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Abstract

The distance spectral radius p(G) of a graph G is the largest eigenvalue
of the distance matrix D(G). Let % (n,m) be the class of unicyclic graphs
of order n with given matching number m (m # 3). In this paper, we
determine the extremal unicyclic graph which has minimal distance spectral
radius in % (n,m) \ Ch,.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a connected simple graph with vertex set V(G) =
{v1,v2,...,v,} and edge set E(G). Denote by |E(G)| the size of G. A connected
graph G is called a unicyclic graph if |[E(G)| = n. For vertices v;,v; € V(G),
the distance dg(vs,v;) is defined as the length of the shortest path between v;
and v; in G. Let D(G) = (dij)y,v;ev(c) be the distance matrix of G, where
dij = dg(vi,vj). Since D(G) is a symmetric real matrix, its eigenvalues are real.
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The maximum eigenvalue of D(G) is called the distance spectral radius of G,
denoted by p(G).

As demonstrated by Consonni and Todeschini [5], the distance spectral radius
is a useful molecular descriptor in QSPR modeling, for example, it was success-
fully used to infer the extent of branching and model boiling points of alkanes
[6]. Therefore, the study of the distance spectral radius is of great interest and
significance. An important direction is to determine the graphs with maximal
or minimal distance spectral radius in a given class of graphs. In [13, 14], the
authors provided the upper and lower bounds for p(G) in terms of the number
of vertices. Stevanovié¢ et al. [10] characterized the unique tree with fixed maxi-
mum degree that maximizes the distance spectral radius. In [7], Ili¢ attained the
extremal tree with given matching number which minimizes the distance spectral
radius. Yu et al. [11] obtained the extremal unicyclic graphs which have maximal
and minimal distance spectral radius, respectively. For more details on distance
spectral radius one may refer to [2, 3, 8, 12, 1, 9] and references therein.

Let % (n,m) be the class of unicyclic graphs of order n with given matching
number m. In this paper, we will determine the extremal unicyclic graph which
has minimal distance spectral radius in % (n,m).

In order to discuss our results, we first introduced some terminology and
notation. For other undefined notation, we may refer to [4]. Denote by P, and
C, the path and the cycle on n vertices, respectively. Let Ng(v) be the neighbor
set of the vertex v in G. Set Ng[v] = Ng(v)U{v}. The degree of v in G, denoted
by dg(v), is equal to |[Ng(v)|, i.e. the order of Ng(v). Let © = (Zy,, Topyy -+ - Toy,,)
be the Perron eigenvector of D(G) corresponding to the spectral radius p(G), in
which z,, corresponds to v;.

Figure 1. The graphs G1, G2, Gs.
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2. THE TRANSFORMATIONS

Let G be a nontrivial connected graph and wv its pendent edge, where dg,(v) =
1. Let GG1 be the graph obtained from Gg by attaching p paths P; and ¢ paths
P at v, where p,q > 1. Denote by G2 the graph obtained from G; by removing
p paths P; and g paths P at v to w, and by G35 the graph obtained from G
by removing p paths P; and ¢ — 1 paths P» at v to w, respectively (as shown in
Figure 1).

Lemma 2.1. Let Gy be a unicyclic graph and G; (i = 1,2,3) be graphs as shown
in Figure 1. Then p(G1) > p(G;) for i =2,3.

Proof. Let V(G1) = AUBUC U{v}, where A = {v|v € V(P3 —v), P3 is the
pendent path attached at v in G1}, B = {v|v € V(P2 —v), P is the pendent
edge attached at v in G1}, C = V(Gy). Let A = Ay U Ag, where A; is the set of
pendent vertices of G in A and Ay = A — A;. Obviously, V(G;) = V(Ga).

