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Abstract

Let G be a nontrivial connected graph with an edge-coloring ¢ : E(G) —
{1,2,...,q}, ¢ € N, where adjacent edges may be colored the same. A tree
T in G is a rainbow tree if no two edges of T receive the same color. For
a vertex subset S C V(G), a tree that connects S in G is called an S-tree.
The minimum number of colors that are needed in an edge-coloring of G
such that there is a rainbow S-tree for each k-subset S of V(G) is called the
k-rainbow index of G, denoted by rzx(G). In this paper, we first determine
the graphs of size m whose 3-rainbow index equals m, m — 1, m — 2 or 2.
We also obtain the exact values of rz3(G) when G is a regular multipartite
complete graph or a wheel. Finally, we give a sharp upper bound for rz3(G)
when G is 2-connected and 2-edge connected. Graphs G for which rz3(G)
attains this upper bound are determined.
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1. INTRODUCTION

We follow the terminology and notation of Bondy and Murty [1]. Let G be a
nontrivial connected graph with an edge-coloring ¢ : E(G) — {1,2,...,q}, ¢ € N,
where adjacent edges may be colored the same. A path of G is a rainbow path if
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no two edges of the path are colored the same. The graph G is rainbow connected
if for every two vertices v and v of G, there is a rainbow path connecting u and v.
The minimum number of colors for which there is an edge-coloring of G such that
G is rainbow connected is called the rainbow connection number of GG, denoted
by r¢(G). Results on the rainbow connections can be found in [2, 3, 5, 6, 7].

These concepts were introduced by Chartrand et al. in [3]. In [4], they
generalized the concept of rainbow path to rainbow tree. A tree T in G is a
rainbow tree if no two edges of T receive the same color. For S C V(G), a
rainbow S-tree is a rainbow tree that connects the vertices of S. Given a fixed
integer k with 2 < k < n, the edge-coloring ¢ of G is called a k-rainbow coloring
if for every k-subset S of V(G), there exists a rainbow S-tree. In this case, G is
called k-rainbow connected. The minimum number of colors that are needed in
a k-rainbow coloring of G is called the k-rainbow index of G, denoted by rx(G).
Clearly, when k = 2, rza(G) is the rainbow connection number r¢(G) of G. For
every connected graph G of order n, it is easy to see that rzo(G) < raz(G) <
- < rzp(Q).

The Steiner distance d(S) of a subset S of vertices in G is the minimum size
of a tree in G that connects S. Such a tree is called a Steiner S-tree or simply a
Steiner tree. The k-Steiner diameter, sdiamy(G), of G is the maximum Steiner
distance of S among all k-subsets S of G. Then there is a simple upper bound
and a lower bound for rzy(G).

Observation 1.1 [4]. For every connected graph G of order n > 3 and each
integer k, with 3 <k <n, k—1 < sdiami(G) < rzx(G) <n —1.

It was shown in [4] that trees are contained in a class of graphs whose k-rainbow
index attains the upper bound.

Proposition 1.2 [4]. Let T be a tree of order n > 3. For each integer k, with
3<k<n, rax(T)=n—1.

The authors of [4] also gave the following observation.

Observation 1.3 [4]. Let G be a connected graph of order n containing two
bridges e and f. For each integer k with 2 < k < n, every k-rainbow coloring of
G must assign distinct colors to e and f.

For k = 2, rzo(G) = re(G), this case has been studied extensively, see [6, 7]. But
for k > 3, very few results has been obtained. In this paper, we focus on k = 3.
By Observation 1.1, we have rz3(G) > 2. On the other hand, if G is a nontrivial
connected graph of size m, then the coloring that assigns distinct colors to the
edges of G is a 3-rainbow coloring, hence rz3(G) < m. So we want to determine
the graphs whose 3-rainbow index equals the values m, m — 1, m — 2 and 2,
respectively. The following results are needed.
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Lemma 1.4 [4]. For 3 <n <5, ras(K,) =2.

Lemma 1.5 [4]. Let G be a connected graph of order n > 6. For each integer k
with 3 < k <mn, rxp(G) > 3.

Theorem 1.6 [4]. For each integer k and n with 3 <k <n,

[ n=2 if k=3 andn >4,
T.%'k(cn)_{n_L if k=n=3o0rd<k<n.

Theorem 1.7 [4]. If G is a unicyclic graph of order n > 3 and girth g > 3, then

| n=2, 4 k=3andg>4,
mck”(G)_{n—l, if g=3o0or4<k<n.

The following observation is easy to verify.

Observation 1.8. Let G be a connected graph and H be a connected spanning
subgraph of G. Then rzs3(G) < rzs(H).

