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Abstract

A vertex v € V(G) is said to distinguish two vertices x,y € V(G) of
a graph G if the distance from v to z is different from the distance from
vtoy. Aset W C V(G) is a total resolving set for a graph G if for
every pair of vertices z,y € V(G), there exists some vertex w € W — {z, y}
which distinguishes x and y, while W is a weak total resolving set if for every
z € V(G)—W and y € W, there exists some w € W—{y} which distinguishes
x and y. A weak total resolving set of minimum cardinality is called a weak
total metric basis of G and its cardinality the weak total metric dimension
of G. Our main contributions are the following ones: (a) Graphs with small
and large weak total metric bases are characterised. (b) We explore the
(tight) relation to independent 2-domination. (c) We introduce a new graph
parameter, called weak total adjacency dimension and present results that
are analogous to those presented for weak total dimension. (d) For trees,
we derive a characterisation of the weak total (adjacency) metric dimension.
Also, exact figures for our parameters are presented for (generalised) fans
and wheels. (e) We show that for Cartesian product graphs, the weak total
(adjacency) metric dimension is usually pretty small. (f) The weak total
(adjacency) dimension is studied for lexicographic products of graphs.
Keywords: metric dimension, resolving set, weak total metric dimension,
weak total resolving set, adjacency dimension, graph operations.
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1. INTRODUCTION

A resolving set for a graph G is a set S C V(G) with the property that every
vertex of GG is uniquely determined by the distances from the elements of S. The
distance of two vertices x,y of a graph G is the length of a shortest path between
xz and y in G, written dg(z,y). If two vertices belong to different connected
components, their distance is infinite. A vertex v € V(G) is said to distinguish
two vertices z and y if dg(v,z) # dg(v,y). More formally, a set S C V is said
to be a resolving set for G if any pair of vertices of GG is distinguished by some
element of S. A minimum resolving set is called a metric basis, and its cardinality
the metric dimension of G, denoted by dim(G).

Motivated by the problem of uniquely determining the location of an intruder
in a network, the concept of metric dimension of a graph was introduced by Slater
in [9]. This concept was also introduced by Harary and Melter in [4]. Several
variations of resolving sets including resolving dominating sets [1], independent
resolving sets [2], local metric sets [7], strong resolving sets [8], weak total resolv-
ing sets [6], etc. have since been introduced and studied. In this paper we focus
on the study of weak total resolving sets.

To begin with, we introduce some notation and terminology. All graphs
that we consider in this paper are undirected and without loops or multi-edges.
If G is a graph, V(G) is its set of vertices and E(G) is its set of edges. The
number |V(G)| is also called the order of G. A graph G with E(G) = 0 is
known as an empty graph, and the empty graph of order one is also called the
trivial graph. We write G =2 H if G and H are isomorphic graphs. For a
vertex v of a graph G, Ng(v) will denote the set of neighbours of v in G, i.e.,
Ng(v) ={u € V(G) : uv € E(G)} is the open neighbourhood of v. Additionally,
we denote by Ng[v] = Ng(v) U {v} the closed neighbourhood of v. Also, given
aset S C V(G), we define Ng(S) = U,cg Ng(v). The subgraph induced by a
set S of vertices will be denoted by (S). The eccentricity eg(v) of a vertex v in
a connected graph G is the maximum distance between v and any other vertex
of G. The diameter of G is defined as

D(G) = max {ea(v)}
The diameter of a graph is infinite if and only if the graph has more than one
connected component. A graph G is 2-antipodal if for each vertex = € V(G) there
exists exactly one vertex y € V(G) such that dg(z,y) = D(G).

We will use the notation K,, K,s, C,, N, and P, for complete graphs,
complete bipartite graphs, cycle graphs, empty graphs and path graphs of order
n, respectively.

The join G + H is defined as the graph obtained from disjoint graphs G and
H by taking one copy of G and one copy of H and joining by an edge each vertex
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of G with each vertex of H. For instance, the graph K; + C; is a wheel graph,
Ky + K, = K, is a complete graph and K7 + Ny & K ; is a star graph whose
central vertex is the vertex of K7 and whose t leaves are the vertices of the empty
graph Ng.

A set W C V(G) is a total resolving set for G if for every pair z,y € V(G),
there exists some vertex w € W — {z,y} such that dg(w,z) # dg(w,y), while W
is a weak total resolving set if for every x € V(G) — W and y € W, there exists
some w € W — {y} such that dg(w,z) # dg(w,y), as defined in [6].}

A weak total resolving set of minimum cardinality is called weak total metric
basis of GG, and its cardinality is called the weak total metric dimension of G,
denoted by dim,;(G). For instance, W = {v1, v9, v3} is a weak total metric basis
of the two graphs of Figure 1.

G/
Figure 1. W = {v1, v3,v3} is a weak total metric basis of G and G’.

The remaining definitions are given the first time that the concept is found
in the text below, unless they refer to standard notions that can be found in any
textbook on graph theory.

2. GENERAL RESULTS

In this section, we are (finally) going to derive characterisations of those graphs G
that have a weak total metric dimension that equals |V (G)| or |V(G)| — 1. We

We are going to discuss more on the history of this notion at the end of this paper.
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also identify conditions under which the weak total metric dimension is 2. More-
over, we derive comparisons with other graph parameters, especially related to
independent domination.

2.1. Preparations

First, we will argue why studying connected graphs is of major importance to
derive our results. We therefore first discuss graphs with at least two components.

Proposition 1. Let G = (V, E) be a graph with ¢ > 2 connected components (V)
induced by the vertex sets Vi, 1 < ¢ < c. Then, we can conclude:

1. Let W CV be a weak total resolving set for G. If|Vi| > 1 and W; := WNV; #
0, then W; is a weak total resolving set for (V).

2. Conversely, if some U; C V; is a weak total resolving set for (V;), then U; is
also a weak total resolving set for G.

Proof. For the first claim, consider any x € W; and y € V; — W; (if W; =V,
W; is a trivial weak total resolving set for (V;)). Since for all w € W — W;
da(w, x) = dg(w,y) = 0o, there has to be some v € W; — {x} which distinguishes
x and y.

For the second claim, consider some =z ¢ U; and some y € U;. Clearly, if
x € Vj, there is some w € U; — {y} that distinguishes = and y, as U; is a weak
total resolving set for (V;). If = ¢ V;, then dg(x,w) = oo for any w € U; — {y},
while dg(y, w) < 0o, as y and w are both in the same connected component. =

This allows us to conclude as follows.

Corollary 2. Let G = (V,E) be a graph of order n > 2 with ¢ > 2 connected
components Vi, 1 < i < c. Then, one of the following two cases applies:

o All components V; are singleton sets, or, equivalently, G is empty. This means
that G = Ny, and dim,,(G) = n.
e (G is a non-empty graph. Then,

dimy:(G) = min {dim,; ((V;)): 1 <i < cA |V > 1}.
Since every vertex belonging to any weak total resolving set W must be
distinguished by at least one other vertex in W, it follows that for any graph of
order n the weak total metric dimension satisfies the following inequality:

(1) 2 < dimu(G) < n.

Another simple yet important observation is contained in the following statement.
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Lemma 3. Let G = (V,E) be a graph. If for a vertex v € V there is no
u € V. — Ng[v] such that Ng(v) C Ng(u), then Ng[v] is a weak total resolving
set for G.

Proof. Let v € V satisfies the stated condition. Any x € Ng(v) can be distin-
guished from any y € V — Ng[v] by v, since dg(v,z) = 1 < dg(v,y). For any
y € V — Ngv], there is some u € Ng(v) — Ng(y), so dg(u,y) > 1 = dg(u,v),
which means that u distinguishes v and y. [

A special case concerning vertices of degree 2 will be important for trees.