Let x be the Perron vector of Go. Using a symmetry, we can denote the
coordinates of x corresponding to vertices in Ay with b, in Ay with a, and in B
with ¢, respectively. By the Rayleigh quotient we have

p(G1) — p(G2) > 2T (D(G1) — D(Ga))z

=D iev(cy) 2jevian)(dij(G1) — dij(G2))zix;

= 2iec [ZjEC(dij(Gl) = dij(G2))wizj + 3 e a(dij(G1) — dij(Ga))ziz;
+ 2 jep(dij(Gr) — dij(G2))ziz; + (div(G1) — dw(Gg))xiajv_

+2iea [ZJEC(d” — dij(Ga))zizy + 3 e a(dij(G1) — flij(Gz))xixj
+2jen(di(Gr) — dw( 2))ziz; + (div(G1) — din(G2))zizy

+ Y ien | Djec(dii(G) — dig(Go))miz; + 3 5e 4(dig (Gr) — dw(Ga))xixj
+ 3 e p(dif (G1) — dij(Ga))wixj + (din(G1) — dw(@))xlxv_
+ [ZjeC(dv](Gl) i (G2))wo + 3 5 4 (duj (G1) — duj(G2))zor;
+ 3 en(di(Gr) — U](Gg))xvxj}

=2 (Xiea i+ Xiep i) (Zjec xT;— xv> .

By D(G2)x = p(G2)zx, we have

p(G2)xy = Y co(diw + 1)x; + 2pa + 3pb + 2¢c,
p(G2)ry = Y ico diwri + pa+2pb+ (¢ + 1)c,

since G is a unicyclic graph and then |V(Go)| > 3. Let w',w” € V(Gy — w).
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Then
p(G2)Tw > ) icc diw @i +pa+2pb+ (¢ + 1)c,
p(Ga)x, o > D e dy i +pa+ 2pb + (¢ + 1)c,
hence

P(G2) (2w + Ty + T 0) > Ziec’(diw + 1)x; + 3pa + 6pb + 3(q + 1)c > px,,.

Note that > ;.o 2j > Tw + Zu + 2,7 > 2. Then p(G1) > p(Ga).

Similarly, let  be the Perron vector of Gs. By symmetry, we can set the
coordinates of x corresponding to vertices in A; U {v’} with b, in Ay U {v} with
a, and in B — v with ¢, respectively. Then

p(G1) — p(G3) 22" (D(G1) — D(G3))x
= ZieV(Gl) Zjev(gl)(dij(Gl) — dij(G2))iz;
=2 (ZieA i+ ZiEB—v’ xl) (Zg‘ec AR m”')
=2 <ZieA i+ ZieB—v’ xz> <Zjec e b) '

Obviously, if } ;e —a—b> 0, then p(G1) > p(Gs).

Assume that ZjeC zj —a—b < 0. For a vertex u € C —w, let V} =
{v € Cldg,(v,u) = dg,(v,w)}, Vo = {v € Cldg,(v,u) > dg,(v,w)},Vz = {v €
Cldg,(v,u) < dgy(v,w)}. Then C = Vi U Vo U V3. From the eigenvalue equation
D(G3)x = p(G3)z, we have

(2.1) p(G3)a = > ico(diw + 1)xi + b+ 2pa + 3pb + 2(q — 1)c,

(2.2) p(G3)b = > ico(diw +2)xi +a+ 3pa+4pb + 3(q — 1)c,

(2.3) p(G3)zw = D iccdiwti + (P+1)a+2(p+1)b+ (¢ — 1)c,
and

pG3)Tu =Dy Binti + (A, w) + 1)(p + Da+ (d(w, w) +2)(p +1)b
+ (q - 1>(d(ua w) + 1)C = Zie‘ﬁ diyi + ZiEVQ diywi + ZiEV3 dinx;
+ (duw + 1) (p + Da + (dyw + 2)(p + 1)b + (g — 1) (duw + 1)c
> Zie‘ﬁ diwxi + ZiEVQ diwxi + Zie\/g dzuxz + (duw + 1)(17 + 1)CL

+ (duw + 2)(p + l)b =+ (q — 1>(duw + 1)6 = Zie% diwl'z’ + Z’iEVQ diw«Ti
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+ Zievg(dm + dyw)Ti — ZZEV?) dyw®i + (dyw + 1)(p+ 1Da

+ (duw +2)(p + )b+ (¢ — 1)(duw + 1)c 2 Zie\/l diwi + ZZEVQ diwTi

+ D ey, Gt = D i + (duw + 1) (0 + D+ (i +2)(p + 1)b

+(q = D) (dyw + 1)e> Z~ dingi = du Y, @i+ (o +1)(p + e
+ (duw +2)(p + 1)b + (¢ = 1)(duw + 1)c > Z diw®i — dyw(a + D)
+ (duw + 1) (p+ Da+ (duw + 2)(p+ 1)b+ (¢ — 1)(duw +1)e

= ZieC iw®i + (a+b) + (1 + dyw)pa + (2 + dyw)pb + b

+ (¢ = 1)(duyw + 1)c.