In Section 2, we determine the graphs whose 3-rainbow index equals the values
m, m— 1, m — 2 or 2. In Section 3, we determine the 3-rainbow index for the
complete bipartite graphs K, , and complete t-partite graphs K;y, as well as the
wheel W,,. Finally, we give a sharp upper bound of rz3(G) for 2-connected graphs
and 2-edge connected graphs. Moreover, graphs whose 3-rainbow index attains
the upper bound are characterized.

2. GRAPHS WITH r23(G) = m,m —1,m — 2 OR 2

At first, we consider the graphs with rz3(G) = 2. From Lemma 1.5, if rz3(G) = 2,
then the order n of G satisfies 3 <n < 5.

Theorem 2.1. Let G be a connected graph of order n. Then rxs3(G) = 2 if and
only if G = K5 or G is a 2-connected graph of order 4 or G is of order 3.

Proof. If n = 3, then it is easy to see that rz3(G) = 2.

If n = 4, assume that G is not 2-connected, then there is a cut vertex v. It is
easy to see that a tree connecting the vertices of G—v has size 3, thus ra3(G) > 3,
a contradiction.

If n =5, then let V(G) = {v1,v2,v3,v4,v5}. Assume that rz3(G) = 2 but
G is not K5. Let ¢ : E(G) — {1,2} be a rainbow coloring of G. Since every
three vertices belong to a rainbow path of length 2, there is no monochromatic
triangle. Now we show that the maximum degree A(G) is 4. If A(G) is 2, then G
is a cycle or a path, and it is easy to check that rz3(G) is 3 or 4, a contradiction.
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Assume that A(G) is 3. Let deg(v1) = 3 and N(v1) = {va,v3,v4}. Then at least
two edges incident to v; have the same color, say c(viv2) = ¢(viv3) = 1. Consider
{v1,v2,v5}, {v1,v3,v5}, this forces c(vavs) = c(vzvs) = 2. Consider {vy,v2,vs},
it implies that ¢(vov3) = 2, but now {ve, v3,vs} forms a monochromatic triangle,
a contradiction. Thus A(G) = 4. Suppose deg(vy) = 4. If there are three
edges incident to v; colored the same, say c(viv2) = c(vivs) = ¢(viv4) = 1, then
consider the three vertices v, v3 and v4. Since these three vertices must belong
to a rainbow path of length 2, without loss of generality, assume that c(vavs) = 1
and c(vzvy) = 2. However then {v1, vy, v3} is a monochromatic triangle, which is
impossible. Therefore only two edges incident to v; are assigned the same color.
Since G is not K5, G is a spanning subgraph of K5 — e. Since deg(v1) = 4, we
may assume that G is a spanning subgraph of K5 — v3vs. Let G’ = K5 — v3vy.
Consider {v1,vs3,v4}, it implies v1v3 and v;vy must have different colors, without
loss of generality, assume that c(vivs) = 1 and c¢(vivg) = 2. By symmetry,
suppose ¢(viv2) = 1 and ¢(vivs) = 2. Then c¢(vavs) = 2, ¢(vavs) = 1. Consider
{vo,v3,v4}, {vs, 04,05}, {v2,v3,05}, then c(vavy) = 1, c(vzvs) = 2, c(vavs) = 1,
but now {vg, v4,v5} forms a monochromatic triangle, which is impossible. Hence,
res(G) > ras(G') > 3, contradicting the assumption. |

Theorem 2.2. Let G be a connected graph of size m > 3. Then

(1) rx3(G) = m if and only if G is a tree.

(2) rz3(G) =m — 1 if and only if G is a unicyclic graph with girth 3.

(3) rz3(G) =m — 2 if and only if G is a unicyclic graph with girth at least 4.

Proof. (1) By Proposition 1.2, if G is a tree, then rz3(G) = n —1 = m. Con-
versely, if rx3(G) = m but G is not a tree, then m > n. By Observation 1.1,
rz3(G) <n—1<m—1, a contradiction.

(2) If G is a unicyclic graph with girth 3, then by Theorem 1.7, rz3(G) =
n—1 = m — 1. Conversely, if rz3(G) = m — 1, then by (1), G must contain
cycles. If G contains at least two cycles, then m > n + 1. By Observation 1.1,
rz3(G) <n—1<m—2, a contradiction. Thus, G contains exactly one cycle. If
the cycle of G is of length at least 4, then by Theorem 1.7, rx3(G) = n—2 = m—2,
a contradiction. Thus, the cycle of G is of length 3, the result holds.

