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Abstract

The graph Ramsey number R(G, H) is the smallest integer r such that
every 2-coloring of the edges of K, contains either a red copy of G or a blue
copy of H. The star-critical Ramsey number r.(G, H) is the smallest integer
k such that every 2-coloring of the edges of K, — K; ,_1_ contains either
a red copy of G or a blue copy of H. We will classify the critical graphs,
2-colorings of the complete graph on R(G, H) — 1 vertices with no red G or
blue H, for the path-path Ramsey number. This classification will be used
in the proof of r,(P,, Py)-
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1. INTRODUCTION

For graphs G and H, the graph Ramsey number R(G, H) is the smallest integer
r such that every 2-coloring of the edges of K, contains either a red copy of G
or a blue copy of H. Furthermore, there exists a (G, H)-free coloring of K,_1, a
2-coloring of the edges that does not contain a red copy of G or a blue copy of
H. A (G, H)-free coloring of K,_; is known as the critical graph for R(G, H).
The following section is devoted to classifying the critical graphs for R(P,, Py,).

The star-critical Ramsey number r.(G, H), introduced in [3], is the smallest
integer k such that every 2-coloring of the edges of K, — K ,_1_j, contains either
a red copy of G or a blue copy of H. In other words, this is the largest star that
can be removed from K, yet every 2-coloring is still forced to contain either a
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red G or a blue H. To emphasize the size of the star, we can view the graph
K, —Ki,_1- as K,_1UKj j, the union of K,_; and K j, such that the k vertices
of the star are vertices of K,_q.

The graph G 4+ H is the disjoint union of G and a graph H, whereas the
graph G + {v} is the disjoint union of G’ and a vertex v. The deletion of edges
of a subgraph H from G will be denoted as G — H and the deletion of a vertex
as G — {v}. The join of G and H, denoted by G V H, is the graph G + H with
the addition of the edges {zy : * € V(G) and y € V(H)}. For a graph G with
a 2-coloring of the edges, the red subgraph will be denoted as GP which consists
of all the vertices of G along with the red edge set. Similarly, G® will denote
the blue subgraph. The figures of the critical graphs contain solid red edges and
dashed blue edges. The thick edges between cliques denote all edges between the
sets of vertices. The following facts can be easily checked.

Observation 1.1. The Ramsey number R(G,H) = R(H,G) and the critical
graphs for R(H,G) are the critical graphs for R(G, H) with the colors red and
blue interchanged.

Observation 1.2. Let G’ be a subgraph of G and H' be a subgraph of H. If
R(G',H') = R(G, H), then the class of critical graphs for R(G', H') is a subset
of the class of critical graphs for R(G, H).

In the following sections, we will consider the path-path graph Ramsey num-
ber. A path on n vertices is denoted by P, and the length of the path refers to
the number of vertices on the path. The critical graphs for R(P,, P,,) will be
classified using a sequence of lemmas that depend on the parity of the length of
the path. We will see that the (P, P, )-free colorings of Kg(p, p,,)—1 must belong
to an infinite family of graphs. The star-critical Ramsey number r, (P, P,,) will
be determined using this classification.

2. THE CRITICAL GRAPHS FOR R(P,, Py,)

The path-path graph Ramsey number was obtained by Gerencsér and Gyarfas
[1] in 1967 and is stated as Theorem 2.1. The graphs G and G in Definition 2.4
are presented in [1] as examples to establish the lower bound of R(FP,, P,,). A
complete list of the critical graphs for the path-path Ramsey number is described
in Definition 2.4 and classified in Proposition 2.6.

Theorem 2.1 [1|. For alln >m > 2, R(P,,P,) =n+ L%J —1.

Before classifying the critical graphs for R(P,, P,,) with m > 4, the critical
graphs for m = 2 and m = 3 are as follows.
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Proposition 2.2. For given n > m, let r = R(P,, P,) =n+ L%J —1 and ¢ be
a (P, Pp,)-free coloring of K,_1.
If m =2 and n > 2, then the resulting graph is

H = K, 4
Hy - ! e
! {Hlﬂ_(n—nKl.

If m =3 and n > 3, then for any i € {0,1,2,..., L%J} the resulting graph
18
H) =K, 1—iKy
H, : 2 " ’
2 { HY = iK,.
If n = m = 2, then the graph is a single vertex. If n = m = 3, then the graph
is a single edge colored red or blue.

