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Abstract

An edge coloring ¢ of a graph G is called an Ma-edge coloring if |¢(v)| < 2
for every vertex v of G, where p(v) is the set of colors of edges incident with
v. Let Ko(G) denote the maximum number of colors used in an Ms-edge
coloring of G. In this paper we determine Ko(G) for trees, cacti, complete
multipartite graphs and graph joins.
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1. INTRODUCTION AND NOTATIONS

Let G be a graph with vertex set V(G) and edge set E(G). An edge coloring of
G is an assignment of colors to the edges of G, one color to each edge. If adjacent
edges are assigned distinct colors, then the edge coloring is a proper edge coloring.

Many generalizations of proper edge colorings have been introduced and stud-
ied in research of graph properties. These generalizations are usually obtained by
relaxation of the condition that no two edges of the same color are adjacent. For
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instance, in an f-coloring it is allowed that at each vertex v the same color may
occur at most f(v) times, where f is a function which assigns a positive integer
f(v) to each vertex v (see [7, 9, 12, 13, 14]). This type of coloring has many
important applications in scheduling problems, e.g. the file transfer problem in
a computer network (see [2, 3, 8]). If instead we require that the edges incident
with each vertex v have at most f(v) different colors, then we obtain the defini-
tion of a generalized M;-edge coloring, which was introduced in [4]. In this paper
we deal with Ms-edge colorings.

An edge coloring ¢ of a graph G is an May-edge coloring if at most two colors
appear at any vertex of G, i.e., |p(v)| < 2 for every vertex v of G, where ¢(v)
is the set of colors of edges incident with v. The problem is to determine the
maximum number K2(G) of colors used in an Ms-edge coloring of G. The exact
values of this parameter are known only for subcubic graphs [4, 6] and complete
graphs [5]. In this paper we determine Ko(G) for cacti and graph joins, moreover,
we answer a question of Soték [11] on the monotonicity of Io. As corollaries of the
main results we obtain the values of Ko(G) for trees and complete multipartite
graphs.

An Mas-edge coloring of G is called optimal if it uses Ko(G) colors. If S is
a subset of the vertex set of GG, then the subgraph of GG induced by S is denoted
by G[S].

2. REsuLTS

2.1. Cacti

Recall that a connected graph in which every edge belongs to at most one cycle
is called a cactus.

Lemma 1. Let e=uv be an edge of a graph G such that max{deg(u), deg(v)} <2.
Then

ao(G) =1+ Ko(G —e).

Proof. Since any Ms-edge coloring of G — e using k colors can be extended to
an Ma-edge coloring of G using k + 1 colors, we obtain Ka(G) > 1+ Ko(G — e).

On the other hand, any Ms-edge coloring of G using k colors induces an Ms-
edge coloring of G — e using at least k — 1 colors. Thus, Ko(G —€) > Ka(G) — 1,
i.e., ICQ(G) < 1+/C2(G—€). |

Lemma 2. Let v be a pendant vertex of a connected graph G which is adjacent
to the vertex u. If the graph G — u contains at least three components, then

Ka2(G) = Ko(G — v).
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Proof. Since any Ms-edge coloring of G — v using k colors can be extended to
an Ma-edge coloring of G using k colors, we obtain Ko(G) > Ko(G — v). So
let 1) be an My-edge coloring of G which uses k colors; it suffices to show that
Kao(G —v) > k.

If the color of the edge uv occurs on at least two edges of G, then the coloring
1 of G induces a required coloring of G — v.

So we can assume that the color of the edge uv occurs only once in G. In
this case all edges incident with u and different from uv have the same color
¢, ¢ # YP(uv). Let Gi be a component of G — u which does not contain the
vertex v. If we recolor all edges colored by ¢ in the subgraph of G induced by
V(G1) U {u} with color ¢(uv), then we obtain an Ma-edge coloring of G using
k colors such that the color of the edge uv occurs on at least two edges of G.
This coloring induces an Ms-edge coloring of G — v with k colors. Consequently,
]CQ(G) S]CQ(G—U). |

Let V;(G) denote the set of vertices of degree j in G. Mjy-edge colorings of
subcubic graphs were studied in [4].

