 1 from Chvéatal-Erdos’s theorem [3]; and o < n — k, since every k
connected graph of order n has independent number at most n — k (note that an
independent set excludes the k neighbors of some vertex). On the other hand, for
triple (k, o, n) with k+1 < o < n—Fk, the graph kK 1V ((a—1)K1UK,_;_q+1) is a
k-connected graph of order n and independent number « that is not Hamiltonian.
Thus ¢(k, o, n) is well-defined if and only if k + 1 < a <n — k.

By the definition of ¢(k,n), we can see that

o(k,n) =max{p(k,a,n):k+1<a<n-—k}, foraln>2k+1.
Using a result in [10], we can prove the following result.

Theorem 5. Let G be a k-connected graph of order n and of independent num-
ber a. Then every longest cycle of G contains all vertices of degree more than

(a —k)n — ka+ k* + o? — 2a
- .

do =
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Taking @ = k + 1 in the above theorem, we can obtain the following corre-
spondence.

Theorem 6. Let G be a graph of connectivity k(G) > k > 2, of order n > 2k +1
and of independent number k + 1. Then every longest cycle of G contains all
vertices of degree at least

_ n—+1
k41

| +r-1

The bound on d in Theorem 6 is sharp. We construct a graph L(k,k+ 1,n)
by joining each vertex of R = kK to all vertices of S =K1 U (k+1—1)K,,
where

n—k=qk+1)+r 0<r<k.

Note that L(k,k + 1,n) has a longest cycle excluding some vertices of degree

n—=k
k—1= k-
¢+ {k+1J+

B {n%—l

k2.
k+1J+

By Theorem 6, the above equality implies that

n+1

ok, k+1,n) = L{+1J +k—1, forall n > 2k + 1.

Thus, in the following we will assume that o > k + 2. For the case k = 2, we
have the following result.

Theorem 7. Let G be a 2-connected graph of order n > 8 and independent
number o > 4. Then every longest cycle of G contains all vertices of degree at

least
d:{n5J(a—2)+max{3,n—4—{n5Ja}
« «
1.€.,
d— gl —2) + 3, 0<r<2,
Sl gla=2)+r+1, 3<r<a,
where

n—5=qa+r 0<r <a.

The bound on d in Theorem 7 is sharp when ¢ > 1 (i.e., when n > a + 5).
We construct extremal graphs as follows. If 0 < 7 < 2, then let R = rKy 4o U
(2—-r)Kyp1 and T = (o — 2)K,; if 3 < r < a, then let R = 2K 49 and T =
(r—2)Kg11U(a—r)K,. Let s, s,x be three vertices not in RUT. Let L(2, o, n)
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be a graph with the vertex set V(L(2,a,n)) = {s',s,2} UV (R) UV(T) and the
edge set

E(L(2,a,n)) = E(R)UE(T)U{s'r,sr,s'z,sz,st,xt : v € V(R),t € V(T)}.

One can check that L(2,a,n) is a 2-connected graph of order n and of in-
dependent number «, and x has degree d — 1. But there is a longest cycle of G
excluding x. By Theorem 7, this implies that for n > a + 5,

g(a—2) +3, 0<r<2,

90(2,04,71)2{ gla=2)+r+1, 3<r<a,

where
n—5s=qa+r0<r<a.

For the case ¢ = 0, the above construction does not give the exact value of
©(2, a, n), since the independent number of the constructed graph is less than a.
What is its exact values for this case?

Note that n < a+4 in this case. Also note that in our assumption n > a+2.
We have three cases: n=a+2,n=a+3 and n = a + 4.

Theorem 8. Let G be a 2-connected graph of independent number o > 4 and of
order n such that a+2 <n < a+ 4. Then every longest cycle of G contains all
vertices of degree at least

{n—a—l—l, n—a=273,
d:
a, n—aoa=4.

Now we will show the sharpness of the bound in Theorem 8. For the case
n = a + 2, consider the graph L(2, o, 0 +2) = K3 ,. Note that every longest
cycle of L(2,a, « 4+ 2) excludes some vertices of degree 2.