(3) If G is a unicyclic graph with girth at least 4, then by Theorem 1.7,
rz3(G) = n —2 =m — 2. Conversely, if rz3(G) = m — 2 and m > n + 2, then
by Observation 1.1, rz3(G) < n —1 < m — 3, a contradiction. Thus, m < n + 1.
If m = n, then G is a unicyclic graph. By Theorem 1.7, the girth of G is at
least 4. If m = n + 1, and there are two edge-disjoint cycles C; and Cs of
lengths, respectively g1 and go such that g; > go, then if g1 > 4, we assign g1 — 2
colors to (1, go — 1 new colors to (s and assign new distinct colors to all the
remaining edges, which make G 3-rainbow connected, hence rz3(G) < m — 3, a
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contradiction. Therefore g; = go = 3. In this case, we assign to each cycle three
colors 1, 2, 3, and assign new colors to all the remaining edges. It follows that,
then G is 3-rainbow connected, thus rz3(G) < m — 3. If these two cycles are not
edge-disjoint, we can also use m — 3 colors to make G 3-rainbow connected, a
contradiction. ]

3. THE 3-RAINBOW INDEX OF SOME SPECIAL GRAPHS

In this section, we determine the 3-rainbow index of some special graphs. First,
we consider the regular complete bipartite graphs K, ,. It is easy to see that when
r =2, re3(K22) = 2 and, logically, we can define rz3(K; 1) = 0.

Theorem 3.1. For each integer r with r > 3, ras(K,,) = 3.

Proof. Let U and W be the partite sets of K, ,, where |U| = |W| = r. Suppose
that U = {uy,...,u,} and W = {wy,...,w,}. If S C U and |S| = 3, then every
S-tree has size at least 3; hence rz3(K, ) > 3.

Next we show that ra3(K,,) < 3. We define a coloring ¢ : E(K,,) — {1,2,3}
as follows.

1, if 1<i=j<r,
cluwj)=4q 2, if 1<i<j<r,
3, if 1<j<i<r.
Now we show that c is a 3-rainbow coloring of K, ,. Let S be a set of three
vertices of K, ,. We consider two cases.

Case 1. The vertices of S belong to the same partite set of K, ,. Without loss
of generality, let S = {u;, u;, ur}, where i < j < k. Then T = {u;wj, ujw;, upw;}
is a rainbow S-tree.

Case 2. The vertices of S belong to different partite sets of K, ,. Without
loss of generality, let S = {u;, u;,wy}, where i < j.

Subcase 2.1. Let k < i < j. Then T = {u;wy, u;wj, ujw;} is a rainbow S-tree.

Subcase 2.2. Let i < k < j. Then T' = {u;wy, ujwi} is a rainbow S-tree.

Subcase 2.3. Let i < j < k. Then T' = {w;w;, ujw;, ujwy} is a rainbow S-tree.
|

With the aid of Theorem 3.1, we are now able to determine the 3-rainbow index
of complete t-partite graph K;,. Note that we always have ¢t > 3. When r = 1,
res(Kix1) = raxs(K;), which was given in [4].

Theorem 3.2. Let Kix, be a complete t-partite graph, where r > 2 and t > 3.
Then raxs(Kixy) = 3.
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Proof. Let Uy, Us,...,U; be the t partite sets of K., where |U;| = r. Suppose
that U; = {ui1,...,up}. If S C U; and |S| = 3, then every S-tree has size at
least 3, hence rz3(K,,) > 3.

Next we show that rzs(Kix,) < 3. We define a coloring ¢: E(Kix,) —
{1,2,3} as follows.

1, if 1<i=j<r,
c(uqgitty) = 2, if 1<i<j<nr,
31 if 1§]<Z§T,

where 1 < a <b<t.
We now show that ¢ is a 3-rainbow coloring of K;x,. Let S be a set of three
vertices of Ky,

Case 1. The vertices of S belong to the same partite set. Without loss of
generality, let S = {ug1,Ua2, Uaz}. Then T = {uq1up2, Ug2tpz, Uazupe } is a rainbow
S-tree.

Case 2. Two vertices of S belong to the same partite set. Without loss of
generality, let S = {uqi, Uaj, upk}. If k <1 < 7, then T' = {uaiUpk, Uaitly;, Uajung }
is a rainbow S-tree. If i < k < j, then T' = {uqiupk, Uajupr } is a rainbow S-tree.
If i < j <k, then T = {ugiupi, UqjUpi, UqjUpk } 1S & rainbow S-tree.

Case 3. Each vertex of S belongs to a different partite set. Let S =
{tai, upj, uek }, a < b < c.