Corollary 4. For any graph G having at least three vertices v,z,y € V(G) such
that Ng(v) = {x,y} and Ng(z) N Na(y) = {v}, dim,(G) < 3.

Proposition 5. Let G be a graph. If there exists some W C V(G) such that for
every v € W there are two vertices a,b € Ng(v) "W such that Ng(a) N Ng(b) C
W, then dim, (G) < |W/|.

Proof. Let W C V(G) such that for every v € W there are a,b € Ng(v)NW such
that Ng(a) N Ng(b) € W. We claim that W is a weak total resolving set for G.
Consider any v € W and its two neighbours a,b € W with Ng(a) N Ng(b) C W.
For any u € V(G) — W, we have u ¢ Ng(u) N Ng(v), which yields dg(a,u) > 1 =
da(a,v) or dg(b,u) > 1 =dg(b,v). |

A special case which will become an important tool in the study of Cartesian
product graphs (in Subsection 5.2) is

Corollary 6. Let G be a graph. If there exists some W C V(G) such that (W) =
Cy and N(v) N N(w) C W for all nonadjacent v,w € W, then dim,,.(G) < 4.

2.2. Connection to independent 2-dominating sets

A k-dominating set of a graph G is a set S of vertices of G such that every
vertex not in .S is adjacent to at least k vertices in S. The k-domination number
of G, denoted by vi(G), is the minimum size of a k-dominating set [5]. A set
is independent (or stable) if no two vertices in it are adjacent. An independent
dominating set in a graph G is a set that is both dominating and independent
in G. The independent k-domination number of G, denoted by ix(G), is the
minimum size of an independent k-dominating set. The independence number of
G, denoted (@), is the maximum size of an independent set in G. For graphs
G for which an independent k-dominating set exists, we have

(2) (G) <ir(G) < a(G).

Remark 7. Any independent 2-dominating set of G is a weak total resolving set
for G.



190 K. CASEL, A. ESTRADA-MORENO, H. FERNAU AND J.A. RODRIGUEZ-VELAZQUEZ

Proof. Let S € V(G) be an independent 2-dominating set in G. Let s € S
and v € V(G) — S. As there exists w € S — {s} such that dg(w,s) > 2 and
dg(w,v) = 1, the result is immediate. |

Corollary 8. If a graph G has at least one independent 2-dominating set, then
dim,:(G) < i2(G).

To show the tightness of this inequality we take the complete bipartite graph
K, s, r,s > 2. Clearly, dimy, (K, s) = i2(K, ) = min{r, s}.

Notice that any independent 2-dominating set of a graph G is also an inde-
pendent 2-dominating set of any join graph of the form G + H. Thus, we point
out the following remark.

Remark 9. Let G and H be two graphs. If G has at least one independent
2-dominating set, then

The above bound is tight. For instance,

(a) dimy(Ny + Ct) = ia(Ny) = dimye (N, + Py) =7, for 2<r <4 and t > 7.
(b) dimy (N, + C3) = ia(Ny) = dimyy (N, + P) =7, for r > 2.

(¢) dimy(Ny + Cg) = i2(Cs) = dimye(Ny + Ps) = i2(Ps) = 3, for r > 3

(d) dimwt(Nr + 04) = iQ(C4) = dlmwt(Nr + Pg) = ZQ(Pg) =2, forr>1

(e) dimy(K, + Cy) = i2(Cy) = dimy (K, + P3) = i2(P3) = 2, for r > 1

(f) dimye (K, + Cs) = i2(Cs) = dimyy (K, + P5) = io(Ps) = 3, for r > 1

Proposition 10. Let G be a graph of diameter 2. Then the following assertions
hold.

(i) dimy(G) = 2 if and only if i2(G) = 2.
(i) Ifi2(G) = 3, then dim,(G) = 3.

Proof. By Corollary 8 we have that if G has an independent 2-dominating set,
then 2 < dim,(G) < i2(G). So, i2(G) = 2 leads to dim,,(G) = 2.

Now, assume that W = {a, b} is a weak total metric basis of G. Notice that a
and b cannot be adjacent. Indeed, if they are adjacent, then for any neighbour ¢ of
a we have that dg(a,c) =1 = dg(a,b), which is a contradiction. Moreover, since
D(G) = 2, we deduce that any vertex in u € V(G) — W must be adjacent to both
a and b, as otherwise either dg(a,u) = 2 = dg(a,b) or dg(b,u) = 2 = dg(b,a),
which is a contradiction. Therefore, W is an independent 2-dominating set and
so (i) follows.

The proof of (ii) is derived from Corollary 8 and (i). |
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2.3. The role of twin vertices

Two vertices x,y are called false twins if Ng(x) = Ng(y) and x,y are called true
twins if Ng[z] = Ngly]. Two vertices z,y are twins if they are false twins or true
twins. If two vertices x,y € V(G) are twins, then for any z € V(G) — {z,y} it
holds dg(z,z) = dg(z,y). Therefore, the next result follows.

Lemma 11. Let G be a graph and let W be a weak total metric basis of G. If
x,y € V(G) are twins, then either both © and y are in W or neither x nor y
belongs to W.

We define the twin equivalence relation R on V(G) as follows:
2Ry «— Nglz] = Ngly] or Na(x) = Na(y).

Let us see three different examples where every vertex has a twin. An example
of a graph where every equivalence class is a true twin equivalence class is K, +
(Ks U Ky), r,s,t > 2. In this case, there are three equivalence classes composed
of r, s and t true twins, respectively. As an example where no class is composed
of true twins, we take the complete bipartite graph K, g, r,s > 2. Finally, the
graph K, 4+ Ng, r,s > 2, has two equivalence classes and one of them is composed
of r true twins. On the other hand, K; + (K, UNj), r, s > 2, is an example where
one class is singleton, one class is composed of true twins and the other one is
composed of false twins.

If U is a twin equivalence class in a connected graph G with |[U| > 2 and
there exists a weak total resolving set for G, say W, which contains at least
one element from U, then Lemma 11 leads to U C W. Thus, we point out the
following result.

Proposition 12. Let G be a connected graph of order n with dim,;:(G) < n and
let {U1,Us,..., Uy} be the set of twin equivalence classes of G. Then,

in |U;] < dimy:(G) < n— min |Uj].
min |Uif < dim (G) < n— min |Uj

Moreover, dimy,(G) = minj<;<i, |U;| if and only if there exists a twin equivalence

class U, which is an independent |U|-dominating set whose cardinality is |U| =
minlgigk ‘UZ| Z 2

Proof. The bounds are directly obtained from Lemma 11. Now, let U be a twin
equivalence class, which is an independent |U|-dominating set, whose cardinality
is |U| = minj<;<g |U;| > 2. By the lower bound, we have that dim,(G) > |U]|
and, since U is an independent |U|-dominating set, by Remark 7 we conclude
that dim,.(G) = |U|.
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Assume that dim,,(G) = minj<;<x |U;]. Since dim,,(G) > 2, we have that
no twin equivalence class is a singleton set. So, by Lemma 11, we have that any
weak total metric basis U of G is a twin equivalence class, as |U| = min;<;<y |U;|.
If U is a true twin equivalence class, then given v € U, v € Ng(u) — U and
w € U — {u}, we have dg(u,v) = dg(w,v) = 1, which is a contradiction, and so
U is a false twin equivalence class. Then for any u,v € U, dg(u,v) = 2, which
implies that U is a |U|-dominating set, as the existence of a vertex w € V(G) —-U
at distance two from a vertex u € U leads to a contradiction. [

For instance, for r, s > 2, the graph K, + N;, of order n = r + s, is composed
of twins and its twin equivalence classes are Uy = V(K,) and Us = V(Ns). The
only weak total metric basis is Us = V(N;) and so the upper bound is achieved
for r < s, where dim (K, + Ns) = s =n —r =n —min;<;<2 |U;|, and the lower
bound is achieved for r > s, where dimy; (K, + N;s) = s = minj<;<2 |U;|. If r = s,
then both lower and upper bounds are achieved, and U, is indeed an independent
|Us|-dominating set.