For the case n = o + 3, consider the graph L(2, a,a 4+ 3) = K3 ,. Note that
every longest cycle of L(2,a, v + 3) excludes some vertices of degree 3.

Now we consider the case n = o + 4. We construct the graph L(2,a, a + 4)
by combining a cycle Cs and a star K7 ,—3 in such a way: choosing two vertices
u, v in Cg with distance 3, joining the center x of the star to v and v, and joining
all the end-vertices of the star to v. Note that one longest cycle of L(2, o, 4 4)
excludes = of degree o — 1.

Therefore, we give formulas for a > 4,

o2, a, a0 +2) =3,
@(2705704 + 3) = 4>
o2, a,a+4) = a.

The bound of dy in Theorem 5 seems not sharp for a > k + 2 (at least it is
not sharp when k£ = 2). We propose the following conjecture.
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Figure 2. Graph L(2,a,a +4).

Conjecture 9. Let G be a k-connected graph, k > 3, of independent number
a > k+2 and of order n > max{2a + 1, + 3k + 1}. Then every longest cycle
of G contains all vertices of degree at least

gla—k)+k+1, 0<r <k,
d=<% qla—k)+k+2, E+1<r<2k+1,
gla—k)+r—k+1, 2k+2<r<a+k,

where
n—2k—1=qla+k)+r, 0<r<a+k.

We remark that if the conjecture is true, then the bound on d is sharp. We
construct a graph as follows. If 0 < r <k, then let R = rKag2U(k—1)Kaq41 and
T = (a—k)Kg; if k+1 < r < 2k+1, thenlet R = (r—k—1)Kag43U(2k+1—71)Kogy2
and T' = Kgp1 U(a—k— 1)Ky if 2k 4+ 2 <r < a+k, then let R = kKy443 and
T=(r—2k)Ks1U(a+k—r)K, and let S = kK;. Let « be a vertex not in
RUSUT'. Let L(k, a,n) be a graph with V(L(k, a,n)) = {z}JUV(R)UV (S)UV(T)
and

E(L(k,a,n)) = E(R)UE(T)U{sr,sz,st,xt : 7 € V(R),s € V(S),t € V(T)}.

One can check that L(k,«,n) is a 2-connected graph of order n and of in-
dependent number «, and x has degree d — 1. But there is a longest cycle of G
excluding x.

2. PRELIMINARIES

Let G be a graph and z,y € V(G). An z-path is a path with z as one of its end
vertices; an (x,y)-path is one connecting z and y. If Y is a subset of V(G), then
an (x,Y)-path is one connecting x and a vertex in Y with all internal vertices in
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V(G)\Y; a Y-path is one connecting two vertices in Y with all internal vertices
in V(G)\Y. For a subgraph H of G, we use the notations (z, H)-path and H-
path instead of (x, V(H))-path and V (H)-path, respectively. It is convenient to
denote a path P with end-vertices z,y by P(x,y).

For a cycle C with a given orientation and a vertex z on C, we use 21 to
denote the successor, and =~ the predecessor of x on C. In the following, we
always assume that C' has an orientation, C'. For two vertices z,y on C, C'[x,y]
or <E[y, x] denotes the path from z to y along 8 Similarly, if x, y are two vertices
in a path P, P[z,y| denotes the subpath of P between x and y. For an arbitrary
path P or cycle C, we use [(P) or [(C) to denote the length (the number of edges)
of it.

We first give some lemmas on longest cycles of graphs.

Lemma 10. Let C be a longest cycle of a graph G, and P = P(u,v) be a C-path.
Then l(ﬁ[u,v]) > I(P).

Proof. Otherwise, 8[1}, uJuPv is a cycle longer than C, a contradiction. ]

Lemma 10 can be extended to the following.

Lemma 11. Let C be a longest cycle of a graph G, H be a component of G — C
and P = P(u,v) be a C-path of length at least 2 with all internal vertices in H.
Then

z (ﬁ{u, o) > UP)+2 ‘NC(H) nv (ﬁ[uﬂ o)) ‘ .