Proposition 3 [4]. Let G be a graph with mazimum degree at most three. Let t
denote the mazimum number of disjoint cycles of G that contain no vertices of
degree two. Then

G2(G) = 5 (VO] +[Va(G)) + 1.

Lemma 4. Let uv be a pendant edge of a cactus G such that deg(v) = 1 and
deg(u) = 3. If there is a cycle C in G containing the vertex u, then

{,CQ(G) —1 if deg(w) > 3 for every w € V(C),

ICQ(G - ’U) = .

Ka(G) otherwise.

Proof. First assume that deg(w) > 3 for every vertex w € V(C). Since any
Mas-edge coloring of GG using k colors induces an Ms-edge coloring of G — v using
at least k — 1 colors, we obtain ICo(G — v) > Ka(G) — 1. So let 1) be an Ma-edge
coloring of G — v which uses k colors; it suffices to show that K2(G) > k + 1.

If [¢p(u)| = 1, then 9 can be extended to a required coloring of G. If |[¢)(u)| =
2, then we modify ¢ into an Ms-edge coloring v’ which uses at least k colors,
moreover [¢'(u)] = 1. In the following first we show that |U,ecy o) ¥ (w)| <
|V (C)|, and then describe the modification.

For every vertex w € V(C) — {u} we choose an edge e,, incident with w such
that e,, ¢ E(C) and ¢ (w) = {¢(ew), ¥ (e1),1(e2)}, where e; and ey are edges of
C' incident with w. The subgraph H of G — v induced by U, ey (c_y) €w U E(C)
contains the cycle ', and every vertex of C' — u is adjacent to a pendant vertex
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of H. The maximum degree of H is three, therefore Proposition 3 gives Ko(H) =
[V(C)]. Since + induces an My-edge coloring of H, [,y (o) ¥ (w)| < [V(C)].

For every vertex w € V(C) let ¢, be a new color, i.e., ¢, does not belong
to Y(E(G —v)), and let Gy, be the component of (G —v) — E(C) containing the
vertex w. The edge coloring ¢’ of G — v is defined in the following way

Cu ifee E(C),

Cw if e € E(Gy) and ¢(e) = ¢(ey),

Cu if e € E(Gy) and ¢(e) € Y(w) — ¢(ew),
(e) otherwise.

W'(e) =

It is easy to see that 1)’ is an My-edge coloring of G —v. The coloring 1)’ uses
at least k — U, ev (o) ¥(w)| +|V(C)| = k colors. Moreover, ¢'(u) = {cu}, and so
1)’ can be extended to a required coloring of G.

So we may assume that there is a vertex of degree two in V(C). Since any
Ma-edge coloring of G — v using k colors can be extended to an Ms-edge coloring
of G using k colors, we obtain Co(G) > Ko(G — v). So let ¢ be an Ma-edge
coloring of G which uses k colors; it suffices to show that Ko(G — v) > k.

If the color of the edge uv occurs on at least two edges of GG, then the
coloring ¢ of G induces a required coloring of G — v. Otherwise, we modify
¢ into an Ms-edge coloring ¢’ which uses at least k colors, moreover the color
¢ (uv) occurs on at least two edges of G. Thus, assume that the color of the edge
uv occurs only once in G. Similarly as in the previous case we can show that
|UwEV(C) e(w)| < [V(CO)].

Set p = |V(C)| and denote the vertices of C' by uy, ua, ..., u, in such a way
that its edges are u;u;11 for i = 1,2,...,p, the subscripts being taken modulo p.
For i = 1,2,...,p, let G; be the component of G — F(C') containing the vertex
ui, let ¢; be a color belonging to ¢(u;), and let ¢ be a new color not belonging
to p(E(G)) such that || J?_;{c:}| < |UP_1{c}| = p. The edge coloring ¢’ of G is
given by

c; if e = uuq1,
e) cr if e € F(G;) and ¢(e) = ¢,
e) =
4 c;_, ifee E(G;) and ¢(e) € o(u;) — {c},

p(e) otherwise.