Finally,

(2.4) p(G3)ry > D, ec diw®i + Zzec z; + (1 + duw)pa
+ (24 duyw)pb+ b+ (¢ —1)(dyw + 1)e.

By (2.1) and (2.4), we have
GS xu>z dlu}"'l xz+b+2pa+3pb+2(q_1)c_ (Gg)a,
and by (2.2)—(2.4), we have

p(Gg)(ﬂSu + l‘w) > 2 z; diwl'i + Ziec r;+a-+ (2 + duw)pa + (4 + duw)Pb
1€
+ (5 + duw)b + (2 + duw)(q - 1)C
> ZiEC(diw + 2)x; + a+ 3pa + 4pb + 3(q¢ — 1)c = p(G3)b.

So xy > a,xy + x > b for any u € C. Then ZjEij > Xy + Tyt >a+b, a
contradiction. This completes the proof. [

Lemma 2.2 [7]. Let w be a vertex of the nontrivial connected graph G and for
nonnegative integers p and q, let G(p,q) denote the graph obtained from G by
attaching pendant paths P = wvivg---vp and Q = wuiug---uq. If p > q > 1,
then p(G(p+1,q — 1)) > p(G(p,q))-

Lemma 2.3 [11]. Suppose that a connected graph G = G,UG UG" with G,NGy =
GpNG'=GoNG' =vy and G, consisting of pendant edges vovy, vova, . . ., vovy (k >
3). Let S’ = V(G"). Suppose that N (vg) = N1U Ny satisfying that Ny # (), No #
@,Nl NNy = 0. Let

H =G =3 en, Vit = 2yen, Vito + 2y en, Vilk—1F Dy en, Vilk:
For any vertex v; € S"\ {vo}, if all the paths from vy to v; with the length
dac(vo,v;) pass only through N1 or pass only through Na, then p(H) > p(G).
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Lemma 2.4 [11]. Suppose that a connected graph G = G,UGoUG" with G,NGy
GpNG' = GoNG' = vy and G, consisting of pendant edges vovy, vov2, . . ., Vovk (k
2). Let 8" =V(G"). Suppose that Ng(vg) = N1U Nsy satisfying that N1 # 0, Ny
0, N1 N Ng=0. Let

>
4

H=G—- Zwe]\h V; V0 + Z’UieNl Vi Uk
or

H=G -3, cn, ViV + D, cn, Vilk-
For any vertex v; € S"\ {vo}, if all the paths from vy to vj with the length
dg(vo,vj) pass only through Ny or pass only through No, then p(H) > p(G).

Lemma 2.5. Let Cy be an even cycle, let G be obtained from C, by planting
paths of length two to some vertices of Cy. For any edge vvy € E( v), if there
exists at least one path of length two attached at vg, then p(G) > p(H), where

H=G- Zv €(Ng(v)—vo) Uiv+2vie(NG(v)_vO) vivo-

Proof. Assume that P! = vgv'w!, P? = vgv?w?,..., PP = vpvPwP (p > 1)
are paths of length two, which are attached at vy in G. Let S’ = V(G) \
{o', w,v?, w?, ... v, wP} and N, (vo) = {v,w}. Let S1 = {v;lv; € S\ {vo},
and any path from vy to v; with the length dg(vo,v;) passes only through v},
Sy = {vjlv; € 5"\ {v}, and any path from vy to v; with the length dg(vo,vj)
passes only through w}, S3 = {vjlv; € S"\ {w}, and there exist two differ-
ent paths Py, P, from vy to v; with the same length dg(vo,v;), where P, passes
through v, P5 passes through w}. Then S\ {vo} = S1 U Sz U Ss.