Subcase 3.1. Assume that ¢ = j = k. Without loss of generality, let S =
{ta1,up1, te1 }. Then T = {ugiup1, Ug1 Up2, Upatic1 } is a rainbow S-tree.

Subcase 3.2. Suppose that ¢ = j # k. Without loss of generality, let S =
{uq1, up1, uc2}. Clearly, T' = {ugi1up1, upruca} is a rainbow S-tree.

Subcase 3.3. Let i # j # k. Without loss of generality, let S = {ug1, upa, ues}-
Then T = {ug1te1, Ue1Up2, Up2Ucs} 1S @ rainbow S-tree. [

Another well-known class of graphs are wheels. For n > 3, the wheel W,
is a graph constructed by joining a vertex v to every vertex of a cycle C), :
V1, V2, ..., Up,Unt1 = v1. Given an edge-coloring ¢ of W, for two adjacent ver-
tices v; and v;y1, we define an edge-coloring of the graph by identifying v; and
vi+1 to a new vertex v’ as follows: set c(vv') = c(vvit1), c(vi—1v') = c(vi—1v;),
c(v'viy2) = ¢(viy1vi42), and keep the coloring for the remaining edges. We call
this coloring the identified-coloring at v; and v;11. Next we determine the 3-
rainbow index of wheels.
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Theorem 3.3. Forn > 3, the 3-rainbow index of the wheel W, is

2, if n=3,
) 3, i 4<n<s,
resWn) =9 4 if 7<n<16
5, if n>1T7.
Proof. Suppose that W,, consists of a cycle C), : vi,v2,..., 05, 0p41 = v1 and

another vertex v joined to every vertex of C),.

Since W3 = Ky, it follows by Lemma 1.4 that ras(W3) = 2.

If n = 6, then let S = {v1,vs,v4}. Since every S-tree has size at least 3,
ras(Ws) > 3. Next we show that rzg(Ws) < 3 by providing a 3-rainbow coloring
of Wg as follows:

1, if e € {vvy,vvy, vous, v506},
cle) =< 2, if e e {vvg,vvs,v304, 1106},
3, if e € {vvs,vvg,v4vs,v1v2}.

If n =5, then |V(W;5)| = 6 and, by Lemma 1.5, ra3(W;) > 3. Then we show
that rx3(Ws) < 3. We provide a 3-rainbow coloring of W5 obtained from the
3-rainbow coloring of Wy by the identified-coloring at vs and vg.

If n = 4, then by Theorem 2.1, rz3(W4) > 3. Then we show that ras(Wy) <
3. We provide a 3-rainbow coloring of Wy obtained from the 3-rainbow coloring
of W by the identified-coloring at vs and vg, v4 and vs, respectively.

Claim 1. If 7 <n <16, then ra3(W,) = 4.

First we show that rz3(W7) > 4. Assume, to the contrary, that ras(W7) < 3. Let
c: E(Wy7) — {1,2,3} be a 3-rainbow coloring of W7. Since deg(v) =7 > 2 x 3,
there exists A C V(C),) such that |A| = 3 and all edges in {uv : u € A} are
colored the same. Thus, there must exist at least two vertices v;,v; € A such
that degc, (vi,vj) > 2 and a vertex vy, € C7 such that vy, & {vi—1,vir1,vj-1,0j-1}.
Let S = {v;,v;,v}. Note that the only S-tree of size 3 is T' = vv; Uvv; Uvuy, but
c(vv;) = c(vv;), it follows that there is no rainbow S-tree, which is a contradiction.
Similarly, we have rzg(W,,) > 4 for all n > 8.

Second, we show that rzs(Wig) < 4, which we establish by defining a 4-
rainbow coloring ¢ of Wig as shown in Figure 1. It is easy to check that ¢ is a
4-rainbow coloring of Wig. Therefore, rxs(Wig) = 4.

When 13 < n < 15, we obtain a 4-rainbow coloring of Wi5, Wi4, W13 from
the 4-rainbow coloring ¢ of Wig by consecutively using the identified-colorings at
v1 and v1g, v12 and vz, vg and vyg.

When n = 12, we define a 4-rainbow coloring of Wis as shown in Figure 1.

When 7 < n < 11, we obtain a 4-rainbow coloring of Wy, Wyg, Wy, Wy,
Wy from the 4-rainbow coloring ¢ of Wis by consecutively using the identified-
colorings at v; and v2, v4 and vs, vy and vs, vig and vy1, v11 and via.
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1o, 4

I/Vl 2

Figure 1. 3-rainbow coloring of Wyg and Wis.

Claim 2. If n > 17, then ras(W,) = 5.

