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Abstract

The Harary index is defined as the sum of reciprocals of distances be-
tween all pairs of vertices of a connected graph. In this paper, the exact
formulae for the Harary indices of tensor product G' X Ky, m,,....m,_, and
the strong product G K, ..., m._1 > Where Ky o ., is the complete
multipartite graph with partite sets of sizes mg, m1, ..., m,_1 are obtained.
Also upper bounds for the Harary indices of tensor and strong products of
graphs are estabilished. Finally, the exact formula for the Harary index of
the wreath product G o G’ is obtained.
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1. INTRODUCTION

All graphs considered in this paper are simple and connected. For vertices u,v €
V(G), the distance between u and v in G, denoted by dg(u,v), is the length of a
shortest (u,v)-path in G. For two simple graphs G and H their tensor product,
denoted by G x H, has vertex set V(G) x V(H) in which (g1, h1) and (g2, he) are
adjacent whenever g1 ¢go is an edge in G and hihs is an edge in H. Note that if G
and H are connected graphs, then G x H is connected only if at least one of the
graphs is nonbipartite. The strong product of graphs G and H, denoted by GK H,
is the graph with vertex set V(G) x V(H) = {(u,v) : u € V(G),v € V(H)} and
(u,z)(v,y) is an edge whenever (i) u = v and xy € E(H), or (it) wv € E(G)
and z =y, or (iii) uwv € E(G) and xy € E(H). Similarly, the wreath product of
the graphs G and H, denoted by G o H, has vertex set V(G) x V(H) in which
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(91, h1)(g2, h2) is an edge whenever g;gs is an edge in G, or g1 = g2 and hihg
is an edge in H. The tensor product of graphs has been extensively studied in
relation to the areas such as graph colorings, graph recognition, decompositions
of graphs, design theory, see [1, 2, 4, 11, 17].

A topological index of a graph is a real number related to the graph; it does not
depend on labeling or pictorial representation of a graph. In theoretical chemistry,
molecular structure descriptors (also called topological indices) are used for mod-
eling physicochemical, pharmacologic, toxicologic, biological and other properties
of chemical compounds [9]. There exist several types of such indices, especially
those based on vertex and edge distances. One of the most intensively studied
topological indices is the Harary index; for other related topological indices see
[26].

Let G be a connected graph. Then Harary index of G is defined as H(G) =
% Zu veEV(G) m with the summation going over all pairs of distinct vertices of
G. The Harary index of a graph G has been introduced by Plavsié et al. [22] and
independently by Ivanciué et al. [13] in 1993. Its applications and mathematical
properties are well studied in [5, 8, 27, 15]. Zhou et al. [28] have obtained the
lower and upper bounds of the Harary index of a connected graph. Very recently,
Xu et al. [25] have obtained lower and upper bounds for the Harary index of a
connected graph in relation to x(G), the chromatic number of G and w(G), the
clique number of GG, and characterized the extremal graphs that attain the lower
and upper bounds. Also, Feng et al. [8] have given a sharp upper bound for the
Harary index of a graph based on the matching number, that is, the size of a
maximum matching.

The Harary index and its related molecular descriptors have shown some
success in structure property correlations [6, 7, 10]. Its modification has also
been proposed [15] and its use in combination with other molecular descriptors
improves the correlations [24, 23]. There are many topological indices such as
Wiener index, hyper-Wiener index, vertex and edge PI indices, vertex and edge
Szeged indices; they have been studied for general graphs and also for the product
graphs such as tensor product [12, 19, 21], strong product [20], Cartesian product
[14]. In the same way we would like to investigate the Harary index of tensor
product, strong product and wreath product. We have obtained formulea for
the Harary indices of G X Ky mi,...m,_, and G X Ky my,...m,_,- Also we have
obtained upper bounds for the Harary indices of the tensor and strong products
of graphs. Finally, the exact formula for Harary index of the wreath product of
graphs is obtained. Based on the results obtained, exact Harary indices of some
classes of graphs are obtained.