Let x be the Perron vector of D(H). By symmetry, we can let z,0 = --- =

Typ = A, Tyl = -+ = Typ = b and z, = c. By the Rayleigh quotient we have
1 1 7

- _ > _

S(0(G) = o) = 227 (D(G) =33 e D @O

— dij(H))zizj = (pa + pb + Ty, — Tv) (Zjegl Zjesg ”)
+ Zjesl i Zjesz "

> (pa + pb + zy, — xy) (Zj€51 T+ Zjegg xj)

> (a+b+ 2y — Ty) (Zjesl xj + ZJESS xj) .

From the eigenvalue equation D(H)x = p(H )z, we have
p(H)a = Z:UZ_ES,(d,W0 +1)z;+2(p—1a+3(p—1)b+1b,
pHb =" (doy +2)zi +3(p — Da+4(p— Db +a,
oMYy =5 dui 4 pat 29

p(H)z, = Zv-eS’ (duv;vo + 1)i + 2pa + 3pb.
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It is easy to see that

p(H)(a+ b+ xy) = [ZvES’ (dy,vo + 1)x; + 2pa + 3pb}

+2) " (duyg + 1)a; + 4ap — 4a + 6bp — 6b
v, €S’

> p(H)xv,
so a+ b+ zy, > x,. Then p(G) > p(H). |

Lemma 2.6 [11]. Suppose that G is a connected graph with V(G1) = {vo, vg+1,
Vg2, -+, Un—1} (n —k > 3). Graphs G of order n consists of the complete graph
G1 and pendant edges vouy,vgvs, ..., v0vk. Graph H of order n consists of G
and pendant stars Sy, attached at each vertex v; (v; is the center of Si,) of the
complete graph G1, where stars can be trivial (with only one vertex). Then we
have p(H) > p(G).

3. PROPERTIES OF A UNICYCLIC GRAPH WITH MINIMAL DISTANCE
SPECTRAL RADIUS IN % (n,m) \ {Cp}

Let G* be the graph in % (n,m) \ {C,} with minimal distance spectral radius,
and Cy = (u1,ua, ..., uqg,u1) be its unique cycle. Then it can be obtained from
Cy by planting trees to some vertices of Cj.

Proposition 3.1. All pendant paths in G* have lengths one or two.

Proof. If there exists a pendant path of length p > 2 in G*, then we can replace
the path by two paths with lengths 2 and p — 2. Denote the new graph by G.
Obviously, G € % (n,m) \ {Cy}. By Lemma 2.2, it has smaller distance spectral
radius than G*, a contradiction. [

Proposition 3.2. All the planting trees in G* must consist of paths with lengths
1 or 2.

Proof. Otherwise, by Proposition 3.1, there are some pendant paths with lengths
2 or 1 attached at a vertex v, where v ¢ V(C,) (as shown in Figure 1). Let w
be the adjacent vertex of v which is nearest to C; and let M be a matching with
maximum cardinality in G*. If wv ¢ M, thenwe can apply transformation to get
G1. If wv € M, then we can get Ga. In each case, the matching number is an
invariant and by Lemma 2.1, we know that the new graph has smaller distance
spectral radius than G*, also a contradiction. [

Proposition 3.3. If Cy is the unique cycle in G*, then g = 3.
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Proof. Let d(vi,) > 3,vi, € {v1,v2,...,v4}. Denote by Tj, the nontrivial at-
taching tree to Uy rooted at vertex v;,. Suppose g > 4 is odd. Let

G/ =G - E ViVjg—1 — E ViVjg+1
Vi €ENgG* (vig—1)\{vig } 0 Vi ENG* (vig+1)\{vig } 0

+ ZvieNc*(vioﬂ)\{vio} Vitio ZU»LENG*(’UZ'OJH)\{’UZ'O} Vitlio:
Note that for any vertex v; € V/(G*)\ V(T;,), all paths from v;, to v; with length
der (viy,vt) pass only through v;,_o or only through v 42 in G’'. By Lemma 2.3,
we have p(G’) < p(G*), it is a contradiction.

Assume g > 4 is even and there exists a pendant edge attached at a vertex
of Cy, say v;,. Let

G'=G"— iVig—1 + Vi -
ZvieNG* (vio,l)\{vio}v Yio—1 ZviENG* (vio,l)\{vio}v Yio

Note that for any vertex v; € V(G*) \ V(T;,), all paths from v;, to v; with the
length dgr (viy, v¢) pass only through v;,_o or only through v;,+2 in G’. By Lemma
2.4, we have p(G’) < p(G*), also a contradiction.