First we show that rz3(WWi7) > 5. Assume, to the contrary, that rzs(Wi7) < 4.
Let ¢ : E(Wi7) — {1,2,3,4} be a 4-rainbow coloring of Wj7. Since deg(v) = 17 >
4 x 4, there exists A C V(C,,) such that |A| =5 and all edges in {uv : u € A} are
colored the same, say 1. Suppose that A = {v;,, vi,, Vis, viy, Vig }, where i3 <1y <
i3 < ig < i5. There exists k such that degc,,(viy, v, ,) > 3, where 1 < k < 4.
Let S = {vi,, Vi1 Vi, s }- Since doy, (v, i, ,) > 2 and dey, (Vi Vi) > 2,
the only possible S-tree is the path P = v;, v, ,vi,_ 4V, Vi, 5, Where addition
is performed modulo 5. Thus color 1 must appear in P and every edge of the
path must have a distinct color. By symmetry, we consider two cases. First,
let c(vj,,,vi,.,) = 1. Suppose c(v;, ,vi, ;) = 2, ¢(vi,;Vi,,) = 3. There exists a
vertex vg, where c¢(vvg) = 2 or 3, such that d(vg, A) > 3. It is easy to see that there
is no rainbow {vo, vi, ,,,vi, ,}-tree. In the remaining case, if c(vj,_,vi, ) = 1,
then we can also find such a vertex vy such that there exists no {vo,vi,_,, vi, ., }-
tree, which is a contradiction.

To show that rz3(W,,) <5 for n > 17, we define a 5-rainbow coloring of W,
as follows:

c(e):{j’ if e=wv; and i = j(mod 5),1 < j <5,
1+ 3, if e= ViVi41-

It is easy to see that c is a 5-rainbow coloring of W,,. Therefore, rax3(W,,) =5 for
n > 17. [ ]

4. THE 3-RAINBOW INDEX OF 2-CONNECTED AND 2-EDGE-CONNECTED
GRAPHS

In this section, we give a sharp upper bound of the 3-rainbow index for 2-
connected and 2-edge-connected graphs. We start with some lemmas that will
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be used in the sequel.

Lemma 4.1. Let G be a connected graph and {Vy,Va,...,Vi} be a partition of
V(G). If each V; induces a connected subgraph H; of G, then rx3(G) <k —1+

Zf:l ras(H;).

Proof. Let G’ be a graph obtained from G by contracting each H; to a single
vertex. Then G’ is a graph of order k, so rz3(G’) < k — 1. Take an edge-coloring
of G’ with k — 1 colors such that G’ is 3-rainbow connected. Now go back to
G, and color each edge connecting vertices in distinct H; with the color of the
corresponding edge in G'. For each i = 1,2,..., k, we use rz3(H;) new colors to
assign the edges of H; such that H; is 3-rainbow connected. The resulting edge-
coloring makes G 3-rainbow connected. Therefore, rz3(G) < k—l—i—Zf:l ras(H;).

|

To subdivide an edge e is to delete e, add a new vertex x, and join x to the ends
of e. Any graph derived from a graph G by a sequence of edge subdivisions is
called a subdivision of G. Given a rainbow coloring of G, if we subdivide an
edge e = uv of G by xu and zv, then we can assign xu the same color as e and
assign xv a new color, which also make the subdivision of G 3-rainbow connected.
Hence, the following lemma holds.

Lemma 4.2. Let G be a connected graph, and H be a subdivision of G. Then
raz(H) < rzy(G) + [V(H)|[ - [V(G)].

The ©-graph is a graph G consisting of three internally disjoint paths with com-
mon end vertices and of lengths a, b, and ¢, respectively, such that a < b < c.
Clearly, a + b+ ¢ = n + 1 where n is the order of G.

Lemma 4.3. Let G be a ©-graph of order n. If n > 7, then rx3(G) < n — 3.

Proof. Let the three internally disjoint paths be P, P», P3 with the common
end vertices v and v, and the lengths of P;, P, P3 are a, b, ¢, respectively, where
a<b<e.

Case 1. b> 3. Then ¢ > b > 3, a > 1. First, we consider the graph ©; with
a=1,b=3and c = 3. We color uPjv with color 3, uP,v with colors 2,3, 1,
and uP3v with colors 1,3, 2. The resulting coloring makes ©1 rainbow connected.
Thus, rz3(©1) < 3 = |V(01)| — 3. For a general O-graph G with b > 3 and
n > 7, we first observe that it is a subdivision of ©;. Hence by Lemma 4.2,

ra3(G) < ra3(01) + [V(G)| = [V(O1)] < [V(G)| = 3.