Ifmog=my=---=my_1 =5 in Ky m,,.m., (the complete multipartite
graph with partite sets of sizes mg, m1,...,m,—1), then we denote it by K,(y).
For S C V(G), (S) denotes the subgraph of G induced by S. A path and cycle
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on n vertices are denoted by P, and C,, respectively. We call C5 a triangle.
For two subsets S,T C V(G), not necessarily disjoint, by d¢(S,7T") we mean the
sum of the distances in G from each vertex of S to every vertex of T, that is,
dc(S,T) =3 scsterda(s,t). For subsets S, T C V(G), E(S,T) denotes the set
of edges of G having one end in .S and the other end in T'. For subsets .S and T, not
necessarily disjoint, by dZ (S, T) we mean the sum dZ(S,T) = dsesteT m.

Notation and definitions which are not given here can be found in [3] or [11].

2. HARARY INDEX OF TENSOR PRODUCT OF GRAPHS

Let G be a connected graph with V(G)={vo, v1,...,v,—1} and let Ky m,....mp_ 15
r > 3, be the complete multiparite graph with partite sets Vg, V1, ..., V,—1 with
|Vil =my, 0 <i<r—1.1Inthe graph G X Ky my,....m,_1, let Bij = v; x Vj,v; €
V(G) and 0 < j < r — 1. For our convenience, we write
V(G) %V (Emgumsveme) = Uizt {or x Uy 2 V5 }
= Uiz (Lo 0} U o x ViR U0 fon x Vo)

;L_é {Bzo UBunU---UBjr_1) } , where B;; = v; x V;
n 1
= o Bij
U =0
Let Z ={Bij}i=01,..n-1- We call X; =J;_ 'y Bij alayer and Y; = |JI'Z} Bij a

=0,1,....,r—1

column of G X %mo,ml,._,,mT_l, see Figures 1 and 2. Clearly, a layer (resp. column)
is an independent set in G X Ky, my,...;m,_;; i particular, B;; is an independent
set. Further, if vjuy, € E(G), then the subgraph (B;; U Byy,) of G X Ky my,...my—1
is isomorphic to K|y, |y, or a totally disconnected graph according to j # p or
j = p. It is used in the proof of the next lemma.

The proof of the following lemma follows easily from the properties, structure
of G X Ky, my,...m._, and the paths as shown in Figures 1 and 2.

Lemma 1. Let G be a connected graph on n > 2 vertices and let B;j, By, € %
of the graph G X Ky mi,...m,_,, where r > 3.

(i) For any two distinct vertices in Bjj, their distance is 2.

(ii) Distance between two distinct vertices one from Bj; and another from Bip,
j#Dp,is 2.

(iii) Distance between two vertices one from Byj and another from By, i # k,
is 2 or 3 according as v;vi lies on a triangle in G or vyvg € E(G) and v;v
does not lie on a triangle in G.

(iv) Ifviv, € E(G), then distance between two vertices one in B;; and the another
in Byp,t #k,j #p, is 1.

(v) Ifvivi, ¢ E(G), then distance between the vertices one in B;; and another in
ka 128 dg('l}i, ’Uk).
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Figure 1. If v;uy is on a triangle v;uev, of G, then a shortest path of length 2 from a
vertex of B;; to a vertex of By, is shown in broken edges. If v;v is an edge but not on

a triangle of G, then a shortest path of length 3 from a vertex of B;; to a vertex of By;
is shown in solid edges.
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Figure 2. If a (v;, vg)- shortest path is of even (resp. odd> 3) length in G, then a shortest
path from a vertex of B;; to a vertex of By; is shown in solid edges (resp. broken edges).
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The proof of the following lemma follows easily from Lemma 1 and hence it is
left to the reader. The lemma is used in the proof of the main theorem of this
section.

Lemma 2. Let G be a connected graph on n > 2 vertices and let B;j, By, € %
of the graph G' = G X K. my.....m,_1» Where > 3.

(i) If vivg € E(G), then

mimy, if j # p,

2
dg/(Bij,ka) = %, if j = p and v;vg is on a triangle of G,
2
%, if 7 = p and v;vg is not on a triangle of G.

(i) If vivk ¢ B(G), then dff,(Bij, Biy) = § ™" " °
ooy Wai=p

mi(m;—1) e
(i) df(Bij, Bip) =4 o 2 Z,f =P
—5=, if j#p-

Theorem 3. Let G be a connected graph with n > 2 vertices and m edges and
let X be the number of edges of G which do not lie on any C5 of it. If ng and q
are the numbers of vertices and edges of Ky my,....m._1, T = 3, respectively, then

2__
H(G X Ko,y cm 1) = 1 H(G) + "2t — (4 3) L0320,
Proof. Let G' = G x Ky, my.....m,_,- Clearly,
1
AN H .
A(E) =3 ZBij,kae,@dG/(B”’ka)

(Zl_ Z]P OdG’ Bij, Bip) +Z?k1 OZT ' dG'(Bzg,Bkg)
+Z”“ OZ“’ OdG’ Bij, Brp) +ZZL—IZT 1 dG'(Bzyan)>

1#k
= 5{141 + Ay + Az + A4},

(1)

where A7 to A4 are the sums of the above terms, in order. We shall calculate Ay
to Ay of (1) separately.