If g > 4 is even and there exists no pendant edge attached at a vertex of Cj,
then it must have at least one path of the length two attached at some vertex of
Cy, say vj,, and we set vv;, € E(Cy). Let

H=G - Zvie(Ng(v) ) v+ Zvie(NG(u)—viO) Yillio-

By Lemma 2.5, we have p(H) < p(G*), it is also a contradiction. Hence g = 3. m

,fuio

Proposition 3.4. One of the vertices in {uy,u2,us} must have an attached pen-
dant edge.

Proof. Otherwise, all the planting paths are lengths 2. Obviously, there is a
matching M of maximum cardinality such that no edge from M is incident to
u1, and there exists at least one path of length 2 attached at u;. We replace one
path of length two attached at u; by two pendant edges. Denote the new graph
by G. Obviously, G € % (n,m)\ {C,}. By Lemma 2.2, it has smaller distance
spectral radius than G*, a contradiction. [

Let V(C3) = {u1,uz2,us}. Denote by U(p1,q1;p2, q2; p3, g3; m) the graph obtained
from C5 by planting p; paths of length two and ¢; paths of length one to u; with
matching number m, where integers p;,¢; > 0 for i = 1,2,3 (as shown in Figu-
re 2). Let

' (n,m) = {U(p1,q1;p2,92;p3,q3;m)|3

+ 30120 + @) =n,pi g > 0,0 = 1,2,3}.

Remark 1. In order to find the graph G* with minimal distance spectral radius
in % (n,m) \ {C,}, by Propositions 3.1-3.4, we only need to consider the graphs
in o/ (n,m).
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4. THE UNICcYCLIC GRAPH WITH MINIMAL DISTANCE SPECTRAL RADIUS IN
U (n,m)\ {Cn}

Let p1 = max{p1, p2, ps}. From Lemmas 4.1-4.5, for simplicity, let A = U(p1, q1;
D2,q2;P3,q3;m), and in A, let V] be the set of vertices of all the pendant paths
attaching at u;. If go > 1, then let V3 be the set of vertices of all the pendant
paths of length two and the first go — 1 pendant edges attached at us, excluding
ug, Let Vy = {ug,v} and Vo =V — (V1 U V3 U Vy). If g2 = 0, let V5 be the set of
vertices of all the pendant paths of length two attaching at us excluding uo. Let
Vi={uz} and Vo =V — (V; UV3 U Vy) (as shown in Figure 2).

U(p, 415 Py 955 P3»q551m) U(p,+ P9 +q,—10,1; py,q5;m)

Figure 2. The graphs U(p1, q1: P2, q2;P3,q3;m), U(p1 + p2, ¢1 + g2 — 1;0,1;p3, g33m).

Lemma 4.1. If p1 = 1,q1 > 1,0 > 0, then p(U(p1, q1;p2,q2; P3,q3;m)) >
p(U(p1 +p2,q1 + g2 — 150, 1; p3, g3;m)).

Proof. 1f g2 > 1, then set B = U(p1 + p2,q1 + ¢2 — 150,15 p3, g3;m). If g2 = 0,
then set B = U(p1 + p2,41;0,0;p3, g3;m). Let x be the Perron vector of D(B).

Case 1. If g2 > 1, then we have

2T(D(A) — D(B))x = Zjevg xj (Zie\/l i — Ty — xv) .

By D(H)z = p(H)z and the symmetry of z, we have

1

5 (p(4) = p(B)) =

N | =

p(B)xy = Ty + 3(p1 +p2 — )ay +4(p1 + p2 — D)oy +3(q1 + 2 — 1),
+ 2xu1 + 3$u2 + 4z, + ZiEVQ diwzi,

