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Abstract

An o-labeling of a bipartite graph I' of size e is an injective function
f V(@) — {0,1,2,...,e} such that {|f(z) — f(y)] : [z,y] € ED)} =
{1,2,...,e} and with the property that its maximum value on one of the two
bipartite sets does not reach its minimum on the other one. We prove that
the generalized Petersen graph Fs, 3 admits an a-labeling for any integer
n > 1 confirming that the conjecture posed by Vietri in [10] is true. In such
a way we obtain an infinite class of decompositions of complete graphs into
copies of Pgy, 3.
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1. INTRODUCTION

As usual, we denote by K, and K,,«, the complete graph on v vertices and the
complete m-partite graph with parts of size n, respectively. Given a subgraph I
of a graph K, a I'-decomposition of K is a set of graphs, called blocks, isomorphic
to I', whose edges partition the edge-set of K. Such a decomposition is said to
be cyclic when it is invariant under a cyclic permutation of all the vertices of K.
For a survey on the subject see [3].

The problem of establishing the set of values of v for which a I'-decomposition
of K, exists has been extensively studied and it is in general quite difficult. The
concept of a graceful labeling of a graph I', introduced by Rosa [7], is proved to
be an useful tool for determining the existence of cyclic I'-decompositions of the
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complete graph. A graceful labeling of a graph I' of size e is an injective function
f:V(I)—{0,1,2,...,e} such that

{lf(z) = f@)l : [z,y] € BT} ={1,2,...,e}.

In the case where I is bipartite and f has the additional property that its max-
imum value on one of the two bipartite sets does not reach its minimum on the
other one, one says that f is an a-labeling. For a very rich survey on graceful
labelings we refer to [5]. In [7], Rosa proved the following result.

Theorem 1. If a graph I' of size e admits a graceful labeling f, then there exists
a cyclic T'-decomposition of Koeir1. Also, if f is, in addition, an a-labeling, then
there exists a cyclic I'-decomposition of Koery1 for any positive integer t.

In this paper we shall investigate the existence of a-labelings of a class of gener-
alized Petersen graphs.

Definition. Let n,k be positive integers such that n > 3 and 1 < k < L%‘lj
The generalized Petersen graph P, is the graph whose vertex set is {a;,b; : 1 <
i < n} and whose edge set is {[a;, bi], [ai, ai+1], [bi, bivk] © 1 < @ < n}, where
subscripts are meant modulo n.

In [4], Frucht and Gallian proved that P, ;, which can be seen as the prism on 2n
vertices, is graceful. Moreover when n is even, namely when the graph is bipartite,
their labelings are a-labelings. In [6], with the aid of a computer, some P, ;’s with
k > 2 and small values of n where shown to be graceful. The only results about
infinite classes of P, ;’s with k > 1 were obtained by Vietri. He proved that Py, 3
is graceful for every positive integer n, see [9, 10], and that Ps,143 is graceful
for every positive integer n, see [8]. Also, in [10] Vietri conjectured that there
exists an a-labeling for every graph Py, 3. Here we prove that Vietri’s conjecture
is true. As a consequence we obtain a new infinite class of decompositions of the
complete graph into generalized Petersen graphs. Even though the literature is
quite poor about results on P, j-decompositions of the complete graph, we point
out that Adams and Bryant in [1] determined the spectrum of values of v for
which a P52-decomposition of K, exists and that Bonisoli, Buratti and Rinaldi
in [2] obtained some results about sharply vertex-transitive P, j;-decomposition
of K,.

The results contained in this paper were already briefly presented in [A.
Benini and A. Pasotti, Decompositions into generalized Petersen graphs via grace-
ful labeling, Electron. Notes Discrete Math. 40 (2013) 295-298].
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2. ON Oo-LABELINGS OF Fg, 3

In this section we prove the existence of an a-labeling of Fg, 3 by a direct con-
struction. The basic idea is to see the graph as a disjoint union of suitable
subgraphs as skillfully done by Vietri in [8, 10].

Vietri’s decomposition. Using the notation given in Definition 1, any gen-
eralized Petersen graph of the form Py, 3 can be decomposed into the cycle Ca, =
(b1 a1 az a3 bs bgy, bgp—3 agn—3 agn—2 agn—1 bgn—1 bgn—a bgn—7 agn—7 - -+ a1 biy bg bs
as ag a7 by by) together with a family of stars with 3 rays, whose endvertices
belong to C2,. We point out that it results V(C12) ={a; : 1 <i<8n—1,7#0
(mod 4)} U{b; : 1 <i<8n, :#2 (mod4)}. The stars completing the graph
can be divided into two classes: stars of class 1, of center by;_o and endvertices
bai—5, agi—2,bg511 for 1 <14 < 2n, and stars of class 2, of center ayq; and endvertices
a4i—1, b4i, a4i+1 for 1 S 1 S 2n.