(Ay). First we compute E?_l <ZH, 0 d4,(Bij, By )> For this, we compute
J#p
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-1
szOdG’(BU’B )
J#p

r—1
ZapiodG'(B”’Bw ZP OdG' 0, Bip) +Zp OdG’ Bi1, Bip) + -+

p#1
r— 1 ]
+Z =0 dG/( Z(T—l)aBip), since |Bj,| = my
(2) phr
r—1 mom r—1 mlm r—1 M1
p=0 G T a0 Y 0
p70 p#1 p;ér 1
S p—o T
= avp:() N
atp 2
Now summing (2) over i = 0,1,...,n — 1, we get

n—1 r—1 n—1 MaM.
H ) a'’p
§ i=0 E j,.p;é:OdG’(BZJa Zp § i=0 E ap O
JFP
n r—1
9 E :a,p=0mamp .

a#p

3)

(A2). Next we compute Z;;lo (ZZ e OdG’(BU?Bk]))' For this, initialy we
i#k

calculate ZZ k OdG,(B,], Byj).
Let By = {uv € E(G)|uw ison a C3 in G} and Ey = E(G) — Ej.

n—1 n—1
> ik (Bij, Bij) = in—042k din(Bij, Brj) +sz 0,i2k ¢ (Bijs Bij)
i#£k Ul’vk ¢ E(G) v;v € B

+ sz —o0, iz A (Bij, Bij)

ViV € E>
n—1 mj2 n—1 m2.
k=0, £k T Y k0, itk o
ViVE ¢ E(G) dG(U“ Uk) vivE € E1 2
n—1 m?
+ E i,k=0,i#£k 3 5 byLemma2
v;vE € E2
n—1 m? n—1 m? ) )
= E ik=0/izk - + E ih=0,izk | +mj —mj
vivg € E(Q) G(U“ Uk) vivg € B
2
—I-Eﬁil ; ﬁ—i—mz—mz *
Z,k‘:O,l#k) 3 J J
vV € Ea

Zn—l 'mjz n—1 mj
= =0, itk T R Y ik ik T
ViV §é E(G) dG(Ui7 ’Uk) vV € B dG(Ui7 Uk)
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n—1 m2 n—1 m? n—1 2m§
+§ ik=0,i#k T N —E ik=, itk —§ ik=0,itk "o
vV €EFo dG (v“ Uk) vV € F1 2 Vv € Fa 3

since dg(vi, vi) = 1 if vju, € Fy,

Sy Ly
- k=00 (v o) i,k=0,1 k: i,k=0 —
Zi#kﬂ da(vi; Vi) Zvivl(c)ezbzi itk
vV € Eo
n—1 Tnj2
- Zi,k:(),i;ék 5
vi'UkEEQ
Thus
A m?2
(4) Zk OdG/(Bz]aBkg)—QH(G)m]7mm32,7 3]7
i#£k

where m and X are the number of edges of G and the number of edges of G which
do not lie on any C}, respectively. Note that each edge v;v of G is being counted
twice in the sum, namely, v;v; and vgv;.

Now summing (4) over j =0,1,...,r — 1, we get

Zj—l Z”“ OdG’ (Bij, Bij) =2H(G) (Z:;lo m?)
— (m -+ g) (Z;;lo m?) .