p(B)xy = Tw +2(p1 +p2 — )ay + 3(p1 +p2 — 12w +2(q1 + 2 — 1),
+ Xy, + 2$u2 + 3wy + Zievz din;,
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p(B)xy, = (p1 +p2)xu +2(p1 + p2)xw + (1 + 2 — D), + Ty,
+ 2371} + ZiGVQ diu1 i,
p(B)x, = 2(p1 + p2)ry + 3(p1 + p2)Tw + 2(q1 + g2 — 2)T2 + Tuy + 224,
+ 3.’L‘U + ZieVz dizmi,
p(B)Tyy = 2(p1 + p2)xy + 3(p1 + p2)xw +2(q1 + @2 — Dz, + x4y + 2
+ ZiEVQ diUQ‘T’ia
p(B)xy = 3(p1 + p2)u + 4(p1 + p2)Tw +3(q1 + g2 — 1) T2 + 224y + Tu,
+ ZiEVQ dwa:i.
Note that Zie‘é dinTi = Z’iEVQ divTs, ZiGVQ i, i = ZiEVQ diy,xi. Thus

p(B)(xw T Ty + Ty F Ty — Ty — xv) = [3(]?1 +p2) - 4]xu + [5(]71 +p2) - 6]xw
+ [3(q1 + q2) — 5]z + Ty + T2y, + 11,

+ Z’iEVQ dizxi + ZiGVQ diwxi
> =Ty — Ty + Tp + Ty, + T2y, + 112y,
since p1 = 1,¢1 > 1, ¢ > 1. Furthermore,

PP (B) (@0 + Ty + Tuy + 22 — Ty — ) > —p(B)xy —p(B)2y +p(B)x: +p(B)y,
+ Tp(B)zy, + 11p(B)z,
= 44(p1 + p2) Ty, + 4z + 61(p1 + p2)x
+ 62y +44(q1 + g2 — 1)z, + 4z,

+ 272y, + 8%y, + 37, + 10 Zie% divTi

+ 72@'6\/2 diugxi — ZiEVQ x; > 0.

So Zie% Tj — Tyy — Ty > Loy + Ty + Ty + Tz — Ty — Ty > 0. Then p(A) > p(B).
Case 2. If g2 = 0, then we have

S(00A) = p(B)) 2 5 (D) = DB =37y (0 =)

By D(H)xz = p(H )z and the symmetry of =, we have
p(B)xw = zu +3(p1 + p2 — D)ay + 4(p1 + p2 — 1)z + 3q122 + 224, + 32y,
+ Z’LEVQ diwxia

p(B)Ty = T +2(p1 + p2 — D)ay + 3(p1 +p2 — D)Tw + 20122 + Ty + 224,

+Z diuTi
’LEVQ Uty
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p(B)tuy = (p1+ po)u + 2(p1 + ) + Oz + Tuy + ) diny 2,

p(B)wuy = 2(p1 + p2)zu + 3(p1 + P2)Tw + 20122 + Tuy + Y i, T
i€Va
Note that ) icVy iy x; = Vs diy,x;. Then

P(B)(@w+Ty+Tu, —Tuy) = [4(p1 + p2) — 4y + [6(p1 + p2— 6]y + 412+ 224,
+ 62y, + 142, + ZiEVQ diwi + ZieVg diwxi > 0.

S0 D iev, Ti — Tuy = T + Ty + Tuy — Ty > 0. Then p(A) > p(B). |
Similarly to the proof of Case 2 in Lemma 4.1, we have the following lemma.

Lemma 4.2. If p1 = 1,q1 = 2 = 0, then p(U(1,0;p2,0;p3,q3:m)) > p(U(1 +
p2,0;0,0;p3, g3;m)).

Lemma 4.3. If p; > 2, then
(i) forga>1, p(U(p1,q1;p2, q2; p3,q3;m)) > p(U (p1+p2, 1+q2—1; 0, 15 p3, g3;m)),

(ii) for g2 =0, p(U(p1,q1;p2,0;p3,q3;m)) > p(U(p1 + p2,q1;0,0;p3,q3,m)) >
p(U(p1 + p2 + p3, q1 + ¢3;0,0;0,0;m)).

Proof. If g2 > 1, then set B = U(p1 + p2,q1 + g2 — 1;0,1;p3, g35m). If g2 = 0,
then set B = U(p1 + p2,41;0,0;p3, q3;m). Let x be the Perron vector of D(B).
Similarly to the proof of Case 1 in Lemma 4.1 for ¢go > 1, we have

p(B)(2xy + 2Ty + Ty — Ty — Ty) > 6(p1 + p2 — 1)xy, — 224,
+9(p1 + p2 — 1)zy — 33y > 0,

since p1 > 2,p2 > 0. So Zievl Ti — Tyy — Ty = 2Ty + 2Ty + Ty — Tyy — Ty > 0.
Then p(A) > p(B).