Case2. a=1,b=2. Thensincea+b+c=n+12>38, ¢c>5. Consider the
graph ©9 with a =1, b = 2 and ¢ = 5. We rainbow color uPyv with color 4, uPsv
with colors 1,3, and uPsv with colors 2,3,4,2,1. Thus, rz3(03) <4 = |V(02)|—
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3. Consider now a general ©-graph G with a = 1, b = 2, ¢ > 5. Clearly, it is a
subdivision of ©2, hence by Lemma 4.2, rx3(G) < rz3(02) + |[V(G)| — |V (02)| <
V(G)| - 3.

Case 3. a=2,b=2, Then sincea+b+c=n+12>8, c > 4. Consider the
graph O3 with a = 2, b = 2 and ¢ = 3. We rainbow color uPyv with colors 3,2,
uPyv with colors 2, 1, and uP3v with colors 1,2, 3. Thus, rz3(03) < 3 = |V(03)|—
3. Consider now a general O-graph G with a = 2, b = 2, ¢ > 4. It is a subdivision
of O3, hence by Lemma 4.2, rz3(G) < rz3(03) + |V (G)| — [V(O3)| < |V(G)| — 3.

Every ©-graph with n > 7 is one of the above cases, therefore rz3(G) < n—3.

|

A 3-sun is a graph G which is defined from Cg = vy, v, ..., vg, v7 = v1 by adding
three edges vavy, vovg and v4vg.

Lemma 4.4. Let G be a 2-connected graph of order 6. If G is a spanning subgraph
of a 3-sun, then rxs3(G) = 4. Otherwise, rrs(G) = 3.

Proof. Since G is a 2-connected graph of order 6, G is a graph with a cycle
Cs = v1,v9,...,v6 vy = v1 and some additional edges.

If G is a subgraph of a 3-sun, then every tree connecting the three vertices
{v1,v3,v5} must have size at least 4, which implies that rxz3(G) > 4. On the
other hand, rz3(G) < rz3(Cs) < 4. Therefore, rz3(G) = 4.

If there is an edge between the two antipodal vertices of Cg, then by Lemma, 4.3,
raxs(G) = 3.

If G contains the edges v1v3 and vovg, then it contains ©3, defined in Lemma 4.3
as a spanning subgraph, thus rz3(G) = 3.

If G contains the edges vivs and vovg, we give a rainbow 3-coloring ¢ of G:
c(vive) = c(vgvs) = 1, c(vavg) = c(vavy) = c(vivs) = c(vsvg) = 2, c(vzvy) =
c(vivg) = 3. |

Let H be a subgraph of a graph G. An ear of H in G is a nontrivial path in
GG whose ends are in H but whose internal vertices are not. A nested sequence
of graphs is a sequence {Go,G1,...,Gi} of graphs such that G; C Gj41, for
0 <i < k. An ear decomposition of a 2-connected graph G is a nested sequence
{Go, G1,...,Gy} of 2-connected subgraphs of G such that: (1) Gy is a cycle; (2)
G; = Gij—1 U P;, where P; is an ear of G;_1 in G, for 1 <1i <k; (3) Gy = G. We
call an ear decomposition nonincreasing if £(P;) > ¢(Py) > -+ > £(Py), where
{(P;) denotes the length of P;.

Theorem 4.5. Let G be a 2-connected graph of order n > 4. Then rxs3(G) <
n — 2, with equality if and only if G = C), or G is a spanning subgraph of 3-sun
or G is a spanning subgraph of K5 — e or G is a spanning subgraph of Ky.
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Proof. Since G is 2-connected, G contains a cycle. Let C' be the longest cycle of
G. Then |V(C)| > 4, rz3(C) < |V(C)|—2. Let Hy = C, Hy, Hs, . .. ’an|V(C)|+1
be subgraphs of G, each is a single vertex. Then by Lemma 4.1, rax3(G) <
n—|V(C)|+ ras(Hy) <n—2.

If G = C, then by Theorem 1.6, rz3(G) = n — 2.

If G # C, then G contains a nonincreasing ear decomposition {Go, G, ...,
Gi}. Let Hy = CUPy. Then Hy is a ©-graph. We choose Ha, Hs, ..., Hy,_ v ()11
as subgraphs of G with a single vertex each. By Lemma 4.1, raz3(G) < n —
\V(H1)| + ras(Hy).

If [V(Hp)| > 7, then by Lemma 4.3, ra3(H;) < |V (Hy)| — 3, hence rz3(G) <
n— 3.

If |V(Hp)| = 6, we consider three cases.