(As). Next we compute Zz =0 (Z] b OdG’(Bij7ka)> . For this, first we cal-
) itk J#p
culate Y5 o d& (Bij, Brp)-
i#p

()

r—1
Zj,p:(ldg’(Bij?ka):Zp OdG’( zO,ka +ZP OdG’( Zlkap)
J#p

p#0 p#1
r—1
+Z _o déi(B i(r—1)» Bhp)
p#f‘ 1
r—1 momp r—1 mimp
= —05—F—~ +
(6) Z P20 da(vi, vi) Zp 24 dg(vi, v
r—1 My—1Mp

+ Z , by Lemma 2,

—0
o1 da(vi, vg)

r=l memy
72 :a p

dG Uu Uk)
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Using (6) we have

n—1 mem
sz Oij OdG’(Bukap sz OZap OdG Zu;})k:)

i#k i#£k a#p
(7) r—1
=2H(G) (Z‘W: 0 mamp> .
a#p

(A4). Finally, we compute S 7~ ¢ (ZT ' %, (Bi;, Bi; )) .

r—1 r—1 m;(m; — 1
(8> Z]: dG/(Bl]yB ) Zjoj(zj), by Lemma 2.

SIS s m =3 (S )
:% (Z;_:lo mj(m; — 1)) .
(

Using (1) and the sums Aj, Ay, A3 and A4 in (3),(5),(7) and (9), respectively, we
have

(9)

nno(ng — 1) A\ (n2 —2q)
—n2 H(G) + — 22— <m+3> s

where ng = ZZ:& m; and ¢ is the number of edges of Ky my,..m,_ - [ |

Remark. In the above theorem if r = 2, then G x Ky, »,, would be a discon-
nected whenever G is a bipartite graph. As we deal with only connected graphs,
we consider r > 3.

If m;=s, 0<i<r—1in Theorem 3, then we have the following corollary.
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Corollary 4. Let G be a connected graph with n > 2 vertices and m edges; let )
be the number of edges of G which do not lie on any C3 of it. Then H(G X K, (y)) =

T2S2H(G)+W - % (m+3), where r > 3.
As K, = K, (1), from the above corollary we have the following corollary.

Corollary 5. Let G be a connected graph with n > 2 vertices and m edges; let )
be the number of edges of G which do not lie on any Cs of it. Then H(G x K,.) =
r?H(G)— (m+3) 5+ w, where T > 3.

Corollary 6. Let G be a connected graph on n > 2 wvertices with m edges. If

2 _
each edge of G is on a Cs, then H(G X KT(S)) =252 H(G) — mrs- nST(ZT 1)7
where r > 3.

For a triangle free graph G, A = m and hence we have the following corollary.

Corollary 7. If G is a connected triangle free graph on n > 2 wvertices and m

edges, then H(G x K, (s)) = r?s? H(G) — 2m§52 + nST(‘ZTfl), where r > 3.

If s =1 in the above corollary, we obtain the following corollary.

Corollary 8. If G is a connected triangle free graph on n > 2 wvertices and m

edges, then H(G x K,) = r* H(G) — 22" + "T(z_l), where r > 3.

One can see that [25], H(P,) = n(E" 1) —n and

=17

n
2

1 . .
n( i1 ;) —1, if nis even,
n—1 1
2 . .
n(Zi:1 ;), if n is odd.

By using Corollary 5, H(P,) and H(C,,), we obtain the exact Harary indices of
the following graphs.

Example 1.
(i) If n > 2 and r > 3, then H(P, X K,) = nrz(zn 1) — 15(11n + 9rn — 8).

=17
(i)~ 1)+ #B6r-11), if nis even,

(i) H(Cy x K,) = rr=3) if n=3

TQH(ZZ %) + 0 (3 — 11), if n>3is odd.
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3. AN UPPER BOUND FOR HARARY INDEX OF TENSOR PRODUCT OF
GRAPHS

In this section, we establish an upper bound for the Harary index of the tensor
product of graphs.

Let (V1, V4, ..., Vy) be a proper x(G)-colouring of G, where x(G) is the chro-
matic number of G, such that no V; can be augmented by adding any vertex of
Vi, 7 = i+1, that is, no vertex of V; is nonadjacent to all the vertices of V;, 7 < j,
in G. Without loss of generality we assume that [Vi| > [Va| > --- > |V, |. We call
such a x(G)-colouring a decreasing x(G)-colouring of G.

Theorem 9. Let G be connected graph with n > 2 vertices and m edges; let G’
be a graph with x(G')=r > 3. If color classes of the decreasing x(G')-coloring of
G' have mg, my,...,my_1 vertices, then H(G x G') <H(G X Ky my,...mp_1) =
n3 H(G) + %—(m +3) (ng;&n, where Y"1_0 m;=ng equals the number of
vertices of G', q is the number of edges of Ky, my.....m,_, and X is the number of
edges of G which do not lie on a triangle.

