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Abstract

An edge coloring ϕ of a graphG is called anM2-edge coloring if |ϕ(v)| ≤ 2
for every vertex v of G, where ϕ(v) is the set of colors of edges incident with
v. Let K2(G) denote the maximum number of colors used in an M2-edge
coloring of G. In this paper we determine K2(G) for trees, cacti, complete
multipartite graphs and graph joins.
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1. Introduction and Notations

Let G be a graph with vertex set V (G) and edge set E(G). An edge coloring of
G is an assignment of colors to the edges of G, one color to each edge. If adjacent
edges are assigned distinct colors, then the edge coloring is a proper edge coloring.
Many generalizations of proper edge colorings have been introduced and stud-

ied in research of graph properties. These generalizations are usually obtained by
relaxation of the condition that no two edges of the same color are adjacent. For
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instance, in an f -coloring it is allowed that at each vertex v the same color may
occur at most f(v) times, where f is a function which assigns a positive integer
f(v) to each vertex v (see [7, 9, 12, 13, 14]). This type of coloring has many
important applications in scheduling problems, e.g. the file transfer problem in
a computer network (see [2, 3, 8]). If instead we require that the edges incident
with each vertex v have at most f(v) different colors, then we obtain the defini-
tion of a generalized Mi-edge coloring, which was introduced in [4]. In this paper
we deal with M2-edge colorings.

An edge coloring ϕ of a graph G is an M2-edge coloring if at most two colors
appear at any vertex of G, i.e., |ϕ(v)| ≤ 2 for every vertex v of G, where ϕ(v)
is the set of colors of edges incident with v. The problem is to determine the
maximum number K2(G) of colors used in an M2-edge coloring of G. The exact
values of this parameter are known only for subcubic graphs [4, 6] and complete
graphs [5]. In this paper we determine K2(G) for cacti and graph joins, moreover,
we answer a question of Soták [11] on the monotonicity of K2. As corollaries of the
main results we obtain the values of K2(G) for trees and complete multipartite
graphs.

An M2-edge coloring of G is called optimal if it uses K2(G) colors. If S is
a subset of the vertex set of G, then the subgraph of G induced by S is denoted
by G[S].

2. Results

2.1. Cacti

Recall that a connected graph in which every edge belongs to at most one cycle
is called a cactus.

Lemma 1. Let e=uv be an edge of a graph G such that max{deg(u), deg(v)}≤2.
Then

K2(G) = 1 +K2(G− e).

Proof. Since any M2-edge coloring of G − e using k colors can be extended to
an M2-edge coloring of G using k + 1 colors, we obtain K2(G) ≥ 1 +K2(G− e).

On the other hand, any M2-edge coloring of G using k colors induces an M2-
edge coloring of G− e using at least k− 1 colors. Thus, K2(G− e) ≥ K2(G)− 1,
i.e., K2(G) ≤ 1 +K2(G− e).

Lemma 2. Let v be a pendant vertex of a connected graph G which is adjacent
to the vertex u. If the graph G− u contains at least three components, then

K2(G) = K2(G− v).
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Proof. Since any M2-edge coloring of G − v using k colors can be extended to
an M2-edge coloring of G using k colors, we obtain K2(G) ≥ K2(G − v). So
let ψ be an M2-edge coloring of G which uses k colors; it suffices to show that
K2(G− v) ≥ k.

If the color of the edge uv occurs on at least two edges of G, then the coloring
ψ of G induces a required coloring of G− v.

So we can assume that the color of the edge uv occurs only once in G. In
this case all edges incident with u and different from uv have the same color
c, c 6= ψ(uv). Let G1 be a component of G − u which does not contain the
vertex v. If we recolor all edges colored by c in the subgraph of G induced by
V (G1) ∪ {u} with color ψ(uv), then we obtain an M2-edge coloring of G using
k colors such that the color of the edge uv occurs on at least two edges of G.
This coloring induces an M2-edge coloring of G− v with k colors. Consequently,
K2(G) ≤ K2(G− v).

Let Vj(G) denote the set of vertices of degree j in G. M2-edge colorings of
subcubic graphs were studied in [4].