Similarly to the proof of Case 2 in Lemma 4.1 for ¢o = 0, we also have
p(A) > p(B). u

Without loss of generality, let ¢; > g2 > g3 in the following.

Lemma 4.4. If p; =0, then
(i) for gz = 1, p(U(0,41;0,42;0,g3;3)) = p(U(0, 1 + q2 + g3 — 2;0,1;0,1;3)),
and the equality holds if and only if go = g3 = 1;
(H) fOT’ q3 = 07 P(U(O: q1; 07 q2; Oa 07 2)) > p(U(Oa Q1 + q2; 07 07 07 07 2)); and the
equality holds if and only if go = 0.

Proof. Note that if p; = 0, then ps = p3 = 0.
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(i) If g3 > 1, then ¢ > 1 and m = 3. Let B =U(0,q1 + g2 — 1;0, 150, ¢3; 3).
Let z be the Perron vector of D(B). Then 1 (p(4)—p(B)) = D ievs Ti(Dien, Ti—
ZiEV4 $1)

If ¢ > 3, then similarly to Lemma 4.1, we have p(B)(3x, + Ty, — Ty, —Xy) =
2(q1 +q2 — 4)x, + 62y, + 102, + 2 ZieVQ dirx; > 0.

Then p(A) > p(B). Repeatedly by this procedure, we can obtain our desirable
result.

If g1 = 1, then g2 = g3 = 1, and obviously, U(0, ¢1; 0, ¢2; 0, ¢3; 3) = U(0, 1;0, 1;
0,1;3). If ¢ = g2 = 2, by direct calculation, we have p(U(0,2;0,2;0,1;3)) =
14.5394 > 14.2758 = p(U(0, 3;0,1;0,1;3)). This completes the proof of (i).

(ii) If g3 = 0 and g2 = 0, then obviously, p(U(0, ¢1;0, g2; 0,0;2)) = p(U(0, q
q2;0,0;0,0;2)). If g3=0 and g2 > 1, by Lemma 2.6, we have p(U (0, q1; 0, g2; 0, 0
> p(U(0,q1 + ¢2;0,0;0,0;2)).

.l:i-i—

Remark 2. In fact, if m = 2, then we have
U(p1, q1; P2, G253, 33 2) = U(0, 150, g2;0,0; 2).

By Lemma 4.4(ii), p(U(p1, q1; P2, 42; 23,435 2)) > p(U(0,q1 + ¢2; 0, 050, 0;2)).
Lemma 4.5. Ifp1 =1,q1 = 0,92 > 1, then

(i) forpo =1, p(U(1,0;1,q2;p3,q33m)) > p(U(
(ii) for pa =0,q93 > 1, p(U(1,0;0,42;0, g3;3))
(iii) for p2 = 0,93 =0, p(U(1,0;0,¢g2;0,0;3))
Proof. Since p; =1, then ps < 1,p3 < 1.

0024'}73,(124‘%7007”))
> p(U(O n—5;0,1;0,1;3));

(i) If po = 1, then take ug as u; in Lemmas 4.1 and 4.3, and by Lemmas 4.1
and 4.3, we know p(U(1,0;1, g2;p3,q3;m)) > p(U(0,0; 2 + p3, g2 + ¢3;0,0;m)).

(ii) If p2 = 0,93 > 1, then p3 = 0,m = 3. By Lemma 2.2, we have
p(U(1,0;0,¢2;0,43;3)) > p(U(0,2;0,g2;0, g3;3)). Furthermore, by Lemma 4.4(i),
we have p(U(0,2;0,92;0,4¢3;3)) > p(U(0,n — 5;0,1;0,1; 3)).