2.4. Characterisations for dim,,;(G) € {n,n — 1,2}

We define the following parameter for a non-complete graph G via its graph
complement G

O(G) = max _ |Ng(u) N Ng(v)|.
u,weV(G): weE(Q)

We also assume that ©(K,,) = 0.
Proposition 13. For any non-trivial graph G of order n, dim,:(G) < n—0(G).

Proof. 1t is straightforward that the result holds for G = K, i.e., dim(K,) =
n — O(K,) = n. We now suppose that there are two vertices z,y € V(G) with
ry € E(G). Let W = Ng(z) N Ng(y). We claim that W/ = V(G) — W is a weak
total resolving set. To see this, we differentiate the following cases where w € W
and w’ € W'.
1. w' € Ng(z). Since w' € Ngly], we have that dg(y,w’) > 2 > 1 = dg(y, w).
2. w' € Ng(y). This case is analogous to the previous one.
3. w' & Ng(x) U Ng(y). If w' # z, then dg(z,w') > 2 > 1 = dg(x,w) and, if
w' = x, then dg(y,w') =2 > 1 = dg(y,w).
According to the three cases above, we conclude that W’ is a weak total
resolving set and, as a consequence, the result follows. [

Proposition 13 and Corollary 2 immediately yield the following characterisa-
tion.
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Corollary 14. Let G be a graph of order n > 2. Then dim,;(G) = n if and only
if G=2 K, orG=ZN,.

The following straightforward remark will be useful in describing a procedure
to determine the graphs where dim,,:(G) = 2.

Remark 15. Let G be a graph. Given z,y € V(G), let

indist(z,y) :={z € V(G) : dg(z,y) = dg(z,z)or dg(x,y) = da(y, 2) }.

Then dim,;(G) = 2 if and only if there exist z,y € V(G) such that indist(x,y) =

{z,y}.

In particular, if there is some z ¢ {x,y} such that z € indist(z,y), then x
does not distinguish y and z, or y does not distinguish z and z. Remark 15 can
be used to derive the following algorithmic result.

Proposition 16. Given a graph G of order n > 2, in time O(n3) it can be
decided if dim(G) = 2.

Proof. Initially we can compute the distance matrix DistM¢g by using the well-
known Floyd-Warshall algorithm. DistMg is a symmetric n X n-matrix whose
rows and columns are labelled by vertices, with entries between 0 and n — 1 (or
o0). Now observe that indist(z,y) = {z,y} if and only if DistMg possesses a
non-zero entry, say, j at position (x,y), i.e., j = DistMg(z,y), such that both
the row (labelled x) and the column (labelled y) contain j only at position (z,y).
Given DistMg, this condition can be checked in linear time for each pair (z,y),
i.e., the overall runnning time of the sketched algorithm is dominated by the
cubic time of the Floyd-Warshall algorithm. ]

Examples of infinite families of graphs where dim,;(G) = 2 are given in
Remark 39 and Corollary 40. It remains to study graphs with 3 < dim,(G) <
n— 1.

Theorem 17. Let G be a connected graph of ordern > 5. Then dim,,;(G) = n—1
if and only if G = Kj -1 or G = K + (Kp—2 U K7).

Proof. First of all, note that 2 < dimy¢(K1,—1). So, at least one leaf of K 1
must belong to any weak total resolving set and, by Lemma 11, we have that
dimy¢ (K1 n—1) > n — 1. By Corollary 14, dim(K1,,—1) = n — 1. Analogously,
2 < dimy (K1 + (Kp—2 U K7)) < n — 1, and since the set composed of the two
vertices associated to the copies of K does not form a weak total resolving set,
at least one vertex of degree n — 2 must belong to any weak total resolving set
and, by Lemma 11, we have that the n —2 twins composing the clique K,,_2 must
belong to any weak total resolving set. Let A be this set of twin vertices. Given
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w € A, no vertex of A—{w} distinguishes w from the vertex of degree n — 1, thus
dimy,¢ (K7 4+ (Kp—2 U K1)) > n — 1 and, as a consequence, dimy:(Kj + (K,—o U
Kl)) =n—1.

Now, let dimy¢(G) = n — 1. First consider some vertex v € V(G) with 2 <
|Nc(v)| < n—3. If there exists some u € V(G) — Ng[v] with [Ng(u)NNg(v)| > 2,
then Proposition 13 shows that dim,;(G) < n—2, which is a contradiction. Hence,
for all u € V(G) — Ng[v], |[Ng(u) N Ng(v)| < 1. As |[Ng(v)| > 2, this means that
N¢g(v) € Ng(u) cannot hold. Hence, by Lemma 3, Ng[v] is a weak total resolving
set with | Ng[v]| < n—2, contradicting dim,:(G) = n— 1. Therefore, G may only
contain vertices of degree 1 or of degree at least n — 2. Since G is connected and
n > 5, there is at least one vertex of degree larger than 1.

Suppose there is a vertex v with |Ng(v)| = n — 2, which leaves exactly
one vertex u ¢ Ng(v). Again, by Proposition 13, Ng(u) and Ng(v) are not
allowed to intersect in more than one node w implying Ng(u) = {w}. Since
{v,u} C Ng(w), the node w has to have a degree at least n — 2. With n > 5, w
has at least one other neighbour € V — {v,u}. Since {v,w} C Ng(z), = also
has to have at least n — 2 neighbours. With Ng(u) = {w} this only leaves the
possibility Ng[z] = V — {u} which yields deg(y) > 2 for all remaining vertices
y €V —{u,v,w,z}. Again, with Ng(u) = {w}, this only leaves the possibility
N¢ly] =V —{u}, hence (V — {w,u}) = K,,—a. Since {z,v} C Ng(w) N Ng(y)
for any y € V — {u,v,w,z}, Proposition 13 gives wy € FE(G), which means
G K+ (Kn_g U Kl)

Suppose there is no vertex of degree n — 2. Then, at least one vertex v has
to have degree n — 1. If there was another vertex u of degree larger than 1, its
degree would have to be n — 1 as well. Any vertex w ¢ {u,v} of G is a neighbour
of w and of v, so w has a degree n — 1. Hence, we face the complete graph with
weak total dimension n by Corrolary 14. Therefore, the only valid possibility is
degree 1 for all vertices V' — {v}, which yields G = K ,,_1. [

Checking the few possibilities for n = 2, n = 3 and n = 4, and by Corollary 2,
we obtain the following result for not necessarily connected graphs of order at
least three.

Theorem 18. Let G be a graph of order n. Then, dim;(G) =n —1 if and only
if n > 3 and if one of the following cases applies:

G= K17n_1 or G = K|+ (Kn_Q UKl) orGEKi UK, ;.