Proof. We use induction on |[N¢(H) ﬂV(B[u*, v7])|. If No(H) ﬂV(a[u+, v7])
N U

= (), then we are done by Lemma 10. Now we suppose that No(H)NV (C [u™,v7])

# 0.

Let x be a vertex in Ng(H) N V(ﬁ[uﬂv_]). Let P’ = P'(z,2') be an
(x, P—{u,v})-path with all internal vertices in H—P. Then P; = Plu, 2’|’ P’ and
P, = P'2’ P2/, v] are two C-paths with end-vertices u,z and x, v, respectively,
and with all internal vertices in H. Clearly, the length of P, and P> are at least 2.
By induction hypothesis,

z (8@, 7]) > UPy) +2 (NC(H) nv (8[u+, 7)) ( ,
l (B[x, o)) > U(Py) +2 (NC(H) nv (8[9;*,@*]) ‘ .
Note that [(P) + [(Py) = I(P) + 2(P') > I(P) + 2, and
)NC(H) nv (B[utx—])) + ‘NC(H) nv (E%tv-])]
- ]NC(H) nv (B[zﬁ,v—])( 1
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We have
! (B[U,fu]) —1 (8[u,x]) n (8[35,@]) > I(P) 42 ‘NC(H) nv (ﬁ[ﬁ,w]) ’ .
The assertion is proved. [

Lemma 12. Let G be a graph, C be a longest cycle of G and H be a component
of G —C.

(1) Ifue No(H), then u™,u™ ¢ No(H).

(2) Ifu,v € No(H), then utvt u~v™ ¢ E(G).

Proof. The assertion (1) can be deduced from Lemma 10. Now we prove the
assertion (2).

Suppose that u,v € No(H). Then let P be a (u,v)-path of length at least 2
with all internal vertices in H. If uTv™ € E(G), then

C'= 3[u+, v]qu%[u, v vtut

is a cycle longer than C, a contradiction. Thus we conclude that utv™ ¢ E(G),
and similarly, v~ v~ ¢ E(G). |

Let G be a graph and yz € E(G), we define the contraction of G at yz,
denoted by G - yz, as the graph with V(G - yz) = V(G)\{y}, and E(G - yz) =
E(G—-y)U{zz:zy € E(G) and = # z}.

Lemma 13. Let G be a graph and yz € E(Q). If there is a cycle C' in G-yz, then
there is a cycle C' in G with length at least I(C') such that V(C") CV(C) U {y}.

Proof. If C does not contain z, then C' is also a cycle of G and we are done.
So we assume that z € V(C). By the definition of contraction, zz* € E(G) or
yzT € E(Q), and 2z~ € E(G) or yz~ € E(G). Let

C, if 2zt € E(G) and 2z~ € E(GQ),
o - 8[2, 27|27y, if 22T € E(GQ) and 22~ ¢ E(G),
) 2yt Clet, 2, if 2217 ¢ E(G) and 22~ € E(G),
yz+8[z+,z_]z_y, if 2zt ¢ E(GQ) and 22~ ¢ E(G).
Then C’ is a required cycle. |

We will use the following theorems from [3, 10].

Theorem 14 (Chvétal and Erdos [3]). If G is a graph of order n > 3 with
a(G) < k(G), then G is Hamiltonian.
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Theorem 15 (O, West and Wu [10]). If G is a graph of order n with o(G) >
k(G), then G has a cycle of length at least

R(G)(n + a(G) - K(G))
a(G)

Theorem 16 (O, West and Wu [10]). If G is separable, then V(G) admits a
partition (V1,Va) such that a(G) = a(G[V1]) + a(G[V3]).

Now we prove some more lemmas.

Lemma 17. Let G be a nonseparable graph. Then for any two distinct vertices
u,v of G, G contains a (u,v)-path of order at least [n(G)/a(G)].