Proposition 3 [4]. Let G be a graph with maximum degree at most three. Let t
denote the maximum number of disjoint cycles of G that contain no vertices of
degree two. Then

K2(G) =
1

2
(|V (G)|+ |V2(G)|) + t.

Lemma 4. Let uv be a pendant edge of a cactus G such that deg(v) = 1 and
deg(u) = 3. If there is a cycle C in G containing the vertex u, then

K2(G− v) =

{

K2(G)− 1 if deg(w) ≥ 3 for every w ∈ V (C),

K2(G) otherwise.

Proof. First assume that deg(w) ≥ 3 for every vertex w ∈ V (C). Since any
M2-edge coloring of G using k colors induces an M2-edge coloring of G− v using
at least k − 1 colors, we obtain K2(G− v) ≥ K2(G)− 1. So let ψ be an M2-edge
coloring of G− v which uses k colors; it suffices to show that K2(G) ≥ k + 1.

If |ψ(u)| = 1, then ψ can be extended to a required coloring of G. If |ψ(u)| =
2, then we modify ψ into an M2-edge coloring ψ

′ which uses at least k colors,
moreover |ψ′(u)| = 1. In the following first we show that |

⋃

w∈V (C) ψ(w)| ≤
|V (C)|, and then describe the modification.

For every vertex w ∈ V (C)−{u} we choose an edge ew incident with w such
that ew /∈ E(C) and ψ(w) = {ψ(ew), ψ(e1), ψ(e2)}, where e1 and e2 are edges of
C incident with w. The subgraph H of G− v induced by

⋃

w∈V (C−u) ew ∪ E(C)
contains the cycle C, and every vertex of C − u is adjacent to a pendant vertex
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of H. The maximum degree of H is three, therefore Proposition 3 gives K2(H) =
|V (C)|. Since ψ induces an M2-edge coloring of H, |

⋃

w∈V (C) ψ(w)| ≤ |V (C)|.

For every vertex w ∈ V (C) let cw be a new color, i.e., cw does not belong
to ψ(E(G− v)), and let Gw be the component of (G− v)−E(C) containing the
vertex w. The edge coloring ψ′ of G− v is defined in the following way

ψ′(e) =























cu if e ∈ E(C),

cw if e ∈ E(Gw) and ψ(e) = ψ(ew),

cu if e ∈ E(Gw) and ψ(e) ∈ ψ(w)− ψ(ew),

ψ(e) otherwise.

It is easy to see that ψ′ is an M2-edge coloring of G− v. The coloring ψ′ uses
at least k− |

⋃

w∈V (C) ψ(w)|+ |V (C)| ≥ k colors. Moreover, ψ′(u) = {cu}, and so

ψ′ can be extended to a required coloring of G.

So we may assume that there is a vertex of degree two in V (C). Since any
M2-edge coloring of G− v using k colors can be extended to an M2-edge coloring
of G using k colors, we obtain K2(G) ≥ K2(G − v). So let ϕ be an M2-edge
coloring of G which uses k colors; it suffices to show that K2(G− v) ≥ k.

If the color of the edge uv occurs on at least two edges of G, then the
coloring ϕ of G induces a required coloring of G − v. Otherwise, we modify
ϕ into an M2-edge coloring ϕ

′ which uses at least k colors, moreover the color
ϕ′(uv) occurs on at least two edges of G. Thus, assume that the color of the edge
uv occurs only once in G. Similarly as in the previous case we can show that
|
⋃

w∈V (C) ϕ(w)| ≤ |V (C)|.

Set p = |V (C)| and denote the vertices of C by u1, u2, . . . , up in such a way
that its edges are uiui+1 for i = 1, 2, . . . , p, the subscripts being taken modulo p.
For i = 1, 2, . . . , p, let Gi be the component of G − E(C) containing the vertex
ui, let ci be a color belonging to ϕ(ui), and let c

∗

i be a new color not belonging
to ϕ(E(G)) such that |

⋃p
i=1{ci}| ≤ |

⋃p
i=1{c

∗

i }| = p. The edge coloring ϕ′ of G is
given by

ϕ′(e) =























c∗i if e = uiui+1,

c∗i if e ∈ E(Gi) and ϕ(e) = ci,

c∗i−1 if e ∈ E(Gi) and ϕ(e) ∈ ϕ(ui)− {ci},

ϕ(e) otherwise.