Using the previous decomposition, we are able to prove Vietri’s conjecture.
Theorem 2. For any positive integer n > 1, Pgy, 3 admits an a-labeling.

Proof. We distinguish two cases depending on the parity of n.

Case 1: n even. We consider the Vietri’s decomposition of Fy,, 3 and we start
labeling the vertices of Cyo, as follows:

bsn—3  a8n—3 bantr bant+a  bant1

by ai az as b3 bsn
(0,24n —1,2,24n—3,4,24n—5, 6 ,2dn—"7,...,6n—2,18n+1, 6n ,

A4nt1 A4n A4n+3 ban

t2 +3 ag a7 br by
187 — 3,61 1 2,180 — 5,6n 1 4, ..., 12n — 4,121 + 1,120 — 2,120 — 1).

In formal terms, we have the following labels for the vertices of Co:
24n — 1 fori=1,

12n+6k—3 fori=4k+1and 1<k <n,
12n+6k—1 fori=4k+landn+1<k<2n-1,

2 for ¢ = 2,
YT 12n—6k+2 fori=4k+2and 1 <k <2n—1,
24n — 3 for ¢ = 3,

12n+6k -5 fori=4k+3and 1<k <n,
12n+6k—3 fori=4k+3andn+1<k<2n-—1.
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12n+46k —7 fori=4kand 1 <k <n,
12n4+6k—5 fori=4kand n+1<k < 2n,
0 fori=1,

%= 120 ek fori=4k+1and1<k<2n—1,
4 for i = 3,
12n —6k+4 fori=4k+3and 1 <k <2n-—1.

It is easy to see that the absolute values of the differences between the labels of
adjacent vertices give all the odd integers from 1 to 24n — 1.
In particular, setting y; = 6(4n—1), the labels of the endvertices of the completing

stars have the following form:
S, = {6x,6x+8,6x+ 16}

Son—o = {12n — 12,12n — 4,4},
Son_1 = {12n — 6,2,10}.

Si ={vi—Lyi— 5y —9}

stars of S/ ={18n+5,18n +1,18n — 5},
class 2 S! ={yi —3,y; — T,y; — 11}
Shn—1 = {12n+3,12n — 1,24n — 3}.
Now, we want to label the centers of the completing stars in such a way that all
the even integers from 2 to 24n have to appear as absolute values of the differences

between the labels of the centers and the related endvertices.
For any star S, of class 1 we define its center ¢, as follows:

[ for 0 <z <2n — 3,
stars of
class 1

for 0 <i<n-—2,

forn <i<2n — 2,

24n — 6x for z even, 0 < x <n — 2,

24n — 6x — 8 forzodd, 1 <z <n-3,

24n — 6x — 10  for x even, n < x < 2n — 4,
“ =Y 24n — 6z — 18 for zx odd, n —1 <z < 2n — 3,

12n + 2 for x = 2n — 2,

24n — 2 for x =2n — 1.

For the stars S! of class 2 we define the center ¢; = 1 4 6i for any i.
From the stars S, of class 1, setting A\, = 24n — 12x, we obtain the following
6n differences:

{ Ay Az — 8, A\, — 16} for z even, 0 < x <n — 2,

{As — 8, Ay — 16, A, — 24}
{Az — 10, A\, — 18, A, — 26}
{Xz — 18, Ay — 26, A, — 34}
{6,14,12n — 2}

{12n + 4,24n — 4,24n — 12}

for x odd, 1 <z <n-3,
for x even, n < x < 2n —4,
forzodd, n—1<x <2n-—3,
for x = 2n — 2,

for x = 2n — 1.
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From the stars S! of class 2, setting p; = 6(4n — 2i), we have the 6n differences:

{wi—2,p; — 6,0, — 10} for 0<i<n-—2,
{12n,12n+6,12n + 10} for i=n—1,
{pi —4, i — 8, p; — 12} for n<i<2n—2,
{4,8,12n + 2} for i =2n—1.

It is a simple routine to verify that the absolute values of the 12n differences so
obtained are all the even integers from 2 to 24n.

Call f: V(Psp3) — {i € N : 0 <1 < 24n} the function defined by the
above labels. Now we check that f is an injective function by writing explicitly
the labels of the vertices of Fg, 3. Denoting by A and B the two bipartite sets of

the cycle, we have
f(A)={2ieN : 0<i<6n-1}

and
f(By={2i+1€eN : 6n—1<i<12n—1}\{18n —1}.

