Discussiones Mathematicae
Graph Theory 35 (2015) 329-334
doi:10.7151/dmgt.1804

IMPROVED SUFFICIENT CONDITIONS FOR
HAMILTONIAN PROPERTIES

JENS-P. BoDE!, ANIKA FRICKE?
AND

ARNFRIED KEMNITZ!

L Computational Mathematics
Technische Universitat Braunschweig
38092 Braunschweig, Germany

2 Zentrum fiir erfolgreiches Lehren und Lernen
Ostfalia Hochschule fiir angewandte Wissenschaften
38302 Wolfenbiittel, Germany

e-mail: jp.bode@tu-bs.de
Anika.Fricke@ostfalia.de
a.kemnitz@tu-bs.de

Abstract

In 1980 Bondy [2] proved that a (k+ s)-connected graph of order n > 3 is
traceable (s = —1) or Hamiltonian (s = 0) or Hamiltonian-connected (s = 1)
if the degree sum of every set of k41 pairwise nonadjacent vertices is at least
((k+1)(n+s—1)4+1)/2. It is shown in [1] that one can allow exceptional (k+
1)-sets violating this condition and still implying the considered Hamiltonian
property. In this note we generalize this result for s = —1 and s = 0 and
graphs that fulfill a certain connectivity condition.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a finite simple graph. A path or cycle of a graph is
called Hamiltonian if it contains each vertex of the graph exactly once. A graph
is called traceable if it contains a Hamiltonian path, Hamiltonian if it contains
a Hamiltonian cycle, and Hamiltonian-connected if it contains a Hamiltonian
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path between each pair of vertices. The p-closure Cl,(G) is obtained from G by
successively joining pairs of nonadjacent vertices with degree sum at least p as
long as such pairs do exist.

The following result shows that some Hamiltonian properties are preserved
by generating specific closures.

Theorem 1 [3]. Let G be a graph of order n. The graph G is traceable, Hamil-
tonian, or Hamiltonian-connected if and only if Cl,—1(G) is traceable, CL,(G) is
Hamiltonian, or Cl,+1(G) is Hamiltonian-connected, respectively.

The next theorem gives sufficient conditions for Hamiltonian properties de-
pending on the independence number a(G) and the connectivity x(G).

Theorem 2 [4]. If G is a graph of order n > 3 with independence number a(G)
and connectivity kK(G) with a(G) < kK(G) — s, then G is traceable for s = —1,
Hamiltonian for s =0, and Hamiltonian-connected for s = 1.

Bondy proved sufficient conditions for the Hamiltonicity of graphs with re-
spect to independent sets of arbitrary size. We present a short proof of a gen-
eralization of this result which also contains the traceable and the Hamiltonian-
connected case.

Let 01 (G) be the minimum sum of the degrees of any k independent vertices,
that is,

0k(G) = min {Z s d(v) : S CV(G), S is independent, |S| = k:} .
If G does not contain k independent vertices, then we set o;(G) = co.
Theorem 3 [2]. Let G be a (k + s)-connected graph of order n > 3. If
1

then G is traceable for s = —1, Hamiltonian for s = 0, and Hamiltonian-
connected for s = 1.

Proof. Assume that G contains a set of k + 1 pairwise independent vertices
00, - - ., v With d(v;) +d(v;) <n+s—1forall 0<i<j<k. Then

kzog‘gd(m :Z()Si<j§cllc(vi)+d(vj) < (

which implies o41(G) < Zf:o d(v;) < 3(k+1)(n+ s — 1), a contradiction. It
follows that there exists a pair of vertices having degree sum at least n+ s in each
set of k+1 independent vertices, that is, the closure Cl,14(G) does not contain an

i 1) (n+s—1) = %k(k‘%—l)(n—l—s—l),
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independent set of k+ 1 vertices. Therefore, a(Cl,,15(G)) < k < k(Cl15(G)) —s
since Cl,,45(G) is (k + s)-connected. Then, by Theorem 2, the graph Cl,s(G)
is traceable for s = —1, Hamiltonian for s = 0, and Hamiltonian-connected for
s = 1. Application of Theorem 1 completes the proof. [

Setting k = 0 and k = 1 in Theorem 3 results in the sufficient condition of
Dirac [5] and Ore [7, 8], respectively.

In [1] it was asked whether it would be possible to allow (k + 1)-sets of
pairwise independent vertices in Theorem 3 violating the degree condition and
still implying traceability, Hamiltonicity, or Hamiltonian-connectedness.

Let @, be the number of such sets, that is,

(2

Ay = H{UO, oo} indep.: Y0 d(w) < %((m Dnts—1)+ 1)}‘ .

The following upper bounds for 7, | have been proved.

Theorem 4 [1]. Let G be a (k + s)-connected graph of order at least 3 and
connectiwvity k(G) > 2. If
s K(G)—s+1
ni41(G) < ( ka1 >,

then G is traceable for s = —1, Hamiltonian for s = 0, and Hamiltonian-
connected for s = 1.