3. THE WEAK TOTAL ADJACENCY DIMENSION

We introduce now the weak total adjacency dimension as a tool to study the
weak total metric dimension. We say that a set W C V(G) is a weak total
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adjacency resolving set if for every x € V(G) — W and y € W, there exists some
w € W — {y} such that w € Ng(x)ANg(y). Henceforth, we will say that a
vertex w distinguishes a pair of vertices z,y if w € Ng(x)ANg(y). A weak total
adjacency resolving set of minimum cardinality is called a weak total adjacency
basis of G, and its cardinality is called the weak total adjacency dimension of G,
denoted by adim,;(G). As each weak total adjacency resolving set is a weak total
resolving set, we have the following inequalities:

(3) 2 < dimy(G) < adimy, (G) < n.
Moreover, for any graph G of diameter (at most) two,
(4) dim,, (G) = adimy, (G)

and, by definition of weak total adjacency dimension, for any graph G,

(5) adimwt(G) = adimwt(G),

where G denotes the complement of G. The latter identity, together with the
bound of equation (3), shows that the adjacency dimension variant is a suitable
tool to study the graph complement operation with respect to the weak total
dimension. A set-like notation of the definition of weak total adjacency resolving
sets gives:

Lemma 19. A subset W C V is a weak total adjacency resolving set for a graph
G = (V,E) if and only if for any v € W,

U(v) == U Ne(w) |u U v-New)|2v-w
weW —Ng[v] weWNNg(v)

With equation (4), this statement also holds for weak total resolving sets of
graphs of diameter two.

While most of the results for weak total resolving sets remain true for weak
total adjacency resolving sets, point two of Proposition 1 and consequently Corol-
lary 2 do not hold. Consider for example the graph G = C4,UC}: Each component
has a weak total adjacency basis of cardinality two but these sets cannot be used
for the whole graph G which has a weak total adjacency dimension equal to four.
A weaker version of Proposition 1 however still holds.

Proposition 20. Let G = (V, E) be a graph with ¢ > 2 connected components
described by the vertex sets Vi, 1 < i <c. Then

1. Let W C V be a weak total adjacency resolving set. If |V;| > 1 and W; =
W NV, #0, then W; is a weak total adjacency resolving set for (V;).
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2. Conversely, a weak total adjacency resolving set U; C V; for (Vi) is a weak total
adjacency resolving set for G if and only if the subgraph (U;) has no isolated
vertices.

Proof. The first part follows by analogy to the proof of Proposition 1, part one.
For the second part, assume that U; C V; is a weak total adjacency resolving set
for (V;). If there exists an isolated vertex u in (U;), then u cannot be distinguished
from any v € V —V; and hence U; is no weak total adjacency resolving set for G.

If the subgraph (U;) has no isolated vertices, then any u € U; and v € V —V;
can be distinguished by a vertex v’ € Ng(u)NU;. Any u € U; can be distinguished
from any v € V; — U; since U; is a weak total adjacency resolving set for (V).
Altogether U; is a weak total adjacency resolving set for the whole graph. [

Lemma 3 (and hence Corollary 4) remains true for weak total adjacency resolving
sets. We explicitly state these results, making use of equation (5) in the following:

Lemma 21. Let G = (V, E) be a graph. If for some v € V there is no u €
V — Ng[v] such that Ng(v) C Ng(u), then Ng[v] is a weak total adjacency
resolving set for G. Also, if for some v € V there is no u € Ng(v) such that
N¢lu] € Ng[v], then Ng(v) is a weak total adjacency resolving set for G.

Proposition 5 also remains true and has some interesting variations.

Proposition 22. Let G be a graph and let W C V(G). If for everyv € W, there
are two vertices a,b € W such that either a,b € Ng(v) and Ng(a) N Ng(b) C W
or a,b € Ng[v] and Ng(a) N Ng(b) C W, then adim,,(G) < |W|.

By equations (3), (5) and Proposition 22 we deduce the next result.

Corollary 23. Let G be a graph and let W C V(G). If for every v € W, there
are two vertices a,b € W such that either a,b € Ng(v) and Ng(a) N Ng(b) C W
or a,b € Nglv] and Ng(a) N Ng(b) C W, then dim,(G) < |W].

By Corollary 4 and equation (5) we have:

Corollary 24. For any graph G having at least three vertices v, x,y € V(G) such
that either Ng(v) = {x,y} and Ng(x) N Ng(y) = {v}, or Ng(v) =V — {z,y}
and Ng(z) U Ng(y) =V — {v}, we find that adim,(G) < 3.

The connections to independent 2-dominating sets yield even stronger results
with respect to the weak total adjacency dimension. To derive the next remark
we proceed as in the proof of Proposition 7.

Remark 25. Any independent 2-dominating set of G is a weak total adjacency
resolving set for G.
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Corollary 26. Let G be a graph. If G has at least one independent 2-dominating
set, then adim,.(G) < i2(G).

Proposition 27. Let G be a graph. Then adim(G) = 2 if and only if i2(G) = 2

oriz(G) = 2.

Proof. By Corollary 26 we conclude that io(G) = 2 leads to adim,;(G) = 2, and
also i2(G) = 2 leads to adim(G) = 2.

Now, assume that {a, b} is a weak total adjacency resolving set for G. Note
that if ab € E(G), then Ng(a) = {b} and Ng(b) = {a}, and thus, G = Ky
or G = Ky U H where H is an arbitrary graph. So, {a,b} is an independent
2-dominating set for G and, as a result, i2(G) = 2. Conversely, if ab € E(G),
then in G any ¢ € V(G) —{a, b} should be adjacent to both a and b, and so {a, b}

is an independent 2-dominating set for G. |

Characterisations of graphs with weak total adjacency dimension n or n — 1
can be shown similarly to those for the weak total metric dimension. Using the
parameter O(G) defined prior to Proposition 13 we deduce that for any graph G
of order n

adim,;(G) < n — max{O(G), 0(G)}.
Therefore, the following result immediately follows.

Remark 28. Let G be a non-trivial graph of order n. Then adim,.(G) = n if
and only if G =2 K,, or G £ N,,.

Theorem 29. Let G be a graph of order n > 5. Then adim,,(G) =n —1 if and
only if G = H with H € {Kl,n—17K1 UK, 1,Ki+ (Kn_g U Kl),Kl U Kl,n—2}'

Proof. The equality adim (K7 ,—1) = adimy (K7 + (Kp—2 U Kj) = n — 1 im-
mediately follows from equation (3), Theorem 17 and Remark 28. With equa-
tion (5) the same dimension follows for the complement: adim (K3 U K,—1) =
adimwt(Kl U KLn_Q) =n—1.

As this part of the proof to Theorem 17 only uses properties which remain
true for weak adjacency resolving sets (Lemma 21 and Proposition 13), any con-
nected graph G of order n > 5 and adim,:(G) = n — 1 is isomorphic to either
K p—1 or Kj + (K,,—2 U K}). Since the complement of any non-connected graph
is connected, equation (5) yields that any non-connected graph G of order n > 5
and with adim,;(G) = n — 1 is isomorphic to either K7 U K, or K1 U Kq 2.

|

Observe that this result is not true for n = 4 since P, has a weak total
adjacency dimension equal to three but is not in the stated family of graphs.
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4. SPECIAL GRAPH CLASSES: TREES, FANS AND WHEELS

Given a tree T, we define 0*(7T") as the minimum degree among all the internal
vertices of T'. Given two vertices u,v € V(T') we say that By, (v) is the branch at v
containing u and we define it as the connected component of T'— {v} containing
u. The following proposition is remarkable in the sense that it not only gives a
possibility to compute the weak total metric dimension on trees, but also gives a
neat characterisation of this parameter on a tree 7" in terms of 6*(7').

Proposition 30. Let T be a tree.
(i) If 0*(T) = 2, then dim.(T") < 3.
(ii) If 6*(T) > 3, then dimy,(T) = 6*(T).

Proof. Since (i) is a direct consequence of Corollary 4, from now on we assume
that 0*(7") > 3. Let u € V(T) be a vertex of degree 6*(1"). We claim that Nz (u)
is a weak total resolving set for 7. On one hand, for any a,b € Np(u) we have
dr(a,u) =1 # 2 =dp(a,b). So, any pair u,a, where a € Np(u), is distinguished
by some element b € Np(u)—{a}. For any ¢ € V(T') — Nr[u] and a € N (u) there
is a vertex b € Np(u) — {a} such that ¢ € Bp(u); recall that deg(u) > 3. Any
vertex b of this type distinguishes a and ¢ since dp (b, c) = dp(u,c)+1>3>2 =
dr(b,a). Hence Np(u) is a weak total resolving set for 7" and, as a consequence,
dimy, (T) < |[Np(u)| = 6*(T).