It is easy to see that ϕ′ is an M2-edge coloring of G. The coloring ϕ
′ uses at

least k − |
⋃p
i=1 ϕ(ui)| + p ≥ k colors. Moreover, the edges of C incident with u

have different colors, and so the color ϕ′(uv) occurs on at least two edges of G.
Therefore, the coloring ϕ′ of G induces a required coloring of G− v.
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Theorem 5. Let G be a cactus on at least two vertices. Let r denote the number
of cycles of G containing a vertex of degree two. Then

K2(G) = 1 + |V (G)| − |V1(G)| − r.

Proof. We use induction on the number of edges. If |E(G)| ≤ 2, then G is a path
and K2(G) = |E(G)| = 1 + |V (G)| − |V1(G)| as required. Assume that the claim
holds for every cactus with ℓ edges. Let G be a cactus with ℓ+ 1 edges.

First suppose that G contains no pendant vertex. Then G contains an edge
e = uv belonging to a cycle such that deg(u) = deg(v) = 2. Then G − e is
a cactus with ℓ edges, and so K2(G− e) = 1+ |V (G− e)|− |V1(G− e)|− r′, where
r′ is the number of cycles of G − e containing a vertex of degree two. Clearly,
|V (G − e)| = |V (G)|, |V1(G − e)| = |V1(G)| + 2, r′ = r − 1 and Lemma 1 gives
K2(G) = 1 +K2(G− e) = 1 + |V (G)| − |V1(G)| − r.

So we may assume that G contains a pendant vertex v, with neighbor u, say.
Then G− v is a cactus with ℓ edges, hence

(1) K2(G− v) = 1 + |V (G− v)| − |V1(G− v)| − r∗,

where r∗ is the number of cycles of G− v containing a vertex of degree two.

If deg(u) = 2, then |V (G − v)| = |V (G)| − 1, |V1(G − v)| = |V1(G)|, r
∗ = r

and Lemma 1 with (1) gives K2(G) = 1 +K2(G− v) = 1 + |V (G)| − |V1(G)| − r.

So we may assume that deg(u) ≥ 3. Then |V (G − v)| = |V (G)| − 1,
|V1(G− v)| = |V1(G)| − 1, and either r∗ = r or r∗ = r + 1.

If G − u has at least three components, then r∗ = r and Lemma 2 with (1)
gives K2(G) = K2(G− v) = 1 + |V (G)| − |V1(G)| − r.

So we may assume that G− u has only two components. Then u is a vertex
of a cycle C and deg(u) = 3. If C contains a vertex of degree two, then r∗ = r
and Lemma 4 with (1) gives K2(G) = K2(G − v) = 1 + |V (G)| − |V1(G)| − r.
Finally, if C contains no vertex of degree two, then r∗ = r+1 and Lemma 4 with
(1) gives K2(G) = 1 +K2(G− v) = 1 + |V (G)| − |V1(G)| − r.

As any tree is a cactus without cycles we immediately have the following
assertion.

Corollary 6. If T is a tree on at least two vertices, then

K2(T ) = 1 + |V (T )| − |V1(T )|.

2.2. Joins of graphs

Recall that the join of two graphs G andH is obtained from vertex-disjoint copies
of G and H by adding all edges between V (G) and V (H).
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A matching in a graph is a set of pairwise nonadjacent edges. A matching
is perfect if every vertex of the graph is incident with exactly one edge of the
matching. A maximum matching is a matching that contains the largest possible
number of edges. The number of edges in a maximum matching of a graph G is
denoted by α(G).

Proposition 7 [1]. Let G be a graph of maximum degree at least two. Then

K2(G) ≥ 1 + α(G).