Proof. As G’ is a subgraph of Ko my....m,_ 1> H(GXG') <H(GXKpmy my,...me_1)s
since dgxa/((71,91), (T2, 92)) > dGx Koy, my,m,_, (Z1,41), (T2, y2)) for any pair
of vertices (x1,y1) and (x2,y2) of GXG'. Thus, H(GxG") <H(G XKy, my,....mp_1)

=n H(G) + % —(m+3) (nggzq), by Theorem 3. ]

4. HARARY INDEX OF STRONG PRODUCT OF GRAPHS

In this section, we obtain the Harary index of GR K, m,.....m,_,- Let G be a sim-
ple connected graph with V(G) = {vp, v1,...,vp—1} and let Ky my,ome 1y 7>
2, be the complete multiparite graph with partite sets Vg, Vi,...,V,.—1 and let
|Vil =my, 0 <i<r—1.1Inthe graph GX Ky my,...om,_y, let Bij = v; x Vj,v; €
V(G) and 0 < j < r — 1. For our convenience, as in the case of tensor product,
the vertex set of G X Ky my,...m,_, is written as V(G) X V(Kng, my,...mrr) =
U;:_&:;:ol B;j. As in the tensor product of graphs, let & = {B;j}i—o,1,..n—1. Let
§=0,1,...r—1

X, = U;;é B;j and Y; = U?:_ol B;j; we call X; and Yj as layer and column of
G X Ky, mi,...,m,_., respectively, see Figures 3 and 4. If we denote V(B;;) =
{@i1, ia, ..., Tim, } and V(Brp) = {Tr1, T2, - - -, Thmy, }» then zyp and e, 1 < £ <
J, are called the corresponding vertices of Bj; and Byy. Further, if v;u, € E(G),
then the induced subgraph (B;;|J Bip) of G & Ky m,....m,_, is isomorphic to
K\v;||v,| or mp independent edges joining the corresponding vertices of B;; and
By,; according as j # p or j = p, respectively.

The proof of the following lemma follows easily from the properties and
structure of G X Ky m,.....m,_,, see Figures 3 and 4.
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Figure 3. If v;yvy € E(G), then shortest paths of length 1 and 2 from B;; to By; are shown
in solid edges, where the vertical line between B;; and By; denotes the edge joining the
corresponding vertices of B;; and By;. The broken edges denote a shortest path of length
2 from a vertex of B;; to a vertex of B;;.
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Figure 4. Corresponding to a shortest path of length k£ > 1 in G, the shortest path from
any vertex of B;; to any vertex of By; (resp. any vertex of B;; to any vertex of
By, p # j) of lenght & is shown in solid edges (resp. broken edges).
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Lemma 10. Let G be a connected graph and let B;j, By, € % of the graph
G =GX Ky, mi,...m,_1, Where r > 2.

(i) If vivi € E(G) and xy € Byj, xpe € Byj, then

1, if t=1¢,

der (@it xe) = {2 if t#¢

and if x4 € Byj, Tke € By, J # D, then dg/(xi, Tie) = 1.

(ii) Ifvivg & E(G), then for any two vertices x4 € Bij, Tpe € Bip, dar (xit, The) =
da(vi, vg)-

(i) For any two distinct vertices in Byj;, their distance is 2.

The proof of the following lemma follows easily from Lemma 10. The lemma is
used in the proof of the main theorems of this section.

Lemma 11. Let G be a connected graph and let B;j, By, € % of the graph
G =GX Ky my,...m,_,» Where r > 2.

(i) If vivp € E(G), then dg,(Bij, Bip) = { e (m 1) it i=p
5 :

A if £ p,
(ii) If vivg ¢ E(QG), then d2,(By;, Byy) = da(%,m ..
ooy TI=p

4 (By; Byy) = 4 TP 7
(111) ¢ ( ! p) { ]( QJ 1)7 Zf] p.

The proof of the following theorem is similar to the proof of Theorem 3. Here
the Lemma 11 is used for the computation of Aj,A2,A3 and A4, by Theorem 3.
Hence the proof of the following Theorem 12 is omitted.

Theorem 12. Let G be a connected graph with n vertices. Then H(GRKpy m,.....
mr—1) = n(2) H(G) - % (n(Q) —2q - ’I’Lo) + % (’I’L% +2q — nO) ) where ng = ZZ:OI my;
and q is the number of edges of Ky, my,....mp_1-

Ifm; =s, 0<i<r—1,in Theorem 12, we have the following corollary.