Also, denoting by C and D the centers of the stars of class 1 and class 2, respec-
tively, we have

f(C):{12n+12i€N : 093%-1}

uli2n+2412ieN - ogigg—l}
3

U{6n+10+12i6N : ngigg—l}
o

3
6n+ 12t € N : n—i—lgigg}

and

f(D)={14+6ieN : 0<i<2n-—1}.
Since f(A), f(B), f(C) and f(D) are disjoint sets, the function f is injective and
this implies that Pk, 3 is graceful.

Finally, it is easy to see that the two bipartite sets of Py, 3 are AU D and
BUC, and that f(AUD)C{ieN : 0<i<12n—2} and f(BUC)C{ie€
N : 12n —1 < i < 24n}. Then maxsup f < mingyc f, so f is an a-labeling of
Pgp 3.

Case 2: n odd. We consider again the Vietri’s decomposition and we label
the vertices of Cia, as follows:

as b3 bsn—3 a8n-—3 bany7 banta ban+1

by a1 as bsn
(0,24n,2,24n —2,4,24n—4, 6 ,24n—6,...,6n —2,18n + 2,6n + 3,
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A4n+1  A4n+2 A4n+3

¥ bant3 as a7 br bs
18n ,6n+5,18n —2,6n+7,...,12n — 1,12n +4,12n + 1,12n + 2).

In formal terms, we have the following labels for the vertices of Cioy:

24n fori =1,
12n + 6k fori=4k+1and 1 <k <2n-—1,
2 for i = 2,
a; = 12n —6k+5 fori=4k+2and 1<k <n,
12n —6k+2 fori=4k+2andn+1<k<2n—-1,
24n — 2 for i = 3,

12n+6k—2 fori=4k+3and1<k<2n-1.

12n + 6k —4 fori=4k and 1 <k < 2n,

0 fori=1,
12n —6k+3 fori=4k+1and 1<k <n,

b; = 12n — 6k fori=4k+1landn+1<k<2n-—1,
4 for i = 3,

12n —6k+7 fori=4k+3and 1 <k <n,
12n —6k+4 fori=4k+3andn+1<k<2n-1.
\

One can easily see that the absolute values of the differences between the labels
of adjacent vertices give all the odd integers from 1 to 12n — 1 together with all
the even integers from 12n+2 to 24n. If n = 1, then the labels of the endvertices
of the remaining stars are {0,4, 11}, {2,9,13}, {24,20,16} and {22,18,14}. One
can directly check that if we label the centers of these stars with 21,15,1,10
respectively, we obtain an a-labeling of Py 3.

Let now n > 3. Setting again y; = 6(4n — i), it is easy to see that the labels
of the endvertices of the remaining stars have the following form:
Sy = {6x,6x+8,6x+ 16} for0 <x<n-3,
Sp—2 ={6n—12,6n —4,6n + 7},
stars of Sp—1 = {6n —6,6n + 5,6n + 13},
class 1 S,  ={6x+ 3,6+ 11,6x + 19} forn <x <2n -3,
Son—2 ={12n —9,12n — 1,4},
Son—1={2,10,12n — 3}.

stars of S ={vi,vi —4,yi — 8} for 0 <7 < 2n -2,
class 2 Shn—1 = {24n —2,12n + 2,12n + 6}.
Now we are going to label the centers of these stars in such a way that all the

even integers from 2 to 12n and all the odd integers from 12n + 1 to 24n — 1
appear as absolute values of the differences between the labels of the centers and
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the related endvertices. If n = 3, then we label the centers of the stars of class 1
and class 2, respectively, as follows:

00:69 61:53 02:55 03:39 C4:41 05267

cp =1 =1 ey =11 ¢y =24 cy =28 =34
A direct calculation shows that we obtain an a-labeling of Pay 3.

From now on let n > 5. For any star S, of class 1 we define its center ¢, as
follows:

24n —6x—3 forxeven, 0 <z <n-—3,
24n — 6x — 11 forx odd, 1 <z <n —4,
18n —1 forx =n — 2,
18n+1 forx =n—1,

g =<4 24n—6x —13 for x odd, n <z < 2n -5,
24n — 6x — 5 for x even, n+1 <z < 2n —4,
12n+3 for x = 2n — 3,
12n+5 for x = 2n — 2,
24n — 5 for x = 2n — 1.