(iii) If po = 0,93 = 0, then let B = U(1,n — 5;0,0;0,0;3). In A, let V; =
{u,w,ul}, VQ = {U3},V3 = V(A) - Vl - ‘/2 - V4, V4 = {UQ} Then

1
- _ > ) o )
2(p(A) p(B)) = Zjevg i (Zi€V1 i Zz‘ew %)
= (Tu + Tw + Tuy — Tuy) ZjeV3 ;.
By D(B)z = p(B)z and the symmetry of the components of z, we have

P(B)xy = Ty + Ty, + 2q2, + 224, + 224,
p(B)xy = xy, + 224, + 3q27, + 3Ty, + 3Tys,
Tuy = Ty + 2Ty + @222 + Ty + Tug,

Luy = 2%y + 3Ty + 2q27, + Tyy + Tug,
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and p(B)(zy+Tw+Tu, —Tuy) = 2@y, +4G22, 4624, +324, > 0. Then p(A) > p(B).

Um-3,n-2m+1;0,1;0,1;m) U(m-2,n—2m+1,0,0,0,0;m)

Figure 3. The graphs U(m—3,n—2m+1;0,1;0, 1;m) and U(m—2,n—2m+1;0,0;0,0; m).

Remark 3. Using Lemmas 4.1-4.5, we have G* € {U(m—3,n—2m+1;0, 1,0, 1;m),
Um—2,n—2m+1;0,0;0,0;m)}.
Lemma 4.6. If m > 4, then p(U(m — 3,n — 2m + 1;0,1;0,1;m)) > p(U(m —
2,n—2m+1;0,0;0,0;m)).
Proof. Let = be the Perron vector of U(m — 2,n — 2m + 1;0,0;0,0;m) and
p=pU(m—2n—2m+1;0,0;0,0;m)). By the symmetry of the components
of x and the Rayleigh quotient, we have
= (m — Dazyzyw + (m — 3)22 + 2@y, + (0 — 2m + D2u2, — TyTyy — 3Ty o
> Xy (4xy — 3Tyy) + Ty (224, + Ty + Ty — Tuy),
since m > 4,n > 2m. By D(U(m —2,n — 2m + 1;0,0;0,0; m))z = pz, we have

PTy = Ty + 4Ty, +2(n —2m + D), +2(m — 3)zy, + 3(m — 3)xy + Tw,

PTy = 2Ty, + 62y, +3(n —2m + 1)z, + 3(m — 3)xy + Ty + 4(m — 3) Ty,

PTyy = 2Ty, + (N —2m + D)z, + (m — 2)zy + 2(m — 2) 2y,

Py = Toyy + 4Ty, +2(n — 2m)x, + 2(m — 2)zy, + 3(M — 2) 2y,

PTyy = Ty + Tuy +2(n —2m + D)z, + 2(m — 2)zy, + 3(M — 2) 2.

Then

p(2xy + Ty, + Xy — Tuyy) = 224, + 1324, + [5(n — 2m) + 3]z,

+ (5m — 14)x,, + (8m — 20)x,, > 0,
P(pTy + pTy — Tyy) = 2Ty, + 9Ty, + 3(n —2m + 1)z, + (3m — 10)z,,

+ (4m — 14)x,, > 0,
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p(4xy — 3xy,) = Ty, + 13Ty, +2(n —2m + 1)x, +2(m — 6)x,,

+3(m — 3)xy — Sy
> Ty, + 132y, +2(n — 2m + 1)z, — 4y, — 224,
> Ty, + 132y, + 22, — 4z, — 224,

p2(4xu — 3Tyy) > pxyy + 13pxyy + 2px, — 4pTy — 2Ty
= Ty, — 5Ty, + [17(n — 2m) + 13|z,
+ (17m — 22)xy, + (27Tm — 38)zy,
> Ty, — dxy, + 13z, + 463, + Ty,
> T2y, + 132, + 5(zy, + Ty — Tyy) > 0,

hence p(U(m—3,n—2m+1;0,1;0,1;m)) > p(U(m—2,n—2m+1;0,0;0,0;m))).
|

By Remarks 1-3 and Lemma 4.6, we finally conclude our main result.

Theorem 4.7. Let G be a connected graph in % (n,m) (m # 3) and G % C,,.
Then p(G) > p(U(m—2,n—2m+1;0,0;0,0;m)). The equality holds if and only
ifG=U(m—2,n—2m+1;0,0;0,0;m).
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