Proof. A (P,, P;)-free coloring of K,,_; does not have any blue edges and so the
graph must be a red K,,_; for n > 2 and a single vertex if n = 2. A (P,, P3)-free
coloring of K, _1 does not have a blue Ps which implies that the blue edges must
form a matching. Thus, if n > 3, the graph has red subgraph K,_1 — iK5 and
blue subgraph Ky for any i € {0,1,2,..., L"T_lJ }. If n = 3, the graph consists
of a single edge which may be colored red or blue. [

The following fact will be frequently used throughout this paper. It simply
states that a path can be created between two sets of vertices by alternating
between the sets. The length of the path is twice the size of the smaller set of
vertices plus one vertex.

Observation 2.3. Let G = AV B. If |[V(A)| > k and |V(B)| > k+1, then there
is a path Popyq1 that alternates between vertices in A and vertices in B starting
and ending with a vertex in B. See Figure 2.

Figure 1. A path Py, 1 between A and B.

Definition 2.4. For given n and m with n > m > 4, let r = R(P,, Py,) =
n+ L%J — 1 and Aj be any 2-coloring of the graph K. Define the class of graphs
G, shown in Figure 2, to consist of the five families of K, _1 listed below.
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Gé) = Kn_l + Apm 9
|5]-1
Gi=A"  Vvn-1)K,.
5]
Gg = (Kn—l — Kg) + A”

L%’Jq’
Gﬁ =A
2 L%LJ

Ifn>m, Gy:

If n > m with m odd, Gs :
i V (KQ + (TL — 3)K1).

Gh =AY, V(n—1)Kq,

5 |5 ]-1 5

Gy =K, 1+ A7, ..

3 ! 5]t

G’D:Apm V(K2+(n—3)K1),
[5]-1

G’B = (Kn,1 — KQ) + Aﬁm .
L% ]-1

Ifn=m, Gs:

If n =m with m odd, Gy :

f h G5 = Al V(m— 1)K,
Ifn= 1 wi : .
n =m+ 1 with m odd, G5 G? =Kpn-1+ A%A'

The graphs in Definition 2.4 (see Figure 2) are (P, Py, )-free colorings. The
red subgraphs of G; and G2 do not contain a red path on n vertices since each
component has size at most n — 1. A longest path in the blue subgraph of Gy is
a blue P,,_; by Observation 2.3 using blue edges between K | and AL%J*I’ A

longest path in the blue subgraph of G5 is also a blue P,,_1 using a longest blue
P,,—2 by Observation 2.3 between (K,_1 — K3)” and ALmJ _, and the single blue
2

edge. The graphs G5 and G4 are (P, P,,)-free colorings since they are the graphs
(G1 and Go with the colors red and blue interchanged. The blue subgraph of G5
does not contain a blue path on m vertices since each component has size at most
m — 1. A longest path in the red subgraph of G5 is a red P,_1 by Observation
2.3 using the red edges between Knﬁl_1 and A%,l.

Remark 2.5. In Proposition 2.2, the (P,, Py,)-free coloring when m = 2, the
graph Hj, belongs to the family of graphs G in G of Definition 2.4, but when
m = 3 the graph Hy does not belong to G.

Proposition 2.6. For given n and m with n > m > 4, let r = R(P,, Pp,) =
n + L%J — 1. If ¢ is a (Py, Pp)-free coloring of K,_1, then the resulting graph
must belong to the class of graphs G in Definition 2.4.

The following sequence of lemmas will prove Proposition 2.6. We will first
classify the critical graphs for odd n > m+1 in Lemma 2.9 and for odd n = m in
Lemma 2.11. Then we will proceed with even n > m + 1 with m odd in Lemma
2.14 and m even in Lemma 2.15. Finally, Lemma 2.16 will classify the critical
graphs for even n = m. Note that the order of the lemmas is necessary as Lemma
2.16 invokes Lemma 2.15 which invokes Lemma 2.14. Also, Lemma 2.9 is used in
the proof of Lemma 2.14. Within the proofs of the lemmas, the cycle-path and
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Figure 2. Critical graphs for R(P,, P,,). The graph G is for all n > m. The graphs Go
and G4 are when m is odd. The graphs G5 and G4 are when n = m. The graph G5 is
for n = m + 1 with m odd.

ot

cycle-cycle Ramsey numbers (Theorems 2.7 and 2.8) will be used in addition to
Observation 2.3 and the observation that the graph of a clique K,,_; and an edge
adjacent to any vertex of the clique contains a P,.