If the minimum degree of the graph is sufficiently large, then this result can
be improved.

Theorem 5 [1]. Let G be a (k + s)-connected graph, k +s > 2, of order n >3
and minimum degree §(G) > w If

n;.1(G) < (

I(G)—s+1
kE+1 ’

then G is traceable for s = —1, Hamiltonian for s = 0, and Hamiltonian-
connected for s = 1.

The upper bounds for 1), in Theorems 4 and 5 are tight for odd k + s
(see [1]).

In this note we generalize the result of Theorem 5 for s = —1 and s = 0 and
graphs that fulfill a certain connectivity condition.
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2. REsuLTS

A cycle C is called a Dy-cycle of a graph G if every component of G — V(C') has
less than A vertices.
We use the following result on Djy-cycles for the proof of Theorem 7.

Lemma 6 [6]. Let G be a A-connected graph of order n > 3 and minimum degree
6. If
5>t (A= 1))\’
- A+1
then G has a Dy-cycle.

Theorem 7. Let G be a \-connected graph of order n > 3 and minimum degree

n+A=1A
§=8(G) > mHALA

nta@ < (T T ) ras (T,

then G is Hamiltonian.

Proof. If A = 1, then G is Hamiltonian by Dirac’s condition 6 > 5 (k= s =10
in Theorem 3). Therefore, let A > 2.

Let G' = Cl,(G) be the n-closure of G. Assume that G’ is not Hamiltonian.
Due to Lemma 6, there is a Dy-cycle in G’ since §' = §(G') > § > %
Let C be a longest Dy-cycle in G’. By the assumption, there exists a vertex
x € V(G') \ V(C) which has t < A — 2 neighbors in its component of G' — V(C)
and at least &' — t neighbors on C. Let vq,...,vs_; be neighbors of x on C' and
v;r be the successor of v; on C with respect to a given orientation of the vertices
of C'. If there were adjacent vertices vi"’ and v;f or adjacent vertices x and Ui+ ,
then this would imply the existence of a cycle being longer than C'. Therefore,
{a:,vfr, . ,v;_t} is an independent set in G’. By the same reason none of the
other at least ¢ vertices of the component of G’ —V(C) containing z is adjacent to
a vertex v, 1 <i < §’ —t. Therefore, the number of (k + 1)-sets of independent
vertices of G is at least f(t) = (5lk_ﬁrl) + t(élk_t). In Cl,(G) the degree sum of
every pair of nonadjacent vertices is at most n — 1 and hence, as in the proof of
Theorem 3, the degree sum of every (k+ 1)-set of independent vertices is at most
3(k+1)(n—1). Hence n) ,(G') > f(t). Since f(t)— f(t+1) = (t—i—l)((slk__tfl) >0,
the function f(¢) is decreasing and hence has its minimum for the largest possible
t, that is, for t = A — 2. Therefore,

TR(G) 2T (G) > F( =2) > () + (= 2) ()

> (1) + 0= 207,
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which is a contradiction to the condition of the theorem.
Hence G’ is Hamiltonian, which implies the Hamiltonicity of G' according to
Theorem 1. [ ]

Theorem 8. Let G be a (A — 1)-connected graph of order n = n(G) > 2 and

minimum degree § = §(G) > %_;12)/\ If
_ d—A+4 S—\+3
nkﬁ1<G><< - >+(>\—2)< ) )

then G is traceable.

Proof. Let H = G + K;. We show that H fulfills all conditions of Theorem 7.

The graph H is A-connected and has order n(H) > 3 and minimum degree
S(H)=940G)+1> %ﬁfl))‘ The (k 4 1)-sets of independent vertices in G
and H coincide since the vertex of K7 is adjacent to all other vertices. Moreover,
each (k + 1)-set of independent vertices in H having a degree sum less than
3((k+1)(n(H) — 1) + 1) has a degree sum less than $((k + 1)(n(G) — 2) + 1)
since dp(u) = dg(u) + 1 for every vertex u € V(G) and n(H) = n(G) + 1. This
implies

0 (H) =75 (G) < (O + (A= 2) (O

_ (S(Hk);{\-i-?)) + ()\ N 2) (6(H);>\+2)_

Therefore, H is Hamiltonian according to Theorem 7 implying the traceability of
G. |

Setting A = 2 in Theorems 7 and 8 implies the result of Theorem 5 for the
cases s = 0 and s = —1. Moreover, it turns out that the condition k 4+ s > 2 in
Theorem 5 can be omitted in these cases.

The preceding results can be summarized as follows.

Corollary 9. Let G be a (A+s)-connected graph of order n > 3+ s and minimum
degree 6 = §(G) > w If

s O0—A—s5+3 0—A—5+2
nta@) < (" ) e-n(CT ),

then G is traceable for s = —1 and Hamiltonian for s = 0.

Up to now, we did not succeed in proving the statement of Corollary 9 for
s = 1, that is, for Hamiltonian-connectedness.
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