Let c(G) denote the number of components of G. Clearly, c(G) ≤ α(G) if G
has no isolated vertices. If ψ is an edge coloring of G and X is a set of colors, we
write G−ψ X for the graph obtained from G by deleting all edges with colors in
X and all resulting isolated vertices.

Lemma 8. Let ψ be an optimal M2-edge coloring of a graph G and let X be
a subset of the color set used by ψ. If ψ(v)∩X 6= ∅ for every vertex v of G, then

K2(G)− |X| = c(G−ψ X) ≤ α(G−ψ X) ≤ α(G).

Proof. Every component of G −ψ X is monochromatic, since at every vertex
of G there is an edge with a color from X. Different components have different
colors, as otherwise ψ is not optimal. Thus, the number of components of G−ψX
is equal to the number of colors on its edges, which is K2(G)− |X|. It is easy to
see that the inequalities c(G−ψ X) ≤ α(G−ψ X) ≤ α(G) hold.

Theorem 9. Let G1 and G2 be disjoint graphs such that |V (G1)| ≤ |V (G2)|, and
let G be the join of G1 and G2. Then

K2(G) =











1 if |V (G1)| = |V (G2)| = 1,

2 + α(G) if (i), (ii) or (iii) holds,

1 + α(G) otherwise,

where (i), (ii) and (iii) are as follows:

(i) |V (G1)| = 1 and there is a perfect matching M in G2 such that G2 −M is
disconnected,

(ii) |V (G1)| = 2, G2 has an isolated vertex and 1 + 2α(G2) = |V (G2)|,

(iii) α(G) = |V (G1)| = 2 and C4 is an induced subgraph of G.

Proof. Clearly, the claim holds for |V (G1)| = |V (G2)| = 1. So we will suppose
that |V (G2)| ≥ 2.
The proof is in two parts. In the first part we will prove that K2(G) ≤

2 + α(G), with equality only if (i), (ii) or (iii) holds. In the second part we will
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give constructions to prove that K2(G) ≥ 2 + α(G) if (i), (ii) or (iii) holds. This
will prove the result, since we know from Proposition 7 that K2(G) ≥ 1 + α(G)
in all other cases.

For the first part of the proof, let ψ be an optimal M2-edge coloring of G,
and let Ψj =

⋃

v∈V (Gj)
ψ(v) for j ∈ {1, 2}. There are some cases to consider.

Case 1. |Ψj | ≤ 2 for some j ∈ {1, 2}. Define H = G −ψ Ψj ; evidently
H ⊆ G3−j . Since every edge between G1 and G2 has a color from Ψj , we can
deduce from Lemma 8 that K2(G) = |Ψj |+ c(H) ≤ 2 + α(G).

Suppose that K2(G) = 2 + α(G). Then |Ψj | = 2 and c(H) = α(H) =
α(G3−j) = α(G). The last equality holds only if |V (Gj)| = 1 (which implies
j = 1) and G3−j (=G2) has a perfect matching. Now c(H) = α(G2) implies that
E(H) is a perfect matching of G2, denote it M . Let V (G1) = {v}, Ψj = ψ(v) =
{c1, c2}, and for i ∈ {1, 2} let Ui comprise the vertices of G2 that are joined to v
by an edge of color ci. Then U1, U2 partition V (G2) into disjoint nonempty sets.
If e is an edge of G2 joining vertices u1 ∈ U1 and u2 ∈ U2, then its color is neither
c1 nor c2 (otherwise at u1 or u2 appear edges of colors c1 and c2 as well as an
edge of M), and so e is an edge of M . Thus there is no edge of G2 −M .

Case 2. |Ψj | ≥ 3 for each j ∈ {1, 2}. In this case |V (G1)| ≥ 2.

Case 2.1. |ψ(v1) ∪ ψ(v2)| ≤ 2 for some v1 ∈ V (G1) and v2 ∈ V (G2).

Let Ψ1,2 = ψ(v1) ∪ ψ(v2) and D = G −ψ Ψ1,2. Since every vertex v of G
is adjacent to v1 or v2, and so ψ(v) ∩ Ψ1,2 6= ∅, we can deduce from Lemma 8
that K2(G) = |Ψ1,2| + c(D) ≤ 2 + α(D). Since D ⊆ G − {v1, v2}, we have
α(D) + 1 ≤ α(G). Thus K2(G) ≤ 1 + α(G).