Theorem 2.7 [4]. Forn >m > 2,

R(C, Py) = max{n + L%J —1,2m — 1} for n odd,
T+ L%J —1 for n even.

Theorem 2.8 [5]. Forn >m > 3,
2n —1 for m odd, (n,m) # (3,3),
R(Cp,Cr) ={n+%—1 for m,n both even, (n,m)+#(4,4),

max{n+4—1,2m — 1} for m even and n odd.

Lemma 2.9. For given n and m with n odd and n > m +1 > 5, let r =
R(P,,Py,) = n+ L%J — 1. If cis a (Pp, Py)-free coloring of K,_1, then the
resulting graph is either G1 or Gy as in Definition 2.4.
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Proof. Let r = R(P,,Py) =n+ [%]| — 1 and ¢ be a (P,, P,)-free coloring of
K,_;. Since R(Cyp—1,Pp,) =n + L%J — 2 =17 —1 and the graph does not have a
blue P,,, the graph must have a red Cj,—1 = (v1v2...v,—1). A red edge from any
v; to a vertex not on the cycle creates a red P,. Thus, there cannot be any such
red edges and the red C),_1 has all blue edges to the remaining L%J — 1 vertices.
Using these blue edges and Observation 2.3, there is a blue

P. =P

P if m is even,
23— = Pl =

P,,—o if mis odd.

If m is even, then there is a blue F,,_1 which can begin and end at any vertex
on the red C,,—1. Thus, a single blue edge between two vertices on the red cycle
would create a blue P,,. This implies that there cannot be any blue edges within
the red cycle and the resulting graph is G;. If m is odd, then there is a blue P,,—o
that can begin and end at any vertex on the red C,,—;. Thus, a single blue edge
between two vertices on the red cycle would extend this path to a blue P,,_;.
Two blue edges between vertices on the red cycle may be either disjoint or share
a vertex. In either case, the blue P,,_s could be extended to a blue P,, using
these blue edges at the beginning and end of the blue P,,_s if they are disjoint,
or at the end of the blue P,,_o if they share a vertex. This implies that there
can be at most one blue edge between two vertices on the cycle and the resulting
graph is either G or Gs. [

In Lemma 2.11, we classify the critical graphs for odd n = m. Within the
proof, we use the Ramsey number R(C),_1,Cy,—1) for n = m > 7. The following
result will be used in the case when n = m = 5.

Proposition 2.10 [3]. For a givenn > 3, let r = R(P,,Cy) =n+1. Ifcis a
(P, Cy)-free coloring of K,_1, then the resulting graph must belong to the class
of graphs H; fori=20,..., L”glJ such that

HY = (Kn1 — i) + K1,
HZB = Kl,nfl UK.

Note that the blue subgraph Hf = Kj,-1 UiKjy is obtained by adding 4
disjoint edges to the complete bipartite graph. Thus, the vertices of iKs are
vertices of K7 ,—1. This is illustrated in Figure 3.

Lemma 2.11. For given n and m with n = m > 5 odd, let r = R(P,, Pp) =
n+ L%J — 1. If c is a (P,, Py)-free coloring of K,_1, then the resulting graph is
G; with i =1,2,3 or 4 as in Definition 2.4.

Proof. For given n and m with n = m odd, let r = R(P,, Py,) = n + L%J -1
and ¢ be a (P,, Pp,)-free coloring of K,_1. For n,m > 7, R(Cp—1,Cp—1) =
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Figure 3. Critical graph Hj for R(P,,Cy).