\

For the stars S} of class 2 we define the centers ¢’s as follows:
14+6i for0<i<n-—2,
6n —7 fori=n—1,
=1 6(i+1) forn<i<2n-3,
12n — 8 for i =2n — 2,
[ 12n -2 for i = 2n — 1.
From the stars S, of class 1, setting A, = 24n — 122, we obtain the following 6n
differences:

{dz =3, A, —11,\, — 19} for x even, 0 <oz <n—3,

{Ae =11, \; — 19, A\, — 27} for x odd, 1 <x <n—4,
{12n+11,12n+ 3,12n — 8} for x =n — 2,

{12n +7,12n — 4,12n — 12} for x =n — 1,

{Az —16,\; — 24, A, — 32} for x odd, n <z <2n —5,

{Az =8, Ay — 16, A\, — 24} for z even, n+1 <z < 2n —4,
{18, 10,2} for x = 2n — 3,

{14,6,12n + 1} for x = 2n — 2,

{24n —7,24n —15,12n — 2} for z =2n — 1.

From the stars S, of class 2, setting again p; = 6(4n — 2i), we have the 6n
differences:
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{pi — 1, i — 5, u; — 9} for 0<i<n-—2,
{12n+13,12n+9,12n + 5} for i=n—1,
{pi — 6, i — 10, u; — 14} for n <i<2n—3,
{20, 16,12} for i =2n — 2,
{12n,4, 8} for i =2n—1.
It is not hard to check that the absolute values of the 12n differences so obtained
are all the even integers from 2 to 12n together with all the odd integers from
12n 4+ 1 to 24n — 1.
Let f: V(Pspn3) = {i € N : 0 <i < 24n} be the function defined by the
above labels. We have to check that f is an injective function, so we list all the

labels of the vertices. Denoting by A and B the two bipartite sets of Cig,, we
have

FA)={2eN : 0<i<3n—-1}U{2i+1€N : 3n+1<i<6n}

and
f(By={2ieN : 6n+1<i<12n}.

Also, denoting by C' and D the centers of the stars of class 1 and class 2, respec-
tively, we have:

f(C):{5+12i€N : n—|—1<i<3n2_3}

U{7+12i€N : n+1§i§3n2_3}

U{6n+1+12z’eN : n+1§i§3n2_3}

3n—1
U{6n+3+12i€N:n—|—1§i§ "2 }

U {182 — 1,180+ 1,12n + 3,12n + 5, 24n — 5}

and
f(O={146ieN : 0<i<n-2}
Uf{6ieN : n+1<i<2n—-2}
U{6n —17,12n — 8,12n — 2}.
Since f(A), f(B), f(C) and f(D) are disjoint sets, f is injective and so we have
proved that P, 3 is graceful.
To conclude, the two bipartite sets of Fg,3 are AU D and B U C, and
fLAUD)C{ieN : 0<i<12n+1}and f(BUC)C{ieN : 12n+2<i<
24n}. Hence maxaup f < mingyc f, so f is an a-labeling of Py, 3. [
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Example 3. Here we show the a-labeling of P33 obtained through the con-
struction given in the proof of Theorem 2. In the next figure below we have the
labels of the vertices of the cycle Cyg:

95 2 93 51 44 49 57 38 55 63 32 61

Now we consider the labels of the completing stars whose differences are all the
even integers from 2 to 96. Stars of class 1:

76 60

O/TE\' 6 14 22 12 20 28 18 26 34
62 94
384
fyjzsh{ 2, PE, 2R
24 3 40 30 38 46 36 44 4 42 2 10
and stars of class 2:

/IB\. 82 ANT4 70 N62

95 91 87 89 85 81 83 79 75 77 73 67

25 43
m 32 24 20 12 m
69 6 61 63 59 55 57 53 49 93 51 47
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Example 4. We show the a-labeling of P, 3 obtained through the construction
given in the proof of Theorem 2. In the figure below we have the labels of the
vertices of the cycle Cgg.

120 2 118 66 59 64 72 53 70 78 47 76 84 41 82
. - ---o---- ---?.-.- ---o.--- -

The cycle so labeled gives as differences all the odd integers from 1 to 59 together
with all the even integers from 62 to 120. Now we consider the completing stars.
Stars of class 1:

91

14 22 12 20 28 18 26 37 24 35 43
65 115

77 79 63
28 40 24 18 2 14 61 113 58
% /I% /ILN /T(N 0
33 4 49 39 47 55 45 53 61 51 59 4 2 10 57

and stars of class 2:

23
120 1 6 112 114 1 O 106 108 1 4 100 102 98 94 96 92 88
58

84 80 76 78 74 70 72 68 64 66 62 118

The differences appearing in the stars are exactly all the even integers from 2 to
60 together with all the odd integers from 61 to 119. So all the integers from 1
to 120 appear exactly once as a difference of adjacent vertices of Py 3.
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As an immediate consequence of Theorems 1 and 2, we have

Theorem 5. There exists a cyclic Py, 3-decomposition of Koani1 for any positive
integer t.

1]

[10]
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