Case 2.2. |ψ(v1) ∪ ψ(v2)| ≥ 3 for all v1 ∈ V (G1) and v2 ∈ V (G2).

In this case |ψ(w)| = 2 for every vertex w ∈ V (G), since |ψ(v1) ∩ ψ(v2)| ≥ 1.

Case 2.2.1. For each i ∈ {1, 2} there are vertices ui, vi ∈ V (Gi) such that
ψ(ui) ∩ ψ(vi) = ∅.
Observe that ψ(w) ⊆ ψ(ui)∪ψ(vi) for every vertex w ∈ V (G3−i) because w is

adjacent to ui and vi. Therefore ψ(u1)∪ψ(v1) = ψ(u2)∪ψ(v2) and ψ uses exactly
four colors. This implies that K2(G) ≤ 1 + α(G) when α(G) ≥ 3. Moreover, if
α(G) = 2, then the vertices u1, u2, v1, v2 induce a 4-cycle and |V (G1)| = 2,
therefore (iii) holds.

Case 2.2.2. For some i ∈ {1, 2} there are vertices ui, vi ∈ V (Gi) such that
ψ(ui) ∩ ψ(vi) = ∅, and ψ(u) ∩ ψ(v) 6= ∅ for all u, v ∈ V (G3−i).

Let ψ(ui) = {a, b} and ψ(vi) = {c, d}. As every vertex w ∈ V (G3−i) is
adjacent to ui and vi, it follows that ψ(w) is equal to {a, c}, {a, d}, {b, c} or
{b, d}. Since ψ(u)∩ψ(v) 6= ∅ for all u, v ∈ V (G3−i), we may assume without loss of
generality that ψ(w) equals {a, c} or {b, c} for each w ∈ V (G3−i). Moreover, there
are vertices of both types, since |Ψ3−i| ≥ 3, say ψ(w1) = {a, c} and ψ(w2) = {b, c}.
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Let Q = G−ψ {a, b, c}; evidently Q ⊆ Gi−ui. By Lemma 8, K2(G) = 3+ c(Q) ≤
3 + α(Gi − ui) ≤ 2 + α(G).
Suppose that K2(G) = 2 + α(G). Then c(Q) = α(Gi − ui) = α(G) − 1.

The last equality implies that |V (G3−i)| = 2 (since 2 ≤ |V (G1)| ≤ |V (G2)|) and
Gi − ui has a perfect matching. Now c(Q) = α(Gi − ui) implies that E(Q) is
a perfect matching of Gi − ui. Since each vertex x of Gi − ui is incident with an
edge of Q, whose color is not in {a, b, c}, x must be joined to w1 and w2 by edges
of color c, and so is not adjacent to ui. Thus ui is an isolated vertex of Gi. As
2 = |V (G3−i)| < |V (Gi)|, i = 2 thus (ii) holds.

Case 2.2.3. ψ(u) ∩ ψ(v) 6= ∅ for all u, v ∈ V (G). Let F be the graph whose
vertices are the colors used by ψ, where vertices c1, c2 are adjacent whenever
there is a vertex w ∈ V (G) such that ψ(w) = {c1, c2}. The assumption of this
case says that each two edges of F are adjacent, hence F is a 3-cycle or a star.
If it is a 3-cycle, then K2(G) = 3 ≤ 1 + α(G) (since 2 ≤ |V (G1)| ≤ |V (G2)|). If
F is a star, then there is a color c which appears at every vertex of G, and then
K2(G) ≤ 1 + α(G) by Lemma 8 with X = {c}.
This completes the first part of the proof. In the second part, we show that