Proof. If G is complete, then the result is trivially true. Now we assume that
G is not complete, i.e., a(G) > 2. So G is 2-connected. If a(G) < k(G), then
by Theorem 14, G has a Hamilton cycle C, and either 8[u,v] or <E[u,v] is a
required path. Now we assume that a(G) > x(G).

Let C be a longest cycle of G. By Theorem 15, [(C) > 2n(G)/a(G). Since
G is 2-connected, we may choose a (u,C)-path P; and a (v,C)-path P, such
that they are vertex-disjoint. Let u’ and v’ be the end-vertices of P, and P,
respectively, on C' (possibly u = «’ or v = v/, or both). Then Plu'a[u', V' Py
or Pyu/ C'[u/,v'|v' Py is a required path. |

Lemma 18. Let G be a 2-connected graph. Let C be a subgraph of G with at
least two vertices, and H be an induced subgraph of G — C. Then G contains a

C-path P such that
n(H )w

a(H)

V(P) NV (H)| > [

Proof. We use induction on n(H). If H has only one vertex, say x, then n(H) =
a(H) = 1. Since G is 2-connected, there is a C-path passing through z, which is
a required path. Now we assume that H has at least two vertices.

Suppose first that H is nonseparable. Let Pj(u,u’) and P(v,v") be two
vertex-disjoint paths between H and C with all internal vertices in G — (H UC),
where u,v € V(H) and v/,v" € V(C). By Lemma 17, H contains a (u,v)-path
P’ of order at least [n(H)/a(H)]. Thus P = PiuP'vP, is a required path.

Now we suppose that H is separable. By Theorem 16, there is a partition
(V1,Va2) of V(H) such that a(H) = a(G[V1]) + a(G[V2]). Let Hy = G[V4] and
Hy = G[V3]. Note that n(H) = n(H1) + n(Hz). It is not hard to see that

a(H)

gmax{n(Hl) n(H2)} say n(Hi)
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By induction hypothesis, there is a C-path P such that

V) v = ey nvim) = | "E8] = |40

and P is a required path. [

Let L; be the graph obtained from Cg by adding a new vertex x, and by
adding three edges from x to three pairwise nonadjacent vertices of the Cg, and
let Lo = K3V 4Ky. Set

L1 L2

Figure 3. Graphs L; and L.

We prove the following lemma to complete this section.

Lemma 19. Let G be a 2-connected graph with n(G) <7 and = be a vertex of G
with d(x) > 3. If there is a longest cycle of G excluding x, then G € L.

Proof. Let C be a longest cycle of G excluding x and let H be the component
of G — C' containing .

We first suppose that H has at least two vertices. By the 2-connectedness of
G, there are two independent edges from H to C. Let yy’ and 22’ be such two
edges, where y,z € V(H) and ¢/, 2" € V(C). Let P be a (y, z)-path of H. Then
P’ = y/yPzz is a path with length at least 3. By Lemma 10, l(ﬁ[y’,z’]) >3
and l(g[y’, 2']) > 3. Thus I(C) > 6. Note that n(H) > 2, we have n(G) > 8, a
contradiction.

Thus we conclude that H has the only one vertex z. By Lemma 12, x cannot
be adjacent to two successive vertices on C. Since d(z) > 3, there will be at least

three vertices on C adjacent to z, and at least three vertices on C' nonadjacent
to z. Thus [(C) > 6. Since n(G) <7 and x ¢ V(C), we have [(C) < 6. Thus C
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has exactly 6 vertices and z is adjacent to three pairwise nonadjacent vertices of
C'. This implies that L1 C G.

Let C = y121y222y323y1 such that N(z) = {y1,%2,y3}. By Lemma 12,
{x, 21, 29, 23} is an independent set. This implies that G C Lo. [

3. PROOFS OF MAIN RESULTS

In this section, we shall present the proof of main results.

Proof of Theorem 4. Let C', with an orientation 8, be a longest cycle of G.
We assume on the contrary that there is a vertex = in V(G — C) with d(x) > d =
max{[n/2],n — 3k + 2}.