It is easy to see that ¢’ is an Ma-edge coloring of G. The coloring ¢’ uses at
least k — [\ UY_; ¢(u;)| + p > k colors. Moreover, the edges of C' incident with u
have different colors, and so the color ¢'(uv) occurs on at least two edges of G.
Therefore, the coloring ¢’ of G induces a required coloring of G — v. [
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Theorem 5. Let G be a cactus on at least two vertices. Let r denote the number
of cycles of G containing a vertex of degree two. Then

Ka(G) =1+ V(G)| = Vi(G)[ — 7.

Proof. We use induction on the number of edges. If |E(G)| < 2, then G is a path
and Ka2(G) = |E(G)| = 1+ |V(G)| — |Vi(G)] as required. Assume that the claim
holds for every cactus with ¢ edges. Let G be a cactus with £ 4 1 edges.

First suppose that G contains no pendant vertex. Then G contains an edge
e = uv belonging to a cycle such that deg(u) = deg(v) = 2. Then G — e is
a cactus with £ edges, and so Ko(G —e) = 1+ |V (G —e)|— |V1(G —e)| —r', where
r’ is the number of cycles of G — e containing a vertex of degree two. Clearly,
V(G —e)| = |V(G)|, IVi(G —¢e)| = [Vi(G)| + 2, ¥ = r — 1 and Lemma 1 gives
Ko(G)=14Ko(G—e) =1+ |V(GQ)| - Vi (G)| — .

So we may assume that G contains a pendant vertex v, with neighbor u, say.
Then G — v is a cactus with £ edges, hence

(1) Ka(G —v) =1+ V(G = v)| = Vi(G = v)| =77,

where 7* is the number of cycles of G — v containing a vertex of degree two.

If deg(u) = 2, then [V(G —v)| = [V(G)| — 1, [Vi(G —v)| = Vi(G)], r* =
and Lemma 1 with (1) gives K2(G) = 1+ K2(G —v) =1+ |[V(G)| — [V1(G)| — .

So we may assume that deg(u) > 3. Then |[V(G —v)| = |[V(G)| — 1,
[Vi(G —v)| = |Vi(G)| — 1, and either r* =7 or r* =r 4 1.

If G — u has at least three components, then * = r and Lemma 2 with (1)
gives K2(G) = Ko(G —v) =1+ |V(GQ)| — |Vi(G)| — .

So we may assume that G — u has only two components. Then u is a vertex
of a cycle C' and deg(u) = 3. If C contains a vertex of degree two, then r* = r
and Lemma 4 with (1) gives Ko(G) = Ko(G —v) = 1 + |[V(G)] — |Vi(G)] — 7.
Finally, if C contains no vertex of degree two, then r* = r+ 1 and Lemma 4 with
(1) gives Ko(G) =1+ K2(G —v) =1+ |V(G)| — V1(G)| — . |

As any tree is a cactus without cycles we immediately have the following
assertion.

Corollary 6. If T is a tree on at least two vertices, then
Kao(T) =14 [V(T)| = [Vi(T)]-

2.2. Joins of graphs

Recall that the join of two graphs G and H is obtained from vertex-disjoint copies
of G and H by adding all edges between V(G) and V(H).
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A maitching in a graph is a set of pairwise nonadjacent edges. A matching
is perfect if every vertex of the graph is incident with exactly one edge of the
matching. A maximum matching is a matching that contains the largest possible
number of edges. The number of edges in a maximum matching of a graph G is
denoted by «o(G).

Proposition 7 [1]. Let G be a graph of mazimum degree at least two. Then
K2(G) > 1+ a(G).