(n—1)+ 21 —1=n+|2]—-2=r—1. Thus, the graph K,_; has either a red
Ch_1 or a blue Cy,_1. If there is a red C,,_1, then the same proof as in Lemma
2.9 holds and the resulting graph is either G; or Go. If there is a blue C},_1, then
the proof in Lemma 2.9 holds with the colors red and blue interchanged and the
resulting graph is either G3 or Gy4.
If n = m = 5, then the cycle-cycle Ramsey number R(Cy,Cy) =6 # 5 = r—1.
In this case, let ¢ be a (Ps, Ps)-free coloring of K5. Since R(Ps,C4) = 6 and there
is no red P, either the graph has a blue Cy or the graph has a (Ps, Cy)-free
coloring. If there is a blue Cy, then the same proof as in Lemma 2.9 holds and
the resulting graph is either G3 or G4. Otherwise, the graph has a (Ps, Cy)-free
coloring. Then, by Proposition 2.10, the graph must be Hg or H;. Note that Hs
contains a blue P5. The graphs Hy and H; are the graphs GG; and Go, respectively.
|

Next, we will consider the cases when n is even. In the proofs of the lemmas
with even n, Proposition 2.12 will be used, which is stated as Exercise 7.2.38 in
West [6], and Lemma 2.13.

Proposition 2.12 [6]. If G is connected with minimum degree k > 2 and G has
more than 2k vertices, then G has a path on 2k + 1 vertices.

Lemma 2.13. Let G = AV B with |V(A)| > k and |V(B)| > k + 1. If there is a
path on i vertices in B, then G has a path Poyy;.

Proof. By Observation 2.3, there is a path P11 that alternates between vertices
in A and vertices in B starting and ending with a vertex in B. Since G = AV B,
this path can begin at any vertex in B. Thus, we may begin the path of length
2k + 1 at an endpoint of the path on 7 vertices in B and the graph has a path
of length 2k + i. Note that there are at least k vertices in B not on the path
of length ¢ and so an endpoint of this P, and k vertices not on the path P; are
sufficient to create the path Pog;. [
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Lemma 2.14. For given n and m with even n and odd m = 2k + 1 such that
n>m+1>6, letr = R(Py, Ppy) =n+ %] — 1. If ¢ is a (P, Pn)-free coloring
of K._1, then the resulting graph is either G1, Go or G5 as in Definition 2.4.

Proof. For given n and m with even n and odd m = 2k + 1 such that n >
m+1>6,let r = R(Py,Py) =n+ |2 -1=n+ L%z—HJ —l=n+k-1
and ¢ be a (P, P,,)-free coloring of K, 1. If Kf_l is connected with the degree
of each vertex at least k, then there is a blue path on at least 2k + 1 vertices
by Proposition 2.12 and hence a blue P,,. Therefore, either there is a vertex in

Kf_l of degree at most k — 1 or Kf_l is disconnected.

Case I: There is a vertex in Kf_l of degree at most £ — 1. This implies that
there is a vertex v in K”_| of degree at least (r—2)—(k—1) = (n+k—1-2)—
(k—1) = n—2. Note that |V (K,_1—{v})| = n+k—3 and the cycle-cycle Ramsey
number, R(Cp_9,Cppe1) =n—2+ 21 1 =p—24 28 1= pn k-3
(except when n = 6 and m = 5) by Theorem 2.8. Thus, K,_; — {v} has either a
red C,,_o or a blue Cy,,_1.

Suppose that K,_; — {v} has a red C),_2. If v has a red edge to a vertex on
the red C),_2 and to a vertex not on the red C),_o, then the graph contains a red
P,,. Since K, _1 does not have a red F,, the vertex v must have exactly n — 2 red
edges to the red C;,_2 and k& — 1 blue edges to the remaining k — 1 vertices. A
red edge from a vertex of the red C),_o to any of the k — 1 vertices creates a red
P,. Hence, all edges from the red C,_2 must be blue (see Figure 4).

v

N\
N\

k — 1 vertices

Figure 4. A red C,,_s with blue edges to remaining vertices.

By Observation 2.3, there is a blue Py;_1)41 = P—2 that can begin and
end at any vertex on the red C,,_1. Note that this red cycle on n — 1 vertices
includes the vertex v. Thus, a single blue edge between two vertices on the red
cycle would extend this path to a blue P,,—1 and two blue edges between vertices
on the red cycle would create a blue F,,. Thus, there can be at most one blue
edge between two vertices on the red cycle and the resulting graph is either Gy
or Go.
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If n = 6 and m = 5, then the cycle-cycle Ramsey number R(Cy4,Cy) =
6 #5 =n+k — 3. In this case, let ¢ be a (Ps, P5)-free coloring of Kg. Since
R(Ps,Cy4) = 7 and the graph does not contain a red P, it has either a blue Cy or
a (Pg, Cy)-free coloring. If there is a blue Cy, then the same proof as below holds
and the resulting graph is G5. Otherwise, the graph has a (Ps, Cy4)-free coloring.
Then, by Proposition 2.10, the graph must be Hy or H;. Note that Hy contains
a blue Ps. The graphs Hy and H; are the graphs G; and Ga, respectively.