It remains to prove that dimy:(7") > 6*(7"). Let W be a weak total metric
basis of T'. Let u, v be two adjacent vertices of T such that B, (v)NW = {u}. Ifv
is a leaf, W has to be the set {u, v}. This set however does not allow to distinguish
v from any other neighbour of u which means that v is an internal vertex. With
0*(T") > 3 this implies that |[Nr(v)| > 3. Since dr(z,y) = dr(z,u) = dr(z,v)+1
for any y € Np(v) and € By(v) U By(v), any y € Np(v) — W requires a node
x, € By(v) to distinguish y from u which yields By (v) "W # ) for all y € Nr(v)
and hence |W| > |Ng(v)|. |

A similar result can be stated for forests, making use of Corollary 2.

Remark 31. Notice that our combinatorial results also lead to a polynomial-time
algorithm for computing the weak total dimension of a tree:

1. Determine (in linear time) the value of §*(7T').

2. If 6*(T") = 2, then check whether dim,(7") = 2 by using Proposition 16; if the
check fails, then we conclude that dim,:(7") = 3.

3. If §*(T') > 3, then dim,(T) = 0*(T).

Our next result gives the value of the weak total adjacency dimension for any
tree T', different from a star, in terms of its minimum internal degree 6*(7T').
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Proposition 32. For any tree T different from a star,
adimy, (T) = 6*(T) + 1.

Proof. Let u € V(T) be a vertex of degree ¢*(T). By Lemma 21, Np[u] is a
weak total adjacency resolving set of cardinality 6*(7) + 1.

It remains to prove that adim,:(7) > 6*(T) + 1. Let W be a weak total
adjacency basis of T'. Similar to the proof to Proposition 30, let u,v be two
adjacent vertices of T" with B,(v) N W = {u}; again, v is an internal vertex.
Distinguishing u from any node z € (Np(v) — {u}) — W requires a node in
Np(z) — {v} which yields (Np[z] — {v}) "W # @ for all z € Np(v) — {u}. If
v € W, this immediately yields |W| > |Nr[v]| > 6*(T) + 1. Suppose v & W.
Since T is not a star, at least one neighbour y of v is an interior vertex implying
the existence of a vertex z € Np(y) —{v}. Distinguishing z from y requires either
a neighbour of z other than y or a neighbour of y other than z, which yields
|W N By(v)| > 2 and hence

W|=[WnB,w)|+ Y  |WNNpf]|>2+|Np)|—1>6%(T) + 1.
z€N7(v)—{y} |
Now we derive some results on the weak total metric dimension for comple-
ments of trees.

Proposition 33. The following assertions hold.
(i) For any tree T, dim,(T) < 6*(T) + 1.
(ii) For any tree T of diameter three, dim(T) = 2.

(iii) For any tree T of diameter D(T') > 4, dim, (7)) > 3.

Proof. (i) By Theorem 18, together with equation (4), and by Proposition 32,
we have adim,(7") < §*(T") + 1 for all trees 7. Thus, by equations (3) and (5),
we get dimy, (T) < adimyy (T) = adim,(T) < 6*(T) + 1.

(ii) The two central vertices x, y of any tree T' of diameter three are antipodal
vertices in T, and for any v € V(T) — {z,y} we have that dz(v,z) < 3 and
d=(v,y) < 3. Hence, {a,b} is a weak total metric basis of 7.

(iii) First of all, notice that T has diameter two. Suppose that {z,y} is
a weak total metric basis of T. Since x and y cannot be adjacent in T, they
are adjacent in 1" and so, for any vertex z adjacent to x in T we have that
d=(x,y) = 2 = dg(z, z) and so = does not distinguish the pair y, z in T, which is
a contradiction. [

By equations (3), (5) and Corollary 24 we obtain the following corollaries.

Corollary 34. Let n be an integer.
o Ifn > 1, then dimy(P,) < adimy,(P,) = adim(P,) < 3.
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o Ifn>5, then dimy(Cy) < adimy(Cy) = adimy, (Cy) < 3.

Corollary 35. For any tree T having a vertex of degree two, dim(T) < 3.

We now consider generalisations of the wheel graph and fan graph: the
complete-core generalised wheel W, = K, + Cy (r > 1,t > 4), and the complete-
core generalised fan F,; = K, + P;, (r > 1,t > 3). The complete-core generalised
fan F3 4 is shown in Figure 2.

Figure 2. W = {v1,v9,v3} is a weak total metric basis of the complete-core generalised
fan F3’4.

By performing some simple calculations, we have that
dimwt(FrA) = dimwt(Wr,5) =3,

while the values of dimy(F; ;) for t € {3,5} and dimy, (W, ;) for t € {4,6} have
been shown in Remark 9. For the remaining values of ¢, Lemma 19 gives the
following result.

Theorem 36. The following assertions hold.
(i) For any integer t > 6, dimyy(F.;) = adimy(Fr¢) = 4.
(ii) For any integer t > 7, dimy:(Wrt) = adimy,e (W, 1) = 4.

Proof. First observe that dimy.(F, ;) = adimy(Fy+) and that dim.(W,:) =
adim,,¢(W,.4) by equation (4). Suppose W is a weak total resolving set for W, ; =
(V,E) (or Fry = (V,E)). By Lemma 19 for any vertex v € W, the set U(v) has
to contain at least all vertices of V' — W. Since Njw] = V for all w € V(K,),
these kinds of vertices do not contribute to the set U(v), what allows us to
assume W — V(K,) = W. Suppose W = {z,y}. Since r +2 < |N[y]| < r + 3,
neither the set N(y) nor the set V — N[y] can contain r + ¢ — 2 vertices, which
means |U(z)| < |V — W]|. Suppose W = {v,z,y} C V(C;) (V(P,)). Since
V(K,) C N(w) for every vertex w € V — V(K,), each vertex z € W needs a
vertex 2 € W— Ny, ,(2) (¢ € W—NFp,,(2)) for U(z) to contain V(K,) C V-W.
Assume v ¢ Ng(z) N Ng(y), which gives U(v) = N|z] U N]y]. The requirement
V —W = U(v) yields that {z,y} is a dominating set for (V(Cy)—v) ((V(P;)—wv)),
which is impossible for ¢ > 7 (¢ > 6).
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Any induced P4 in G on the other hand yields a weak total resolving set
W of cardinality 4, since every vertex in W has one neighbour v € W with
V(Cy) —W CV —N(u) (P,—W CV — N(u)) and one non-neighbour w with
V(K,) C N(w). u

We now consider the empty-core generalised wheel Wy = N, + Cy (r > 1,
t > 3), and the empty-core generalised fan Fry = Ny + Py, (r > 1,¢t > 2). Notice
that the first number, giving the size of the core, is overlined to differentiate this
notion from the (complete-core) generalised wheel, resp. fan.

Some cases of dimy,(F7;) and dim,;(W5;) have been shown after Remark 9.
Also, by performing some simple calculations, we have that

dimwt(F§74) = dimwt(Fis) =2 and dimy.(Fr4) = 3, for r > 3.
Moreover,
dimwt(WiE)) = dimwt(Wﬁﬁ) =2and dimwt(WF75) = 3, for r > 3.

By Remark 7, for > 2, the set of vertices of N, is a weak total resolving set
for Wr; and F5;. However, if we take » > 4 and we proceed analogously to the
proof of Theorem 36 we deduce the following result.