An (x,C)-fan is a collection of (z,C)-paths such that they have the only
vertex x in common. Since G is k-connected, there is an (z,C)-fan with s > k
paths P; = Pi(z,z;), 1 <i <s, where z; € V(C). We choose the (z,C)-fan such
that s is as large as possible. We suppose that 21, 29, ..., 25 appear in this order
along 8 Thus

(1) 1) = S U(C i, 2i11)),
=1

where the subscripts are taken modulo s.

By Menger’s theorem, there is a vertex y; € V(P; — x) such that S = {y; :
1 < i < s} is a vertex-cut of G separating x and C' — S. We choose y; in such a
way that dp,(z,y;) is as small as possible (note that y; is possibly equal to z;).
Clearly

(2) Ne(z) € 8.
Let H be the component of G — S containing x. Then
Claim 20. For every vertex y; € S, either Ng(y;) = {x} or |Ng(y;)| > 2.

Proof. Suppose on the contrary that [Ng(y;)| = 1 and y, # x is the vertex in
N (yi). Then y is the neighbor of y; on P;[z, y;]. Let 8" = (S\{vi}) U{y;}. Then
S’ is a vertex-cut of G separating z and C' — S’ such that dp,(z,y}) < dp,(x,y:),
contradicting the choice of S. 0O

If H has only one vertex z, then d(z) = |S| = s. By Lemma 12, Z(B[zi, Zit1])
>2forallie{1,2,...,s}. By (1), [(C) > 2s = 2d(x) and

n>1(C)+1>2d(x)+1>n+1,

a contradiction.
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If H has exactly two vertices, then let 2’ be the vertex in V(H)\{z}. By
Claim 20, every vertex y; in S is adjacent to x. Hence N(z) = SU{z'} and s =
d(z) —1. Note that d(2’) = ds(a’) +1 and d(2’) > k, since G is k-connected. We
have dg(z') > k—1. By Lemma 12, I(C'[2;, z;+1]) > 2 for all i. Moreover, if 2'y; €
E(G), then P = Py[z;, yilyix' xyis1 Pir1[Yi+1, zi+1] is a C-path of length at least 3,
by Lemma 10, [(C' [z, zi+1]) > 3. This implies that I(C') = Y7, l(a[zi,ziﬂ]) >
3dg(z') + 2(s — dg(2)) > 2s +dg(2’) > 2d(x) + k-3 >n+k—3, and n >
I(CY+2>n+k—12>n+1, a contradiction.

Now it remains to consider the case when H has at least three vertices.

By b(z) we denote the number of vertices in V(G)\N[z]. Then b(z) = n —
1 —d(z) < 3k — 3. Hence, by (2),

\%

(3) I(C) <s+blx)<s+3k-—3.
Claim 21. Every vertex in V(H)\{z} is not a cut-vertex of H.

Proof. Suppose, otherwise, that x’ # x is a cut-vertex of H. Let Hy and Hs be
two components of H — ' such that x € V(Hy).

We claim that for every vertex y; € S, Ny, (y;) # (0. Otherwise, every (z,y;)-
path with all internal vertices in H will pass through 2/, so is P[z,y;]. Let
S" = (S\{yi}) U{2'}. Then S’ is a vertex-cut of G separating z and C' — S’ such
that dp, (z,2") < dp,(x,y;), a contradiction. Thus as we claimed, Ny, (y;) # 0.

For every y; € S, let w; be a vertex in Ng, (y;). Now we claim that
l(a[zi,ziﬂ]) > 4 for those i such that Ny, (y;) # 0. Suppose Np,(yi) # 0.
Let w] be a neighbor of y; in Hy. Then H has a (w}, w;t+1)-path P of length at
least 2. Thus P’ = .PZ'[ZZ',yi]yiw;Pwi+1yi+1.Pi+l[yl'+1, Zi+1] is a path of length at
least 4 with all internal vertices in G — C. By Lemma 10, I[(C'[z;, zi11]) > 4.

Note that |Ng(Hsz)| > k — 1, since G is k-connected and Ng(Hz2) U {2’} is a
vertex-cut. Therefore,

(WC)>4k—1)+2(s—k+1)=2s+2k—2> s+ 3k — 2,
contradicting (3). 0
Claim 22. H is a star with center x.