Corollary 13. Let G be a connected graph with n vertices and m edges. Then
H(G X KT'(S)) = TQSQH(G) _ m’l”s(;—l) + nT’S(QTZ—S—l) )

As K, = K, (1), the above corollary gives the next one.

Corollary 14. Let G be a connected graph with n vertices and m edges. Then
H(GRK,) = r2H(G) + =1,
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By using Corollary 14, H(P,)) and H(C),), we obtain the exact Harary indices of
the following graphs.

Example 2
(i) If r > 2, then H(P, X K,) = W?(Zg:l %) _ )
(i) H(C, R K,) {n(Tiit) ~ 1)+ R s even,
n r) = n—1
7"2”(21-:21 %) 4 ol if n is odd.

Next, we obtain an upper bound for the Harary index of the graph G X G'.
The following theorem follows from Theorem 12.

Theorem 15. Let G be connected graph with n vertices and m edges; let G' be
a graph with x(G') = r > 2. If the decreasing x(G')-coloring color classes of
G' have mg, my, ..., my_1 vertices, then HGRG') < H({GX Ky, my,...mp_1) =
ng H(G)—% (n% —2q — no)—l—% (n% + 2q — no), where ng is the number of vertices
of G' and q is the number of edges of K my,...m,_:-

Proof. As G’ is a subgraph of Ky my,..m, 1, HGRG') < HGK® Ky, m, ...,

,,,,,

pair of vertices (x1,y1) and (:C2,y2) of GXR G'. Hen;e, HGXG) < HGK
Koo, mume—1) = ng H(G) — 2 (nd —2q —ng) + % (nd +2¢ — ng), by Theo-
rem 12. [

5. HARARY INDEX OF THE WREATH PrRODUCT OF GRAPHS

In this section, we obtain the Harary index of G o G'.

Theorem 16. Let G and G’ be two connected graphs with |V(G)| = n and
[V(G")| =m. Then H(G o G') =2 (m?+ 2|E(G")| — m) + m? H(G).

Proof. Let V(G) = {u1,ug,...,u,} and let V(G') = {vi,v2,...,0m}. Let x;;
denote the vertex (u;,v;) of G o G'. By the definition of Harary index

1 1
H(GoG) == -
(GoG&) 2 inj,wkZEV(GOG') dGoG’(%’j; Tho)

(T
n—1

ZZ k OZJ_O dGoG’ ng’xkj)

+ZZ;1:0 ZZL_l 1> = %{Al + Az + Az},

ik 20 dGoc (Tij, The)

7&[ dGOG’ Lij, xzﬁ)
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where A; to As are the sums of the above terms, in order.
We shall calculate the terms A; to Az of above expression separately.

n—1 m—1 1
A e
1= ZZ_ Z.]v dGOG/ (xlja xlf)
1 1
- —+ —
" <Zvjve€E(G’) der(vj,ve) Z”J'”ﬁE(G') dG’(“ij)>
1

—n <Zvj€V(G,) deg(vj) + ZWGWG,) 5 (m — deg(v;) —1 )) ,
since each layer induces a copy of G’ and

1, if vju € E(G),

2, if vjue ¢ E(G).

(11)
dGocr (Tij, Tig) = {

=n (2 |E(G)|+ l(m"' —2|E(G")| - m)>

=5 (4[B(@)]+m* =2 |B(@)| - m)
n

2(m +2|E(G)] —m).

2= ik D B e
zk O
J=0 dGoG’ ngymkj)

(12) o 1
Z 7,];5 W da( @)

Ui, Uk)

since the distance between a pair of vertices in a column is the same as the
distance between the corresponding vertices of any other column.

Similar to the computation of Ay, we have

13)  As=3asoY ety = 2m(m 1) H(G).

itk j#e Acoc (Tij, Tie)
Using (11), (12) and (13) in (10) we have
H(Go G :% (g (m? +2|E(G")| = m) + 2m H(G) + 2m(m — 1)H(G))
:% (m? + 2| E(G")| = m) +m? H(G).
=

As an application we present formulae for Harary indices of open and closed fence
graphs, P, o Ko and C,, o Ko, respectively.
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Example 3.
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