Casel. |[V(C)| = 6. Then {(P;) = 1. Hence {(Py) = U(P) = --- = {(Pg) =1,
G is a graph of order 6. By Lemma 4.4, rz3(G) = 4 if and only if G is a spanning
subgraph of a 3-sun.

Case 2. |V(C)| =5. Then ¢(P;) = 2. Let u and v be the end vertices of P;.
If do(u,v) = 1, then we can find a cycle larger than C, contradicting the choice
of C. Otherwise, dco(u,v) = 2 and is the graph O3 defined in Lemma 4.3. Then
res(Hy) = ras(03) < 3 = |V(Hy)| — 3, thus rz3(G) < n — 3.

Case 3. |V(C)| = 4. Then ¢(P;) = 3. Let u and v be the end vertices of P;.
Either do(u,v) = 1 or do(u,v) = 2, thus we can always find a cycle larger than
C, a contradiction.

If |V(Hy)| = 5, there are two cases to be considered. If |[V(C)| = 5, then
¢(P;) =1, hence G is a graph of order 5. By Theorem 2.1, rz3(G) =3 =n — 2
except for K5, whose 3-rainbow index is 2. If |[V(C)| = 4, then ¢(P;) = 2. Let
u and v be the end vertices of P;. Note that dco(u,v) = 2. If ¢(P;) = 1, then
G is a graph of order 5. If /(P;) > 2, then let «' and v’ be the end vertices of
P,. Tt holds {u/,v'} = {u,v}, otherwise, we can find a cycle larger than C. Let
H{ = H; UP,. Then Hj is a graph consisting of 4 internally disjoint paths of
length 2 with common vertices u and v. We color the edges of the four paths with
colors 12, 21, 31, 13, the resulting coloring makes H} rainbow connected, thus,
ras(Hy) < 3= |V(H])|—3. Let H), Hj, . .. ’H;L—IV(H{)I-H be subgraphs of G, each
is a single vertex. Then by Lemma 4.1, rz3(G) < n—|V(H])|+ras(H]) < n-—3.

If |V(Hy)| = 4, then |V(C)| = 4, ¢(P1) = 1, G is a graph of order 4, by
Theorem 2.1, rz3(G) =2 =n — 2.

Therefore, rx3(G) = n—2 if and only if G = C), or G is a spanning subgraph
of 3-sun or G is a spanning subgraph of K5 — e or GG is a spanning subgraph of
Ka. |

Now we turn to 2-edge-connected graphs. We say that an ear is closed if its
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endvertices are identical, otherwise, it is open. An open or closed ear is called
a handle. For a 2-edge-connected graph G, there is a handle-decomposition,
that is a sequence {Go,G1,...,Gy} of graphs such that: (1) G is a cycle; (2)
G; = Gij—1 U P;, where P; is a handle of G;_; in G, for 1 <1i < k; (3) G, = G.
Similar to Theorem 3.2, we give an upper bound of 2-edge-connected graphs.

3] ) V2 U1 V1 V4 Vg
2 U1 vg V6
.
Vi o
JAVAN J AVAVA
v3 vy s U3 U4 vs Y2 U3 Us vt
£ Iy Iy Fy s

Figure 2. Graphs with rz3(G) =n — 2.

Figure 3. Graphs with rz3(G) <n — 3.

Theorem 4.6. Let G be a 2-edge-connected graph of ordern > 4. Then rzs(G) <
n — 2, with equality if and only if G is a graph attaining the upper bound in
Theorem 4.5 or a graph presented in Figure 2.

Proof. Let C be the largest cycle of G. If |[V(C)| > 4, then ra3(C) < |[V(C)|—2.
Otherwise, all cycles of G are of length 3. Since n > 4, there are at least two
triangles C7 and Cy with a common vertex v. Let Fy; = C1UC5, we rainbow color
Fy with three colors, see the graph F} in Figure 2, thus rax3(F) < 3 = |V(Fy)|—2.
Let Hy = C or Fi, Hy, Hs,...,H,_|v(m,)+1 be subgraphs of G with a single
vertex each. Then by Lemma 4.1, rz3(G) < n — |V(Hy)| +raz(Hy) <n—2.

Now we determine the graphs that obtain the upper bound n — 2.

If G = C, then by Theorem 1.6, rz3(G) = n — 2.
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If G # C, then G contains a handle-decomposition {Go, G1,...,Gi}. Let H; C
G, Hy, Hg, ..., H,,_|v(#,)|+1 be subgraphs of G with a single vertex each. Then by
Lemma 4.1, if we show that ras(H;y) < |V (H1)|—3, then we have rz3(G) < n—3.