Let ¢(G) denote the number of components of G. Clearly, ¢(G) < a(G) if G
has no isolated vertices. If ¢ is an edge coloring of G and X is a set of colors, we
write G —, X for the graph obtained from G by deleting all edges with colors in
X and all resulting isolated vertices.

Lemma 8. Let ¢ be an optimal Ms-edge coloring of a graph G and let X be
a subset of the color set used by 1. If p(v)NX # O for every vertex v of G, then

ICQ(G) — ‘X‘ = C(G — X) S a(G — X) S a(G)

Proof. Every component of G —; X is monochromatic, since at every vertex
of GG there is an edge with a color from X. Different components have different
colors, as otherwise v is not optimal. Thus, the number of components of G — X
is equal to the number of colors on its edges, which is ICo(G) — | X|. It is easy to
see that the inequalities ¢(G' —y X) < (G —y X) < o(G) hold. |

Theorem 9. Let G1 and Gy be disjoint graphs such that |V (G1)| < |V (G2)|, and
let G be the join of G1 and Ga. Then

1 if V(G| = [V(Ga)| =1,
ICo(G) =S 24 a(G) if (i), (ii) or (iii) holds,
1+ a(G) otherwise,

where (i), (i) and (iii) are as follows:
(i) |[V(G1)| =1 and there is a perfect matching M in Ga such that Go — M s
disconnected,
(ii) |V(G1)| =2, G2 has an isolated vertex and 1 + 2a(G2) = |V (G2)|,
(iii) a(G@) =|V(G1)| =2 and Cy is an induced subgraph of G.

Proof. Clearly, the claim holds for |V (G1)| = |[V(G2)| = 1. So we will suppose
that |V(G2)| > 2.

The proof is in two parts. In the first part we will prove that ICo(G) <
2 + a(@), with equality only if (i), (ii) or (iii) holds. In the second part we will
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give constructions to prove that Ko(G) > 2 4+ «(G) if (i), (ii) or (iii) holds. This
will prove the result, since we know from Proposition 7 that Ko(G) > 1 + a(G)
in all other cases.

For the first part of the proof, let ¥ be an optimal Ms-edge coloring of G,
and let ¥; = UveV(Gj) P (v) for j € {1,2}. There are some cases to consider.

Case 1. |¥;| < 2 for some j € {1,2}. Define H = G — ¥;; evidently
H C G3_j. Since every edge between (1 and G2 has a color from VU;, we can
deduce from Lemma 8 that Ko(G) = |¥;| + ¢(H) <2+ o(G).

Suppose that Ko(G) = 2 + a(G). Then |¥;| = 2 and ¢(H) = o(H) =
a(Gs—;) = a(G). The last equality holds only if |V(G;)| = 1 (which implies
j=1) and G3_; (=G2) has a perfect matching. Now ¢(H) = «(G2) implies that
E(H) is a perfect matching of G, denote it M. Let V(G1) = {v}, ¥; = ¢¥(v) =
{c1,¢2}, and for i € {1,2} let U; comprise the vertices of Gy that are joined to v
by an edge of color ¢;. Then Uy, Us partition V' (G2) into disjoint nonempty sets.
If e is an edge of G2 joining vertices u; € Uy and ug € Us, then its color is neither
c1 nor ¢y (otherwise at u; or ug appear edges of colors ¢; and ¢ as well as an
edge of M), and so e is an edge of M. Thus there is no edge of Ga — M.

Case 2. |¥;| > 3 for each j € {1,2}. In this case |V (G1)| > 2.

Case 2.1. |1(v1) Up(va)| < 2 for some v; € V(G1) and vz € V(Ga).

Let W19 = ¥(vi) Ut(v2) and D = G —y ¥y, Since every vertex v of G
is adjacent to vy or vy, and so ¥ (v) N Wy # (0, we can deduce from Lemma 8
that Ko(G) = |Vi2| +¢(D) < 2+ a(D). Since D C G — {v1,v2}, we have
a(D)+1 < a(G). Thus K2(G) <1+ a(G).