Proof. Suppose, otherwise, H has an z-path zz'z” (say) of length 2. Then
there is an (z”, S)-fan with & internally disjoint paths Q; = Qi(z”,y;,), 1 < j1 <
jo < -+ < jr < s, such that they have the only vertex z” in common. We set
S'={yj, 1 <i<k}.

Note that at most one path of @; passes through x. We will prove that
1(8[Zji, 2j,+1]) > 4 for those j; such that y;, € S” and @Q); does not pass through z.
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Suppose that y;, € S’ and @; does not pass through z. Let wj, be the
neighbor of y;, on Q;. Then wj, # x. If I(Q;) > 2, then let v;; be a neighbor
of wj, on the path Q;[z”, wj,]; if [(Q;) = 1, then (wj;, = 2" and) we let v;, = .
Then vj, # z. By Claim 20, y;,+1 has a neighbor w}. |, in H other that wj;,. We
claim that H has a (wj;,wj ,)-path of length at least 2. Otherwise wjw’ ; €
E(G) and wj,w’, ., is a cut-edge of H. By Claim 21, every vertex of V(H)\{z}
is not a cut-vertex of H. This implies that w}i 41 = = and wj, has only one
neighbor z in H, contradicting the fact that v;, € Ng(wj,) and v;; # . Thus
as we claimed, H has a (wji,w;-iﬂ)—path P of length at least 2. Thus P’ =
Py zj;, y5,1yj:w05 Pwl, 195,41 Pj+1[Yj+1, 25,+1] is a path of length at least 4 with
all internal vertices in G — C. By Lemma 10, Z(B[zji, Zji+1]) > 4.

Thus we conclude that there are at least £ — 1 segments 8[%, zi+1] of length
at least 4. Hence

(CY>4k—1)+2(s—k+1)=2s+2k—2> s+ 3k —2,
a contradiction. O
By Claim 22, H = Ky j,(;)—1- Let

So={yi € S: Nu(y;) = {=}}, Sz = S\(So U 51),
S1={yi € §:|Nu(y)\{z} =1}, si=|[S], i€{0,1,2}.
Thus s = sg + s1 + s9.
Let yj,, 1 <j1 <j2 < -+ < Jsi4+s, < 8, be the vertices in S1 U S. Since G is
k-connected,
(4) s1+ 82 > |[Ng(2')| > k-1
for any ' € V(H)\{z}, and
(5) 51+ (n(H) = V)2 > |[E(H — 2, 8)] > (k — 1)(n(H) — 1).

If s1 + s2 = 1, then without loss of generality we assume that 2'y; € F(G),
where 2/ € V(H)\{z} and y; € S; U Sy. Note that {x,y;} is a vertex-cut of
G, implying that k = 2. Since 21 Py |21, y1]y12'2y2 P2 [y2, 2] is a path of length at
least 3, by Lemma 10, l(ﬁ[zl,zg]) > 3 and by symmetry, {(C'[z1, z5]) > 3. Thus

I(C)>34+3+2(s—2)=25+2>s+3k—3,

a contradiction. Now we conclude that s1 + s9 > 2.
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Claim 23. For every vertex y;, € S1U Sa,

(Tl 2] 3+ 2[No(2) NV (Clzfoz, D ys, € Si,
I = a4 2N @) N V(C Lz D s € S
where the subsubscripts are taken modulo s1 + so.