If [V(C)| > 4 and P, is an open ear, we come back to Theorem 4.5. If
|[V(C)| = 3 and P; is an open ear, then a cycle is of length larger than C, a
contradiction.

If [V(C)| > 4 and P; is a closed ear, then G is a union of two cycles C; = C
and Cs = Pj. If both of the cycles are of length at least 4, we rainbow color each
cycle C; with |V(C;)| — 2 colors, which makes G; 3-rainbow connected. So we
assume that Cy is of length 3. If C] is of length 5, we rainbow color G; by 4
colors, see Figure 3(1). If C1 is of length greater than 5, then it is the subdivision
of the graph in the case of |V(C)| = 5. For all the above three cases, we have
raes(Gy) < |V(G1)| — 3. Let Hy = Gy, it follows that rz3(G) < n — 3.

So it remains the case that |V (Cy)| = 4, |[V(C2)| = 3, we denote this graph
by Fy, see Figure 2. Then F; is a subdivision of Fj, so rz3(Fy) < 4. On the
other hand, consider S = {va,vs5,v6}. Every S-tree has size at least 4, hence
ras(Fy) = 4 = |[V(F3)| — 2. Observe that P is a closed ear of length at most
4, then Gy = Fy U Py. If {(P;) = 4, then G2 contains two cycles of length 4.
If ¢(P2) = 3, we rainbow colors G with |V(G2)| — 3 colors, see Figure 3(2-5).
For the above two cases, rz3(G2) < |[V(G2)| — 3. Let H; = Ga, it implies that
res(G) < n—3. If {(P,) = 1, then P» must be an edge joining the vertices
of (1, there are two graphs, denoted by F3 and Fy. Similarly to F», we have
ras(F3) = |V(F3)| — 2. For Fy, ras(Fy) < raz(Fy) < 4. On the other hand,
suppose rx3(Fy) < 3. Consider {vy,vs,vs}, {v1,v3,v6}. We have that c(vqvg) =
¢(v4vs), which implies that there is no rainbow {vy, vs, vg }-tree or {vs, vs, vg }-tree,
a contradiction. Hence rx3(Fy) =4 = |V(Fy)| — 2. Observe that Pj is of length
1, Gs = F3U P3 or F,y U P3, we can rainbow color G3 by 3 colors, see Figure 3(6).
Let Hy = G3. Then ra3(G) <n — 3.

If |V(C)| = 3 and P, is a closed ear, then ¢(P;) = 3. Thus Gy = F1, and it
is easy to get rz3(G1) = |[V(G1)| — 2. If P exists, then it must be a closed ear of
length 3, and there are two cases for the graph Ga. If G is as in Figure 3(7), then
raxs(Ga) < |V(G2)|—3, let Hy = G, thus rzs(G) < n—3. If G is the graph Fj in
Figure 2, then we prove that its 3-rainbow index is |V (G3)| — 2. Using the graph
F5 in Figure 2, we have that rx3(G2) < 5. If rx3(Ga) < 4, then let ¢ : E(G) —
{1,2, 3,4} be the 4-rainbow coloring of G3. Consider {v1, vy, v} and {v1,v4,v7},
we have c(viv3) # c(vsvg), c(v1v3) # c(vsvr). If c(vsvg) = c(vsvr), then suppose
that c(vsvg) = 1, c(vivg) = 2. Consider {v1,vg, v7}, we may assume c(vzvs) = 3,
c(vgvr) = 4. Consider {vy,vg,v7}, {v1,v2,v6}, {v1,v2,v4}, {v1,v4,v6}, we have
c(vavs) = 2, c(vive) = 4, c(vsvg) € {1,4}, c(vavs) € {1,4}, but then there is no
rainbow tree connecting {v4,vg, v7}. If ¢(vsvg) # c(vsv7), then c(vivs) # c(vavs).
Let c(vivg) = 1, c(vavs) = 2, c(vsvg) = 3, c(vsvg) = 4. Consider {v1,vq,v6},
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then the colors 2 and 4 must appear in the triangle vsvqvs. Consider {va, vq, v7},
then the colors 1 and 3 must appear in the triangle vsvqvs, which is impossible. So
we consider P53 and, if it exists, then it must be a close ear. There are two cases,
no matter which case occurs, we can give a rainbow coloring with |V (G3)| — 3
colors, see Figure 3(8-9). Let Hy = G3. Then rz3(G) <n — 3.

Combining all the above cases, rz3(G) = n — 2 if and only if G is a graph
attaining the upper bound in Theorem 4.5 or a graph in Figure 2. ]
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