Case 2.2. |1(v1) Utp(va)| > 3 for all v; € V(G1) and ve € V(Ga).
In this case |1)(w)| = 2 for every vertex w € V(G), since [p(v1) Ny (vg)| > 1.

Case 2.2.1. For each i € {1,2} there are vertices u;,v; € V(G;) such that
P(ui) NP(v;) = 0.

Observe that ¢ (w) C ¥ (u;) Ut (v;) for every vertex w € V(G3—;) because w is
adjacent to u; and v;. Therefore ¥ (u;)Utp(v1) = ¢ (u2)Utp(ve) and 1) uses exactly
four colors. This implies that K2(G) < 1+ a(G) when a(G) > 3. Moreover, if
a(G) = 2, then the vertices wui,ug,v1,vy induce a 4-cycle and |V (G1)| = 2,
therefore (iii) holds.

Case 2.2.2. For some i € {1,2} there are vertices u;,v; € V(G;) such that
(u;) NY(v;) =0, and Y(u) N(v) # O for all u,v € V(G3_;).

Let 9(u;) = {a,b} and ¥(v;) = {c,d}. As every vertex w € V(G3_;) is
adjacent to u; and wv;, it follows that ¢ (w) is equal to {a,c},{a,d},{b,c} or
{b,d}. Since ¢ (u)N(v) # 0 for all u, v € V(G3_;), we may assume without loss of
generality that ¢ (w) equals {a, ¢} or {b, ¢} for each w € V(G3_;). Moreover, there
are vertices of both types, since |Us_;| > 3, say (w1) = {a, ¢} and ¢¥(w2) = {b, c}.
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Let Q@ = G —y {a,b,c}; evidently Q C G; —u;. By Lemma 8, Ko(G) = 3+¢(Q) <
34 a(Gi —u;) <24 a(G).

Suppose that Ko(G) = 2 + a(G). Then ¢(Q) = a(G; — u;) = a(G) — 1.
The last equality implies that |V (Gs_;)| = 2 (since 2 < |V(G1)| < |V(G2)|) and
G; — u; has a perfect matching. Now ¢(Q) = a(G; — u;) implies that E(Q) is
a perfect matching of G; — u;. Since each vertex x of G; — u; is incident with an
edge of @), whose color is not in {a, b, ¢}, x must be joined to w; and wg by edges
of color ¢, and so is not adjacent to u;. Thus u; is an isolated vertex of G;. As
2 =|V(G3-)| < [V(Gi)|, i = 2 thus (i) holds.

Case 2.2.3. (u) N(v) # O for all u,v € V(G). Let F be the graph whose
vertices are the colors used by 1, where vertices c;,co are adjacent whenever
there is a vertex w € V(G) such that ¢)(w) = {c1,c2}. The assumption of this
case says that each two edges of F' are adjacent, hence F' is a 3-cycle or a star.
If it is a 3-cycle, then Ko(G) = 3 < 1+ a(G) (since 2 < [V(Gy)| < |[V(G9)]). If
F' is a star, then there is a color ¢ which appears at every vertex of GG, and then
K2(G) <1+ a(G) by Lemma 8 with X = {c}.

This completes the first part of the proof. In the second part, we show that
K2(G) > 2+ a(G) if (i), (i) or (iii) holds. First suppose that (i) holds. Let
V(G1) = {v} and let U; U U be a partition of V(G2) such that only edges of M
join Uy to Us. Color all edges of G[U; U {v}] — M with one color, all edges of
G[Uz U {v}] — M with a second color, and every edge of M with a different color.
It is easy to see that this gives an Mg-edge coloring of G using 2+ |M| = 2+ «a(G)
colors, so K2(G) > 2 + a(G), as required.