Proof. For any y;, € S1USs, we let wj, be a vertex in Ny (y;,)\ {z}. If y;, € S,
then by Claim 20, y;,z € E(G). Thus

P =P [Zji7 yji]y]'ixw]'i+1 Yjirr P [yji+1 ) Zj¢+1]

is a C-path of length at least 3. If y;, € S, then let w) be a vertex in Ny (y;,)\
{$7 wji+1}' Thus P = P'i [ZjN yji]yjiw;‘iijwrl yji+1pjz‘+1 [yji+l7zji+1] is a C-path of
length at least 4. Note that No(H) "V (C[z}, 25, ]) = Ne(@)nV(Clzf, 25 ).
By Lemma 11, we have the assertion. 0

Note that $°71%2 [N (z) N V(ﬁ[z;-g, zj,,, )| = so. By Claim 23,

s1+s2

(C) = 37 U(C 25, 21]) > 280+ 381 + dsp = 25 + 51 + 255,
=1

By (4) and (5), we have

n(H) -3 1
l > 2 289 =2 _— T H)-1
(C) =25+ 51+ 28 = 25 + () —5 (51 +82) + () —5 (514 (n(H) —1)s2)
>23+M(1€—1)+M(k—1)—23+2k—2>s+3k—2
- n(H) — 2 n(H) — 2 B - ’
a contradiction.
The proof is complete. ]

Proof of Theorem 5. If a < k(G), then G is Hamiltonian by Theorem 14 and
we are done. Now suppose that a > k(G). Let C be a longest cycle of G with an
orientation, 8 Assume for contradiction that there exists a vertex z of degree
more than dy such that x ¢ V(C). Let H be the component of G — C' containing
x. Then |Nc(H)| > k, since G is k-connected. Let No(H) = {z1,22,...,2s},
where s = |[N¢(H)|. Hence

(6) d(z) <|V(H —z)|+ [Nc(H)| <n+s—-1(C) - 1.
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By Lemma 12, {z,2]",25,...,25} is an independent set of G. Thus, we
obtain that s + 1 < . Therefore, by (6) and by the hypothesis of d(z) > dy and
by Theorem 15,

k(G)(n+ a—k(GQ))

do <d(z)<n+s—-I1(C)—1<n+a-1- - -1
Cmta—2— K(G)(n+ a— k(Q)) —dy,
o
a contradiction. This completes the proof of Theorem 5. [

In order to use the induction method, we prove the following stronger theorem
instead of Theorem 7.

Theorem 24. Suppose a > 4 and n > 3 are two integers and d is defined as
in Theorem 7. Let G be a 2-connected graph with n(G) < n and a(G) < a.
Then every longest cycle of G contains all the vertices of degree at least d, unless
GelLl.

Proof. We use induction on n(G). If G has only three or four vertices, then G is
Hamiltonian and the result is trivially true. Now we assume that G has at least
five vertices and assume that the assertion holds for all graphs with order less
than n(G). This implies that n > 5 and ¢ > 0.

Suppose that ¢ = 0. Then r =n —5. If n <7, then r < 2 and d = 3. By
Lemma 19, G € L or every longest cycle contains all vertices of degree at least d.
If n>8, thenr >3 and d =r+1=n —4. By Theorem 1, every longest cycle
contains all vertices of degree at least d. Thus we are done. So in the following,
we assume that ¢ > 1 (i.e., n > o+ 5).

Let C be a longest cycle of G. We suppose on the contrary that there is
a vertex x in V(G — C) with d(z) > d. Let H be the component of G — C
containing x.

Let b=n—1—d. Then

b 2g+r+1, 0<r <2,
] 2¢+3, 3<r<a.

By b(x) we denote the number of vertices in V(G)\N[z]. Then
(7) b(z) <b<2q+3.

Suppose first that H has only one vertex . By Lemma 12, z is nonadjacent to
every vertex of N (z). Thus b > b(z) > d(z) > d. By comparing the formulas of
b and d, we can see that r = 2 and @ = 4. Since ¢ > 1, we have d > a+1 > 5. But
in this case N/ (z) is an independent set with d(z) > 5 vertices, a contradiction.
This implies that H has at least two vertices.
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Note that

— — <r<
d_a:{(q D@-2)+1,  0<r<2

(g—D(a=2)+r—1, 3<r<a.
We have d — o > (¢ — 1)(av — 2) + 1, and

. o] [abe 2]

a—2 a—2

Suppose that there is some component of G — C other than H. Let G’ be
the graph obtained from G by removing all other components of G, i.e., G' =
GIV(C)UV(H)]. Then G’ is 2-connected, n(G") < n(G), a(G’") < a(G), and
dg(x) = d(z). By induction hypothesis, every longest cycle of G’ contains x. This
implies that there is a cycle in G’, and then in G, longer than C, a contradiction.
Hence we conclude that there is only one component H of G—C,ie., G—C = H.