K2(G) ≥ 2 + α(G) if (i), (ii) or (iii) holds. First suppose that (i) holds. Let
V (G1) = {v} and let U1 ∪ U2 be a partition of V (G2) such that only edges of M
join U1 to U2. Color all edges of G[U1 ∪ {v}] −M with one color, all edges of
G[U2 ∪{v}]−M with a second color, and every edge of M with a different color.
It is easy to see that this gives an M2-edge coloring of G using 2+ |M | = 2+α(G)
colors, so K2(G) ≥ 2 + α(G), as required.
Now suppose that (ii) holds. Let V (G1) = {v1, v2}, let u be the isolated

vertex of G2, and let M be a perfect matching of G2 − u. Use color 1 on uv1,
color 2 on uv2, color 3 on every other edge not in M , and a different color for
every edge of M . This gives an M2-edge coloring of G using 3 + |M | = 2+ α(G)
colors, consequently K2(G) ≥ 2 + α(G).
Finally, suppose that (iii) holds. Let C = v1u1v2u2 be an induced 4-cycle of

G such that V (G1) = {v1, v2} and u1, u2 ∈ V (G2). (Note that α(G2) ≤ 1, since
α(G) = 2. Therefore, at least one vertex of C must be in G1. Then the opposite
vertex must be in G1 as well, since C4 is an induced cycle.) Color every edge of
C with a different color, color every other edge incident with v1 or u1 the same
as v1u1, and color every remaining edge the same as v2u2. This gives an M2-edge
coloring of G using four colors, so that K2(G) ≥ 4 = 2 + α(G).

As a complete (k + 1)-partite graph is the join of a totally disconnected
graph and a complete k-partite graph, it is a straightforward exercise to obtain
the following assertion.

Corollary 10. Let k ≥ 2 and 1 ≤ n1 ≤ · · · ≤ nk be integers. If G is a complete
k-partite graph Kn1,...,nk

, then
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K2(G) =























1 if G = K1,1,

3 if G = K1,1,1,

4 if G = K1,2,2 or G = K2,n2
,

1 + α(G) otherwise.

Note that K2(G) for the complete multipartite graph G can be easily com-

puted because α(Kn1,n2,...,nk
) = min

{

∑k−1
i=1 ni,

⌊

1
2

∑k
i=1 ni

⌋}

, see [10].

3. Non-Monotonicity of K2

In [5] the following assertion was proved.

Theorem 11. [5] For any positive integer ℓ there are graphs G1, G2 and G3 such
that G1 ⊆ G2 ⊆ G3, K2(G1) = K2(G3) and K2(G2) ≥ K2(G3) + ℓ.

Soták [11] asked the following.

Problem 12. Let k be a positive integer. Are there graphs G1, G2 and G3 such
that G1 ⊆ G2 ⊆ G3, K2(G1) = K2(G3) and K2(G2) ≤ K2(G3)− k?

In the following we show that the answer is positive.
Let k be a positive integer. Denote by T2k the tree with

V (T2k) = {vi,j |i = 1, 2, . . . , 2k; j = 1, 2, 3, 4},

E(T2k) = {vi,1vi+1,1|i = 1, 2, . . . , 2k − 1} ∪ {vi,jvi,j+1|i = 1, 2, . . . , 2k; j = 1, 2, 3},

see Figure 1 for illustration.
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Figure 1. The tree T6.

By Corollary 6 every optimal coloring of T2k uses 6k + 1 colors.
Let T+

2k be a graph obtained from T2k by adding the edges vi,jvi+1,j , i =
1, 3, . . . , 2k − 1, j = 2, 3 (see Figure 2 for illustration).
Using Proposition 3 we obtain K2(T

+
2k) =

1
2(8k + 2) + k = 5k + 1.

Let T++
2k be a graph obtained from T+

2k by adding the edges vi,4vi+1,4, i =
1, 3, . . . , 2k − 1, see Figure 3 for illustration.
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Figure 2. The graph T+
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Figure 3. The graph T++

6 .

Again, by Proposition 3 we obtain K2(T
++
2k ) = 1

2(8k + 2k + 2) + k = 6k + 1.

Clearly, T2k ⊆ T+
2k ⊆ T++

2k and K2(T2k) = K2(T
++
2k ) = 6k + 1. Moreover,

K2(T
+
2k) = K2(T

++
2k )− k.
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