Suppose that K,_1 — {v} has a blue C,,—1. Since the graph does not have a
blue P,,, there cannot be any blue edges between a vertex on the blue C,,—; and
a vertex not on the blue Cp,_1. Therefore, all edges between the vertices of the
blue C},_1 and the remaining n — k — 2 vertices are red. We will now show that
the only (P, Py,)-free coloring occurs when n = m + 1. Moreover, if n > m + 3
and the graph has a blue C),_1, then every graph contains a red P,.

If n = m + 1, then the graph has a red path Py, 241 = Papn—1)-m =
P,, = P,,_1 with endpoints on the cycle and so there cannot be any red edges
between vertices on the blue C,,_1. Thus, there is a blue K,, 1 with all red
edges to the remaining n — k — 2 vertices. Note that n —k —2=n — mT_l —-2=
n—m=3 — 2"_(";“)_2 = 222 = 2 1 and the resulting graph is Gj.

Ifm+3<n<m+(k+1), then m—12>n—k—2. By Observation 2.3, the
graph has a red P2(nfk72) = Popop-4 = P2n727(2k+1)71 = P2(n71)7(m+1) and
hence a red P,.

Ifm+(k+2) <n<m+2k, then m —1 <n—k—2. By Observation 2.3,
the graph has a red Py(;,—1)41 = P2k and hence a red P,.

If n>m+ (2k+1), then m — 1 < n—k — 2. By Observation 2.3, the graph
has a red Py(—1)41 = Pnyok- Let A denote the graph consisting of the n —k —2
vertices not on the blue C,,_1.

For m 4 (2k + 1) < n < m + 4k, the Ramsey number

R(Pn—(m—i-Qk:)—i—l? Pm) = R(PWH Pn—(m—i—?k)-l—l)
n—(m+2k)+1 n
= —1=—.
m + { 9 J 5

For n > m + 4k, the Ramsey number

m
R(Pnf(m+2k)+1vpm) = n—(m+2k)+1+ LEJ -1
= n-—3k-—1.

Since n —k —2 > R(Pn_(m+2k)+1, P,,) and the graph does not have a blue P,
there must be a red P,,_(;,495)+1 in A. By Lemma 2.13, we can extend this path
to ared P, since Py 1)1n—(m2k)+1 = Pmtn—2k—1 = Pog14n—2t—1 = Pp. Note
that sincen —k —2 — (n — (m + 2k) + 1) = m + k — 3, there are at least 3k — 2
vertices in A not on the path that may be used to form the red Py,1of.
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Case 11: The graph Kf_l is disconnected. Let X and Y be any partition of
the graph K,_; such that all edges between X and Y are red. If both X and Y
have at least 5 vertices, then there is a red P, by Observation 2.3. Therefore,
one of X or Y must have at most § — 1 vertices. Without loss of generality,
assume that [V(Y)| < § — 1. For some i = 0,1,2,...,5 — 2, we have that
V(X)| = (5 +k—1)+iand [V(Y)| = (§ — 1) —i. Note that if there is a red
Pyi11) in X, then the graph contains a red P, by Lemma 2.13.

If n =m+1, then |V(X)| = 2k +i. Since R(Py(i11), Pn) = R(Pm, Pagi1)) =
m + i, X either has a red P5;41), a blue P, or X is the critical graph for
R(Py, Py(i+1y) with m odd and the colors interchanged. Since the first two pos-
sibilities contradict the graph having a (P,, P,,)-free coloring, X must be such
a critical graph. By Lemma 2.9, X is the graph Gj3, a blue Ky, with all edges
to the remaining ¢ vertices colored red. If we move the ¢ vertices to Y, then the
graph is a blue Ko = K, 1 with all red edges to the § — 1 remaining vertices.
Thus, the resulting graph is G5.