Remark 37. The following assertions hold.
(i) For any integers r >4 and t > 6, dimy(Fr) = adimy(Frt) = 4.
(ii) For any integers r > 4 and t > 7, dimy(Wr;) = adim(Wr,) = 4.

5. OPERATIONS ON GRAPHS

In this section, we study operations on graphs in connection with the weak total
metric/adjacency dimension. Henceforth, in the case of ordered pairs (z,y) we
will write Ng(z,y), Nglz,y] and U(x,y) rather than Ng((x,y)), Ngl(z,y)] and
U((x,y)), respectively.

5.1. Point attaching graphs

Let Gyw[H] be a graph constructed from a graph G, a set W = {vy,..., v} C
V(G) and a family of pairwise disjoint (non-trivial) connected graphs H =
{G1,...,G}} as follows. Select one vertex u; of G; and identify u; with v; € W,
for every i € {1,...,k}. In Figure 1, the graph G’ = Gy [H] is obtained by
so-called point attaching from G, the family H = {K3, K1 + C4,C5} and the set
W = {v1,v2,v3}. Note that for any G; € H we have dim,,;(G;) > dim,(G) and
dimy (Gw[H]) = dim,(G) = 3.
We would point out the following remark which follows from Lemma 21.
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Remark 38. Let G be a graph and let W C V(G). Then for any family H
composed of |W| pairwise disjoint non-trivial connected graphs and any v € W,
the set Ng,, (3g[v] is a weak total adjacency resolving set for Gy [H].

The following remark is straightforward.

Remark 39. Let W = {a, b} be a weak total metric basis of a graph G and let
H = {G1, G2} be a family of disjoint connected graphs. If for u; € V(G;) it holds
that eg, (ui) < dg(a,b), i € {1,2}, then

dimo (Gy [H]) = 2.

Corollary 40. Let G be a 2-antipodal graph and let H = {G1, G2} be a family
of disjoint connected graphs. If for u; € V(G;) it holds that eq,(u;)) < D(G),
i € {1,2}, then for any set W = {v1,v2} C V(G) of antipodal vertices,

Proposition 41. Let G be a connected graph with dim,:(G) > 3 such that
there exists a weak total metric basis W' such that dg(v,w) = dg(x,y) for all
v,w,z,y € W with v # w and x # y. For any non-empty set W C W' and any
family H composed of |W| pairwise disjoint connected graphs,

Moreover, if for all G; € H it holds that dim,(G;) > dimy,(G), then

Proof. Consider G, W’ and W as described in the statement of the proposition.
We will show that W’ is a weak total resolving set for Gy [H]. Since W’ is a weak
total metric basis of G, we only need to show that for any w € W’ and any v €
V(Gj), there exists some w’ € W' —{w} such that dg,, pg(w', w) # day, 1 (W', v).
With v; € V(G) N V(Gj), any w' € W' — {vj,w} satisfies dg,, (v, w) =
dg(w',w) = da(w',v;) < dg(w',vj) + dg,;(vj,v) = dg,pg(w',v). Thus, the
upper bound follows.

Now, assume that dim(G;) > dim,,(G), for all G; € H, and let {v;} =
W NV(G;). Let X be a weak total metric basis of Gy [H]. We claim that | X| >
dim,, (G). To see this, we define X; = X N V(G;) for all G; € H. If X; C {v;},
for all G; € H, then X is a weak total resolving set for G so especially | X| >
dim,¢(G). Also, if there exists G; € H such that | X| > dim(G;), also | X| >
dim,,¢(G). So, assume that there exists G; € H such that 0 < | X;| < dim,(G;).
Then there exists z € X; and y € V(G;) — X; such that dg,(u,x) = dg,(u,y)
for any w € X; — {z}. Since X is a weak total metric basis of Gy [H], there
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must exist some v’ € X — V(G;) such that dg,, (v, ) # dey, (v, y). Hence,
dgy 1) (W5 vi) + dg,; (vis7) = dgypg(Ws2) # day (W', y) = daypg(svi) +
dea,(vi,y) and, as a result, dg,(vi,z) # dg,(vi,y). Thus, X; U {v;} must be a
weak total resolving set for G; and so dim.;(Gw[H]) = |X| > |X; U {v;}| >
dimy, (G;) > dimy (G). Therefore, the result follows. [ ]

An example of application of Proposition 41 is shown in Figure 1.

5.2. Cartesian product graphs

In this section we study the weak total metric dimension of Cartesian product
graphs. We recall that the Cartesian product of two graphs G = (V, E1) and
H = (Va, Es) is the graph GOH such that V(GOH) = V; x V3, and two vertices
(a,b), (c,d) are adjacent in GOH if and only if, either (¢ = ¢ and bd € Es3) or
(b=d and ac € Ey).

Proposition 42. Let G and H be two connected non-trivial graphs. Then
dim(GOH) = 2 if and only if there exists a weak total metric basis {a,c}
of G such that dg(a,c) = eq(a) = eq(c) and there exists a weak total metric basis
{b,d} of H such that dg(b,d) = ey (b) = eg(d).

Proof. Assume that there exists a weak total metric basis {a, ¢} of G such that
dg(a,c) = eg(a) = €g(c) and there exists a weak total metric basis {b,d} of H
such that dg(b,d) = ey (b) = eg(d).

We claim that W = {(a,b),(c,d)} is a weak total metric basis of GOH.
Since dg(a,z) < dg(a,c) for any vertex x € V(G) and dg(b,y) < dg(b,d) for
any vertex y € V(H), we can conclude that for any vertex (z,y) € V(GOH)

deom(a,b),(z,y) = dg(a,x)+dg(b,y) < da(a,c)+dg(b,d) = daom(a,b),(c, d)).

Analogously, we deduce that dgom ((c, d), (x,y)) < deom((a,b), (¢,d)). There-
fore, W is a weak total metric basis of GLOH and so we conclude that
dim(GOH) = 2.

On the other hand, assume that dim,;(GOH) = 2 and let {(x,y), (u,v)}
be a weak total metric basis of GLH. Suppose that y = v. Let u’ be a vertex
adjacent to u, lying on a shortest path between z and u, and let w € Ng(y).
Then deop((z,y), (u,v)) = deou((z,y), (v/,w)), which is a contradiction, and
as a consequence y # v. By analogy we deduce that x # u.

Suppose that eg(x) > dg(z,u). Thus, there exists v/ € V(G) such that
da(z,u') = dg(xz,u) + 1. Let ¢/ be a vertex adjacent to v lying on a shortest
path between y and v. Then deog((z,v), (u,v)) = deou((z,y), (v, y')), which
is a contradiction. Thus, eg(x) = dg(x,u). Analogously, it follows that eg(u) =
da(z,u). Now, if there exists z € V(G) such that dg(x,z) = dg(z,u), then
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deon((z,y), (u,v)) = deog((z,y), (2,v)), which is a contradiction again. By
analogy we deduce that for every z € V(G) it holds dg(u,z) # dg(xz,u). So,
{z,u} is a weak total metric basis of G.

By symmetry it holds that dgy(y,v) = ea(y) = eq(v) and {y,v} is a weak
total metric basis of H. Therefore, the result follows. [

Corollary 43. For any connected non-trivial graph G and any integer n > 3,
dim(GOK,,) > 3.
By Proposition 5 and Corollary 43 we deduce our next result.
Proposition 44. For any connected graph G,
dim,;(GOK3) = 3.
Proposition 45. For any integers k > 1 and n > 2,
dimy,¢ (Cor10K,) = 3.

Proof. The case kK = 1 was previously studied in Proposition 44, so we can
assume that & > 2. Since dimy(Cort1) = 3, by Proposition 42, we deduce
dimwt(02k+1DKn) > 3.