Claim 25. N(z) = (V(H) U Ne(H))\{z}.

Proof. Suppose that there is a vertex y in H such that xy ¢ E(G). We choose
a vertex z € N(y) in such a way that if G — y is 2-connected, then let z be an
arbitrary neighbor of y; if G —y is separable, then let z be a neighbor of y which is
an inner-vertex of some end-block of G —y. In any case, {y, z} is not a vertex-cut
and thus G’ = G - yz is 2-connected. Note that n(G') < n(G), a(G") < a(G),
and dg(x) = d(z). By induction hypothesis, every longest cycle of G’ contains z.
This implies that there is a cycle in G’ longer than C. But if G’ contains such a
cycle, then so is G by Lemma 13, a contradiction. This implies that x is adjacent
to all the vertices in V(H)\{z}.

Note that every vertex in V(H)\{z} is not a cut-vertex of H. Suppose that
there is a vertex z in N¢(H) such that zz ¢ E(G). It is not difficult to see
that there is a neighbor y of z in H such that {y, z} is not a vertex-cut of G.
Thus G’ = G - yz is 2-connected. Note that n(G’) < n(G), a(G") < a(G), and
dg(x) = d(z). By induction hypothesis, every longest cycle of G’ contains x. This
implies that there is a cycle in G/, and then in G, longer than C, a contradiction.
Now we conclude that x is adjacent to all the vertices in (V(H)UN¢c(H))\{z}.

By Claim 25, a(H) = a(H — ) and dg(z) = n(H — z). By Lemma 18, there
is a C-path P = P(u,v) such that
n(H — x) dp(x)
Vv a1 S| - | S

By Claim 25, we can choose P such that it satisfies the above inequality and
xz € V(P). Thus

H«PMzu«wa«H—xw+H%mxH2[gﬁg]+3
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By Claim 25, dy(z) = d(z) — |[Nc(H)| > d — |[Nc(H)|. Note that the union
of N} (H) and an independent set of H form an independent set of G. This
implies that a(H) < a(G) — |[Nc(H)| < a — |[N¢(H)|. Together with the above
inequality, we have

By (8), I(P) = |V(P)| —1 > ¢+ 3. By Lemma 11,
U(C) = 1(Cu,0]) + 1(C v, u]) > 2(P) + 2(|Ne(H)| — 2) > 2q + 2|No(H)| + 2.
Thus
b(z) = |[V(C)\Nc(H)| > 2q + 2|No(H)| + 2 — |[Nc(H)| > 29 + 4,

contradicting (7).
The proof is complete. [

Proof of Theorem 8. The case n = « + 2 is trivial. The only 2-connected
graphs with independent number o and order o + 2 are K3, and Ki1,. Note
that every longest cycle of them contains all (the two) vertices with degree at
least 3. For the case n = a + 4, the bound on d in Theorems 7 and 8 are equal.
So the result can be deduced by Theorem 7 immediately.

Now we consider the case n = o + 3. Let G be a 2-connected graph with
independent number « and order o + 3, let C be an arbitrary longest cycle of G,
and let x be a vertex of G of degree at least 4. If C contains x, then we have
nothing to prove. So we assume that z € V(G — C). If z is an isolated vertex of
G — C, then d¢(z) = d(z) > 4. By Lemma 12, [(C) > 8. Thus

a(6) £ alGIV(O)) +a(6 - €) <) + V(G - ) = | “T | +n-1(0)

S ) P 2

a contradiction. Thus we conclude that z has a neighbor 2/ in G — C. Since
G is 2-connected, G has a C-path P passing through the edge xx’. Note that
[(P) > 3, and by Lemma 10, I(C) > 6. Thus

a contradiction. [ ]
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