If n > m—+3, then |[V(X)| > 2 + k—1+i=m+i. For i <k, the Ramsey

number R(Py(i11), Pn) = R(Pm, Paipr)) = m + [@J —1=m+i Fori>k,

the Ramsey number R(Py11), Pn) =2(i+ 1)+ | %] —1=2i+k+1>m+k.
Thus, for all 7, there must be a red Py(;;1) in X and the graph does not have a
(P, Py,)-free coloring. |

Lemma 2.15. For given n and m both even such that n > m + 1 > 5, let
r=R(P,,P,) =n+ L%J — 1. If ¢ is a (P, Pp)-free coloring of K,_1, then the
resulting graph is G1 as in Definition 2.4.

Proof. For given n and m both even such that n > m+1 > 5, let r =
R(Pn,Pp) =n+|%| —1and c be a (P,, Py,)-free coloring of K,_;. For m even,
R(P,, Pyn) = R(Py,, Ppy1). By Lemma 2.14, the critical graphs for R(P,, Pp+1)
are G1,G9 or G5. The critical graphs for R(P,, P,;,) must be a subset of these
graphs by Observation 1.2. Since both Gy and G5 contain a blue F,,, the only
critical graph for R(P,, Py,) is G1. |

Lemma 2.16. For given n and m with n = m even, let r = R(P,, Py,) =
n+ L%J — 1. If cis a (Py, Py)-free coloring of K,_1, then the resulting graph is
either G1 or G3 as in Definition 2.4.

Proof. For given n and m with n = m = 2k even, let r = R(Pyy, Por) =
2k + L%J —1 =3k —1 and ¢ be a (P, Poy)-free coloring of K,_q. If K | is
connected with the degree of each vertex at least k, then there is a red Py by
Proposition 2.12. Similarly, if Kffl is connected with the degree of each vertex
at least k, then there is a blue Py by Proposition 2.12. Therefore, either there is
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a vertex in both Kf_l and Kf_l of degree at most k — 1 or at least one of Kf_l

or Kf_l is disconnected.

Case I: There is a vertex in both Kf_l and Kf_l of degree at most k — 1
and both subgraphs are connected. This implies that there is a vertex v in K |

of degree at least 2k — 2 and a vertex w in Kf_l of degree at least 2k — 2.
Note that |V(K,—1 — {v,w})] = 3k — 4 and the cycle-cycle Ramsey number
R(Co,—2,Co%—2) = 3k — 4 by Theorem 2.8 (except when k = 3). Thus, K,_1 —
{v,w} has either a red Cy;_2 or a blue Coj_.

Suppose that K,_1 — {v,w} has a red Cor_s. If v has a red edge to a vertex
on the red Cy;_o and to a vertex not on the red Cyi_o, then the graph contains
a red Pop. Since K,_1 does not have a red Py, the vertex v must have exactly
2k — 2 red edges to the red Co,_o and k — 1 blue edges to the remaining k& — 1
vertices which include w. A red edge from a vertex of the red Co;_o to any of
the £ — 1 vertices creates a red Pa,. Hence, all edges from the red Co_o must
be blue. Note the graph contains a blue Py;_1 which implies that the red Cor_o
along with the vertex v must be a red Ko,_1. Since the red graph is connected,
the remaining vertices must form a blue clique and the graph belongs to the class
of graphs G1. A similar proof holds if we suppose that K,_1 — {v,w} has a blue
Coi_o resulting with the graph Gs.

If k = 3, then the cycle-cycle Ramsey number R(Cy,Cy) = 6 # 5 = 3k — 4.
In this case, let ¢ be a (Ps, Pg)-free coloring of K7. Since R(FPs, Cy) = 7 and the
graph does not contain a red Ps, there must be a blue Cy. The same proof as
above holds for K7 — {v,w} with a blue Cy and the resulting graph is Gs.