Let u1,ug,uz € V(Copy1) such that ujus € E(Cory1) and do,, (us,u1) =
dcyyy (ug,u2) = k. Given v € V(K,) and W = {uy,u2,u3}, we claim that
W' = W x {v} is a weak total resolving set for Co100K,. To this end, we
differentiate three cases for any (a,b) € V(Cor110K,) — W' and (u,v) € W'.

e In case a = u, immediately b # v and for any v € W — {u}, we have
dC2k+1DKn((u,a v),(a,b)) = dCZkJrl (v,a)+1> d02k+1[|[(n((ul, v), (u,v)).
e In case a € W — {u}, the definition of W’ yields b # v. Let v’ € W — {a, u}.
If v = uz, we have dg,, oK, ((v,v),(a,b)) = doy,, oK, (v, v),(a,v)) +1 >
dcy,, 0K, (W', v), (u,v)). Since k > 2, for ' # uz we immediately obtain that
d02k+1DKn<(a’v)’ (uv v)) =k> d02k+1DKn((a’7v)7 (av b)) =1
eIncasea ¢ W,if b=v, W x {v} is a weak total resolving set for (V(Cojy1) X
{v}) = Cok+1, so consider b # v. Let {u',u"} = W — {u}. Suppose that vertex
(u',v) does not distinguish the pair (u,v), (a,b), i.e., dey,, 0K, (v, v), (u,v)) =
dcy,. 0K, (W', v), (a,0)). Thus, do,, ., (v',u) = de,,, (u',a) + 1 and, as a conse-
quence, either u = u3 or v/ = u3. Note that in both cases d¢,, , (v, a) = k—1. If
u = ug, we observe that dc,, ok, (v, v), (u,v)) =k # dc,, .0k, ((v",v), (a,b))
€ {k—1,k+1}. Otherwise, v’ = ug which means that dc,, , ,ox, ((u",v), (u,v)) =
1 <dgy,, 0K, ((u",v), (a,b)) € {2,3}.

According to the three cases above, we conclude that W’ is a weak total
resolving set for Cor 10K, and, as a consequence, dim(Copi10K,) < |[W/|
= 3. Therefore, the result follows. [
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Since the Cartesian product of two 2-antipodal graphs is a 2-antipodal graph,
we have that for any 2-antipodal graphs G and H it holds that dim,,(GOH) = 2.
For instance, the following graphs all have a weak total metric dimension of two:
P.OP;, Cop,OP,, C,00Cy, CordQ; P.[1Q¢, where (); denotes the hypercube of
degree t.

Proposition 46. For any 2-antipodal graph G and for any integer k > 1,
dimwt(GDCQkJrl) = 3.

Proof. Let a,b € V(G) such that dg(a,b) = D(G), and let z,y,z € V(Coji1)
such that yz € E(Coxq1) and dey,,,(z,y) = dcy,,,(x,2) = k. Since for any
(u,v) € V(GOC9k41) it holds that (u,v) lies on a shortest path between (a,z)
and (b,y) or (u,v) lays on a shortest path between (a,z) and (b, z), we conclude
that {(a,x),(b,y),(b,z)} is a weak total resolving set for GOCy;4+1 and, as a
consequence, dimg;(GOCy;4+1) < 3. On the other hand, by Proposition 42 we
deduce that dim,;(GOC,11) > 3. [

Notice that Proposition 46 can be extended to any pair of graphs G and H
satisfying the following restrictions:
e There exist a,b € V(G) such that dg(a,b) = D(G) and for any ¢ € V(G) —
{a,b}, dg(a,c) < D(G) and dg(b,c) < D(G).
e There exist z,y,z € V(H) such that yz € E(H), du(z,
and for any v € V(H) — {x,y, 2}, du(z,v) < D(H),
di(z,v) < D(H).

The following result is a direct consequence of Corollary 6.

)

y) =dg(x,z) = D(H)
d )

(:,v D(H) and

Corollary 47. For any non-trivial graphs G and H,
dim,,(GOH) < 4.

Looking at the weak total adjacency dimension, Corollary 23 and equation
(3) give bounds for complements of Cartesian products?.

Remark 48. For any non-trivial graphs G and H, dim,;(GOH) < 4. Moreover,
dim,;(GOK3) < 3.

Proposition 49. For any graph G of order n > 4 and for any integer r > 4,
adim (K,0G) = 3 if and only if there exists some W = {z,y,z} C V(G) such
that (W) = K3 and Ng(v) N Ng(w) C W for all v,w € W.

2Notice that for G = H =~ Ko, Corollary 23 does not apply, although dim:(K.OK>2) =
dimwt(Kg U KQ) =2<4.
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Proof. For any (v,w) € V(K,) x V(G), by the structure of H := K,OG, the
set of neighbours is given by Nylv, w] = ({v} X Ng(w)) U (V(K,) x {w}). Since
INg(v,w)] <n+r—2and |V(K,) x V(G) — Nglv,w]| < rn—r, a weak total
adjacency basis of cardinality two for H would be a contradiction to Lemma 19
(recall that n,r > 4).

Assume that S = {(v1,w1), (v2, we), (v3, w3)} is a weak total adjacency basis
for H. Counting cardinalities, Ng(v;, w;) U Ng(vj,w;) cannot contain V (kK,.) x
V(G) — S for any i,j € {1,2,3}. Lemma 19 hence yields |Ng(v;, w;) 0S| > 1 for
all i = 1,2, 3.

Suppose that (vi,w;) and (vs, ws) are not adjacent, which implies that wy #
ws and that (v, w1) and (vg, wy) are adjacent. U(vi,w1) 2 V(K,) x V(G) = S
requires Ng(ve,wa) — S C Nplvs, ws]. Since r,n > 4, there is a v & {v1, ve,v3}.
The vertex (v,ws2) € Npg(ve, we) — S requires wg = wq. For the set U(vs, ws), the
neighbourhood Ny (vi,w) similarly has to contain (v, ws), what would require
wy = wy and hence w; = ws, so that (v1,w;) and (vs, ws) are indeed adjacent, a
contradiction.

Then we have that (v;,w;) and (vj,w;) are adjacent for all 7,5 = 1,2,3,
so that either v = vy = v3 or w; = wy = ws. Notice that the set U(vy,w;)
equals V(G) x V(K,) — (Ng[va, wa2] N Ng[vs, ws]) which, by Lemma 19, means
that NH[’UQ,’IUQ] N NH[vg,wg] C S. Thus, if wqy = wy = ws, then NH[’UQ,’IUQ] N
Ny vz, ws] = V(K,) x {wa} € S, which is a contradiction. Hence, v; = va = v3
and the subgraph induced by {w;, we, w3} is isomorphic to K3. Now we find that
{va} x (Ng(w2) N Ne(ws)) = ({v2} x Na(ws)) N ({vs} x Na(ws)) = Nilvz, wa] N
Ny[vs, ws] € S and, as a result, Ng(w2) N Ng(ws) = {w1}. Looking at U(v;, w;)
for i = 2,3 in the same way, this argument gives Ng(w;) N Ng(w;) € {w1, w2, w3}
for all ¢ # j which shows that {w;,ws,ws} is the required set.

Conversely, if we take W = {z,y,2z} C V(G) such that (W) = K3 and
Ng(v) N Ng(w) € W for all v,w € W, then the choice S’ := {v} x W for any
v € V(K,) yields a weak total adjacency set for H by Proposition 22. [

Corollaries 43 and 47 lead to 3 < dimy;(K,00K,) < 4 for r,s > 3, and hence
Proposition 49 and equation (4) give:

Corollary 50. For any integers r,s > 4,
adim (K, 0OK;) = dimy, (K,.O0K;) = 4.