Now suppose that (ii) holds. Let V(Gi) = {vi,v2}, let u be the isolated
vertex of Go, and let M be a perfect matching of Go — u. Use color 1 on uwvy,
color 2 on uws, color 3 on every other edge not in M, and a different color for
every edge of M. This gives an Ma-edge coloring of G using 3+ |M| = 2 + a(G)
colors, consequently K2(G) > 2 + a(G).

Finally, suppose that (iii) holds. Let C' = viujvous be an induced 4-cycle of
G such that V(G1) = {vi,v2} and uy,uz2 € V(G2). (Note that a(G2) < 1, since
a(G) = 2. Therefore, at least one vertex of C' must be in GG;. Then the opposite
vertex must be in G as well, since Cy is an induced cycle.) Color every edge of
C with a different color, color every other edge incident with v or u; the same
as viu, and color every remaining edge the same as vous. This gives an My-edge
coloring of G using four colors, so that Ko(G) > 4 =2+ a(G). |

As a complete (k + 1)-partite graph is the join of a totally disconnected
graph and a complete k-partite graph, it is a straightforward exercise to obtain
the following assertion.

Corollary 10. Let k> 2 and 1 < nj < --- < ng be integers. If G is a complete
k-partite graph Ky, . n,, then
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1 if G =Ky,
3 ifG =K1,
ICQ(G) _ l_f 1,1,1
4 ZfG = K17272 or G = K27n2,

1+ a(G) otherwise.

Note that Ko(G) for the complete multipartite graph G can be easily com-
puted because a(Ky,, p,,..n,) = min {Zf:_ll N, E S an }, see [10].

3. NON-MONOTONICITY OF Ko

In [5] the following assertion was proved.

Theorem 11. [5] For any positive integer ¢ there are graphs G1, G2 and G3 such
that G1 C G2 C G3, Ko(G1) = K2(G3) and Ko(G2) > Ka2(Gs) + L.

Soték [11] asked the following.

Problem 12. Let &k be a positive integer. Are there graphs GG1, G2 and G3 such
that G1 g G2 g Gg, ,CQ(Gl) = ICQ(G;;) and ICQ(GQ) S ICQ(Gg) — k??

In the following we show that the answer is positive.
Let k be a positive integer. Denote by T5; the tree with

V(Tor) = {vijli =1,2,...,2k; j =1,2,3,4},

E(Ty) = {’1)1'71%_;,_171’1' =1,2,...,2k—1}U {Uz‘,jvi,j—kl‘i =1,2,...,2k; 7 =1,2,3},
see Figure 1 for illustration.

V14 V24 V34 V44 Us4 V64

V13 V23 V63
V12 V22 V62

V11 V21 U31 V41 Us1 V61
Figure 1. The tree T§.

By Corollary 6 every optimal coloring of 75 uses 6k + 1 colors.

Let T;k, be a graph obtained from 75, by adding the edges v; jvit1,, ¢ =
1,3,...,2k—1, j = 2,3 (see Figure 2 for illustration).

Using Proposition 3 we obtain Ka(T%;) = 5(8k +2) + k = 5k + 1.

Let T. ;;f be a graph obtained from T;;C by adding the edges v; 4viy1.4, © =
1,3,...,2k — 1, see Figure 3 for illustration.
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Vig e o U24 Vsg @ [ XV VUs4 @ [ XUPh

V13 V23 V33 V43 Us3 V63

V12 V22 V32 V42 Us2 V62
V11 V21 V31 V41 Us1 Vg1

Figure 2. The graph Tg‘ .

V14 V24 V34 V44 Us4 V64

V13 V23 V33 V43 Us3 V63

V12 V22 V32 V42 Us52 V62
V11 V21 V31 V41 Us1 V61

Figure 3. The graph T6+ +.

Again, by Proposition 3 we obtain Ko(T5 ") = (8% + 2k +2) + k = 6k + 1.
Clearly, Tor, C Ty C Tyit and Ko(Tor) = Kao(Tyoh ") = 6k + 1. Moreover,

Ka(Ty) = Kao(Toi ") — k.
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