Case 1I: Either K” | or Kffl is disconnected. Suppose that K? | is dis-
connected. Let X be a red component and ¥ = K, 1 — X. If both X and
Y have at least § = k vertices, then the graph contains a blue path P, by
Observation 2.3. Therefore, one of X or Y has at most § —1 = k — 1 ver-
tices. This implies that |V(X)| = (2k — 1)+ ¢ and |V(Y)| = (k — 1) — i for
some i € {0,1,2,...,5 —2 = k — 2}. Note that if there is a blue Py;y) in
X, then the graph contains a blue Py, by Lemma 2.13. The Ramsey number
R(Pog, Py(i11y) = 2k + 1 and so X either has a red Py, a blue Py 1) or X is
the critical graph for R(Pay, Pa(i41)). Since the first two possibilities contradict
the graph having a (Pag, Pak)-free coloring, X must be such a critical graph. By
Lemma 2.15, X must be G, a red Ko7 with all edges to the remaining ¢ ver-
tices colored blue. Thus, the graph is G, a red Ko,_1 with all blue edges to the
remaining ¢ + |[V(Y)| =i+ (k—1) — ¢ = k — 1 vertices. A similar proof holds if
we suppose that Kffl is disconnected resulting with the graph G3. [

Proof of Proposition 2.6. Let r = R(P,,P,) = n + L%J — 1 and ¢ be a
(P, Py,)-free coloring of K,_1. For odd n > m + 1, the critical graphs are G,
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and G2 by Lemma 2.9. For odd n = m, the critical graphs are G1, G, G3 and
G4 by Lemma 2.11. For even n > m + 1, the critical graphs are G1, G2 and G5
if m is odd by Lemma 2.14 or Gy if m is even by Lemma 2.15. For even n = m,
the critical graphs are G; and G3 by Lemma 2.16. [

3. DETERMINATION OF 74(Py,, Pp,)

Theorem 3.1. For alln>m >4, r.(P,, Py) = [%2].

Proof. A (Py, Pp)-free coloring of K EIE UK,
2
Definition 2.4 and a vertex v with all red edges to ALEJ _,- Hence, r.(Py, Py,) >

2] 2

m7_4 is the graph G as in
2

Consider a 2-coloring of K Hm ] and remove a vertex v. Then the un-
2

derlying complete graph on n + L%J — 2 vertices must have the structure of the
critical graphs as in Proposition 2.6.

Case I: The underlying graph is G; in Definition 2.4. The red subgraph of G
is K, 1+ Aiﬂjfl' If v has a red edge to the red K,_1, then the graph contains

ared P,. If m2 is even, then the graph contains a blue P,,_1 and a blue edge from
v to the red K, _1 creates a blue P,,. Therefore, [%] edges adjacent to v force v
to have an edge to the red clique yielding either a red P, or a blue P,,. If m is
odd, then the graph contains a blue P,,_s and v can have one blue edge to the
red K, _1 without creating a blue P,,. This implies that L%J +1= [%W edges

force the graph to have either a red P, or a blue P,,.

Case 1I: The underlying graph is Gy with m odd in Definition 2.4. The red

subgraph of Gg is (K,,—1 — K3) + A’[mJ X If v has a red edge to the red K,,_1,
m |-
then the graph contains a red P,,. The graph also contains a blue P,,_; which
uses the blue edges between the red (K,—1 — K2) and A EE and the single blue
2

edge within the red clique. A blue edge from v to the red (K,_1 — K2) creates a
blue P,,. Therefore, [%1 edges adjacent to v force v to have an edge to the red
clique yielding either a red P, or a blue P,,.

Case I1I: The underlying graph is G3 with n = m in Definition 2.4. A similar
proof holds as in Case I by interchanging the colors red and blue.

Case IV: The underlying graph is G4 with n = m odd in Definition 2.4. A
similar proof holds as in Case II by interchanging the colors red and blue.

Case V: The underlying graph is G5 with n = m+1 and m odd in Definition
2.4. The blue subgraph of G5 is K,,—1 + Ag_l. If v has a blue edge to the blue
2

K,,—1, then the graph contains a blue P,,. The graph contains a red P,_; and a
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red edge from v to the blue K, 1 creates a red P,. Therefore, § = mTH = [%]
edges adjacent to v force v to have an edge to the red clique yielding either a red

P, or a blue P,,. Thus, it follows that r.(P,, Py,) = {%1 [

Other classifications of critical graphs and star-critical Ramsey numbers in-
cluding trees versus complete graphs, multiple copies of K5 and K3, and paths
versus Cy can be found in [2] and [3]. The critical graphs for R(P,,C,,) and
cycles versus K3 and K4 have been found as well as their star-critical Ramsey
numbers.
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