The previous propositions show that the weak total metric and adjacency
dimensions behave differently from other graph parameters, as usually it can
be expected that the parameter of a Cartesian product graph depends on the
parameter of its constituents.
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5.3. Lexicographic product graphs

The lezicographic product of two graphs G = (Vi, E1) and H = (Va, E») is the
graph G o H with vertex set V' =V} x V5 and two vertices (a,b), (¢,d) € V are
adjacent in G o H if and only if either ac € Eq, or (a = ¢ and bd € Es).

Note that the lexicographic product of two graphs is not a commutative
operation. Moreover, G o H is a connected graph if and only if G is connected.
We would point out the following known results.

Fact 51 [3]. Let G be a connected graph and H be a non-trivial graph. Then the

following assertions hold for any a,c € V(G) and b,d € V(H) such that a # c.
(1) dGOH((a7 b)? (Cv d)) - dG(CL, C)

(11) dGOH((av b)7 (CL, d)) = mln{dH(bv d)> 2}

Proposition 52. Let G be a connected graph and H be a non-trivial graph. Let
S be a weak total resolving set for G o H, and let S; = {v; : (u;,v;) € S}. If
S; # 0, then S; is a weak adjacency resolving set for H and, as a consequence,

dimwt(G o H) > adimwt(H).

Proof. We take S; # (). Thus, since S is a weak total metric basis of G o H,
by Fact 51 (i), for any v; € S; and vi, € S;, there exists (u;,vs) € S — {(us,v5)}
such that dgom ((us, vs), (wi,v5)) # dgor ((ui, vs), (ui, vg)). Hence, vg € S; — {v;}
and, by Fact 51 (ii), either (vsv; € E(H) and vsvy, ¢ E(H)) or (vev; ¢ E(H)
and vsvy € E(H)). Therefore, S; is a weak total adjacent set for H. Moreover,
taking S as a weak total metric basis of G o H we have dim(G o H) = |S| >
|S;| > adimy:(H). |

Now we shall show that the above bound is tight.

Proposition 53. Let G be a connected graph and H be a non-trivial graph. If
there exists a weak adjacency basis S of H such that for every a € S it holds that
Ng(a)NS #0 and Ngla] 7 S, then

dim,, (G o H) = adimy,(H).

Proof. By Proposition 52, we have that dim,.(G o H) > adim,,(H). It only
remains to prove that dim,;(G o H) < adim,(H), and to this end, we will show
that S; = {u;} x S is a weak total resolving set for G o H, where u; € V(G) is
arbitrary and S is a weak total adjacency basis of H that satisfies the conditions
stated above. Let (u;,vj) € S; and (u,,vs) € V(G o H) — S;. We differentiate
three cases.

e i = r. Since S is a weak total adjacency basis, there exists vy € S such that
either (vjvy € E(H) and vsv,, ¢ E(H)) or (vjur, ¢ E(H) and v, € E(H)).
Thus, dgor ((ui, vj), (ui, vk)) # daor ((wi, vi), (us, vs)).
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o dgor((ui,vj), (ur,vs)) = 1 and @ # r. Since Nyla] A S for all a € S, there
exists v, € S with vju, ¢ E(H), so (u;,vj) and (u;, v;) are not adjacent in G o H.
Hence, dgon ((us, v5), (ui,ve)) = 2 # 1 = dgor ((ui, vj), (ur, vs)).

o dgor ((ui, v5), (ur,vs)) > 2 and @ # r. Since Ng(a) NS # () for all a € S, there
exists v; € S such that vju, € E(H), which means that (u;, vj) and (u;,v;) are ad-
jacent in GoH. Hence, dgon ((ui, v5), (i, v¢)) =1 # 2 < dgor ((us, vj), (ur,vs)) =
daor (i, ve), (ur, vs)).

Therefore, the result follows. [

then
Cy.

If, given two connected graphs H; and Hy we have adim,(H OH2) = 4
we can construct a weak total adjacency basis W in such a way that (W)
Hence, our next result is a direct consequence of Proposition 53.

I

Corollary 54. Let Hy, Ho, G be three connected graphs. If adim,,(H1OHs) = 4,
then

dimwt(G o (Hﬂjﬂg)) = dimwt(G o (Hﬂjﬂg)) =4.

By equation (4) and Theorem 36 we have that for any complete-core gener-
alised fan graph F}.; such that ¢ > 6, it holds that dim,(F, ;) = adim,(F,.;) = 4.
Analogously, for any complete-core generalised wheel graph W, ; such that t > 7,
it holds that dimy,(W,;) = adimy(W,;) = 4. In both cases, the weak total
adjacency metric bases are composed by four consecutively adjacent vertices of
the corresponding path or cycle. Hence, these weak total metric basis satisfy
the premises of Proposition 53 for H = F,.; and H = W, ;, as well as for their
complements. Therefore, we can state the following result.

Proposition 55. Let r,t be two positive integers and let G be a connected graph.
o Ift>6, then dimy(G o F, ) = dimyy (G o Fry) = 4.
o Ift>7, then dimy (G o Wy t) = dimyy (G o W) = 4.

Proposition 56. Let G be a non-trivial graph and let v > 2 be an integer. Given
a weak total adjacency basis W C V(G) of G and u € V(K,), the set {u} x W
is a weak total adjacency basis of K, o G if and only if W — Ng(v) # 0 for all
veW.

Proof. Assume that {u} x W is a weak total adjacency basis of K, o G. Since
for any v’ € V(K,) — {u} and any v € W, the vertices (u,v) and (u/,v) are
adjacent, there must exists v € W — Ng(v) such that (u, ') distinguishes (u,v)
from (u',v). Therefore, W — Ng(v) # 0 for all v € W.

Conversely, assume that W — Ng(v) # 0 for all v € W. Consider any
(x,y) € V(K, o G) — ({u} x W) and v € W. If = u, then there exists (u, ')
which distinguishes (u, v) from (u,y), as W is a weak total adjacency basis of G.
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Also, since there exists v” € W — Ng(v), then for z # u, (u,v") € Ng,oq(x,y) —
Nk, oc(u,v). Hence, {u} x W is a weak total adjacency resolving set for K, o G.
Now, suppose that S is a weak total adjacency resolving set for K, o G such that
|S] < |W/|. Then taking S, = {b € V(G) : (a,b) € S} # 0, by Proposition 52
we obtain that S, is a weak total adjacency resolving set for G and |S,| < |S] <
|W| = adim,(G), which is a contradiction. Therefore, {u} x W is a weak total
adjacency basis of K, o G. [

6. DISCUSSION

This paper was devoted to the study of combinatorial properties of graph parame-
ters called weak total metric, resp. adjacency, dimension. These parameters have
some very peculiar properties, for instance, the latter one is indifferent against
graph complementation, something we do not know for any other graph param-
eter. Also, it seems to be difficult to build gadgets with these parameters as this
is commonly done to prove computational hardness results, as piecing graphs
together from smaller graphs can dramatically decrease these parameters. So, we
leave it as an open question whether (or not) a weak total metric, resp. adjacency,
basis for a given graph can be computed in polynomial time.

There is one more peculiarity about the first parameter: We followed with our
definition the one contained in the abstract of [6]. In other places, the definition
of a weak total resolving set furthermore requires that the set is indeed a resolving
set. Of course, this changes the properties completely. In a sense, we studied a
pure version of this notion, not combining it with the previously and intensively
studied notion of metric dimension. In order to differentiate both notions and
avoid further confusions, we therefore propose to call the version that we studied
in this paper pure weak total resolving set and keep the notion of weak total
resolving set for sets that are also resolving sets. To put it positively, given
the fact that we observed quite interesting properties, it might be an idea to
study other “pure versions” of graph parameters to better understand the cause
of certain combinatorial and computational results. This would allow to study
certain effects in isolation.
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